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lecture notes, intende i
T ire o ' ed only lor Qistribvtion to

STEIN _PROORAN FUNCTIONAL CALCULUS

Let (X,m) be & measure space and let E{™) be a poaitive (i.e. E(r])= 0
for A% 0) spectral resolution in LZ(-)_ Por a bounded function K on
R’ we write

= [+
T = § K(Na0)e , te1l(),
Tt in & bounded operator on 1°(m).

One of tbe problems studied by harmonic analyste in variuoe speci-
fic situations is to find conditions on the function K which imply tbat
the operator T, is bounded on other 1P(n) , p ¥ 2. At this generality
howsver one cannot expect any sensible answsr - one has to know mors
about the spectral messurs, as various easy sxamples show.

In his book (Stein 1970 } Stein proposed to study the following
stituation.

Let "-Tt§t70 bs a strongly continuous mexi-group of operators defined
on all L’(l s 1{4pcoo such that (a) '1't is & contraction on every Lp(u),
14 pca for all t>0, (v) T, is self-adjoint on 1%(w) for all t»0.

In other words, the assumption on the epectral resclution E(A} is that

Tt - f ot aE(y)r

is a contraction on all IP(n), 1€ pe o , for all t30.
The main theorem of his book says that under this assusption if K
is the Laplace tramsform of a bounded function, i.s., if

X(») = »? o” M p(t)ar a6’
[+]

where ¥ is a bounded function on g’, then the operstor T, is bounded on all
17 () for 1 p¢m,(but not on Ll(l)). ¥e mlso note that under this condition
K is real analytic and

) ;\"[Z-E;r(»)\ & C for all m=d,1,... .

e E.¥.Stein point out in bhis book, many important
semi-groups eatisfy conditions {a} and (b), specifically such are symmetric
convolution semi-groups of probability measures on Lis groups and sany other
e.g. the oner gensrated by Socbrodinger op.rn'tors with non-negative poten-
tial (cf.Barry Simon).



Fere wo are going to consider some sspects of Btain program related
t0 sepi-groups of the fors f€._ , whare {pth” is & comwolution semi-group
on & nilpotent Lie group and s an irreducible unitary representation of
the group which defised on LZ(J") turms out 1o be isometric on all ("),
1¢pém

In order to be able t0 pass froam the group to the repressntation wm
need & theores dus esmentially to C.Ners (of. Hers asd Dlugoss).

For a locally compaot group 0 let = be the right imverisnt Essr measure

and let 2
g1 0 31 (m))
be the right-regular representation 1
2,7y = tixy).
Of course, ¢ is au isometry on every LP(a), 1¢pcon , and x . P
atrongly oontimuous.

The group U is called apepable if for swery unitary representation
X of G w hawm
(1) Lo, U< Wg, U for every £ 1n ),

whare, as before,
¥, - Sﬂtf(x)h(x) .

Compact and solwvable groups are amenable. Also if ¥ is & mormal subgrovp
of 0 and ¥ and G/N are smensble, so 1s Q.

By Cv' we demote the Banach algedre of boumded operators on 17(s) whioh
comsute with left treaslations ( 1.e. if 2 £(y) « £(x"ly), thea S EY N
for T im Ov’). Suck operetors we oall gonvolutory. Of courss for fe Ll(a),
g 600,

THROREN Ec.l-u). Iet 3 be an isometric repressntation of sn sgamable
group 0 on L7(X), vhere I 10 & measure space and p is & musber 1< pe o &
Then the comtraotion

Bar > 55,03(1P(1))
bhas & upique extension to & ocontrsotion

(v ovan — K e 1P (x)) ,
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DRILAKT. Let X be & representation of an amensble group os 17(I),
vhere I is & measure spece, such that for 14pso "-x is an
isometry . Lot % be & speciral weasure on L2(s) such that the projections
B(N) comsuts with left tzemslations. Thes there exists » uwnique wpeotral
sessure 3 om 17(X) such that H(N) = Fp(u)+ 80 defined by (2) (tor
» *2) . Nervover, if for a fumotion K on }

LE t x(n)dn{»)e
=X
1s & boumded operstor om n’(...). (1.0, ‘l!oo-'), thea
wd o Sxinainy
18 & bownded operator on 17(x).
In partioular, if %, = £ o k , vhere k&L (a), them T, - (®x@2)a.

I*aple. Lst O b & looslly compact group end let ¥ be a subgroup of
G such that G/N = X has & O-imnvariant measure. let #Kbe & pultipliostive
oharacter of R, 1e. % (xy) »R(x)K(y) , x, 76K and ¥RLz)\ = 1. ™he snduoed
representation fC= Indl % 1s of tbe form

() T Hu) = alzu)fsu) , ze0, vex,

where a(x,u) 10 & Borel fumction on G X such that \a(x,u}| = 1 snd satie-
fies the contition a(xy,u) = a(x,u)a(y,x"lu) which implies that
¥, ¥, ~X . Thn, of coures, X_1s sn iscaetry ca every V(X), 1< p¢m.
Prom the Lebsague boumded comvergence theorss it follows that #T ie &
stroagly comtisucus reprematstion om IP(X) ,if 1im s(x,u) *1 for almost
all u. z-ve

In partioular, if 0 is & nilpotent simply ccameoted Lie group and S¥
is sa 1rreducidle umitary represeatation of O, them, by Kirillov thecry,
§C 19 of the form (1), where a(x,w) is comtimucus and a{e,u) = 1. Comse-

qeatly, §€ 1s & etrougly comtimucus isemetric repressntatioa on all IP(a/m},

for all 1{ y{ .
Supposs wov we &re given & ssmi-group of probability seasires {hi 00

on & nilpotent Lie group O such that g, = r’;. 1at 4 b the infuitesimal

¥ {l'thw w know

£op - So' s an(» )t , f&l-z(l).
where B(%) is the speotral resolution of the mlf-adjoint cperstor 4.



SUBNION. Por which functions K on K we bave T f = £ ®k , where
xeil(a) , where XX Sl(h)dl())f *

We note that uthou‘h‘th. assuapiions on the spectrsl measure E made
by Stein are here satiefisd, wo requirs that the operator '!'l be bounded
on all t¥(n), including p = 1, and thus cur aim is slightly more demanding.
As we shall see later, for some semi-groups we shall show that
condition (1} with only = = 0,1,..., ¥ for some fixed N is sufficient for
the operator T, to be bounded on Lp(-), 1{p {oo.

Jow w :-': going to specify s number of comditions on a semi-group
{pt‘x ©0 of probability measures which on one hand side are eatisified by the
mowt important sesi-groups from the point of view of applications to
Schrodinger operators, and on the other hand provide & large claea of
fucntions € on !’ for which Tt are given by oconvolution on the right by
1! functions.

ASSUMPTIONS. let {p,} . , De & semi-group of prodability measures

on & nilpotent Lie group and let A be the infnitesimal generstor of {}‘ﬁno .
Ve asmume
(1) | ’:;" for all 0

(4) (11) at =t =9~ rec’(c), where P has compact support,

-3 »3 =3_.2
(111) Yor wme A 31 and 830 (X - 4)7F -M‘”o with 5061. (m).

g tdof ugl). Latd be & polynomial weight o & nilpotent

Lie group G and let {p,§ ., , satisfy sssumptions (4). Then there existe
® nusber N such that if X ;'(1’) and

" 1im (1 4).)"3 t‘J—‘KO\)-O for j =0,...N ,
M-y aw

then the operator

-y
Tl -Sl(h)dl(h )
1n of the fore °

T,f = f %k, where ketl, .

Procf. By proposition 6, section 2, for A0 we bhave

{5) L2

[+ )
-t
= p, dt .
[+]

Consequently k, & X(0).
Let Py b® &8 in proposition 10, eection 2!
lenva ld It for a subsultipliostive funwtion ¢ on 0
{6) Ly FPC0

then there exists & C such that for all A>C we have < k), fI<m.

Proof of the lemms. By proposition 1, section 3, () implies that
thers is & constatnt C such that

Cpes Fr80 o' for a1 tyo.
Hence, for A C ,

Lxp 4 #2e SD o""(h , fratgc ‘S'o_(,"c)t gt = c(n-c)"L.

Corollary. (4) imply that for every submultiplicative fumction § there

168 C? 0 such that for A>C ko = £ belongs to x."’(-)nr.:, and £ = ¢™°,

{smma 2. lat G b & comnectsd nilpotent Lis group. There exiate & mumaber
Q much that for every symmetric compact meighbourhood of & in 0 the Hsar
measure u{0") of " satisfies

a0 & CoP  for all mm12,..., C=xC,.

The proof of lemma 2 is not difficult but uses & little moxe of the
structure of nilpotent groups. (cf.e.z. Dirmier)

ds before, we fix a wymmeirio compaot neighbourhood U of ¢ and we write
<(x) = nin{n x¢ "3,
Por a fumntion £€L) w define

2 Lk
.(f).Z!—:T' .

k=]
Sinoe [ is subaultiplicative, we have
§)] 4 .
f o )“ L}(oxp \r “L}

L)
lemms 3. Iff-fel.zf\l.} » vhere f"dtfor come d 30 and
@ e(1+e)®, then

feze)tl 1 £ (:r\nlq for all nel ,
whers Lo

q-1+(0+q/2 .



Procf.of lempa 3. Jor & positive integer 8 w have

cwt) |, = [ [etaiwdm+ { | o(arie™Tue™ dm
' "}-' !:1‘ GSU'

- 11 L J Iz .
Sinoe © ()4 (1 * 8)® for x 6U", by Schwarts imequality, the integrel
11 im estimated by

L6 =(0*/2(1 « -)'\-(n:)nll2 ¢ ¢ oV2 ) B2 -

‘ .(.f)‘l'z‘ l,-f|l.2 & ".“l f'llz » where

e -elt Lp™

k=1
Mnos £ = t“. the operator T 1s norwmal and, by speotrsl theorem,

|rn|cm{li%l-\-ae|} . u

foaee 1,6 cafV2, L PR

To estimets I, we nots that for x6¢ G\ TU" we have T(x) 3 s , whence
w(x)-"(‘) % Coxp(=dn/2). Thus, ¥y (7)

L, éc m(nlfllll -4n/f2) .

Bence, putting ® = integrel part( 2mdU2Y] ) ¢ 1 w couplete the proot
3

of lemma 3. ¢
Now we consider ths operator

sS4 =4 O(ll::) - .S.m(u(noﬁ\)") -1 ap(M)d .
L]

By lemmad 3} the operstor B' is a oconvolution operstor by & funotion in I.a

with l..lrnnn & ¢ h‘l*ﬂ" V2 . Oonnquu;}y the morm of the operator
8, on ewry P) ,1(p¢m , 48 & cin¥*Y2 | 10t P be & fumotion on

(=%, 3] with P(t) = 0 for t60 whiob sxtends to & periodic fumction
in c"(;) for some k2. Then

- 1 =

DK CORES O P
xince P(0) = }':‘! F(a) and P(0) = 0. moreover, {P(m)|¢ cfmi~E.

Jomms 4. If B = 3 +B+ @/2 the theorem Molds.

IEroof of legps 4. Buppoms & function X satisfies the ssmmptions of the
theoren with ¥ = 3 +p+ /2. ¥ put

R(NL/3 it 0 &NgL
vy o[ ) ing
0 it -E(rgo

and we extend P to & periodic c' funotion cu ] « ¥e note that oondition
(») 1s surricient for
J
4
lis =—P(n) =0 forall j=o,1 ,...JF.
‘*-‘# ) J " [ ] *
We hawe

HOen)™®) ax(n).
Norecver, sisce the Operator ozm of 5, om avery P), 14p¢> , 18

st most cmit*®t V2 4 | staoe red Pl ¢ cut™ ¥, neo,
Yo ses that the operstor
TPmy,

1s bounded on every LF(s) and, ss & matter of faot, it i giwen by
a convolution by a fumotion in L{, .

On the other hand,
Lok, = § DHupotaom™ - 1) ar) = {(na) ,
n o "N ° o

shich ocompletes the proof of the theores.

The following theorem whioh is & comsequescs of & theores by L.Birsander

(of . Borwander) exhibits a class of ssai-growps {p,} o ®hich satisfy
oconditioms (1) - (111) of (4).



THEORIM let Kiyeverly be elements of the Lie algebra
g of 0 such that the smallest Lie subslgedbra of g which contains Kyoooody
is g+ Then

(3) _L-<§..-"‘€

is the infinitesinal gensrator of a semi-group of prodability measures
such that for every A %1 thers exiats s 5 such that (4) (111i) bolds.
Also , 1f 0 3¢ upimodular, it is esey to ses that both (1) and (11} are
satisfied.

Proof. A slightly weaker version of HOrmander'stheores (cof .Béreender)
says that if L yeveyky are vector fislda on & manifold N such that for
every point z¢ N the tangent space 'l'x(l) is spanned by K ,...,X  and
the iterated commutatore of 11,...,&, thenfor every point x thare 1is
a oonstant C and 320 suoch that
(9 Le(lech(en) 1, o+ recqm,
where L 1s given by {8).

We wee that cur sssmmptions concerning the left-invarimt fields &,...,xt
on @ are thoss of Hirmender theorem , Jince Ly proposition 11, section 2,
-l is the infinitesimal gsmerator of a donvolution somi-group of probability
seasures whioh are symmeirio, sa we easily verify, the resolveat k, is
& positive meagure such that kj = K, . To prove (11i) we have 10 show that
k) belogw to L3(s) for A3 1. But this follows from (9): for £ in ¢ (a)
wa have

3 3
L, KRD = toxe) ¢ ch(ne "’S(M’*)\xﬁ - o)

which by Riess theorsm iaplies that k.: € 13(m).

To susmarise this ssotion 1 if 1.1....,1k generate the Lie algebra of a nil-
potent Lie group 4, then the semi-group l\lt\ﬂo of symmstric probability
mesures on O whose infinitesimal gemerator is given by (9) satsifies (4)
amd 80 by the functional calculus we sae that ﬁmctimlxmiuh satiafy (*)
define operators -

T L = SR(JAE(R)r
which are bounded ca every :-P(l)-

HOWNOGENOUS __GROUPS

This notion was introduced by E,N.Stein in him address st the Congress
at Nice in 1970 and since then has made » considersble carears, For details
of recent book {Polland and Stein),

By s homogenous group we mean a (necessarily) nilpotent Lie group 0 such
that the Lie algebra g of 0 admits a one-parameter group of dilstions 8,8 40
i.e. for a basis Xl,...,& of g

d
(1) ‘thj-t ij y Jelyeen, €70

)

with 1 = dls_ ves sdn wd extended by linearity they are Lis algebra auto-

worghisms of g. This means that the linear tranaformations §, of g have

the property that 8,[x,x] - [, 6,7]. 1r v, ={xeg Sx = x|, them

[vi.v j] C€Vi4j v A basis for which (1) bolds is called s howogenous basis.
Exsmple LIf g is the Heisenberg algelrs with the basis I,Y,Z wuch that

)=z, then §xeex, Bretram 8,2 - t% are dilaticns m g,

{St >0 define also sutomorphisms of 3, where G = oxp K » We write
BompX = expf,x
wd we sasily check using Cempbell - Hausdorff forsula that St is an automor-
phimm of G,
In other words, 1f §,x « t*x for x€g , then
(2) x(te8,) -t xre8, .

Exomple 11, Let g be a chain algebrs (of. seotion 1) amd let LYo,
ba the basis of £+ We may define dilations on £ potting e.px.
B.x - tx, Strj a1 a0,

Exsmple III. Suppose xl""'lk are frese generators of a nilpotent free
algebra g of class c. {By this we mean that Xyreeer Xy gunorate g aa a Lie
algebra and the only ralations among xl....,xk are the ones whioh follow from

the Jacobi identity, antysymmetry of [X,Y] and [xil,[xiz,....[xi WX 1]...]- 0.)
[+] C+.
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It la dlﬁ...ﬂd.k are u-bur;ry mmbers we put
S‘txj ot - S R P
= ve axtent §, to dilations of g,

If £ is & homogenous Lie algebra sod & in = elemant in the mvellopiag
slgetre we dofine 5.3 o follows: if 3-:11...11t , where x‘x""'l‘k
are slemant of & homogwnous basis we put

st') . d!.l"’ ass "‘1:; 3.
Then ve axtend it by linearity. We ses that {6} . o 18 & one-permeter grouwp
of automorphisms of the envelloping algedes.
Bquality (2) implies that if D is a homogwmous slement of the mevelloping
algebra of degres 4, then

£)] B(re8,) - t203e)5, | rec® (o).

Ereposition 1, If X,,...,X are slements of & homogewous Lie algetrs all
«m(wl.thair-hnlfo.-.-r!:.l.il y of oourss,
homogenous of degres 2. Let {ﬂlt)o be the semi-group gwerated by -L.

Then
(4) <ty -(f.s* ' B for all £4C (J)
in partioulsr, y
(5) L, p” wfe St* v B .
Proof. Por £ in €5’ (3) we have
fr tpy = ity
and

lceo 9_91‘*' S. 41 = -u(ee 9_P'h]‘ S‘. 4
- -sl(te s.i"h‘ 8‘_'3 .

]
Hence both 6(t,x) = £ *p . md v(t,2) = (fe 8.‘)-,.‘- S._* satisfy
the differential equation

- A~

& u(s,3) = ala(s,x) witd u(0,3) = £(2)
sd po they are squal. Poiting x = o , -lmut-ctmhmq-utru.
ve obtain (4).
hamorul(ﬂ) lst p, Yo defined by

<P, p? wlfe G‘i ' PO tec (a).

Them, since 9* is ;n mutonorphiom of G , we easily varify that
1

(6) (,.‘b)t.h.a‘
for every p , Y 1n x(a).
The homogemous dinension of § is the mumber § defined by
h(gtz) - tn(x) 10,
(where = is & Easr neasure om G which i squal to the Lebesgus measure on g
and is Both left snd right invarimt). It i{s semy to ses that
Qod) +..44,

Por a feaction £ on G we write
w» t,(z) o r‘"/"’f(S‘t 4

Proposition 2. If tel'(s) ma (famal, taem (.} 10 m spproxinate
{dentity a8 ¢ =P 0 , ie. for svery P, 1{ p{® md ctl.’(-)

:.‘:oh'r‘ B ‘ub’ =0

The proof is idemtical as in the cass of the real line wnd ordinery dilations,
(of. Pollend, Btein).

Supposs aow that K 4.0y X, generate g o8 o Lie algebra snd that they are
homogemous of degree 1. Lt -l.-!lzo- '™ +l:. Omssquently, there is a
swmi-group of probability measures lhkt:o which sstisfies (4) ; section 4,
md 1ot E(A) be the spectral resclution of the self-sdjoint operstor T on L3(m).

Then .-
tep, - ‘."‘"u( A £ ¢ 13(u).
o
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We see that the function M —3 oA {t fized) satisfies condition (*)

of the theorem on functional calculus of the previous section, Hence

1 GLl(i) . Let
P (x)aa(z) = dy,(x)

Br (5) and (7) we obtain
(8) py(x) = V2 pI(S‘t_é;).
Let us write I
33 k.rs -(l 4 l.)"sf - g (1 +A)‘3as(a )r.
Wa have © ]
fek, = re(epm, -, |
vhanee, by (8), oo
£ex), = § (+enytame
=i w0, ur (6) °

() . § (et SmO,

owg

Again by (6), we see that
a(nft) - c(nf)t

and so, if K satisfies the condition (*) we see that for the Ll(-) function

k defined by .
tox = { (n\)E(3)r
we have -

-~ ]
tor, = § K(tnNE(A), :

o r
worscver, if K{(0) = 1, we hawe gk(x)a.(z) =1 dik, is = approximate idemtiy.
The last conclutiom follows immediately from the fact that if deLil(m)

ad la N2 4 -20, =0 for all £ in L¥(), then (#amat.
t+0 L

Thus we arrive at our main theorem.

MAIN THEOREM. Let 0 be s homoganous group such that H.....xt geherate

the Lie algebra g£of 0 and St xj - txj, } =21,...,k. The oparator

L= 112 + 0o 4 xﬁ
is essmntially self sijoint on ¢ in L%(m) . Let
an
1r o » ax(n)r c t ¢™()
[}
be the spectral reirssentation of L. There sxist: numbers 5 and N such that
itk ME*) aa
3
*) Lig, (e NS i-;-d-:(a) «0 for j=0,..., N,
then :
L]
CK{AME(R) a1 vk,
o
whers ki»l.l(-). Moreover,
@O
x K(tAME(NS = £ # k, ,
where k, is defind by (7). If K(0) « 1 , them
lim Rr ok, - rl -0
t0 t T
for all f in LP(m), and all 1gpém .
Lat 6T be a rapresentation of 0 on Lz(x) such that for all p, 1{pP¢C @

ﬂ_\ic a strongly continuous isometric representation on L’(x). Let
@
wL - S »nal(n ),

whare § belongs to the Garding space of 3¢ in Lz(x). Then if X & C'(R_*) and

satisfios (*), them

lul? Kt (e - p =0 for retP(n).
t4+0 o L

be a Schrodinger operator on f where the potential i®s a sum of squares of

polynomials, Assume that Pl""'Pk depend essentially on all variables, ie.



(1) . p.4, bolds,
Consider the generalised chain dpbl " and let ’{.ooo'q ’ !I"”'q
be the genarstors of g' euch that m(x;) - %J ' N(T}) - .PJ .

The gwmerslised ehain algelra g may not admit dilations such that

X{,.....!: e mogencus of dajree ons. Therefure we omsidar the free
i1 t Lie algedsr arated fr ) AP and we lift

nilpoten ¢ e gﬂ - ﬂ;u.:’z-\lz\t{l-: I'ﬁ. 100

the represmtstion JU tolf mapying 1‘1 oato ij' mnd rl onto t;. Now

on exp g = G we define dilations G*IJ-txj,o‘r a 4T, sl we oomeider

3 3
the oparster L= qu-...o.é + ‘lf * see ¥ fs .

We note that
) =1,

Sinoe 5T is irreducidle R has discrete speotrum. In faot, Ir.;“e Ll(-) nl.z(-).
s FX(”) is Bilbert-Schmidt (of.p.2).

It 2 60y & «coe Do the sigwn-values of H and 4, #,)... the oerres-
poding orthoncrmal eigrm-fmmctioms of H.

Let
K(x) = (1-a)

Then , of course Kk satisfies (). Noreover

x4 = Za-o) G,
consequently, ¥y the main theorem, for every § ia L*(F*) , 1{p (o ,
we have

1alf - 1‘;'- a- u,):(l.i,)l,IL, -0,
ERURIS. Iy fwrther refinement of the argmmts J.W.Jenkins sd the
author proved that for s somewhst larger § for every ¢ in LP(R®), 1§ p¢o ,

.,‘i?.?“ - (A (x) = f(x)  slmont everyvheve.

- T A -

E.N.Btein md the suthor (of ,Pollamd Stein) proved the following multiplier

theorem. If L is as in the main theorem , there sxists a (finite 1) ¥ such
that if @ fusotion X belongs to C'(R') md

(#*) )\3|:%x(x)|(c for all § = 0,...,0 ,

then the operator

tr = § s

1
15 bounded @ 17(n), 1< p (@, Gut  wol  weartsewly ou LCuw)t

This, by Hers theorem shows that
[+:]
‘ —} E ‘(’I:)(‘n‘jyj
Jul
is & bownded operator n LP(E') , 1¢p L @ , provided K satisfies (*»).
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