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E QUATION OF MOTIOA] AND PLANE
WAVE SOLVTONIS @

ke . W; = EcAasnc
9 TP N DiSAACEMENT

£y = STRESS TEASOR
€y = o (Ui tU ) + A Uier 5g
IsoTROPIC HOOKES LAW

PLANE WAVE socuoTonNs :
CONSIDER WAVE TRAVELUNG N 2¢- DIRECTION

WRITE w = (w, v w)

P-waAvE b -
“w = Ue (wé-fex)
v =0 R = wavENVMBER
A = P-WAGE SPEED
= V 2Im
T
= wwsb.
. U = wwst
w=20
< (b =Rx)
v=Ve R = ”/P
w0

P:= S-wave sréeb
V%

V: const.



ra
W HAT 15 THE ENERgY FLux?

WE NEEY T0 F/ad THE RATE OF WoRK/ING
oF ONE Sivf oF A LANE Y x-axs on
THE OTHER.

LET N be o wmat veelor vn x-clireckiom
- (" oI o)

Tradion = E;: E5Nj ds

whure ds = element 4 arca

Rate of wovling = Lnjels i (fore xvelocity)

P-wAvE - (9\-&2,}4.) kU eu.tut--lch
((wb —lex)
Enanyy Yuax = {(;\42./4) ‘k-tue-ekx) }
e f toU €]

2) ENERGY FLUX AVERAGED OVER A cyceE
= 2 1U)* whk(a420)

T,.2
= {lulwfu

VNITS ! ENGRGy PER VN IT Timg

PER uniT AREA



S-WAVE Simuarey

{twi ~lex
'Cz_u = /“ILV € " )
_ { ok vhex)
Ensvggflux = Lef pikVe }
xR‘{ ‘_'“)Vci(ﬁ)‘"‘ﬂd}

ENERGY FLUX AVERAGED OVER A CYCLE

= {1 IVITwiep

= 5‘_ ) VI‘W"/OP




Asumerone THEDRY &
|- DIMEAISIONAL CASE

THE BASIc \0EA OF THE ASYMPRONC OR RAY

THEORIES 15 THAT 1N MENAR IN WitIcH THE
WAVE VELOLITIES AND DENSITY VARY SeoulyY
WAVES PROPAGATE /N MUCH THE SAME WAY

AS IN HOMOLGENEOUS ME Dt ,

CONSIDER A P-WAVE PROPAG AYING i THE

X-DIRECTION 1 A MEDIVM 1N WHICH DENSITY
AND P.URYE SPEED ARE ALsSo FUNCRnoNs dF e,

wAVE EQUANON .
P, A+ 9_'_‘_" = a",‘"-
oK ( %ax P'SF;

. 9 9w\ = =
S A

SEEK AN APPROMMATE SOLUTION oF THE
ol - H)
wix, t) = (J(x) e |

U=ux), &0k ro p¢ DETERMMIED.
() IS CONSIDERED TO BE 4 LARGE PARAMETER




SUBSNWTING, WE FMD
t.u)(t"'e)

a-L” - _;039(}4—3()
ox

2(5) -

- LW 30 ao fdl

28\ = ' EQuAmon FoR THE
of =Jd PHASE O60
b2 4 =4 [ Erxomat,
E@ua-ntw_]

AND FRom W' rERMS

g_s ggfx). +3( dezj-_;o

m(ae v /00(") <0

e (U ol) =0 -:Loa:;mrefuckcry




b
3-D THEORY — WORKS sMILARLY

( KARBL & KELLER,, T. Acoust.Soc. Am., 31 69¢, 1959)
SFEK ASoLUmON OF EQNS. OF MOTian! /1 FORM
w, = U (% 9,e) ecw(f-'-ef"-m-t))
subshde inbo equafion a@ motiom,
itintify Lacing puvevs of & (w?),

DETAILS ALE COMBRICATED,

wWE FiND THAT EITHER

wm U Il 8,; (

6’; 8)5 - 0""':_
or

S, 5, = & wimqg Ug LT é,:
e | |

THUS WE GET TWO KmibS OF SoLuTIon/,
LORRESPONDING TO P-wWAVES AND TO
S -WAVES



TWUS, 7N BOoTHCASES WE O037TAm FOR
THE “TRAvEL.Tme” O(x) AN EQuanon

OoF THE ForRM

) EIKONAL
- |
Lv 9) T cr EQuAaTION

WHERE C=zo FOR P.uaAvEs, OR c=p
FoR $-wAvES.
1MACINE A PATH GVERYWHERE Il 70 V¥ &

WE HAv
¢ (3 - ao + ‘! é oks
r
HOM CAN WE DETERMINE SUcH PATHS !



DI FFERENT 1ATING THE ElKonNAL EON.
28,; 6)‘3 53 (..! )
ox; - <"

ie. 2 8,; 0,56 =9 (1
i e Usie &3(2‘)

but O is parellel o I~ e

o o
& .
‘-QJ
"

2
‘F-
&P
"

oS R AY -TRACIIG
ravaAnoals
do: = 2 (1)




ALTERUMWLY,  WRINNG

A - 1
s = ¢db

k“‘, s wea&

THESE REPRESENT rME Mormiomn oF A
YPARTIeLE Y TRAVELemI& AT THE

COCAL WAVE SPEED ¢, SUFFE Rin/e
DEFLEcNONS FROM A sSTRAla T~ L/NE
TRAJECTURY TUE TO VELOCITY G RADIEAYS
THAT ARE NOT || TO THE PATM



B GENERAL WAY OF VNDERSTANDMWG

THE RAN EQUATIONS IS THROVGH THE
CONCEPY oF THE (LOCAL 'D(SPERS(Q:I_

REtAnoN  BY WHICH WE SHALL

MEAN THE RELATION BETWEEN
EREQUENSY W (=21T/PERIOD)

AND WAVE - VECTOR 5
[ 1%] = 27/ WARLENGTH) |
THE WAVE VECTOR FoR A WAVE

oF TME FORM C(wt _4(5))
ve

cAn) NE DEFRNED  AS
ki = o

Y/

TME LOCAL DISPERSION RELATOA 15 THEN

Gven By A Funcrion (i, %),
so THE PHASE P (x) SANSFIES AN
EQuATION OF THE FORM

u)=u)(?j )x-&)

0%
THE METHOD OF CHARACTERIITIGS (EssEnTALLY

THE METHOD GIVEAN ABove) THEN LEATDS TO

2 sAsart mmma il A AL



HAMILTON'S EQUATIONS "

GIVEN A LOCAL DISPERSI ON RELATION
@ = b)(k,,ﬁvo)
THE RAY EQUATIONS ARE

x, = W
ok,

Ri = -2
3Lty |

cs- HAvILTON S EQAS. FOR A
MECHANICAL SYSTEM :
GIVEN THE HAMILTONIAN]

H{P:, 9¢)
TME EVOLomon OF THE SYSIEM

1S GOVERNED B8Y

q; = oH H (p)qX=D wliex

9P Q. : "GEnERALISED
s SH CoORNINATES
Pe = 5 Pe © “Gemvsracisen

%0 chum_la



LET US VUSE THIS "EA TO RE -DERIVE

THE RAY EquAmions.
THE LOCAL DiSPERSION RELATION IS DOF

THE SimPLE FORM

w = cz)kl
FoR RoDY WAVES N AN 1SOTROPIC MEDIVM

(c : or c:P)
Y
e w= ox)(le k)*

% Harwerons EQUATIONS G/ VE

7.66 = C b5 )
r \ THE SAME
As DERIVED
k. = — k2c EARLIER
’ 2z

W™ k;E Q?-.‘Q&)"’:I_‘ga(

2



LET US WRITE vownN KAy EQUATIONS
FoR An ANISOTROPIC M EDWM.
Wt MAVE

(€ijus Unn)y; +wius =0
=) -LkJ c",jh.l (—ok})un_ +601 we=0

1@ (cf-,jk.! R e ka -W"gih.)uk_ =0
THUS THE (Locat DISPERS1on) RELATION
'3 'D-z'-'( C-e,;uk;kj -w"&'n.) <0

THE DERIVAMIVES 9w ' 3w cawm RE
ox: ) ok

FOUND FROM 3S7ANDARD PER NRARTYON

THEoRY (RAYLEIGN'S PemiciPLE )

WE Fmid

) —-2W ==l OCiet VU k&k,_;

M, 2

Zwm = 22 = 1 (Cym Ry FCimucke) i oy,

Whare VU is a C(ocd) unib 2igenve ctor

{ CORRESPONDIN & TO THE LWAVE OF /Nrtn.;s"‘)
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ANOTHER ELEGANT PROPERTY OF HAMILTON S
EQUATIONS 1S THAT THEY CAN BE OROTEN

Pown N ANY CoORMNATE S YSTEM

SUPPOSE THAT WE WANWT R 0 3-D
RAY TRACING (N SPHERICAL COURDNATES

; (. & 4)

8 -1 3

- wihh e wined a3 ericm redatlion
w = (v, 8, ¢) k
WE OBTAW LAY-TRAGWN & EQUATIONS :
r =Rre
L3
6= & ":1'6°

D de R
¢ IRt DALY {C
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k¢ = ~%

To MAKE CONTACT WITH CLASSKKAL RARY
THEORY 18 THE SPHERICAL EARTH LET U5

NOW SIMPLIFY THESE FoR TwE CASE e:cev)
TAKE JOURCE AT O=0, Ry¢eO

Tz Ry e -k e -0Cje 4 | Bt
k YT Toake

O < .}lt 'hi'ec ka =0

¢ =0 k¢ =

k &
w = c(h:‘ +d k;)} = const
v
Wet Ry = W Pe ha = WPy

Po comst  py +d py =

J
v ¢
|
. k
¢ P, = ;"-a. - f_t)‘n. (p: e
-l dt v ="RA‘I )
s = = ! T v\ v - °
Rt by (l.. 3—" P ) > PAFAMETER:
"-g - é - | N % -'6.' :
TR



THUS WE odTRIN THE cLASSIcAL LAY
INTEGRACS |

k= j:l' U':—‘t‘)-)‘clv
6N = B (-

le
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AMPLITUDES AND wWAVEFORMS

BECAUSE RAY THEORY (FoR BoDY WAVES)

15 FREQUENCY - INDEPENDENT, 7
PREDICTS THAT WAVES PROPAGATE
WITHOUT ANY CHANGE T THE WAVEFORM

(VST AS 1N 4 HOMOGENEGS MEDIVM)

THE ASYMPIONC THEORY CAN BE VSSD

To DERWVE wavé AmPLiTvdes( sy
JNVESNIGATING THE TERMS of W)

THE DERIVATION Wikt NIOT BE G1vEN HERE
(SE& LITERATURE) Tre RESUT 1S

THAT ENERGY FLux N A RAY TUBE
IS CONSTANT

RTCALLIN &G THAT

ENERGYFLUX of pot U (For Pwaves)
THIS MEANS THAT RAY AMPLITUDES VARY
INVERSELY AS Afpd” Awbd ALso As 1 /YA

WHERE A s M CRO33-SECTIONAL ARRA
0t TMR RAY TUBE.




iz

.m



- .

19
FERMAT'S PRINCIPLE

TRAVE- TIME (s STATIONARY witH RESPECT
TO PERTURBATMIONS of TME PATH

“w..ﬂﬂf
$c 9,

3390
T' = “TRAVEL T'"ME CALCVLATED ALonN&

THE NON-RAY T°

:J \

T J etz 4t) |
- ks’ + oY)

= | !({)-sdﬂje‘,;&d‘

g
Bkl s’ =3 & (% +€;) ..-&(xe-n-e.')}
T {d-s ofs



APRICATION 1N 'roMo&RAPHY

RAY 1N SPHERICALR@)

VELOCITY ANOMAL IES

J) os “ QVANTI NES
T = js(" +(o#z~> )

UNPERURBED ORDER.,
RAY

NOTE THAT a 18 NOT TRUE

THAT TME PERWRBATION OF THE RAY
PATH IS 2nD ORMER,



ATTENUANOAN AND PrysicAw 1
DS PERSION oF SEISMIC WAVES

: (cscnu. DR, YANoUSKAYA'S  LECRES &Nom)

| c, Stress g a Strain |
K t S CREEP TuneTON
| > .
: ¢ : |
g, Stven v 4 stress  RecAYATI oV
ﬁ - Fumnw
(¢t)
¢ ¢ *

FOR ASYAVSOIDAL SHEAR D VR BANICE
i u’ < er’awf

T(E) = /A—lw)até)
WHERE ,a.tu) 1S COMPLEX AnND
FREQVEANCY DE PENDENT

rg,,...gmy FoR comPRESSIonN
k) =g w)ELE) |

WRIMN G :-F(w) = 1—_‘;_'_']“4[(-) e~ %t
-

T 15 EASY YO SEE THAT

pelw)= iw'¢(w)
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IT 1S coNVENTIONAL T DEFINE

Q',, (W) = &w) SS
Im/ulﬂ)

BUT OZTEN MURE coNVEMIENT T USE

(W) = 1
Y G << |

Wik ng

-L- - -4 S
% = Vi =5 5

- al) (- £49)

THUS TME EXPRESSIoN FOR A PLAVE

1S o€ THE FoRM

v (E=-%/V3)
w~uoewt'—/s

-wi 3 ‘(b —-%3,
= Uo € "ew’ )

PECAY /N ONE »Aveawam

oypt - us. G"’“S'} exp (- )
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APLITVRE NECAY FoR S-wavE

| =y
. = L PER CYcLE

@ 1§ ALSO SOMENMES DEACTED By
Gp (= Q FoR S-wAVES)

ColLESPON NG LY

AMPLUTUDE DEcAy FoR P-wAVE

-7
= e 704 PER CYCLE

whore o -2Re (V0
Iwn 2 VU'P)

OF cOVRSE WE HAvVE

‘ - L/
! U"P_ X+ /!}l.

- f
K =(R.t K)(l 4 i.qm) ebe.

o IT IS EAYY TO FIND EXPRESSIONS FOR |
. Qu N TERMS OF Qx , Gn. (N PARTICVLAR.

= UF qx=0 (uswAuy A Faik Assumpriod)
wE oBTAw ~—

- U
by ° §'.G_.i,_ Ya
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WiTHIN RAY THMEORY Twis LEADS

TO AN AN AL AMPLITUDE DECAY

whe ¢EF (&-sm&) IS DEFInED BY

[&" = % “"]

RAY

[NotE STRONG DAMPING OF FHiIGH
FREQUENCY w‘-\veﬂ



r 1y
ervsiIcat DigpeERSION

wE saw THAT
}uw) s W ;Fm)
WHERE '}.M\ T F.T. oF RECAXATION Funeirsn
Ple)
WAVE vEcLOGTYY (Jf" ) IS RELATED TO

g,(,a.) AND DAMPING To Tm (p).
BOT SINCE ml(W) 15 THE TRANSEORM OF

A SNGLE REAL (CAVSAL) FuncTION
Re(p) AND Tm (u) ARE Rémrp

EG. ToR Thé STANDARD LVEAR Sot/D
(SEE "wAvE PROPAGATION ! NoTES ERom DR, ‘m:vov.s-mm)

T3 Ta® = olesTet)
2 pmlw) = Mo ( 14+ (T )

Y WT,

This cam be used bo had both g, . t0)
And U (0) = R M_‘as_u)




ABsSoRPon
BAND

THUS V3 INCREASES THROUGHK THE

AB3oRPTION BAND. FoR MANYT ABSORFNIN

BANDS U 1NcREASES THROUVGHOUT THE
RANGE OF cowsTANT

Wp ~ Y onsT ‘h" )

]
—
(79
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QUANTIMVELY T cAN BF SHowN THAT |
APPROYIMATELY , HNTD wWrrnin THE BAND OF cons'g-wvr

THESE LEAD TO A RELAT/ONSHIP BETWEEN
T™HE DELAY oOF AWAVE OF GIVEN FREQUENCY

AnD 1T's DECAY -
THE PHENOMENON 1S KNOWN AS
PuYSicAL DISPERSION

[ see tw, AndERsoN, Kanamort , GT. 197¢
A REEERENCES CITED THEREN ]



WE CAN ALSO WRITE TOoR THE comPLEX
VeLociry

v(w) = U ( '*;"“’s—: +1iq)

WHERE U 15 THE (R2aL) verowry
AT REFERENCE FREQuUENCY (o, .

CONSEQVEBNTLY 1k EFFECT N THE
StGemn AL )¢ REPRESENTED By

o

erpi-2wt* (1 - 1"” = )}

THIS REPRESENTS (APPRO )M ATEL Y,
A ASSUMING THAT THE EnniE
SIGNAL 15 WMIn THE coNSTANT Qu

BAN'D) THE ToTAL AgFicT of
ATTENVATION on THE Sig WAL
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