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PLANCHEREL THECREM FOR THE UNIVERSAL COVER.
OF THE CCONFORMAL GRQUP

Rebecca A, Herd' Joseph A. k'ulfT

Department of Mathematics
University of California
Berkeley, California 94720

Department of Mathematics
University of Maryland
Callege Park, Maryland 20742

A0, INTRODUCTION

Ever since the discovery of conformal invariance of Maxwell's equations,
canformal groups and conformal structures have had an important role in mathematical
nhysics, TFor the most part, this role has been confined to consequences of the
Jeometric action of the conformal group and to the use of certain unitary represen-
tetions. MNow there is a fairly explicit theory of harmonic analysis on the conformal
qroup. It seems likely that this theory will be of some physfcal importance, e.g. in
partial wave analysis.

When a group G acts by gecmetric symmetries on a space X, it also acts on
varicus spaces of functions on X. These functions are better understood by taking
the symmetries into account. That is, of course, the basic idea in Fourier analysis.
[t has also been exploited in the use of spherical harmonics, where &= S0(3) and
1] =Sz. and in the application of other sorts of special functions.

Mow the machinery is available for the case where G §s the conformal group or
one of its coverings, and X is either the space G itself or is a symmetric homogen-
eousfspace of G,

In this article we describe some of those developments, first sketching the
qeneral theory and then describing the case of the simply connectedcovering group
W(2,2) of the conformal group.

*Research partialiy supparted by National Science Foundation grant DMS-84-01374.
+Resenrch partially supported by National Science Foundation grant DMS-85-13467,

] | q¢;;ss._ ”
51, Tempered Representations of the Semisimple Groups
§2. Tempered Representations of 53(2,2)

§3. Plancherel Thegrem for Semisimple Groups
§4. Explicit Planchere) Theorem for §ﬁ(2.2)

We assume that the reader is well acquafnted with Mackey theory but not go well
acquainted with Harish-Chandra theory. B

) The results in 5§71 and 2 have been known for some time. The Piancherei formula
in §3 was worked out by Harish-Chandra in the 1960's (published suméwhat later in
[1], [2] and [3]1} for semisimple groups with finite center. We recently developed
another approach {[41,051} which allows infinite center, as in the group §ﬁ(2.2).
In 58 we work out the constants to obtain an explicit formula for §D(2,2}.

§1. TEMPERED REPRESENTATIONS OF SEMISIMPLE GROUPS

We describe the representations involved in the Plancherel formuia for a semi-
simple group. To do this for a class of semisimple groups, one must ensure that
certain subgroups belong to the same class. Qur class consists of the reductive Lie
groups G that have a closed normal abelian subgroup Z such that

(1.1) I centralizes the identity component ¢° and 6/26" 15 Finite
and
(1.2} If x € G then Ad{x) is an inner automorphism of By -

Here "reductive" means that the Lie algebra g of G is (commutative) @ (semisimple).
If n€ ﬁ. the set of equivalence classes of irreducible unitary representations
of G, then 7 has three types of characters. The central character Ly 15 the scalar
valued function on the center ZG that s given by n{z2) = ;n(z)-] where [ is the
identity on the representation space A1), The infinitesimal sharacter Xp is the
map on the center 3{g) of the enveloping algebra #{n) given by dm{D) = X, (D}-1
for every Casimir cperator D. We view it as a homomorphism 2{y) — € of associa-
tive algebras, The charaoter or distribution character 8{n) is the Schwartz
distribution on § given by

(1.3} o(n:f) = trace n(f) for fe C:(G)

where w(f) = % flx}n{x)dx, The equivalence class of m is specified by @(n).
The differential equaticns

(1.4) po{m) = x {0} +o(n) for D& Fla)



47~ ftte
lTead to the information that Ofn) is frtegration against a locally L' function
T{n),

(1.5) ofn:f) = jT(n:x)f(x)dx .
. G

which s real analytic on a certain dense open subset {"reqular set") 6 in 6.

We may suppose Z i g° - ZG°' Then n € § belongs to the relatwe diacrete
serfen if its coefficients

{1.8) ¢ JIxY = tu, n{x)vy u,v € Mn)

u,v M)
are 1F medulo 7. The representations we will use will be constructed from relative
discrete series representations.
Choose & Cartan involution & of G. 1In other words, B is an autemorphism of
6, 751, 0 is the identity on ZG( u), and the fixed point set K of 6 satisfies:
‘7 fG }is a maximal compact subgroup of G/Z (s"),

Let T be a Cartan subalgebra of g, i.e. a maximal diagonalizable {over C)
cutalgebra. Then K= {x © 6: Ad(x)E = £ far all £ € b} is the corresponding
Lartan subgroup. One can find x € ' such that Ad{x)i and xkx™' are 8-stable,

If G has relative discrete series representations, then K contains a Cartan
sibqroup of €. Conversely, let T< ¥ be a Cartan subgroup of G, f its Lie
Naobra, and a7 - rf(g,i) 4 system of positive roots, Llet p= %Ifu and set

L, R F 0 for all a€ ot and
i A it -0 .
1.0 a ey e is well defined on TU,

N . . . . . [
oo f' then there is a unique relative discrete series representation w; of G
such that

i ey Tf"_f; « v (constant)a{x)™? Z det(w)e“
i WGHD
whove x U TUO G0, Al W¢+ (% - ey and W' is the Wey! group of {6°,T°).
nl ¢
The sentral character uf n° is eA'P‘\ o IF X 76%) agrees with n° on 2
il 3 Ig0 G X
then

GOv

.9) EE-R it & - 7.(6°)6°

is well defined and is a relative discrete series representation of G"'. Finally,

the relative discrete series of G consists of the

. G o - r C
" B X € €
R - IndGr()f ® w)\) . LE A X ZG(G )

-4 %

where m7 and X agree on Zgo -

Now let H be any 6-stable Cartan subgroup of G. Then § = t, ® LA +1 eigen-
spaces of Blil and H = Ty xAy where TH HNK and A, = expG{n ). Then the
centralizer ZG(AH) = Myx Ay where oM =MH and T, s a Cartan subgroup of M,
Let &* . - ¢t (g,tH) be a system of pos1t1ve uH-roots. "y }: 8y Ny the corre-
sponding analytic subgroup of G. and Pu= MR wNy the asst:.cra.teS'l "cuspidat parabolic"
subgroup of G. [f vE AM ' n is the correspcndmg retative d1screte series
representation of HH‘ and for xe ZH (M“) consistent with n then

YR IndM+(x = n ig the corresponding relative discrete series representation

of MH 1f oe aH now nere € (HHAH) extends to PH. trivial on NH‘ and we

have the unitary representation

_ G ig
(t.1n) LV lnde(xvae )

[t does not depend on choice of ¢: The representations {1.11) of G constitute
the H-geries, If A = {1} that is the pelative discrete series. If Ay is maximal
1t is the principal series. Given v and X, "o X.a is irreducible for almost all o,
The irreducible constituents of representatmns ™, x,g* Hvariable, are the tempered
representations of G,

When we are dealing with several Cartan subgroups we will write

{1,12a) n(H: X: vi ¢} for the H-series representation Toog *
{1.12b} 6(H: X:v: a) for the distribution character of Ty vy and
1 Sy Y. - s ™

{1020} O(H :x:v:io: f) for the trace of My,gtT)e T 6 L6

52. TEMPERED REPRESENTATIONS OF SU{(2,2)

The conformal group is usually realized as the identity component $0(2,4) of
the orthogonal group of the real bilinear form -x RIS AR N A NS g ¥, on
m“-. The space of light-1ike lines in lR2 4 is the conformal compietion of
Hmkgusky space IR“ » and that gives the action of 50(2,4} there. We will find it
much more convenient to use the complex form

(2.1} SUt2,2) = {x& GL{4; €} xIx*=J and det x = 1}

-1
. -1
of the double cover of 50(2,4), J=( 1 1),
two to one correspondence is

for the Virear group. The



’ —Hg-

{2.2) su{2,2) - s0(z,4) by A* (vector representation)

»

antisymmetrization of the usual representation of SU{Z2,2} on C*.

Write G for the universal covering group SU(2,?) of sU(2,2), ¢: 6 — sU{2,2)
for the covering, and Z, =Ker(y), Since SU{2,2) has center of order 4, I, has
index 4 in Z=ZG. -~

The maximal compactly embedded subgroup K =[K,K]x Z; where [K,K] = sU(2) x su{2)
maps one-to-one to SU{2,2), and where Z; = R, Llet t denote the cbmpactly embedded
Cartan subalgebra of g given by

(2.3 t = {diag(iel,isz,ies.ieh} = 6; real, zej=0}

Then + = (tn[r,k]) @ Ty with

tn{k,k] = {diag{ie ,-i8 ,i8_,-i6.): B real}
(2.2) 1 1 2 2 J

ro = {diag(ie,ie,-ia,-18): o real}

This gives us a parametrization of the correspending Cartan subgroup T of 6:

(7.5%a) T = {t(el,ez)zu: 06 <27, 0g6, <2m, mm <y <o)
where

{2.5b) t(ei,ez) = expg diag(iel.-iel.isz,—iez} and
{7.5¢) 2, = expg diag(iu,fu,-fu,-ice)"

Notice that U sends t(e],az)zu to diag(ei(eiw),ei(‘9:+“),e1(92'”),e”‘ez'l‘)),
so 7= 2. = ¢ {]ar, +11}} is given by

{2.6) {t(U,U)zkn, t(n,'n}zkw, t(G.n)z(kHﬁ)ﬂ, t(n,O)z(k+;§)“: ke Z}

+ o
Let £ diag(at,az,aa.a“) > a. as usual. Then ¢ {g,t) = {51'5‘: Tsi<jga},
The Lompact roots are {21-52, ss-e,‘}. The only sets of strongly orthogonal (sums and
differences are not roots} noncompact positive roots are, up to K~conjugacy

(2.7) a, {e;-¢,} and R

It follows from general theory that g has exactly three conjugacy classes of Cartan
sibalgebras: t, i and b, where t is given by (2.3) and

-50 - 74#*“

i6, 0 u 0
. ¢ {0 0 0],
(2.8) i = v 02 9, o0 | u,ej real, 26, +6,+6, = 0/,
0 0 ¢ e,
191 0 Uy 0
. a 18 ] u i, =
(2,9) h o= y 0 18, 0 J'upByreal, B +8 =0
0 u 0 is

Consider the "intermediate” Cartan subgroup J corresponding to §. First,

6 0 u ¢
(2.10a) By = { S g g g } and  t, = ffdﬂ[h,k])+(fJn[mJ,md]}
0 0 0 0
where
i8 0
(2.10b) t,0 k] ={ -i o }. f.Jn[“'J""J] . { i8 . }
-18 -ig

Here TJ = {t{8-y, 8+u)zu} containg ZG' As 'I'J = Z{uJ)TS where I(uJ) is generated

by I, and Yee, T SPgdiaglin, 0, -im o) - (], .7 Y2, €T we have

{2.11a) Ty = {t(8-u, 0+u)z }, connected .

SimiTarly My = Z(a)MSl where Z(sz) is generated by 2, YEL‘Ea' and
T L ¢

Ve, T M2 )7, €75 so

(2.11b) My o= SULY) < s' L connected

Now consider the maximally sptit Cartan subgroup H cerresponding to k. Here

. [ 0 0 u 0 l 18
_ 0 0 0 v _ -if
(2.]?3) !IH = T u 0 0 0 ‘ and fH = { is ; C [k,i]
¢ v o o/ — -ig/ ¢
T, = Z(u)T; with Z{a) generated by YEIHES and Ycz-r_~ 3s above, and

1]

T; {t{e,8): 629 <21}, Compute



TS5 = i

Ve € IR
2=E, €€, - 'H
t(0,0)z,_, t{mr,m)z, € { S &
P Y % ysl-sa H
2k+) 0
t(O.ﬂ)z(k%)ﬂ, t(”an)?(k+%)ﬂ € h‘-’rea) - T
to see that -
(2.12b) T, = & iy UTE = oM, o= oz

o Ei7€g H H

n=-

Now we have the Cartan subgroups and the assaciated cuspidal parabolic subgroups.,

So we can parametrize the tempered series.
The space A’ of (1.7) for the Cartan subgroup T af G is

{2.13a} A% = {An,m,h = % {e,-g,)+ % (e,-2 )+ % (e;te,~e,-c,), n,m integers ¢ 0,

h real, nim=+h # 0}

Here notice that

\ in img ih
{2.13b) exp A, h t(el,ez)zu — 0, e 2 81 u

Stnce G is connected, its relative discrete series consists of the

n,m integers # 0
where { h reatl
ntm+h £ 0

{2.18a) m{T: n:m: h) =T
n,m,h

The Weyl group W(G,T) 1is generated by reflections in compact roots g, -g, and €,°€,

Thus

{2.14b) MTeonemh) = a(Tea'sm' ch' ) a=+n', m=<n', heh'

The space A" of (1.7) for the Cartan subgroup Ty of M, is

{2.18a) Aj = {An b % (€1‘52+€3'EL) + %(52—54): n integer, h#£0}
Here
{2,15b) exp Ao t{g-u, B+u)zu — oM gZihu -

Since MJ is connected, its relative discrete series consists of the

{2.16a} n(TJ: n:h} = my where n integer, h#0 .
n.h

T5A — g

u
Do . i
0 0/ Sui so 19, comes by Cayley transform from
00 :
% (51'83) € it*. Now the J-series of G consists of the

Parameterize ns by Us(

oc oo
(=N NN

cn ke - G - iay
(2.16b} m{J: n:hrg) IndMJAJNJ(n(TJ' n:h} &e

for_n€Z, h and s real, h#0. The Weyl group W(G,J) is generated by reflection
in the real root, which is 1 on fJ and -1 on Bys 50

(2.16c) sldinihis) = w{dinih': ') e n=n', h=h', 5 =45’

The space A" of (1.7) for the Cartan subgroup T, of M. is

(2.17a) AA = {An = g'{51‘52+53“cu): n integer] .
Here
{2.17b) exp A : t(0,8) — ema
Now the relative discrete series of MH = <y€ e ) = T; consists of the unitary
characters v
(2.18a) niTysach): (v, )" t(6,6) s 71T o100
1 3

CCuon
n integer and 0 < h < 2. Parameterize n; by %t S g g ; = su+ ty,

0 v 0 @
Then the H-series of € {which is the principal series) consists of the

G 1.Us.t

(2.186) m{H:n: h:s:t) = Ind”HAHNH(n(TH: n:h) & e )

for n integer, 0 < h< 2, s and t real. The Weyl group W(G,H) is generated by

. : 0 i 0o
1, i i 00 0
( - 3)( 1-1‘) and (ouo:‘)

00 i 0

The first two are trivial on ¢, hence on TH C T; the first sends ¢

cenjugation by

— T
5,t -5,t
and the second sends Og ¢ >0 4~ The third, call it w, is -1-gn tH, inter-

» L]

changes YE:'Ea and 752_8 , and sends Ty p > Ut,s' Compute
4 »

Wy t{s,8) — TZ e t(-8,-8) =y t{mm-8, mn-8), We conclude that
3 2 4

£,-E

m
€476y
(2.18¢) w{Hin:h:s:t) = n{H:n':h':s':t") <> either (n',h'us",t") = (n,h,2s,t)
or (n",h",5",t") = (-n,h+n,+t,+5}
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§3. PLANCHEREL THECREM FOR SEMISIMPLE GROUPS

fied in (1.1) and {1.2). Here we enlarge 2 if Necessary so that 7 n gt
Just replace 7 by ZZGD. Let Car(G)

conjugacy classes of Cartan subgroups o

= ZG“ -
denote a set of representatives of the

f 6, chosen so that BH=H for a1l H e Car(G),
The Planchere! formula says that, if fe C:(GJ, then B

¢ L g f deg(x)

He Car(G) X € ZMH(MH)

x Z f *G(H:x:v:o:r‘xf)

‘o€
vEAH

T < tio, ar T _B(X:U)

p
a€e%g,h) BESE(5.h)

(3.1) fx)

"

c

dodx

whorg r.f is the right transiate of f by x, (rxf)(y) = flyx). In this section
we explain the ingredients of (3.1)

First,

for the formula tgq make any sense at a1l

an the groups over which we integrate.
Let & = 26°/7, et 8, denote th

denote the fixed point set of B,

+ We Must normalize Haap measures

e Cartan invalution derived from 8, let K,

and Tet 8 be 4 fundamental (as compact asg
rassible} Cartan subgroup of G,. this notation differs slightly from that

wnes in [4]
(1.1},

Write ¢ | for the Killing form on

g, and [ . ) for the associated
fesitive definite form, (

gan) o= ¢k, 8,m3  Split By =Ty %A, as in g1, Then T,
5@ torus; give it Haar measure of total mass ]/IW](G?c)i.
uomplexification of Gl and nl(G

FR
Faiet

where GIC is the

]m) is its fundamenta) group. The exponential map
iv a diffeomorphism from a, to Als give A

{, }-euclidean structure of

the Haar measure corresponding to the
#,. Now B, carries the product Haar measure,
slet 5] denote the regylar subset of 3. It consists of all elements nf g,

The subset e, a1 elements of 9, whose
» 15 open in 8,
. l-euclidean structure therg, Define a G,

whuse centralizers are Cartan subalgebras .

rentralizers are conjugate to hl and inherits 4 measure from the

-invariant measyre on--G /B, by

z) fef(s)dg - fG,/BI{ { T s tadtE)a Lot )

o
dire gt - b+{gl,hl} s a positive ragpt system and where f e Cc{e). Normalize

-S54~ s

Haar measure on G, by

- f{xb)db} d{xB,)
{3.2b) JG £{x)dx JGl/B, {IB X } 1

1 1

* i d{xZ) on I6%/21 =g .
for fe€ CC(Gl}. Now we have normalized Haar measure .

0 it i use the invariant measure of
Fix a Haar measure on ZG(G }. OIf it Ts compact Ny
total mass 1, If it s discrete use counting measure.

(3.3a}) flz2)dz - Z [Z flz,z)dz

o e ,,
Zgle") 2, €1.(6°)2
specifies Haar measure on 2, and

= flxz)ez) d(xZ)
{3.3b) flG” fx)dx JZG“/Z {IZ

¢ ar measure on G defined by
defines Haar measure on 2G6°, At last, we have Haar

(3.3¢) J flx)ldx = :E: J . flyx}dx
G ye 6/26° G

L. . Fz.
It is independent of choice o
Now that Haar measure on 6 is normalized, the operators

HD SRV H = flyxIm(H: X1 v g x)dy
{3.4a) m{H: X: v o r f) JG
i i sense to talk about their traces
are specified for f € CC(G), and it makes

{3.4b) B(H:X:u:c:rxf) = trace m{H: X:v:o:r,f)

} ra ¥ b |l‘;[?ed the Planc ere ¥ . -
ose traces are the basic ent in [: n ormula (3 )
the easures d)( on the Z M that QCCur r t3-1 . Giver
“ext, we look at M ( H} )
( )l b . 1
our choice of Haar measure g ZG G we xed Haar measure or z ¥ '3 la and

that normalizes Haar measure on I by
- ]
(3.5a) fx) = 17,6°)2 [z Fl0de
i denote
whers, for f € CC(G) and £ € 7 we de

(3.5b) £ = L f(x2)r(z)dz

We now normalize dX by
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(3.6) Co0ga00 = [ YT Gixdeg(n)ar

fz (M) z -
M H XeZy (M)

where Z,.,H(M;); = {xe Iy (M;)A: )(|Z has ¢ as summand}. This is equivalent to the
normalization in [4, Lemma 6.12],
The measure do on u; in {3.1) is also normalized through the abelian Fourier

transform, If fe C:{uH) then the ( , )-euclidean structure on . v = [8,8] > &

. N H
specifies f: uﬁ—»t by

(3.72) Fo) = j £(r) ef0lE) 4
;4
H

and we normatize do by

(3.75) f(g) - (2m 0™ J | oy e TelE) o
-4
H

The constant tg in (3.1) is given by

W(G®, 8nG°)
|6/24(6%)6°| + (2m)"*P

{3.8) g * hl(G]c)b

where 8 is a fundamental Cartan subgroup of & (e.g. the inverse image of
B,L 6, = Z6°/Z), where W{6°, BNG®) is the Weyl group

{xe 6": Ad{x)b = b}/(B N ") ,
where r = [¢%(g,8)], and where p=rank & - rank K = rank Ag.

Given H € Car(B), 8H=H, let on(g,!;) denote the set of real roots in ¢(a,h).
So ¢ple,b)={ac o(o,h): alj) CR, i.e. alt,) =0} and is a root system.

¢]R('"B+"B’ h) is spanned by strongly orthogonal rocts, hence is a direct sum of
simpte root systems with that property. For each simple summand there is a number
that comes ocut of the theory of twa-structures and evaluates to

c 0

2041 2 F

- summand A? B

- 2n 3 g, EB
{3.9}

1

2n

number 1| 2™ 2" vl 2 | 2] 8| e

and Q{s.h) is the product {over the simple summands} of those numbers. Let R(s,k)
denote the set of strongly orthogenal roots of {g,b) used to define by the Cayley
transform procedure. Then

{3.10) Cynge - IW(E", HNE)

Wkt maxtand| colgn) e T7T ol
aER{g,I))

Given o € ®m(g,|1) we denote

h; € my: element dual to o= 2q/ll0)’

%y € 8,1 normalized by [x,.8x,] = by

Z, = X, -@x  and Y, = expG(Trzu)

ZG“ and the Y, 9enerate a group Z{uH) such that HNG® = 2{x JH°. If ce z' and
0 H H
xe_Z"H(MH) then

. P -1
(3.1a)  p (x:0) = sink (—-«2(“;‘%‘;)) {cosh (»%";!Oa'?—?) 1, -%e c!(‘fm) [(X(y,) ¢ x(YQ)_l]}

is a scalar matrix, whera k = deg{X) and Py is half the sum of

[pe ¢+(5'11): Bly s a multipte of a}. The facter ba()(:o) in (3.1) is the value
of this scalar,

{3.11b) p (X:a) = deg(x)"! - trace py(X:ar)

This completes the descripticn of the terms involved in the Plancherel formula (3.1),

84, EXPLICIT PLANCHEREL FORMULA FOR STj(Z.?)

The first step is to normalize Haar measure as in 53 for G = ﬂl(Z.?). This
comes down to the following.

(a) Note that the Killing form (Z,n) = trace(ag(g)ed(n)} on g =su(2,2)
is given by

(4.1) {E,n> = B.trace(fn)
This defines the euclidean structure on g by
(4.2 (E.n) = ~(E,Bn> = B-trace(En”)

It gives a volume element an the open subset e = gG Ad{x)t', and on f itself.
- X

{b) j flE)E = J {J [TT a(i)lzf(ld(x}g)dg} d(xT) defines the G-invariant
e 6/T V)t st

measure on &/T, where o' = ¢*(g,1) and fe C:(e). -
{c) Normalize Haar measure on the compact Cartan subgroup T/Z of
/2 = SU{2,2)/{t[,iiI} to have total volume %. Then Haar measure on G is given by

~50~ —J-fgﬂ/v
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{4.3) f fx)dx = f f Z: ffxtz)d(tZ) dixT) ? Haar measure on a is given by f f{E)dE = f F(ré:l)dr where |‘IE,1IJ=T. say
¢ 6/T 1/7 262 o o
- 001 0
where f € CC(G). g, = Ya ? g g g using (4.1). Since us(zl) = s/4, the normalization (3.7}
Qur Maar measure on I = I = ZG{G ) is counting measure, and IZG(GC /Z) =1 00 0O
Tn {3.5a). So the Waar measure on =2 (G Y is normatized by {3.5b) to tota) becomes .
mass 1, B o
In (2.13), exp()n’m'h)jz =1 precisely when h/2 is an integer and (4.7} [* ¢l{o)da = :/‘f Ncs}ds
u - 0
(1" = (" = e ! .o
50 We may view Similarly, Haar measure on u, is given by J f{E)dE = j f 1’(r]£l + ':Ez)d":drz
~ aH =
7= {exp(}\o.o’h)[z: O¢h<4} u{exptx,'o,h}lz: Ogh<4) 001 0 600 0
_ 0 0 9 9 1 00 01
Now . where E = /4(1 0 0 0) and & = /4(0 00 o)+ S° os,t“:l) = s/4
0000 a1 900
So(ner =% 20 [ alewln 31 e
Jz “n%:’] A Pl 0,0}z and og 4 (€,) = t/4 give us
That gives us (remember: G=HT), ® w .
- (4.8) J* $p{olde = ‘/,aj I ¢lo, ,)dsdt
o .
(4.4) [l Y s < 5 Y [ 600, o : " i
ZG(G) velr myn  wom n ,
VX agree integers As seen just before (2.14), W(G°, BNG") = W(G,T) has order 4 in {3.8).
» Since G 1is cennected, [G/ZG(G )GCE Evidently r=G and p=0. Finally
In {2.15), EXD( )Iz 1 premseTy when n/2 is an {nteger and (-1}" = (- Nz, = (G/Z)c = SL{4; €)/ {1,281} has fundamenta'l group of order 4, Sp
$0 I = {exp{)\o OE O; <2} {exp : 0che2}, Now ‘
; 2 (4.9) ¢ = es(em?®
5 #ledde < v 2o | slexwln, 1ah | j
n=0,1 0
That gives us Note m. = g. Since m(g.f) =g, m(g i) is of type A, and ¢R(g,h) is of
® type A, x A:, in each case {3.9) gives Q{g,+)=1. From (4.1), all roots a = Ej-t
f4.5) J o~ Z lvldy = Z J ¢(An h)dh . have liall? = IIE.II +IIE.II =%, 50 T (I )IIuH is 1, Y, Y4 for ¢, i, 3. W(G,T),
Zy (M3 ; , %€ R(g,.
M) y ;ea‘;lgee R onteger -w W(G,J) and W(G,H) were seen in 52 to have respective orders 4, 2 and 8, As

G = H* = M‘f' JT(\K /TnKUanl = [JﬁK fJﬂK nH"‘I - IH”K /HﬁK nH+[ 1. Now
In {2.18a} express n{T,:n:h} = X, @ exp(i;). Then (xh® exp )‘n”Z =1 .

exactly when h and n/2 are 1ntegers with {137 < {- 1)"/2 o (101 L, L » L
- : Al T , 3 ] )

) 7 - i @exp At Oche2} U{x @expA: Oche? N o

h ° " t i } °R(9,f) = @ so there are no pB(X:c)-terms for T.

Using (2.12b) and (2.17), now

: - °;R(3,i) s {8}, the Cayley transform of £,-€,.
2 iz _,B}

)
-~ s - . Do 3 .
(4.5} J My’ Z d{vldy = L J'Cb(xh@)‘n)dh . Compute TRET TS, pB(d‘lag(m 0,-71,01)371, so e (YB) 1, and
it ! it iTh
HYTY VE R n integer 0 (exp A Myo) = (exp A )(t{ __} b= et ™Me '™ thus
v, X agree Y n,h 11/2
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(4.1]) BB(Exp ln h: os) = sinh(‘ni) - w ‘_-60’\
’ h - h -29 6
cosh(ns) +(-1}" cos(wh) (4.17) folx) = 27507 3 [ &(T:n:m: h: ref) x
mn=.m /
¢pls.h) - {8,,8,}, respective Cayley transforms of e, -, and £y0E, -
(2ac,_ ., 8,) o x i"m(n+m+h)(n+m-h(n-m+h)(n-m-n)rdh ,
Compute "TBS’; }_..«L =mns for j=1, 7t for j=2. As above, e B(YB) = -1 for
3 g
g = BI’BR‘ Alse (a ]B) ( } 2 . E w o
i - : filx) = 2797 f f old:n:h:s:
(T, n:h)(vs ) = el ) J e n s:r,f) x
and 1 . . el
. . aimn iTh .
n(TH'n‘h}(Yﬁz) e e x 'hslﬂ+h+1s|21n-h+is|2 sinh{ns) dhds
o cosh(ns)+(-1}" cos{nh) !
| I - sinh(ms) sinh(wt) and
(4.12) . ps(n(TH:n:h): o, t) = o P
ﬁ,E@m(g,l;) ' cosh(ns) +cos{mh) cosh{mt} +{-1)" cos(nh) * “h e cor
(4.79) fox) =2ty J{J J B(H:n:h:s:t:rxf) »
n=-m 0 -0 -
Finally, using Ilcili1 = Y%, we glance back at {2.13a) to check » ) .
x Istla+i(set)| ¢ neifs-t) |2 sinh(ms) sinh{nt) dsdt}dh
cosh(ns) «cos{nh} cosh{mt)+(.1)" cos(mh) ’

n " h
5 le-e,) + Sle e, )+ Sle +e,-8 -6 Y, e.-e,
i§i<j§4<2 1752 I 41 2Ty i J)
- atatnemen) Yot tme ) e e o Ileillﬁ ’ Combining these and using {2,14p), {2.16c) and (2.18¢), we finally arrive at
that s, 20T 4
4. HEOREM. et G be the wniversal ecvering of the conformal group. In the
normalizations and notation described above, if f € C:(G) and X€ 6 then

(3.13) . (A, psad = 27 nminemeh) (rem-n} (n-m+h) {n-m-h)
aCd(g,1) M 27
17 5{( = .
fr x) = E o(Tin:m:h:e f) nm{n+m+h ) {n+m-hY (n-m+h) { n-me
Similarly, using (2.15a) and the fact that g, comes from %(EI-E;) by Cayley myn=l 2, * freme) ey
transform, " =  m
© Y J {f@(d:n:h:s:rxf) hs {nth+is |2 nohais] sinh{ s) ds} dh
-z 15" 0 -
(o4} 'I_l' Oy o, ar = -2 2].’151(””]) +1'sr2](n—h)+1'sf2 cosh{rs)}+(-1}" cos{mh)
a€d*t{g,i) ' i Forf 2
+ % f{JJ@(H:n:h:s:t:rf stn+i(s+ ‘
and, using (2.17a) and the fact that ¢y Comes from hisie,-e,) +tle,-e,}) by z"="“ 00 sHimilsal
Cayley transform,
y |n+‘i(s-t)\2 sinh{ms) sinh{nt)

dtds » dh
(4,18 (u tio o0 = 27 st n +i{set) 2In+i(s-t) 2 cosh{ms) +cos{mh) cosh{nt)+({-1)" cos{rh) }
) n s,t [

aedt(g,h)

Now we are ready to put specific values into (3.1). Break the sum over
Car{G) ={T,J,H} into

(1.16) () = frle) + ik« f{x) for £ € C(c)

Then, from (3.1) and the preceding results of this section,
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