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This definition is the custcmary one if the vector fields a,b
depend upon x only (see e.g. [8],S5ec., 2 ). The extra role
which time seems to play in the general case could be removed by
choosing a different formal framework. However we prefer to work
with the above definition since it allows to assign two inter-
pretations to the ad-operator which serve our purposes bhest and
which can be verified by inspection. The first interpretation
establishes a link with the Hamiltonian formalism acc¢ompanying
the standard formulation of Pontryagin's maximum principle in
calculus of variations and goes as follows.

Let x(t) be a sclution of the differential equation & = a(t,x)
and let y(t) be a solution of the corresponding adjoint varia-
tional equation ¢ = - (aa/ax)(t,x(t))Ty. Then

%g(y(t)Tb(t.xtt))) = y(6) (ad,b) (t,x(¢)).

Our main theorem concerns so-called affine control systems. This
terminology is used when ever the control variable u enteré linearly
into the dynamics: m

x = a{t,x) + B(t,x)u = a{t,x) *Iobeu. yratta. . (1.6)
We remind the reader, that a,b ,c are supposed to be of class C°
on scme set t}f . The n-dimensi;nal row vectors

adgbu =tbh , p=1,...,m, p= 0,1,... (1.7

,pn
are therefore well defined on the set 3(.

Theorem 1. Let a,B,c be analytic functions of (t,x) and assume
that these relations hold identically on% H

(ac/ax)bu o 0, wy=1,...,m, p=0,1,... (1.8

Then the output y is independent from u(-)}. Using our previously

introduced notation (cf. {1.4}) this statement means precisely the
folluwing.

We have

yiese x©

{o}

)y = yiese ,x"% lie) (1.9)

whenever these conditions are satisfied:
u(-),8(-) admissible, (¢ ,x)eX, v eJ, (1.10)
where C’ is an open time interval which is such that
t€d, (t,me ¥ it veJana 1t
(

X = xﬂ:::o.x o) :u('))rX{t:tO'x(O’!a(')}° (1.11)
Conversely: Assume that a,B,c are of class ¢~ on_)f and that

(1.9)-(1.111 hold true. Then condition (1.8) must be satisfied.

Hote that the symbol on the left hand side of (1.8) repesents a
k~dimensional row vector since 3c/3x and bu 0 respectively is a
natrix of tvpe kxn and n=x1 respectively.

In accordance with existing custom (see e.g. [2],Ch.III, Sec.3)we
speak of output invariance if a control system has property (1.9)-
{1.11).

It 13 not d-fficult to guess how the above criterion for output inva-
riance can be generalized to systems where f 1s not necessarily
linear in ® but merely of class C  on the set

{(t,x,u) : (t,x)E:f; u arbitrary} (1.12)
and hence acmits a Taylor expansion

£le,x;u) = £ (6,x) + £ -3 fE(t,x)uE. (1.13)

tui>o k!

(The usage c¢f multi-indices g in writing down Taylor-series 1is
self explanatory (cf. also [4],p.42}) .
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2. Necessicity: Proof via the maximum principle.

Given a control system in terms of a differential eguation
x = £{t,x;u) (z.1)

and an output function clt,x). Assume that both f and c
are of class C  on a set of the form

{tt,x,u) : (t,x)e X} (2.2)

where }E is an open set in the (t,x)-space. Assume further-

more that the following statement holds true: Given any
(to,xto)le X and a real number E>to . Then the value c(E,x(F})
of the output function is the same for each admissible trajectory

which passes at t=to through x(°) and satisfies the condition
teoxte)re X for all eelt_ %],

Proposition. Let fo(t,x) i= f{t,x;0). Claim: Under the above
hypothesis each of the functioens

%umﬂﬁ;HMJmhp=0J““,ﬂd)
Q

does not depend upon the parameter u.

Proof. The hypothesis and the statement can be rephrased in terms

a
of the components of the output function. Hence déiégsume without

loss of generality that c is scalar. Let (t,X) be a fixed point

in » Consider the solution X(t) of the differential equation
% = £(t,x)} which passes at t=f through i, and choose some

tO<E. Put x(°)=;(to). X(t} can be viewed upon as a solution of

each of the following two optimization problems:
(i) Minimize ot ,x{f}) subject to the side conditions

x = £(t,x;u), x(to)-x(")

(11)  Minimize -c(¥,x(f)) subject to the same side conditions.

These are free-end-point-problems and therefor e the necessary
conditions which have to be satisfled by X(t) assume the

following simple form . ) . . Let
y(t) be the solution of the adjoint variational equation with ter-

ninal value T
Y(E) = ¢ (E,%). (2.4)
Then
Te e, % Tee, x) ;00 k
2y (t) "£{t,x(t);0) = min{ty({t) f{t,x ;
. u

vhere the + sign has to be taken in case of problem (i), the
- sign in case of problem (il). Hence

Y(t)Tf(tti(t):O) = y(t)Tf(t.i(t);u) for every u and

every tE[to,E].
Zf this identity 1s differentiated p-times with respect to t
and if one makes use of the remark following the definition of

~he ad-operator in Sec. 1 on e arrives at thils relation
t0)T ad® £) (£,%(£)10) =y (£) T (add £) (£, % () ;)
Y £, £,

wvhich again holds for all u and all tE[tb,t]. The desired—
zesult can then be obtalned from (2.4) simply by putting t=t.

3. Sufficlency: Reduction to the basic lemma.

We assume now that f and c are analytic on the set {2.2).
In this section we wish to demonstrate how the proof of Theorem
1 {or rather of its corollary) can be reduced to a gquestion con-
cerning formal power series expansions which are associated with
he differential equation (2.1). The first step towards this goal
ls to get rid of the general type of cutput function by updating
he output to a part of the state, a standard procedure in control
sheory. We introduce an additional state variable ¢
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are available in the literature.

Step 1.Clearly one can assume without loss of generality that
u(-) 1s an analytic function of t. Then x(t,u(:)) and X(t)
are analytic in ¢, hence it is sufficient to verify (3.5) on
an arbitrary small time interval. So we can choose t as close
to t, as we wish,

Step 2. We choose a positive number y and determine ¢t = E(y)
in such a way that the following statement holds true: Whenever
an admissible control function u{-) satisfies the condition
Mu(t)Nsy for telt »t]1 then =x(t,ul-)) exists on [to.i'}
and we have (t,x(t, u( Yie X for all te[to,%'].

Step 3. The piecewise constant control functions which

assume the initial value u(t_}=0 form a dense subset within the
set of functions as specified in step 2. Hence we are arrived at
this problem: Verify the relation (3.5) for those control functions

which can be represented with the help of finitely many real
numbers

0 if tstez,,
ult) = < ug if ez ctstez,, ., 1=1,...,N-1,(3.6)

uy if t>t+zN .

Of course, in order that this definition makes sense and yields
a control function of the desired type,we have to assume that
this inequalities hold

tosE+z1, 2y3258...52,30, Hu lisy for i=1,...,N. (3.7

Step 4 Consider in the definition (3.6) the z, as variable
parameters - subject to the side condition (3.7) - and the u,
as fixed. It follows then again by standard arguments (see e.g.
(1], proof of Theorem 4.2 on p. 23/24) that x(t,u(-)) 4is an
analytic function of ZyeeeniZys 8O x(E,u(+)) - %(£) admits an
expansion in powers of the Z,- So what has to be done i3 to
convince oneself that-as a consequence of the hypothesis of the
theorem ~ this power series vanishes if it is multiplied with
the matrix C. This program will be earried through in the next

21""'2N and m-dimensional vectors Ugress iy as follows

—A2~

section and will be based upon sume material which can be found

in [1]). We conclude this section by introducing certain definitions
with which we wish to work in the sequel and by explaining its pre-

clse relation with similar definitions given 1in [4] From now on N

13 regarded as a fixed posi tive 1nteger, z and X respectively

are abbreviations for (21""'2 ) and x(t) = x(t,O)N;espectively.

Fegarded as a function of z the terminal value at t=t of x{(t,u(*))

admits & Taylor-expansion at z=0 which is denoted by C(t x,z u1..,uNL

its coefficients are denoted by K « Note that the latter ones depend
upon t,x and also upon the choice of the uy which enter into the
definition of wu(-) {cf. {(3.6)). In short: The definition of the symbols
G,EU can be given as follows

’C‘(E,E,z;ur...,un) H X(E:u(')) (3.8}

where u(') is defined in terms of z, 0y according to (3.6},

A
Cit,x,zju,,.0..,u,) » x +4 [
1 ‘N tyi>o0

I oS
—

b~ v
Ky(t.xgu1,...,uN)z—‘(3.9)

Again we understand multi-indices in the same way as in [1], p. 42.

-~
All what has to be shown can now be expressed in terms of the K ,
we repeat the statement for the reader’s convenlence. Given an analytic
control system of the form

% = £(t,x;u), y=Cx, C a constant matrix, (3.10)

and let us assume that the hypotheses of the corollary of Theorem 1
are satisfied. Then these relations hold

A
CK!(t,x;u1,...,uN) =0 for all v. (3.11)

It should be noted that the formal power geries € 13 a special

case of the formal power series introduced in [1] (cf. the definition
of a "control variation™ as given in [1] on p. 44). The coefficients
K, of the latter one are related with RU as follows
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Since the formal series E(t,x:ziux,....uu)~x' starts with

first order terms in 2z one can substitute it for

E= (51,....,£n)T in any formal power series in E; the result

is a well defined power series in z. If this procedure is carried
out with the Taylor expansion l(at £=0) of x(t,x’+£) one has an
explanation for the left hand side.

Proof of Iemma 1. Fix t=t, x’=x’. Define uz(t) as in Sec. 11

0 if tsE+z1,
v (t) = uy if E+zi<t$€+zi+1, 1ef, .., ,N=1,
Uy if t>t+zN B

and let xz(t) be the solution of the initial value problem

X = f(t,x;uz(t)). x{tl) = x(t,) 4.4

Here to 1s some number <t and Xx(t) the solution of the
initial value problem (N.B.:uo{t) = uz(t) for z=0Y4.

X = £le, x5 (8)), x{E) = x(E,x"). (4.5)

As has been explained in detall in [4], pp. 42-44, xz(E)
does not depend upon the choice of to and is a C -function
of 2z whose Taylor-expansion at z=0 is given by

C(t,x(t,x'),z;u1,...,uN). (4.6)

Now let f' be given according to (4.1) and let x;(t) be

defined in an analogous way, namely in terms of the relations
e £ (t,x"su (8)), X} = XN(E ),
xt= £ (t,x"5u (e, x'(£) = X'. (4.5")

(4.4")

It. follows then by inspectlion that

x, (£) = x{E,x, (€}, (4.7}

hAQ_

This relation holds for all z = (z1,zz,...,zN) with

2,52,5 ... szNSO and sufficiently small lizll . Therefore

tha functions on the left and right hand side of (4.7) must

have the same Taylor expansion at z=0, The expansion of

xz(E) i3 given by (4.6) as we have remarked above. The ex-

pansion of the expression on the right hand side is given by
x(E,E'(E,iﬂz;u4,....uu)).

{cE. the remark following the statement of the lemma).

Tha proof of our main result rests upon two interpretations

which can be glven to the ad-operator introduced in Sec. 1.

On2 is related to the maximum principle and was demcnstrated

in Sec.? . The other is pravided by

Lenma 2. Let f(t,x),g(t,x) be of class c® on some open
nelghborhood 3£ of ({(t,Xx) and let x(t,x’) be the solution
of the initial value problem.

x = f(t,x), x(E) = x'. (4.8)

Puk
-f
Kit,x")e={ax/3ax") (t,x'), g’ (t,x")r=X(t,x")glt,x(t,x")) (4.9)



Tx=(,X’'3)X A373ULpPT 9y} woxy pue | BUlIST WOXY BMOTTOF (Z1'¥) UOTIRTSI
é;: t{ni,x’3),3 = ,x uoryenbs feyausiszzTp sy YITM Pajejo0sER
8813195 1amod [ewicl ayy sy ) *(0L°P) 3O uorInTos ®© ST {,x’3)x
aouts sxeaddesyp .3 uvr wrsy snousbowoyut ayy 3eyy SION (,L"p)
uctienba yerjusiszzTp pPauIogsuely syl jo Sprs puey IybTI aym 5T L3

.Nna---:l'ntzlx uy K'['[EDTQUGPT

(z1°v) (Mmreccebnrzociayy o (Maoeecebnizigeg o
v ~ v
pue
(ti°r)
n f n n L=
(xNxNTa(x'Hx =1 (,x'N",qa wam  "ngxy 'y 3 = (mt,x'3),3

@apy ay :sasousnbasuoo om3 sey

UGTIRWIOISURI] BY3 JO IOTOUD Tetoads ayg “(X'3) Jo spooyroqubtau
93jetadoadde se psiapysucs 89 uUed (£°p} YITM UOTIDBUUOS uT PaonpoIjuyt
'3£?puej£:s:as S4r “(E€'y) wioz syl jo bHujddew e 8uliap 03 I8pJO U

{oL'¥) X = (3)x fx'e = x

uatqoxd snfea TeyIfuy 243
3o (LX'3)X UuoTINTOE By3 asn pue X‘3 Juted ® x73 aM ~jooid

'Nn'---"h'x': uodn puadep uorjejzussazdez STYI UT SIUSTOTIFB0D oyl
* (X uodn butpuadasp) 1spao urezzass e o3 dn x 03 3oadsax YITM 59T
“EATISP TeTIxRd 1t9y3 pue  ((4)) -30) (X‘a)o'"q &uew L1a3yuty 3o
UCTIeUTqQWoD JEdUT] B Se uajjfam 83 ued {g-F) saties lamod Tewac;
PRleToosse ayy jo "x FUSTITIIB00 Yoes uayyg, “eoeds-(x’3) 8yl jo
39sqns uade swos EB «J SSETD jo azxe (x':)"q ‘{x'3)e 3Jeys
sumsse pue (3- [/} wI03 8y3 30 weisks suyyye uw USATD L eunuo]

TUCTINBS STUI JO ITNSSA utew ayy og Pos00’ 1d mou oy

__BLI—

| " s%X UT ATteoTiuspt

I = (.x'ilx ',x = (;x‘a)x

@ABY B8M Y] 330N "X‘3  Kq peowerdax ST ,X pue 3 3%

ITnsax paiysap oyl sprathk ystysm b O SIATIRATISP-3 aaybyy
Byl I03 BINWIOI ® 3P SSATIIR BUO (,6°p) pue (g°p) bugaeduo)

TG (xe/ze) | LXNX- = (_Gxean

pue
(GxNxrNg = (xnd

S9TITIUSPT BY3I 3O asn axew o3 sey Ardugs aug
(6°%) T3 x*3) (B7pe) (,x*3)x = (,x'3) 28
J6°F ] -t ¢ 'ﬁ

Ateaweu ‘3 03 3ods
=91 yitm 6 3jo satjeatasp TeT3aed 2y3 107 eTnwioy snoboleue ue
-~uoctIeINdwod paremioyiybyerzs Aq - surelqo suUC (6*y) woay ~jFooag

=3
d
“x uT ATreorauspr  (x‘3) (6pe ) - (x'3) =

*tYLf0 = ¢ 303 aaey am Usyl



~A3 - :

A further consequence of (4.11) and (4.12) can be derived with
the help of Lemma 2: All what we need in order to establish the
statement in question is to demonstrate that every coefficient
of the formal power serles
6'(§.x,z;u4,....uu}

can be expressed in ter?gb?f the quantities

b, (Ex)= FE k]

: t=t

and their partial derivatives with respect to x. Thereby we
have reduced the proof of our lemma to the consideration of a
speclal case which will be then treated in a proper algebraic
setting in the last lemma.
Given an open set 3€ in the (t,x)-space we denote by je the
ring of all functions of t,x,uq,...,uN which are of class
C”  whenever (t.x)EX, . Accordingly we denote by ﬁ" the
Je-module of all n-dimensional vectors a=(a1,...,an)T,aie j?.

Lemma 4. Let the formal power series (3.3) be associated with
a homogeneous affine system

m
x= I b (t,x)u =: B(t,x)u (4.13)
u=1 ¥ u
and let the bu be of class cC" on)E. Then every coefficlent
~ A
K, of € 1is contained in the module generated over by the

b; and all their partial derivatives with respect to t and x.

Proof. We denote this Jermodule byJ%; Next we introduce a module
d%fwhich iF s%mply obtalned from Ji.by admitting a larger coeffi-
clent setJ[. is the ring of all functions in Xy e uy

and further variablesg x1,x2,..., each X, being a n-dimensional
vector. The elements of Jz’are supposed to be of class "
whenever (t,x}e 36 .

-0~

The essential work one has to do in erder to prove the lemma
{5 to convince oneself - by inspection - that the following

three statements hold true:

(1) JLQ Hl, both modules are closed
under differentiation with respect to
all variables.

(1) Spe..clalization of each xv}v=1,2,....
to an element of " fsa mapping
°f04£' onUL(. {4.14)

(141) If gt xu, ... u)6 M then

ﬂ;g(ttxﬂhlr---txv,u‘ l---lun)eﬂ .

Here we have used the symbol:zg; in the sense as explained in
[1].,pp. 15/16. See also the recursion formula preceding the
proof of Lemma 3.1 in [41].

The proof of the present lemma is now easily completed in view
of Theorem 7.1 ({1],p.39) and the formula for h" ([1],p.38).
Roughly speakipg the statement of this theorem can be summarized

as follows: Kv can be obtained from the vectors f(t,x;u1 51=1,...,N,

by repeated applicatiocn of the operations (L), (iii) followed by
a substitution xv+avej%n. Since f£(t,xju) 4is linear and homo-
geneous in ul(cf. (4.13)) we have - according to the definition
oqu_-

f(t,x;ui ) = B(t,x)u1 E‘}(

A
and hence Kv E.fL



*(Si'p) w0y =P Jo sa0I%aAn JO
X 03 3oadsal yita seATieatisp TeTiaed JO swuis; uf passaxdxe aq ueo

(i(.8L°v} 35} 2303533yl pue n 03 3292dE21 YITM UOTIRTIUSISIITP 0OVF

-8P 3ATOAUT YDTYs siojerado 03 pPa3ldTIISAI ST g JT swes ayy ujewal
pInoM (0Z°¢) sI03dea ayjl jo ueds syl (gL°p) 3JoO asneoaq - JIBYJ 2JON
n‘x‘y uo puride zojeredo T[eTIULIBIFTP AlvIjTqae ue 8§ Qg @23sym
o=n
(oz"v) {(nfx‘3) 30
Jo uof3eu
- TQUoD JEGUTI yjoouws 837UIl B 3 03 3INO suIng JUBTITIFB0D yowws

_Nn_ . 3e s3TI9s-JoT4Ael ® uy papuedxs uayl sy “& 31

(6L'¥) "X‘3  uy A11Eatiuspy o= (0IX‘I)3
UOTITPUCD TRUGTITPPE 3Y3l SSIISTIEs I 7JBYI SUMSSY
TSMOTTOI
se paseIyd sq ued ysTym ased [eyoseds uTe3lisd v Jo souanbesucd e
§7 A1eIT0300 BY3 3O JuUaWeIELIs Tersusb ay3 eyl IedTd ST I 8dusy
‘i xopuy-13TnU |Iqe3ITNS ' I0J (Gi°p) WICT SYI U uaIITAM 8g ued
(,81°%) 30 2pTs puey 3yblx sy3 Q=N I03 IPY} SEAISEO SUO MON
{{ziL b)) "30) 3=3 37 5971395 Iamod Tewlol awes ay3 o3eisush wsisis
TOI3U0D pawIcysuell 2Yl pue uUsATH 2y3 Jeys Ioe3 IYy3z asn om ufeby
*n jo
jusuodwod e 03 J0adssr yYITm UOTICTIIUSIASIITP TeNIOR SSATOAUT "a° Y
1eTATI3 30U BT “u IPY3  osTacad Byl aspun SPTIOY (,gl'F) Iey3 IION

3=

o *
OF T mixeta fee) = fmixey,3 Mg o
d

SUCTIET&I 269Y3 7 PUMISY wWOIJ
Uielqu sm X jo pesjsuf X 937aIm pue 3 o3} 3 @ezjlejoeds
oM 31 *ATuc n uo Butjse Jojesado Tej3u=2I83IIp ® ST nu IT

(BL'M) (MG NX33 _(x'0x)a=(nt,%x3),3%  ‘o=(0!,x*3),3

usyl saey oM

— ZE{..

(Ll'br(hx'n)vwlxe%(n!(.x‘ﬂlx‘li;)L_(.X'?)x =: (ni,X*3),3 = X
Aq uoTienbs waysds pauwrojsuesl oay3 8jouap am uteby

(9L°%) “(totx*3)3 =) (%)% =1 (x‘3)e
Butyes
€ Puwa7 yoold Byl UT SE UOTIPWIOISURI] BWES Y} BSN M JOOIG

*6¢°d ‘[1] uy -; weaosyl woij ujebe usss

aq ued> s® Bpsoooaby 3o sjusuodwod ay3z ut Tetwoudiod e sT Kx

FUBTITIISO0D Byl WeIsAs [OIJUOD SUTIJe ue J0J a3dufs AILJT0I0D aq;

3o @sed 1efoads e 5T JT9SIT PWWAT BY3 JO JUSWI3RIS 8Y} ey} OSTE
PION " :ra(x 3) JIsAluUdyM pauI;ap TTom 2ae HNpr--.abg -

. 03 3oedsal yim x Jo saajieataop jerized 1re sousy

(g 'oas';oL d2fT1iea pajels
usaq sey sjusunbie s37 [{e JO UOTIOUNI- ) e ST “x IBYL *XIRWSY
“ v
'¥X 03 J09dsax YITe s2ATIRATISP Teylaed buTyes Aq
) 0;
(si°¥y) trrtiifo=d (%3 (3 Gpe)
WoIJ astIe YoTysm s103oan Auew ATagfury jJo
UDTIRUTQUOD IEaUT] Y3Iocows ® Se usllfim oq ued uorsuedxs-IoTAel STY3
JO JUSTDTIIE00 yoed :wieid -{nfx‘3)3y = X wajlsis TOIIUOD DUI YITM
P33eTd0s8se (g L) §9TI9s Jamod Tewrojl ay3 Jo swIa] U PIUTIIP ST “%

aIaym ‘“g 3o 0= -.r 2 i

3 uorsuedxa-ao1fel ayjl usyl
IBPISUOCD *SIUDTDTIF00 83T aqg ;'O; 381 aernoTized ur ‘g=n 3@

3 30 uoTsuedxa-ioTiel ayl aq (Q'V) 397 °f Pwwd 03 AIETT1030D

“(Z°¥) 398

8yl uo salqefara IT® 3O uot3iduni- 3 e Arelaw Ing ‘n uy JESUTT
ATTaesssosu jou ST 3 eIxaym  (MiX‘3)I = X wea3isds Toijuod e 3o
85¥d 8yl 03 pazyTeIsuab aq A1Tsea ues ¢ PuweT JO JUDWSIEIS BYL



~T3

We are thus arrived at a question which easily can be settled
within the formal framework developed in the proof of Lemma 4.
LetjE, Jen"ﬁef have the same meaning as before and denote by ,

’ respectively the module which 1s generated over ’
respectively by all vectors of the form

Df (t,x;u) ¢ i=1,...,N,
u=u, )

D being an arbitrary differential operator acting on all variables.
Then the statement (4.14) holds true and the remainder of the proof
1s now ldentical with the arguments employed in the last paragraph
of the proof of Lemma 4.

5. Application: Input/output decoupling, an exarmple,

In this sectlon we wish to demonstrate how the ideas which have

been brought forward in this paper can be used to approach a
fundamental guestion in control theory. We discuss two problems
where the mathematical treatment aims at the construction of feed-
back-control laws which achieve one and the same purpose: To make
certain cutputs simultaneously independent from certain inputs.

The analysis of the first example is rather elementary and uses
nothing else than some arguments discussed in Sec. 3 plus a s*itable
notation. Given a n-dimensicnal vector a(t,x) and a scalar C -
function ait,x) we put

3 F]
Lau - ﬁ a + (axu)-a -

This function 1s sometimes called the Lie-derivative of a along
a (cf. [2], p. 282). Lie-derivatives of vectors are defined com-
ponentwise. L: and the iterates Lz have the obvious meaning.

Lemma . Let +y(t,x) be a smooth function of t,x. Then

G 60 = (L) (£,204022 1)B) (t, %) u

where d/dt means differentiation with respect to the diffe-
rential equation

X = alt,x) + B(t,x)u =: £it,x;u), {5.1)
Proof. By inspection,

Given now a control system in terms of a differential equation

(5.1) where u is m~dimensional. Accordingly B 1s a matrix of
type nxm. We assume that there are given in addition k scalar
functions 11(t,x) which play the role of outputs .a,B,v1 are
supposed to be of class C” on some open set 3(. For each i=1,...,k
we denote by Py the smallest non-negative integer p such that
the m-dimensional row vector

3
=iy )e (5.2)

does not vanish identically. We assume that such a number exists.
#y 1s sometimes called the characterist number of the output
¥; - yilt,x) (cf£.[2],IV.3, where the question of existence is
also discussed). We introduce the m-dimensional row vectors

P
¢; =3I, v, B . 1=1,...,k, {5.3)

whose elements are of class c” on BE » OQur basic hypotheseas
runs now as follows:

The vectors ci(t,x), 1=1,...,k, are linearly independent
for every (t,x)e} . (5.4)

It follows then by standard arguments that there exist matrices
F,G respectively whose elements are C'-functlons on ;E and

which are of type mx{ and mxm respectively such that these
relations hold for i=1,...,k:
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solutions of the differential equation

x = £(t,xu) , for u=u'(t) and u=u(t)
respectively, having a fixed 1n1t1a1 value at t*t - Now one
can choose the (v)(t) always in such a way that their
initial values have nothing to do with those of uit), say
we can have u'Y! {t) = » v} (e )= .=l dk/dt Ju U)Xto)=0 for same k
together with L1—convergence to u{t) on I. If this argument
is applied to the transformed control system (5.8) one arrives
at this conclusion.

Corollary to proposition 1. If F,G satisfy the condition

{5.5) then the feedback transformaticn {5.6) serves the follo-
wing purpose. For every i=1,...,k and every t1>t the valie
71(t1,x(t )} of the i-th component of the output depends solely
upon the initial time t » the initial state x =x(t ) and the
values which the i-th component of u’ assumes in the interval
(to t,).

Hence the hypothesis {5.4) is a sufficient condition in érder
that a problem can be solved which in the literature is some-
times called the single~outputs noninteracting control problen.
For further information the reader is referred to [2],1Iv.4,
where also the question of necessity is discussed.

We wish to conclude this section with an application of Theorem 1.
It concerns a type of problem to which the foregoing analysis
does not apply. We assume that the whole input of the system is
divided into two parts which have to be kept strictly apart.
The symbol u ("control”) is used from now on for the first part
on1y1the second one is denoted by d ("externpal disturbance").
Accordingly we write the system equation in the form

% = a(x) + B(x)u + glx)d, y=c(x). (5.10)

- L8

The disturbance decoupling problem (or rather a simplified
version of it, for a more thorough discussion cf. {2],1v.2)
runs then as follows: Specify u as a function of x ("state-
feedback”} in such a way that Y becomes independent from d.
Let us assume for simplicitiy that d is scalar (hence g{x)}
is a column vector) and that B 13 constant and equal to
(1, 0) » I being the m-dimensional unit matrix. If a is de-
domposed in the form a = (a1,a2) 2y being m~dimensional,
and 1f a new contrcl variable 3 is introduced via

u=yg - a, (x) . {5.11)

then the disturbance decoupling problem assumes- in the analytic
case - the following form, according to Theorem ?: Find an
analytic function u(x) such that these identities hold true

c ladfg) = 0, p = 0,1,..., £ (xE=(U(x) ,a,(x)). (5.12)

If one wants to have a criterion for disturbance decoupling which
involves finitely many quantities only one arrives at the follo-
wing obvious modification of the above stated problem: (S.12) has
to be sazisfied for p=0,...,k-1 and addition this statement holds
true:

ad?g ts contained in the span of ad%q for p<k. (5.13)

Thereby we have reached the definite limit of our presentation

of the disturbance decoupling problem. Even if this problem is
understood in the elementary form (5.12),(5.13} and Lf one is
looking for local solutions only - there exists presently no
other approach except the one which is based on notions and re-
sults of the geometric control theor y (cf. [2], (Ch.IV,Sec. 1,2).

On the other hand 1f one wants to solve the problem (5.12)(5.13)

in a concrete situation and globally (i.e. on a prescribed are

)( of the state space) the nature of the problem may help to guess
a suitable u(x) for which (5.12), (5.13) 1is satisfied with a low
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