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122 NOTES ON LIE ALGEBRA
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sis of weight vectors, say Vi Vgs e Voo with associated weights

Pyrfpr - P, Forany M in h the operator exp{c (H)) is diago-
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Figure 3.

- nel, with diagonal elements exp(p (R)). We modify this by a fac-

. tor 2#i, and call the trace of exp(2aid(H)), as function of H,

Lab
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the character x of ¢; sothat x(H) = ¥, exp (2mip (HY). (It
depends, of course, only on the equivalence classof ¢.) Asa
matter of fact, we only consider H in hR (this can also be in-
terpreted as considering exp (2n¢ (iH)) with iH in the subalgebra
ik of the compact form of g; Ch. II, no. 10).

The character, in fact every term of the sum, takes the same

R

value at two H’s whose difference lies in the lattice J, since
the p_ are integral forms. In other words, x is periodic, with
the elements of 4 as periods. Even more, x is a finite Foutier
series on hp with respect to the bases lrl.l. To put this some-
what differently: The quotient group hR/ff is isomorphic to the
f-dimensional torus (I{E modulo the lattice of integral vectors,
ditect sum of ¢ copies of R/Z). Each exp ©2nip, for p in 4,
is a homomorphism of h, into the unit circle U = fz: |z| = L
of C, with J in the kemel; thus it can be considered as a homo-
morphism of h“/ff into U, ot, in the usual terminology of Abelian
groups, a character of hn/‘.f. (For some purposes it might be bet-
ter to “‘'divide”” hp by the lattice 2rd )

We use the symbol ep for exp ° 2Zmip; these are then func-
tions on hy; (even for p any element of h:‘ } and on h“/ff.. We
LI (pointwise product, as functions, on the

have €y g =
left), and e, = (e/\l)nl-(e‘\z)n'z-“- (ep)™ it p = 3 mh,,

where the A, are the fundamental weights. The €y with p in 4,
are all the characters of h"/if (we take this as well known), and
the correspondence p~—e, is an isomorphism of § with the char-
acter group of h“/ff. The finite integral linear combinations

Y a e of the e, (such as the character y above) form the inte-
gral group ring & of the character group of hH/ff (ot the isomot-

phic integral group ring 74 of 4. (Actually, to make this precise,
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