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The induced representation construction thus yields irreducible
(necessarily infinite dimensional) representations of the solvable group 8.
St gbabor—paint-womwitbeghow-tirat-all - irredurtbie -representatiomscefet-
which are AGR-Lpiwigl—On-w—h ily—of-tivs=ferm. [t must be noted

that in general it is Far from clear that a locally compact group need have any

non-trivial irreducible unitary representation at ali. That there are indeed
lots of non-trivial irreducible representation will be a consequence of one
of the beautiful results we will establish later. for now we will give some

further examples.

8 The Heigenberg Group. Let G be a locally compact abelisn group. In
2

LZ(G), G operates by translations for f g L2, ge G, Lgf ¢ L® 1is defined by

Lafly) = Fig i), x ¢ 6.

On the other hand & also operates on LZ(G) : For y e € and f 3 LZ(G),

fo 3 Lz is defined
fo(g) = y(g) f(g), g € G,

Consider now the subgraups L(G) and M(G) in the group U of unitary

operatars on L2(C). Let geC and y e 6. Then for f ¢ L%(e)

(Ly MX)(F)(X) (Lg(HXF)} )

(r-1xr)(g'1x>

i

x(g'l) x{x} F(g-lx)

10

while (Mng)(f)(x) ] {Hx(tgf))(x)

n

x{x) Lgf{x)

x{x) F(g'lx)

80 that

Lg M (f) = 1 f
9 X( ) = x(@)™* M Lg
or equivalently

-1
X

(M 1

Lg~ Mx Ladf = x(qg)f

Let n denote the scalar Unitary operators. The above equation ghows that
L(G)M(E) -1

is a group. Clearly the map
Gxt x T — U

given by { t . i i ij
y {gix,t) —Lg Hx(t 1) is a continuous bijection onto a subgroup
of U equipped with the strong topology. The group structure on G x x T

is given by the composition map
(gixst){g',x",t")

= {ag',xx',tt x(g')).

Th Cx i
€ group G x C x T is called the Heisenberg group associated to G and

we will denote it by M (G). We have defined sbave a natural representation

g of the Heisenberg group H (G).

Claim. This repregentation is irreducible,



11

Consider the isometric isomorphism of LZ(G) on Lz(ﬁ) given
by the fourier transform wnder this isomorphism the convolution operator

f—pxf, p¢c LI(G) an LZ(G) go over to the operator M$ given by
F—gr, Fe L@ .

Let T be a bounded operator on Lz(ﬁ} commuting with all the operators
S5(H{G)) where § is the representation on LZ(E) obtained from o on
LZ(G) through the Fourier transform isometry. Then T commutes with all
the M@' P e LI(G). As was seen above, this means that (T cosmutes with
M, for all ue Cc(ﬁ) and consequently) T = MW’ Ve L=(G) where

MW(F) = §of, fe LZ(€). Now in the realisation &, the group £ acts on

L2(8

G) by translations. It follows that HW commutes with all translations
G.

an But this means that  is invariant under translations in § i.e.
¢ is a constant almost every where, Thus T is necessarily a scalar so

that & (and hence o as well) is an irreducible representation of H(G).

The representation ¢ constructed above is in fact an example of
an induced representation. To see this consider the abelian subgroup
1x8x® of MB). Let m: C x T — T be the character (y,z) —»z.
Consider the representation I". The representation space of I" consists

of functions

such that

F{lg,x,tI(1,x',£")) = flg,x,t)-t’

12

In other words f{g,x,t) is determined by f(g,1,1).0ne sees that as 8 functien
on G, f ¢ L2(C). Thus the repressatation I s on L2(G). It is also
obvious that the subgroup G (=G x 1 x 1) acts via left translations.

The action of 1 x B x 1 on the left ig given as follows :
{1,x,1}(g",1,1) = {g',xx"»x{g")t}
so that

FCLy D", D) = Flgtyx e

f{(g' -1.1)(1,)(-1,)(-1(9‘))
= x{g") flg',1,1)

Thus proves our contention that the representation on LZ(G) is equivalent
[}
ko - Iﬂ. We will later see that all infinite dimenmsional irreducible repre-

sentations of M (G) are obtained by snalogous constructions.

zp The graup SL(Z,IR). Any matrix g ¢ § = SL(2,R) can be written as a

product
g = k.a.n

where ¥ ¢ 50{2) (also denoted K}, a ¢ A the group of diagonal matrices
A0

{C Plre K™ }land neNz {(é E)lu e R}. Let H denote the "Borel®
G A

subgroup

a u *
{( Jlael,ue R
0 a

a u

The modular character on H is given by ( 1) -—>az suppose now that
g a

g = (: E) then a simple celculetion shows the following :

g = k.a.n
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. r 0
cos © sin @, =

= ) with rel = a - iy. Consider
-sin 0 cos @ a r«l

where k = (

now the l-dimensional unitary representation w of H on I given by
a p
{ 1) = (Sgn a)™ exp it log jal
0 a

on € with t ¢ R, Since the map
(k,a,n}) — Kk.a.n

of Kx AxN==0 is a diffeomorphism. The modular character on H is
a u

given by the formula ,( U |a|2. It follows that the representation
0 a

space for 1TT consists of mensurable functions f on G satisfying

{it-1)log A

Flk an) =e Fptk) (%}

where f ¢ LZ(K) and Fol-k) = (<D™ yk) for all k e SO(2), k = (
a = (A 0_

0 2 ) . }
with a subspace of L°(K). It is also clear that under this idemtification K

1) and n = (é g). We may thus identify the representation space

acts on this subspace of LZ(K) by left trunslations. We will now take a look

at the action of [

"

fU 3 LZ(K), taking f to be the corresponding function on G (as in « above),

we have

(LGF)D(k) = folk,) ex(it-1) lag A,
ig cos eu sin eu

where z,=¢o8 8 -sin @ +ising = A e " and kLI = {

).

-sin eu cos eu
Suppose now that V.= LZ(K) is a G-invariant subspace of our representation

space; then V decomposes into a direct sun of eigen spaces under the compact

group so that V contains a nonzero eigen vector for K. We conclude that the

cos §sin @
-aindcos &

(é T) on this subspace of LZ(K). For this we have for

14

function o, given by

(cos 9 sin 9) = exp in @

n'-sin 8 cos §
belongs to V for some ne Z (n is odd or even depending on the parity

of m). Taking f to be such that fg = &, we see that

n .
(Lyf)g = {z /12 )" exp (it-1) log lz,|
h it-1
= (z/12,1™) Iz, |
n it-1-
- 2" Izulx n

{with Z,=¢c08 B - U 8in B + i sin 8) belongs to V. It is now easy to

d d .
see that EU(Luf)U|u=U e V- {(Lu+hr)0 - (L“F)U}/h tends to EU(LUF)D in
LZ(K).

d _d .n 2, (it-1-n)/2
du(LUf)U(k) T HZu' }

-1 it-1-
an {-ain 9) |zu|(l 1-n)

+ zL‘(it-l--n)/Z|zu|it’1“"'2 2{cos 8 ~ u sin 8){-sin B)

50 that

é%{LuF)U(k)lu:U s -n ot(n-130 sin § - eine(it-l-n)/Z-sin 28

= 1/2{(it-1-n)/2 ei(n+2)8 + neind _ (it-l+n)/2 ei(n-Z)G}

Now if t £ 0 one concludes (using the fact that V is K-stable) that L

and B2 € Vi and & simple induction argumesnt shows then that e, € V feor

all r with the same parity as n. When t = Oand m is odd it is not
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difficult to see that the cleosure of the subspaces

t e1n6 , ing
nzm{mod 2) nzmimad 2}
n>0 n

Ce

are G-stable. When t = 0 and m is even once again 111 is irreducible.
The femily of represantations constructed above is called the principal

series of representations of sL(z,R).






