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A High Resolution Power Spectral Estimate:
The Maximum Entropy Method

1. INTRODUCTION

This paper discusses three methods of spectral analysis which we denote
Blackman-Tukey, Levinson, and llurg. The firat {3 an improvement on the
usual Btackman-Tukey methodl: (1) It provirles a higher densily of calculated
pointa, and {2) it ¢an be carried out to large lag numbers, that is, over 0% of
the sample length. The application of this technique results in a smooth spectrum
and higher resolution. The second type of sjectrum is called a Levinaoh spec-
trum. This I8 a maximum entropy spectral vstimate, calculated Ly using an
algorithm due to Norman Levinson.. The Levingon spectrum provides an
improvement in resolution over the modified Blackman-Tukcy method. The
third spectrum Ie also called a H1YSC spectrum, an acronym formed from Hurg
Prediction Error Coefficlenta. This last sprctrum 18 also & maximum entropy

(Received for publication 12 February 1974)

1. Blackman, R.B. and Tukey, J. W. (1958) The Measurement of Pows
Specira, Dover Publications, Inc., New York, pp, 30-37.

2. Lcvinson, N. (1947) The Wiener KMS (root mean square) error criterion
in Hiter design and prediction, J. Math, Phys. 25:261,



esthmnate but is caleulated according to a technique developod by John Par<er
Burg, 3 The BI'KC spectrum is an Improvement over the Levinson spectrum
and produces a sharp spectrum with high frequency resolution.

2. MAXIMUM ENTROPY METHOD

The maximum entropy spectral estimate s relatively new and waa frst
presented by Burg. © [t offers a novel technique of speetral estimatton, which
should be of sonsiderable value not only for application to geomagnetie microa-
pulsations and inclices of magnctic activity but to any time scries. At present,
the maxinum entropy method secms to he the Lest method of spectral analysis
yet devised,

lintropy is a concept Lhat is useful in statistical mechanics, where It is g
measure of the randomness of a gystem or of the uncertainty of our knowiedge
about the atate of a system, Entropy also arises in information theory where
It measures the average information contemt in a message, $ Problems in whica
the entropy of a distribution is taximized, subject to constraints, are wel}
known. For example, if the constraint is that a distribution has a given mean
Bquare, the distribution with maximum entropy 18 a Gaussian, In statisticz]
mechanics, this corresponds to a Muxwell-loltzman distribution at a given
temperature, A similar problem in the calculus of vuriations is golved hy
obtainiag the maximum entropy spectrum. {lere the constrajnt i8 that the
power density spectrum neast agrea with Wiener's theorenr:  the Fourfer trans-
form of the spretral densily is cqual to the wulocerreludion function of e
obscrved time serica, The entropy function te be maximized is the logarithm
of the spectral density integrated over the frequency range. The speelfic form
of the entropy function can he obtained from the change of cntropy that occurs
when a signal pagses through a filter with o given Ircquency response. In this
casc, change in entropy is the integral of Lhe logarithm of the square of the filter
responsc, & The maximum eatropy spectrum is formulated by determining the
spectral density 1) that muximizes Lhe quantity

Jo Burg, J. B (1968) A new analysis technique for time serics data.  Paper
presented al the NATO Advanced S wly Institute on Sipnal P'eocessing
with Emphasgis vn Underwater Avoustics, Faschoede, Nethe rlands,

4. (167} Maxinmum entropy specteal analysis, Paper presented

at A7h mecting of the Sucicty of Fspleration Geopliysicisis, Oklahwma
City, Oklulom,

0

Womdward, P, M, {LYG4) Probalsillt ant Information §'heor
cativng Lo Hadar, Pergunmon I'ress, Oxford, pe U,

G. Shannon, (', K. and Weaver, W, (1064) The Mathematical Theory of
LCompunication, The Unlversity of {llinoia I'ress, Urhana, p. 03,
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where £ * (2.;\!)'1 ts the Nyquiat frequency; st is the sampling time Increment;
T *nMl, wheren =0, 1, 2. , . N; N measures the maximum lag time of the
autocorrelation and the order of the apectrum.

A Rlackman-Tukey power spectrum s determined by the l'ourler transform
of the autccorrelation

to
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In the maxinium entropy method, the consiraint is that the autocorrelation must
be given by the Fourler transfuorm of the powcr spectrum,  Since the auto-
correlation function and the power spectrai density are Fourler transform pairs,
the Blackman-Tukey and the maximum entropy spectrum would be identical for
an Infiaitely long data sample. Ilowever, for finite data damples, they are often
very different, and the difference favors the inaximum eniropy method by pro-
ducing higher reaolution spectra.

Maximizing the integrated logarithm of the spectral density is equivalent
to canstructing a filter which whitens the signal and maximizea the entropy
change through the filter, In ather worde, the inputl signal is converted to
noise. Idesily, the filter has removed all of the predictable portion of the
Bignal. Therclore, it ig not surprising that the maximum entropy filter is
related to the unit tinie prediction filter and is, in fact, a unit time prediction
error flter, | The output of this filter 13 not a prediction of the input signal but
I8 the error between the known and the predicted signal. Because the filter

- ———

7. Peacock, K, L. and Treitel, S. {1969) Predictive deconvolution: theory
and practice, Ceophysics #4:155.



involves finding prediction coefficicnts or autorcgressive cocfficlents, the
apectrum alec has been called an autoregresaive apectral cstimalur.' IT we know
the coefficients of the whitening Mfiter, then the apectrum s togically determined
by the reciprocal of the aquare response of tial filter, Heuristically, il the
response of the filter 18 G ) and te amplitude spectrum of the signal is Xin),
then the whitening Miter han the eff.:ct of

Gin)* Xw)=C 4
where € is a constant nolse amplitmle.  Therefore, the power spectral density
aft the signal i proportlonal 1o X200 © C2HG3 00D, a8 ween in . 15) bekow,  Fhe
problem reduces to delerininiog the act of prediction error encfficlents, ‘The
cocfflicients are determined by a set of N1 simultancous equations for N+1
coellicienta, This sel of cquations can he put in the form of a matrix equatlon
involving the elements of the autocorrelation function in the matrix and the pre-
diction error cocfficienis an a vector., The spectral density and the prediction
error coefficienis Gi are plven by

AP
"y 2 ——— {3)
. ok 2
f G, 79 )
Fij G " Unag By g (8)

where 2 - 13’2" f.v\l: C| “l;k=0,1,2, ... N." Note that the suinanation
vonventlon is uscd throughout the text: that I8, the ripht uiile of 10g, 5] is
summed from 0t N, "The matrix "kj is congtructed from the autocorrelation
function Cir) * Clnat) by seting n = k = J and #; " C (k-3 Prst
represents the mean output power of the prediction error filter containing N+1
coclficicnts,

Kaq. {6) can be solved directly by inverting the autocorrelation matrix.
However, orders of magnitude in time ure saved by using Leviaron'a recursion
relations hetween the cocfficients for the matrices of order N and N+1. If
GJ(N} is the jth coclficient obtained from a matrix of order N, then the
coclficlents of the next case ure given by

——

8. DParzen, . (1969} Multiple time serics madeling in Muljvariate Amlysis-

H, PR Kelebnmabak, 1., Academie Press, New York, p. 404,

e Barnard, T.HE. (1969 Analytical stwlies of techniques for the computation
of high-resatution wavenumber Hpeetra, Advanced Array Rescarch,
Special fleport No, 4, Texasy Iuktruments, Inc,
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where | *2, . . . N. Ultimately, only the last coel‘l’icient.((‘-ﬂi'ln nced be
specified; the rest are defined in terme of this single coefficient. The delermi-
aation of this last coelficlent greatly 'niluences the resulting spectra, Currently,
there are two methods for caleulating this value. The Levinson method involves
estimating the autocorrelation function. Poor estimates can lead to very poor
apectra. The autocorrelation function we have vaed with success is a biased
catimate which involves dividing the sum of the lag products by the total number
of data polnts rather than by the number of lag producls. Thesc spectrs provide
an improvement of resolution over Ilackman-Tukey spectra. In the Levinson
methed, the Hnal coefficient Is determined by

N-1
N+1) , | N
G 320 cyen Gl 1 ey ®

The recuralon relation for the mean crror power is

= - (N+1),2
Py * Py [0 - 6l

. {91

Burg's method of calculating the final prediction error coefficient has the
advantage of not using any estimate of the sutocorrelation function. This
technique formally minimizes the error power between the actual signal and a
prediction of the signal, The prediction error filter 1s applied in both a
forward and a backward direction. The results of Fqs. (7} and {9) are used to
ealculate the speetral estimate am given In q. (5). The funclion to be mini-
mized has the Toem

‘ g Mo 3 M-NeU/N .
Py 1Y Y G ) 4 Y. GXa) | o
J*N \ 11 i= i"1

Burg's technique produces spectra of extremely high resolution and Iarge
dynamic range. The sharpncas of the spectrs may require some initiel
acclimatization after one has become accustomed to working with lower
resolution spectra.



4. COMPARISON OF SPELTRA FOR A SYNTHETIC SIGNAD,

This section contains example 4+ of maximum entropy and Rlackman-Tukey
spectra to illustrate the enhanced resolution of the maximum entropy methad,
Other examples of maximum cntro iy spectra are given by Lacoss H)and Ul-ych, u
Figure 1 shows a truce of the ideal signal which was analyzed. 7The signal was
sampled at 257 equally spaced poii L8 and conkisted of a sum of four ginc waves
of cqual amplitude to which was ad-led » small amount of white noise. In tte case
to be presented, the noise amplitude was one-half of the sine wave amplitude,
This corresponds to a signal-to-nuise ratlo of ¢4. Thc contribution from ¢ach
sine wave to the power is 5212, where S is the amplitude of the gignal; the white
noise contributlon 15 Nzlli. where N is the amplitude of the nolse. Thus, tie
sipgnal -to~-noise ratio is G(SIN)Z. Several other cases, whose results are svall-
ahle, considercd the same signal and larger noise amplitudes down to S/N = , 25,
The frequencies of the four sine waves were sclected so that there would be one
component at a high frequency, with respeet to the Nyquist frequency, one compo-
nent at a low freguency and the remaining two components close together a1 a mid-
(requency. The mid-frequency doublet was to serve a8 u measurc of the resolu-
tion of the speetral analysis, I we set the Nyguist frequency at 100, the hogh
frequency is 47, the low Irequeney is 3 and the middle frequencles are at 20 and
51, Jaooked at in another way: iF the time reproesented by the sampled sipgral
ghown in the flgure 48 1 see, then the Nyyuist frequency is 128 10z, aod the four
sine waves hove frequencics of 4, G4, 65, aml 124, 5 }lz,

Figure 2 shows a Blackman=Tukey spectrum for the case of 20 lags, corre-
aponding to about B percent of the sample length, At this moderate lag number,
the Blackman-Tukey spectrum indicates considerable cnergy at mid-hand and at
low and high frequencies, but the latter are unresolved to specific frequendcs,

Figure 3 slowa the maximum entropy spectrum for the corresponding cage
of 20 prediction error coefficients caleulated according to the 1.evingon algarithm,
The correspondence between Jag number and coefficiont number arises from the
fact that the same autocorrelation functions would be involved in calculating the

10. Lacosa, M. T. (1971) Data adaptive spectral anal sis methods, Geol hk-zlcs
$6:661. I : Y 2

1. Ulrych, T.1. (1972) Maximum entropy power spectrum of truncated

sinugoids, .J. Geopliys., Res, 77:1406.

12

o
Q
-
o
e
~
&
Zao .
(_‘)q r
e
[=] W‘
9
~i
]
o
°
v + + + + +
0.0 40.0 120.0 160.0 200.0 240.0

80.0
OBSERVATION NUMBER

Figure 1. Synthetic Signal Used*fur the Spectrum Analysis

gpectral dengitles. The locationa of the maxima of the high and low-frequency
comporents have been determined to an accuracy of about 1 percent, Although
the central doublet has not Ixen resolved, the frequency midway between the
uvnresolved components is determined to about .01 percent.

Figare 4 showa the Burg or BPEC maximum entropy spectrum fur the
same case of 20 coefficlents. The results are qualitatively similar to those
cbtained for the Levinson spectrum, [lowever, it should be noted that the peaks
are considerably sharper in the Nurg spectrum.

It la obvious that for 20 coefficicnts the maximum entropy method resuits ara
superior to the corresponding Blackman-Tukey regults. To obtain IBlackman-
Tukey speetra cquivalent to these maximum entropy resulls we must use hipher
lag numbers, Figure 5 shows the 23 percent lug casc (GO Lags out of a totul of
256}, The 23 percent Hlackman-Tukey results ure very similar to 8 percent
maximum entropy resulls, although the peaksa lack the sharpness of the maximum
entropy @nalysis, At this level, the central doublet is still not resolved by the
Ulackman~Tukey imcthod. However, the power under the central peak t3 approxi-
mately twice that of either the high or low-frequency peaks, as It should be,

13
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I"igure 6 18 the Levinson spectrum for the corresponding case of 60 coefti-
cienta, The improved resolution of the maximum entropy method has been main-
tained, The central peak 18 beginning to show signs of splitting {nto {ts compo-
nenis. This i8 Indicated by an increase in breadth and the elight fMattening at the
top of the peak.

Figure 7 shows the llurg spectrum for the same case. The central pesk has
now been reselved quite obviously into its two components, This result clearly
revealu the superiority of the lurg technique for caleulating the final predietion
crror coelficient over the direct recursive solution of the matrix equation (G}
which we have called the Levinson techaique. In this I"igure, the rmplitudes of
the four peaks are approximalely equal. However, this case §8 an approprinte
place to stress that the spectrum amplitude is not neccasarily a good measure
of the power for the maximum entropy method, The amplitule of a peak in the
maximum entropy spectrum tends to become higher and the bandwidth narrcwer
as the number of coefficients is increased. We have noted that the amplituce of
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Figure 7, Burg Maximum Entropy Spectrum for 60 Coefficlents

8 peak may change considerably as the number of filter cocfficients changes, but
the curves become much steeper and the arca under a peak remaing approxi-
milely eonslint, Thepcfore, for power eompurisons i e mioam rntropy
method, the arca under a particulay peak s the aignificant quantity.

Qne more set of spectra will emplasize the hicrarchy of resolution among
the Blackman-Tukey, Levinson and iurg apectral eatimates. Figure d shows
a Mlackman-Tukey spectrum for 100 laga or about 39 percent of the sample,
The resulta have improved over the previous 23 percent result but the central
doublet stil] cannot be sBeen, Figure ) shows the Levinson spectrum for 100
filter weights, and the mid-{frequency peak has now 8plit into its components.
But the cleft is not as decp as in the Burg spectrum for the same aumber of
coeflficienta, This is shown in I*igure 10. ‘The Burg spectrum has remalned
very stable as the number of weights has increased, ‘Chig spectrum for 100
coclficlents ia alniost identicul to that for 60 coefficients.

One question naturally arises: [oes the 3lackman-Tukey method ever
reaolve the central doublet? The answer s "“yes" but 1t does It poorly and not
well until about the Y8 percent lag case. 'T'his Is shown in I'jgure 11. In the
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figure, the frequency ecale has been chosen to contain 300 intervals (501 polnts),
The relation between the sequence number and original frequency in the sanpling
period {a: frequency = 0,256 (sequence number). In their book, NNlackman and
Tukey recommend using & relatively small ratio, up to about 10 percent maximum
lag number to total sample size. We see that the improved Hlackman-'l‘ulmy
apectrum finally shows eigns of revealing the real signal only well beyond that
point — almost an order of magnitude beyond, Thus, in some cases the standard
lifackman-Tukey apectrum estimate may be providing only a fuzzy, out-of-focus
view of the "real” world,

1t ia important to emphasize the high resolving power of the Burg maximum
entropy methol, ‘I'nds can be done with I*igure 12, which repreaents one of our
carlier calculations of the HIPKC maximum entropy spectrum for 101 cvefficients
or about 40 percent of the sample length. The central doublet is highly resalved
and the four frequencies are accurately determined. However, the amplitudes
and the power under the four peaks appear to be considerably in error, since the

8.0 4.0

32.0

ﬂﬂPLlYUD’EssoFOR CRSE OF 101 COEFFICIENTS

—

80-0 160.0 290.0 370.0 400. t0.0
SEQUENCE NUHBERS ° !

&0

Flgure 12. urg Maximum fintropy Spectrum for 101 Coefficientsa
Plotted on an Equally Spaced Grid of 501 Points
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high and low frequency components are almost insignificant compared to the mid-
frequency components, In fact, the powers are correct, As in the previous
figure, thla spectrum was plotted on an cqually gpaced grid of 501 polnts.
However, In this case, the actual maxima are so sharp that they fall between
grid points and do not appear on the plots. )er ideal aignals, such as we are
analyzing, the lurg technique produces extremely high resolution spectra, 1For
example, if the actual maximum amplitude for the high frequency component

near Sequence number 488 had been plotted on the same scale os shown, it

would have a value of 31, 000; that is, it would be upproximately 4000 times
higher than the peak in the figure,

4. CONCLUSION

‘the results of analyscs using the maxinium entropy speetral esthoade
certainly reveal it to be a promising method of signel unalysis, ‘Fhe maximum
entropy method can produce high resotution spectra with accurate Irequency
and power estimates even for short data samplea. In resolving power, the
maximum entropy spectra are superior to those calculated by the Blackman-
Tukey technique; also they have the advantage of not requiring the use of
window functions. Among methods of calculating maximum entropy spectra,
Burg's prescripton for calculating the prediction error coefficients produces
higher resolution apcetra than catculations based on Lovinson's algorithm,
which requires an estimate of the autocorrelation function. Clearly the
maximum entropy method should have snany applications both on old and new
time geries. In conclugion, some examples of this analysis applied to geo-
magnetic micropulsations and the Zirich sunspot number follow.

Flgure 13 i8 a three-dimensional figure which shows cight modified
Blackman=-Tukey micropulsation spectra obtained from a 15-minute data sanple,
as the lag time 18 varied hetween 10 and B0 percent in steps of 10. The
data is a samplc of the ¥ component measured in 1Jastern Massachusetts on
4 March 1970 at 1800 UT. The three principal peaks are at 66, 100, and 160
seconda. The first curve on the figure, the 10 percent case, lg similar to the
one at #hich most Blackman-Tukey analyses would stop.

Figure 14 shows a aimilar 3-D represcntation of BPEC epectira for the pame
data. The number of coelficients used varies from B0 to 140 in steps of 10,

In percent of the data sample thia 1s equivalent to about 31 to 35 percent.
Muitiplet structure never resolved by the Rlackman-Tukey method does become

21
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Figure 13. Rlackman-Tukey Spectra of Geomagnetic Micropulsations -

evident. This suh-gtructure may e Important since some current micropulsa-
tion theories arc predicting rather complex sertes of multiplet spectra. 1z
Figure 15 showa liurg apectra computed Irom 89 years of Ilz. the

Zirich sunspot numbwer, using annual means from 1884 to 1972. The eight
curves are apectra for cases with 10 to B0 coefficients in steps of 10 or from

12 to J0 percent of the mample Jength. The frequency sxis extends from 5 to

12 cyclea/ 100 years. Therefore, the fgurc showa s region around 11 years
hrtween about 8 nmd 17 yearn. ‘The structurc of the 11-year line can he geen
more clearly in IFigure 16, This flgurc shows one of the previous caacs, which

12. McClay, 1. F. (1973) On the Axymmetric nature of micropulsations-I.

The gpectrum, Mlanct, Space Sef. 20:2193,
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Figure 14. Burg Maximum Entropy Speetra af Geomagnetie
Micropulsationa

correapornis to 70 coefficients on an cxtendedt frequency scale. The well-known
11 -year line iy revenled as a triplet with perloda of 12,9, 10,7, end 9.5 years;
there is evidence of harmonic structure at 5. 3 years near 19 eycles/ 109 years

[CPHY). The low frequency apike 18 located at about [2' years,

21
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A new speciral estimme, calted (M murimum entropy method, I desctibed. This estimate wa
otigmuicd by John Parker Burg for use in senmu wave suatysis. In the entropy mothod the en-
1ropy, of information, of & ugne! s manimired under 1he constewing That the Bxtimated suticodrelgion
function of ke ngnal it the Fourser transborm of the spoei el powet denvity. The speciral esimuies are
cakeulated in 1w0 ways: {1) by minimization of the error powes 10 oblain the coefficients of the preduzinn
error filier, a8 suggesied by Butg. and 12) by & direct sofution of the maitia eyuution using sn sigorahm
due to Norman Levimon. For compsrnon v Blackman-Tukey Lechnique, cabeulated with o Hammung
windaw, is used niso. We illustraie ihese thret meihoth by spplyaing them 1o 8 composite ngnal consiting
of four simusoits of wnit amplitude: one each at hgh and low Irequences amd 1wg #1 modorate fre-
quencits with resprct 10 the Nyyinist Frequency, 1o which i added = hrie none of 0.5 amphtude. Resulls
are shawn to indicase that the hest correspondence wah the npul specirum i prowvded by the Eurg
technique. Appl of the eniropy methol 10 geumugnctic pulsar Teveal |
muliplet structure in the Pe 4, 3 raenge. Such siruciure, not pr Iy dved by © | tach.
niquet, has been predicied by & recent theory of mugneluiphenc resonsnces. In u period runge T orden of
magnitude longer than micropulation periods, anulysis of annual tunspat mesas shows That the |1.yr
bend is composed of sl least three dutint lnes. With esch of these bnes i associsted a harmoni se-
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quence, Long periods of the order of 100 yr also are revealed.

This paper discusses three methods of specteal analysis that
we call Blackman-Tukey, Levinson, snd Burg. The first it sc-
tuslly » modification of the utual Blackman and Tukey |1955)
method on two counts: (1) it provides a higher demsity of
calculated points, and (2} it can be carried out to large lag
numbers, e, over 90% of the sample lengih. The application
of this techmique results in & smooth spectrum snd higher
resolution. In our Blackman-Tukey resutis 2 Hamming lag
window was applied 10 the sutocorrelation funclion. The sec-
ond type of specirum is called a Levinson spectrum. This iv 8
maximum entropy spectral estimate that is caiculated by using
an algorithm due 10 Levinson [1947]. The Levinson specirom
provides an imp: tin T ion over the moditied
Blackman-Tukey method. The third spectrum is slso catied »
BPEC spectrum, an scronym lormed from Burg prediction
ersor coefficients. This spectrum is also & maximum eniropy
esuimale but is cakculated aecording 10 a technique developed
by Burg [1968]. The BPEC spectrum furns out 10 be an im-
provement on the Levinson specirum. producing a sharp spee-
trum with excellent frequency resolution. 1n the following sec-
tion the basic concepts and computational techniques used in
the maximum entropy method are discussed. Then the sc-
curacy and resolving power of the three specirsl methods are
Hlusiraled with & synihetic signal. In the finst seclions the
geophysical applicavions 10 geomagnetic micropulsstions and
the Z0rich pot ber are p d

MaxiMum EnTROPY MreTHOD

The maximum entropy spectrel estimate is o relalively new
method, first prescnted by Burg |1967]. N offers 5 nosel
technique of spectral estimation that should be ol consideruble
value nat only for applicstion 10 g pul
and indices of magnetic aclivity bul 1o sny time series. A1 pres-
ent the mazimum cntropy method seema 10 be the best method
of speciral analysis yet devised,

Entropy, which is & thermodynamic s1ate function, in de-
fincd in statistical mechanics &y the logurithm of the volume

g Rel e

of phase space ible or the be- of g staten
available 10 & system [e.g. Kittel, 1954, p. I6; Moyer and
Mayer, 1959, p. 92]. This volume or number measures our lack
of precise knowledge of the actual state of & sysiem, sinee &
given macrostale muy derive from & multaude of nonidentical
microstates. Hence entropy also is » mouswre of our wncer-
tiniy or of the randomness of » sysiem, sinct & sysiern that i
more disordered occupies more volume in phase space. The
concepl of entropy is slso used in information 1heory. bn Fect,
in lerms of probabilities it has the same "orm as the physical
entropy for the canonical enpemble [SAannon end Wraver,
1949, p. 20, Now entropy measures the sverage information
conent in 8 messuge [Woodwand, 1964, i 49), Here informa-
tion has the special meanmg of messusing ihe frecdom of
choice in sclecting » message. With such lreedom of chuice of
&n cvent goes BN whcerteinly of the oucome of the event,
Hence in both the physical und the infarmation theoretical
Cate, eniropy is & measure of randomness.

Problems in which the entropy of 8 distribwion it maxi-
mized subject 10 constirainis sre well kncwn, For example, if
the consirsint is that » distribution has a given mean square,
the disiribution with maximum entropr u » Gaustion. hn
sististical mechanics this case cotrespands 10 8 MaxweR-
Bolizmann distribution o1 & given teneperature. A similur
problem in Lhe culculus of varisiiont is 5o ved in obtsining the
meximum entropy specirumm. In this case he consiraint is that
the power density specisum must sgree wi b Wiener's 11949, p.
43] theorem that the Fourier transform of the spectral density
# equal 10 the swocorrelstion function sf the observed time
series. The specific lunctional form of the entropy function can
be obluined from the change of entropy thi occurs when &
band-timiled signal passes through w Hiter with o given lre-
quency response. In this case the change in entropy is the in-
tegral of the logarithm of the square o the hlter response
|Shannom and Wesver. 1949, p. 60, Lacovs, 1971). This form
uho may be obisined from the eniropy 0" 8 ttatwonury Cigus-
sisn process huving the wame autocorrelmion function s the

Copyright © 1975 by the American Geaphysical Union. signal. The entropy is proportional 1o the g ity E in (1}
:_M u.s. G ent by w and ol thin regon.
Hon tor turiber by 2ihers must be oBtsInNG trom ;,‘
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volves finding prediciion coeflicients or sulor i
_ cgressive
coefficients the spectrum also has been referred 10 an
toregrestive spectral esii (Parzen, 1967). If we kriow
lhelcadBcimn of the whitening filter, then the spectrum is
logically determined by the reciprocal of the squared response
of thut filter, Heuristically, if the response of the filter is Gw)
ond the amplitude spectrum of the signs! s Xiw), then 1be
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Fig. 1. Symibmiic signal meed for the spacirem saslyvie,

!.T:forlir'n o, 197, p. 414). The entropy function 1o be max-
imized is the logaeithm of the speciral density integrated over
the frequency range:

£~ L.' in PO Y 1)

where [, w (2A1)°" .2 the Nyquist frequency and A is the sam-
pling time increment. The mathematical formulsiion of the
manimum entropy spectrum is thet we must delermine the
spectral density PUf) thet muximizes the quaniity E, subject 1o
the ¥ + | comseraints that the sutocorrelation Clr) is given by

fa
)= f, PO @

where ¢ =ajtfornn=p1, 2 coey N and ¥ memsures
the maximum lag lime of the sutocorrelation snd the order of
the specirum.

A Biackman.Tuley power specirum is determined in es-
sence by the Fourier tramform of the autocorreiation

}U‘::- [. c(fk-""' dr ",

In the maximum crtropy method the constraind i that the
auvtocorrelation mws be given by 1he Fourier iramsform of the
power spectrum. Since the autocorrelation function and
the power speciral denzity are Fourier transform pairs, the
thlmm-Tutcy ipectrum and the maximum entropy spec-
trum would be idertical for wn infinitely long dats sumple,
Mowever, for finite data samples they are ofien very different,
and the difference favors the maximom entropy method by
producing higher-resniution spectra.

Masimizing the in_egrated logarithm of the speciral density
can be interpreied as determining that spectral densily which
m!zu the entropy of the sigral sationsry with respect 1o
varistions in those wnknown values of the #loCorrelation
function at leg times beyond the lengih of the otiginal vignal
[Mr'Gn. 1970; Smylie 1 al., 197, P 415). Alternatively, it is
equivalent 10 constnating & filter thet whilent the signal and
leaven the entrapy unchanged . In other words, the input signal
Is converted 10 noise, Ideatly, the filter hus removed all of the
prediciable poriion of the signal. Therefore it ia not surprising
thal the maximum eropy Blter is related 1o the unit timg
prediction filter snd 1, in fact, & unif time prediction error
!iltcr [Peacock and Treisel, 1969]. This is o filter whose oulpul
1 nol n prediction of the inpus signal but the error beiween the
known signel and the predicied signal. Because the filter in.

whitening filier has the effecy of
Glw) - Xw) = 0 )

where i & constant noise =mp ilude. Therefore the power
speciral dentity of the signal §. proportional 10’ Fiw) =
@/ W), 50 in (3} below, The problem reduces 1o deter.
mining the set of prediction error coefficients. The coefficients
are determined by aact of ¥ + | simuliancous equations for N
+ 1 coeficients. This ser of equations can be put in the form of
& matrix equstion involving the clements of the sutocorrels-
tion function in the matrix and the prediction eror coefficients
& 8 veciof. The spectral demity and (he prediction error
coefficients G, are given by

) - APy, ~ e
.§ “;luz.)
»
Eﬁ.ﬁm =Prnhs kw0l N (g

where 7 = ¢™M 04 G, = ! [Barnand. 1963; Edvard ond
Fitelson, 1973 The matrin with clements ¢y, is consiructed
from 1he sutocorrelation function C(r) = Clnd1) by setting n
=k - jand gy = Ok - fAr), and Py, represents the mean
ouiput power of the prediction error Rfier containing N 4 |
cocfficients,

Equation (6} can be solved directly by inverting the

1 Tation matrix, H. + Oders of magnitude in iime
sre saved by uring Levinson's recursion relstions between the
coefficients for the matrices of order N and N + LUAG™in
the fth coeficient obiained from » matrix of order ¥, then the
otMicicals of the next case are given by

G/ - 6™+ Gu.;""'G...-,"' m

where f= 2, ... N Uhimately, only the tasi coeficient,
G.,..'_"‘ ", need be specified, the rest being defined in terms of
this single cocfficient. The determination of this last coefcient
greatly influences the resulling specirs. Currently, there are

ny
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two methods for calculating this value, The Levinson method
invohver eslimating the sutocorrelation funclion. Poor es-
timates can lesd 10 very poor sp . The aulocotrelutj
function that we have used with success is a bissed but con-
sistent estimate [Jemking and Wanis, 1969, p- 175} First, the
mean of the time series is subtracted from the elements of
the scrics, and then the sum of the lag products is divided
by the total number of data points rather than by the number
of lag products, w3 is suggesied by Blackman ond Tukey
[1958, p. 34). These spectrs provide an improvement of reso-
lution over Blackman-Tukey spectea. In the Levinson method
the final coefficient is determined by

N ¥
LI _Z CiJ + 1)Gx. ®
b Py
The recursion relation for the mean error power is
Py = Pyl = (Guwed™* Y] (L]

where the initial term P, is the mean pawer of the inpul Lime
serics. Burg's method of calculating the final prediction error
coefficient has the advantage of not necding any independent
estimate of the autocorrelation function. In fact, the method
can be used to determine simultancous estimates of the
autocotrelation function snd of the power specirum directly
from the data. This method formally minitizes Ihe error
power between the actual signal snd a prediction of the signal,
The prediction crror filier is applied in boih & forward wnd s
backward direction in lime to guarantee that the fnal co-
efficient has a magnitude of less than 1. Then the results of the
coclficient recursion relation equation (7) and the error power
recursion relation (9) are used to calculate the specira accord-
ing 10 the maximum cnlropy speclral estimate us given in (5).
An extensive mathematical treatment can be found in the
paper by Smylie et al. [1973), snd a flow diagram for Lhe recur-
sive procedure is given by Aaderson [1974).

Burg’s ischnique produces spectra of eatremely high resolu-
tion and large dynamic range. The sharpness of the spectra
may require some initial acclimalization sfier one has become

- sccuptamed to working with lower-resolution specira, as can
be seen in the following sections.

COMPARISON OF SPECTRA FOR A SYNTHETIC SIGNAL

This seclion contains examples of muximum entropy und
Blackman-Tukey spectra 1o iltustrate the enhanced resolution
of the maximum entropy method. Other examphes of mux-
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imum entropy apeciea are given by Lacors 11971], Lirpck
{1972), and Currie [1973a, b). Figure | shows a trace of the
ideal signal thal wus unalyzed. The signal was sampled at 257
equally spaced poinls and consists of a sum of four sine waves
of equal amplitude, 10 which was added a smal| smoumt of
white noise. The noise has a uniform probability dastribution
in the runge — ¥ 1o +N. For convenience, N is calicd the noise
amplitude. In the case 10 be presented, the nuise amplitude was
one halfl of the tine wave ampliude, This corresponds Lo o
signal 1o noise ratio of 24. The contribution from euch sine
wave lo ihe power is 5°/2, where S is the amplitude of the
signal, and the contribution from the white noise is N'/3. Thus
the signal 10 noise ratio is 6(S/NP. Several other cases. whose
resuits are available, considered the same signal and larger
noise amplitudes down to S/N = 0.25. The Trequencies of the
four sine waves were sclected 10 that there would be one com-
p at & high i y with respect to the Nyquist fre.
quency, one p atx how freq ¥, and the t ining
two I s close together at & midfrequency. The midfre-
quency doublet was 10 scrve as a measure of the resolulion of
the speciral anslysis. IF we sel the Nyquist frequency al 100,
the high frequency is 97, the low frequency is 3, snd the middle
frequencics sre 50 and 51. Looked at in another way: if the
time d by the sumpled signal shown in the figure is |
3, then the Nyquist frequency is 128 He, and the four sine
waves have frequencies of 4, o4, 65, and 124.5 Hz.

For 1he analysis the data have been transformed 1o stan-
durd variubles: ie., each daum has been divided by the
stundard deviation of the signal afier the mean was sublructed.
Thus the mean square of the input power of 1he transiormed
signal is unity, If follows by Parseval's theorem that the oulpul
power or the arca under the spectrat densuy curve must be
unity also, We have calculated the oulput spectra on a grid of 501
poimts (£, i= 1,2, ..., 501 ic., there are 500 elementary fre.
quency bands between zero and the Nyquist frequency. When
the signal 1o noise ratio is high, the resofution aforded by 500
clements can become grossly insufficient in delermining the ac-
{ual location of the maximums of the specira culculeied by the
muximum emropy method. As the number of filtcr weights in-
crcases, Lhe spectra become sharper and end 10 wpproach line
spectra. These spikes can become so shasp that even il each
elementury band were subdivided into 500 subbands, the cor-
rect shape slilt could elude detection. We huve sulved this
difficulty and obtaincd the uciusl pusition and smplitudes of
the specirul peaks by a sysemalic search procedure, as
fellows.

q

13

8

POWER 5'[17.’::#. DENS)Tr B.T.

|

RADOIKI BT aL.: Powan SrecTra

£
]

A

PDHE! SPECTRAL DEKRSLTY B
OX) -9

&P

£ [T .. oo O 2.4
FREQUENCY/WYOUISY 60 LAGS
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Exch value of { from 2 to 500 i examined, Whenever ani s
found such tha

AU <MD > LY

then an appronimate peak hus been found. The sasumption is
made that the peak is single. Halfway beiween wdjacent point,
new ordinales are calculated. Tae above criterion is applied (o
the se1 of five points in order to select & new iriplel. The
provess it itcravcd until the ordinate of ihe peuk is within 1% of
the ordinate of both 1he nesrest neighbors. The integrul of the
power sp | density function was compared 1o unity 1o
determine if any peak had been misicd. To dispiuy simply the
aclual values of the power spectral density would be mis-
leading for power comparisons in these cases. For power com-
parisons the arca under a particular peuk is the significunt
quantity and not the amplitude alone, Therefore we have
decided Lo display the uverage power density in esch of the 500
clementary frequency bands to facilitate power comparisons
among and within the various speciral methods, Fat euch
value of i the limits of integration were fiai1m, with half celts an
the ¢nd points. The integration wus performed by using Simp-
son’s rulc & times with 2***.) ordinates. If (wo successive ap-
proximations (o the integral agreed to within 1%, 1he
p dure was ter d ir g did not occur by »
= B, the elementary region was halved, and the procedure wus
repeated for each half. This subdivision proceeded uniif con-
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Fig. 8. Levinson mazimum entropy spectrum for 60 predsction etror

coefficients.

A

.. | R1) &5 8.80 LB [ E ] LB ]
FREQUENCY/NYQUIST  BD FLtem REIGATS
Fig. 1. Burg marimum sniropy specicum for 60 coefficnis.

vergence occutred. Such carcful numerical integration
P are nat d and have not been used for the
Blackman-Tukey specisa.

Figure 2 shows a Blackman-Tukey specirum for the case of
20 lags, corresponding 1a about 8% of the sampie length. At
this mod lag ber the Black Tukey spectrum in-
dicales considerable energy at midband and at Jow and high
frequencies, bul the latter twg Tanges are unresolved o specific
frequencics. The low-amplitude oscillations appearing in the
spectrum are Gibbs' phenomena caused by the sharp com-
mencement and terminalion of the signal.

Figure 3 shows the mazimum eniropy spectrum for the cor-
fesponding case of 20 prediction efror coefficients cakulated
according (o the Levinson aigorithm. The correspondence
between lag number and cocfficiens number arises fram the
fact that the same autocorrelation functions would be involved
in calculaling ihe spectral densities. The frequencics of the
high and low components agree with the inpul frequencies to
an accuracy of ubout 1%. Although the ceniral doublet has not
been resalved, the frequency midway between the unresolved
components is accurate 10 about & hundredih of a pereenl,

Figure 4 shows the Burg, or BPEC, maximum entropy spec-
trum for the same case of 20 cocficients. The resulls are
Qualitatively similsr 10 those obtaincd for the Levinson spec-
irumn, and the frequencicr are as sccurately determined.
However, note that the peaks are considerably sharper in the
Burg spectrum,

1 is obvious that for 20 coefiicients 1he nazimum eniropy
method results are superior to the corresponding Blackman-
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Fig. B Blackman-Tukey spectrum: 39% case, or 100 lags.
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Tukey resulis. To obtain Blackman-Tukey specirs equivatent
1o these maximum entropy resulls, we must use fugher lng
numbers. Figure 5 shows the 2% lug case, i.c. 60 lags out of &
1ota) of 236. The 23% Blackman-Tukey resulty are very similar
10 B% manimum entropy results, although the peaks lack 1he
harp of the entropy analysis. A1 this level ihe
central doublel i still not retolved by the Blackman-Tukey
method. However, the power under the ceniral peak is up-
proximaiely twice that of cither the high- or low-frequency
peak, a5 it should be.

Figure 6 is the Levinson spectrum for the correspanding
case of 60 cocMicients. The improved resolulion of the mux-
ium DY hod has been d. The central peak
is just beginning to show signs of splitting into its components,
a8 is indicated by an increase in breadih and the shght flaten-
ing at the top of the peak,

Figure 7 thows the Burg spectrum for the same case. The
ceniral peak has now been resolved quite obviously into its
two components. This result clearly reveals the superiony of
the Burg technique for calculating the final prediction error
coefficient over the direct recursive solution of 1he muirin
equation {6), which we have called Lhe Levinson technique,

One more #e1 of specten will emphasize the hierarchy of
resolulion among the Blackman-Tukey, Levinson, snd Burg
spectral estimates. Figure 8 shows a Blackman-Tukey spec-
trum for 100 lagy, or about 39% of the sample The results have
improved over the previous 23% recult, bul the centeal dou-
blel still cannot be seen. By comparing Figures 2, 3, and & the
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Gibbs' oscillations can be observed (0 increase in frequency
and decrease in amplitude, as would be consisient wilh sa
wnalytic result. Figure 9 shows the Levinsan specirum lor 180
fitter weights, and the midfrequency peak has now split into us
componemts. Bul the cleft 1 not as deep as it is in the Bug
specirum for the same number of coefficients, as is shown n
Figure 10. The Burg spectrum hus remsined very siablic a1 the
number of weighis has increased. This spectrum for 180
cocfficients is slmost identical 10 the one for 60 coefficient:,

One guestion that naiurally arises is whether the Blackmaa-
Tukey method can cver resolve ‘the ceniral doublel. The
answer is yes but not until a high fag number is reached. The
9% lag case is shown in Figure 11. In their book, Blackmin
and Tukey recommend using a refalively small ratio, up o
about 10% of marimum lag lime 10 to1a] sample sire. We see
tha the modified Blackmun-Tukey spectrum finally shows
#igns of revealing the real signal only way beyond that, uimast
un order of magnitude beyond. Despite the Targe lug fumber,
no indication of instability in the spectrum is observed. Owr
unalyses of geophysicat time series slso remain stable at large
lag numbers.

ConCLUSIONS

The results of anulyses using the masimom entropy speciml
esimsie certuinly reveal it to be & promising method of tgrml
analysis. The marimum emtropy method can produce hega-
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Fig. 12. Blackman-Fukey specirs of geomsgnetic micropubatiors.
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1912 The cight curves are spectra for cuses with 10-#0
cocfficients in 1eps of 10, or from 12 10 Y0% of 1he sample
lengith. The frequency enis eatends from & 10 12 cyches/ 10 y g,
the periods range between abowt 8 and 17 yr. The prominent
peak in 1be figure is the 11.yr line. Beginning at ahout 50
cocffcients, the specitum becomes more compler with the
appearance of additionsl lines. The locanon of 1hese hnes 15
stable as the number of coefficients is increased In addiion,
the locatian of the ceniral peak is unaffecied by the appearance
of these satelhte peaks. In our opinion 1his series of 1pecire
thows no =vidence af instability a1 coeficrent numbers larger
than 0% el 1he sample length. The siruciure of the entire sivec-
trum can be seen mere clesrty in Figure 16. This figure shows
one of the previgus cases, which cortesonds to 70 coeMicients
on an exte-wded frequeacy scale. The 11-yr line is revealed as a
iriphet wity periods of 129, 10.7, and 9.3 yr, and there is
tvidence of harmonic structure 81 3.3 yr near 19 cycles/ 100 yr.
The low-lsequency apike is located #1 sbout 129 yr.

The primary purpose of this paper was 1o compare three
metheds o spectral snalysis and 10 d the improved
resolution snherent in the Burg maximum entropy technigue.
As ilusirstions of the geophysical application of Burg's
methed, specira of geomagnetic micropulsations and \he
ZDrich surspol number were given. Detailed pr ions on
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Radoski, H.R., Zawalick, E.J. lnd l-uugm .1, 1970, The superiosity uf maximum cntropy power spectiun fech-

niques nppllod 10 gromay

Several methods of spectrum analysis have been upplied to a micropulsation event iated with 2 mag

pulsatiuns. Phys. Farth Planet. Inler, 12: 208-216.

P

substorm. The micropulutions were detecicd and recorded at Sudbury, Massachuseits, U.S.A. (539N, 357.1°E, y.‘u—
magnetic courdinates). The data sample is For the period U630 0900 UT on September 1, 1970 which includes ot

of an isolated subsiorm which was p

ded by luw kevels of magnetic activity U{p = |, D300-06H) UT). Spectea were

obtained uviing 15-inin segmenta of low paxs filtered and digitized data for 1he two horizontal nagnelic Ticld com-

ponents. A dynamic spectrum was oblained by

g the data window by i of 1 min th

gh the data set,

The results show 1hal methods based ua the

py principle yield higher lution than the traditional

techniques, such os Blackman-Tukey or the discrete Fougier tratsform using the Fast Fourber transiorm dgunlhm

deation th

Multiplet structure, d by recent inicrop

1. Introduction

Geomagnetic micropulsations are low-frequency
signals superimposed upon the earth’s magnetic lield
{Jacobs, 1970). Their period range is defined somewhat
arbitrarily to be between 0.2 and 600 sec. Their mnpli-
tude may be a few hundred gammas to milligammas,
while the earth’s field is of the order of 5 - 10* ¥ at the
carth’s surface {1 ¥ = nT). There is a similarity in period
between these small magnetic disturbances and micro-
seisms. While microseisims aze associated with coastal
disturbances in the weather (or stonns), micropulsations
ofien are associated with styuctural distuthances {uor
storms) in the magnetosphece. The main magnetic ficld
has its source within the earth, but micropulsations
have external sources. They are gencrally cunsidered to
be manifestations of hydromagnetic waves propagating
at the Alfvén speed in the magnetosphere. A charac-
teristic tine for magnetospheric oscillations may be
obtained by dividing a scale size of the magnetosphere,
¢.g. 10 R, by an average Allvén speed, e.8. 0.1 R fsec.
This would give a characteristic period of 100 sec,

, is sharply resolved by

which is in the micropulsation range. Thus, micro-
pulsations may represent the resonant vibrations of the
magnelosphere cither in lts entirely or of various of ity
structural features (McClay, 1970; Chen and Hasegawa,
1974). Micropulsations are potentially a sensitive toul
for diagnusing the propertics ol the magnetosphere. As
the magnetosphere changes because of its varying inter-
actlion with the sufar wind, the properties of inicro-
pulsations shuuld respond. A fundameintal propectly of
micrupulsation signatures is their frequency content
and its variation with time. Therefore, il is important
to have a reliable method ol spectzum amalysis. In recent
years there has been considerable interest in a technique
uf spectrum analysis called the maximum-entropy
method (MEM), developed about 1966 by J.P. Burg
{Ulrych and Bishop, 1975). This method appears to
offer results which have higher resolution and accuracy
than standard methods (Radoski el al., 1975). I1 is the
purpuse of this paper to investigate both micrupulsa-
tions and the maximum-entropy method by calculating
and comparing spectra of a particular micropulsation
evenl.
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2. Insrumentation

The micropulsations are detected and recorded at
Sudbwry, Massachusetts, L1.S.A. by measuring the time
rate ca change of the earth’s magnetic field, The co-
ordinates of this station are 42.4°N, 288.7°E (geo-
graphic); 53.9°N, 357.1°E (geomagnetic); 56.9°N,
3.2°E corrected geomagnetic). The horizuntal com-
ponens, X and Y, are directed towards geugraphic
north nd east. However, at this location, the gradient
to the lines of constant corrected geomagnetic fatitude
is witin & few degrees of the geographic meridian
(ComEart, 1970). Therelure, the hurizontal geographic
companents {or the Sudbury station also can be con-
siderex a3 corrected geomagnetic components. The
horizental instruments are solid mu-metal core induc-
tion cuils and 1he vertical instrumenl is an air core
induczon coil consisting of several 1-m square sections,
The twrizontal components are recorded on both high-
and loa-sensitivily tracks to yield a total dynatnic range
of T04B. At Ou1 Miz, the recorded horizontal magnetic
(icld ¢ an span a runge from aboui 1 my 103 ., Com-
mercia solid state preamplifiers are used and the sig-
nals a=x FM recorded on magnetic tape at 0.1 in.fscc.
The response cf the system in measuring # is fat be-
tween 3,001 and 0.1 Hz. Six analog tracks are recorded
simul ancously: high- and low-sensitivity X and ¥, the
vertical companent Z and a time channel.

3. Dat= reduction

The data were digitized al a rate of approximately
17 pounts per two seconds. The actual time increment
was caculated to be 4 = 0.1 168573 sec ftoin 77,017
data peints in exactly 2.5 h. The corresponding Nyquist
frequeacy was vy = 4. 2787 He. 1t was assumed that
there was no significant power recurded above the
Nyqu.zt frequency. The results indicate that this was a
consevative estinuate, Since we were interested in
perioc greater than 10 sec the data were filtesed and
“decimated” by taking every 30th point. The new
Nyyu ot porisnl becase 7.00 14 see, The filter was a
14 1-puint syneneteical numerical fler of the least-
wjuare, type (Belunnon and Ness, 1966). This low-pass
filter a5 4 cosine shape. To avoid any possibility of
aliasin z, tre cuk-0dT period was set a1 8,153 sec. Sub.
seque L spectral analysis indicated that very little power

20y

was present for periods shorter than 15--20 sec. The

Y duta were normalized by subfracling the mean of
the 2.5-h sample and dividing by the standard deviution
The X data were similusly ireated excepl Lhal the Y-
standard deviation was used in arder 10 penmnit ampli-
tude comparisons between the horizontal components.
In addition, the mean was removed from each 15-min
sample before its specirnn was catculated. This was
dune 10 smooth the fong-period end of each spectrum
by removing the de component and periods lunger than
the time window, Since the Z data had been contam-
inated by local noise during this perind, it was decided
to furego 3 detailed spectrul analysis of this component

4, Dats and spectn

‘The data ssmple is for the period 0630 0900 UT
on September 1, 1970, This period includes most of
an isolated sub-stonn which began about 0655 UT
(Kisaheth and Rostoker, 1974). The substenn w.ls
pn.udcd by low levels of magnetic activity: K
1° fos 000U~ 0600 UT. The data samples fur tre
horizontal components ure shown in Fig. 1, in which
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the time unil is abeut 3.5 sec (hall of Nyaist period).
Spectry were obtained from | 5-min segments of the
digitized low-pass Giftercd data of the ¥ and ¥ com-
ponents, Dynamic spectra, representing the change in
tine ol the spectia, were cotistrucied by moving this
15-min data window in steps of 1 min through the
data, giving 136 spectra in all, The varions spectral
estimates will be compared by using a partscullar 15-
min purtion of the data, corresponding to 1he 35th
record. This record is shown in Fig. 2. Once again the
1ime unil is 3.5 sec.

The discseie Fourier transform (DET) estimate
using {he popular fast Fourier transform algorithm {1 FT)
is shown in Fig. 3. The FFT algorithm is simply a ast
method of calculating the DET {Couley and Tukey,
1165). The spectra shown here have not been smuolled.
PSD stands for power specteal density, For the Black.
man-Tukey and maximum entropy power spectra, which
are Lo fullow, we found that 3 SO1-paint spectrum or
SO0 edernentary frequency bands hetween zero and the
Nyquist frequency produced a reasonably sinuath spec.
trum, We wished 10 obtain an equivalent munber of
clementary frequency bands with the DFT. In order to
calculate a spectrum of comparable smocihness vsing
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the FFT algorithm, we require a power of 2 such that
haif of this value is approximalely 0% namely, 2'° =
1,024 Thus, we have 512 elementary frequency bands.
Since these were 257 observations in the 15-min data
sample, 767 zetoes were added to (il out the sample.
The pracedure of adding zeroes has baen 3 subject of
debate especiatly in cases where the number of added
sesves greatly ouiweighs the rumber of data points. In
our case the ratio of zeroes to data printsin 3 2 I,
while other workers have used even larger ratios (Fra-
see-Smith, 1972). We ace not necessarily advocating the
zera extension of Lhe data, although such & procedure
is defensihle as an interpulation techrique (). Bruce,
privaie communication, 1975). However, we are using
whalever means of improving the resulution of standard
spectral analyses are available in order to pravide the
fairest possible comparison with maximum-entropy
specita. From the fact that the frequencies st which
maxima occur in the specira calevlated from the DFT
and Blackman-Tukey methods agree 30 well with those
derived from such s radically differend method ss maxk
mum entropy, it seems reasonable to zonclude that no
significant spusious peaks have been areated.

Ideally, the resulting spectra should be identical
whether we calculate the power spectral density from
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the square of the absclute value of the Fourier trans-
form as ir the DFT method or frem the Fourigr trans-
form of the autocotrelation function as in the Black-
man-Tuker method. Thus, the Blackman-Tukey spectra
givens in Fae. 4 are similas to the DFT results. These
specwa we ¢ calculated using a very large tag number
(99% of the saruple length) and a Hlamiing window.
s high lag number produces the best resolution and
the dosest conespondence with the DET estimanes.
Such a higa lag number is far beyond the number usnal-
ly reeomrmnded lor caleulating Black man-Tukey
spectra, which is about 10% of the sample length. In
test cases mn hoth micropulsations and synthetic sig-

nais we have fuund no instabilities using large-lag num-
bers. Un the contrary the spectra we liave exarnined
cluinge smoothly as the lag number is increased (Rudo-
skiel al, 1975).

The wiproved resolution affurded by the maximum
entropy method (MEM) of spectral analysis may be
scen hy 4 study of Fig. 5. This spectral technigue is also
referved to as BPEC, which is an acronym for Burg

‘prediction-errae coelficients, These specira were cal-

culated using only 80 prediction-erior coelTicients
which corresponds 10 31% of the record length. For
tiw suke ol comparison, the correspunding Blackman-
Tukey case will a lag sunber equal tr 31% of the
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Fig. 12 Dynamic maxinsess cotropy specirent uf the ¥ companent: hack view,

record Jength is shuwn in Fig 6,

Several more peaks were resolved in the maxinwm-
entropy spectra when the number of prediction-grron
coeflicients was increasesd 1o 140, or 55 of the record
length, in Fig. 7. For example, the low-fregquency en-
ergy has heen resalved into sharp peaks and the ¥.
cumponent peak near 17 mliz has been split into a
duublet. Such complen line spectra are predicied by a
:;::Te:l theory of magnetospheric resonances (McClay,

3).

11 has been suggested that the number of prediction-
error eoefTicients should not exceed SO% uf the record
length because spectral Instability may vccur (Currie,
174, Ulrych and Bishop, 1975). The question of the
optimunt number of coelficients to use is sull en-

reselved. Towever, in this case, as in the Blackman-
Tukey calculations, we have not abserved any unstable
results arising from the use of 3 large number of coef-
ficients. We have ufien oblained excellent results for
signuls wilh knuwn spectra using coefficients cor-
responding to almost 100% of the filter length,

The Blackman-Tukey spectra for a lag number equal
10 55% ol the record length are given in Fig. 8. In es-
sence, there is no comparizon beiween the two meth-
oxls at equivalent levels, Alt three methods (the zero-
extended DET, 99% Blackman.Tukey, 55% maximum
entropy) give practically identical frequencies of their
maxima but the resolution bs considerahiy sharper in
the maximum-entropy method. This is emphasized in
Fig. 9 which shows luganthmic plots of the ¥ com-

7”5

X COMPONENT
SULCBURY, MA
0620-0900 UT
| SEPT 1970

1ig. 1). Dynamic maximum enttnpy spectint of the X component: hack view.

ponent. The extra detail comes from the fact that we
ate plotting three orders of maguitude. The excellent
agreement among the numerical values of the principal
frequencies calculated by three different technignes
fndicates that no appreciable instabilities were intro-
ducea) by the methods.

The develupnuent in time of the maximuni-catiopy
spec: 13 of the micropulsation event is shuwn i Figs.
10. 13, Fig. 10 is the dynamic spectrums of the ¥ com-
ponenl. The two-Jold structure of the event is indicated
by the twin bursts of energy at ubout 1700 and 0730
UT. The pesiod is approximately 130 sec for the mnst
prominent peak near ¥ anlle. 1731 is asswned that the
ohsexved 130-se¢ petind is produced hy 3 resonant
oscillation of the Sudbury Tield ine st £ = 3.2, then
the saleulated Alfvén speed would be abinit 670 kinf
sec, 1 reasunable valie. In the caddies pulse there is a

well-defined secomlary peak nest 18 mily and minimy
structure above 20 miz. Fig. 11 shows the X com-
punent. The predominant X componep! frequency is
approximately the same us that of the ¥ compenent.
Huowever, there is clearty an istund of “high-Trequency
activity ncar 40 milz at 0715 UT, This energy burst i
unique to the X companent, Giher obvious dil ferenc
are that the sceondary peak annad 15 nrl bz is con-
sudesably fess wellstinctnred in X than in ¥ amd the
event near 0730 UT is much weaker, These three-
dimensivnal plots can be manipulated 1o give a view
the topugraphy of the event frum any ehevation und
angle desneil. Ay an example of 1his change in perspe:
tive, the Far side of the event is shown in Fig. 12 for
Yoandin Fig. 13 o X,

A study ot sunple theoretical models of coupled
Tiychomoapnetic waves indicates that the chavacleristic
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field line frequency associated with a given latitude
should be excited. There also should be a preferential
transfer of energy from the X to the ¥ component and
the spectra of the two components can be differcot
(Radoski, 1974, 1975). Although it obviously will re-
fquire a bit more than the study of a single event at a
single station to interpret micropulsation signatures,
the results obtained for this event are encouraging. A
further study is in progress comparing the Burg spectra
oblained a1 Sudbury with & similar analysis using data
from the meridian line of magnetometers operated by
the University of Alberta along 301°E cotrected geo-
magnetic longitude in northwest Canada. We hope 1o
develop a model to explain the featutes and variations
of the spectra and 1o characterize the general siate of
the magnetosphere and the level of magnetic activity.
It should be mentioned that the Swilbury siation is the
first in an AFCRL magnetometer nelwork 1o be es-
tablished throughout the United States. A longitude
chain of five stations near 55°N geomagnetic Iatitude
will be operating in carly 1976,

§. Conclusions

In studying the maximum-entropy method and com-
paring its results to those of other spectral techniques,
our principal application has been lo geomagnetic
micropulsation signatures. We also have applied MEM
to various other geophysical time series, such as: the
international magnetic character figuze, Cj, the Sval-
gaard AC index of inferred solarwind secior structure,
the Ziirich sunspot number R, and data on the Chand-
ler wobble. We have also made intensive studies of ideal
signals such as groups of sinusoids, both with and
withowt damping, rectangular pulses and Gaussian
pulsea. The only difficulty that has been encountered
involves cases of single sine waves in the presence of
low or no noise in which the application of BPEC
sometimes yicids multiple peaks depending on the
phase of the input (Fougere, 1975). Except for this
special casc, all of the results we have obtained Jead us
1o conclude that the high resolution of the maximum-
entropy method and its independence of window
Functions make it the best method of specitum analysis
yet devised,
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The Burg maximum entrupy power spectral estimade ylelds exicemcly sharp specirs with high sesciution, I the

neise level is low, the power i clossly b

cxrtain i P line: spli

We have di d , that under

ing ucrurs; lines which should be single split inlo two of mure componentd.

A series of compater experiments uslng srtilicial tites serics was performed with the following results. If the signal
length is any multiple of 0.5 cycle Ihere Is nu splitting [on any iniual phase of the sine wave; in fact, the speclrum is
extremely shasp and stabic. The same cesult applics 1o u vignal icngth which is an odd multipk of 0.25 cyule but
oaly with ar. Initiat phase of 0 o $0°. The splitting is most severe if the signal lengih is an odd mulliple of quarter
crcles and the inilial phase is an odd mwitiple of 45°. In this case splitting pervists cven for signats 3s lung a3 49.25

crcles.

1. Intraduction

In physical time series analysis, a power specl'rum
may be estimated for the purpose of finding hidden
pericdicities in the data sample. Two popular methods
for making such an estimate are called the Blackman-
Tukey method and the Cooley-Tukey meihod.

In the Blackn:an-Tukey (1959) method, the data
outside the obserwtion window — that is before the
data sample beging and after it ends — are set cquak
to zero. In the Cooley-Tukey method — which is
teally nothing more than a Fourier analysis carried oul
vsiag the fast Fourier transform algotithm ~ the data
sample “epeats itself in both time directions — forever,

In the maxknum entropy method (MEM) conceived
by Burg (1975), no assumptions about extending the
data are required — in fact, the method explicitly is
nurcorumittal absit the extension of the data. Be.
ey SR s e aeaqane st bt data
et e W e v s e byl v
divectic ns. It does s by genevating a prediction-
error fiter — which when applied (o the signal gives
the errer In a one step prediction -- technically an

innovation - in beth time dizections.

The method, described more fully in Smylie et al,
{1973), Ulrych and Bishop (1975) and Radoski et al.
(1975), is sometimes referred to a5 BPEC for Burg
prediction-crror coefficients. The key independent
variable is the number of filter coefficients which

corresponds to the number of lags in a Blackman-Tukey
specirum.

2. Synthetic signals

Qur analysis of synthetic signals was motivated in
part by the work of Chen and Stegen (1974) who
studied the MEM spectra of sinusvids with additive
Gaussian noise. They termed cercain spectra “un-
acceptable™ if the specteal peak was very broad or if
there were (wo or moie significant peaks. They attri-
Msted muligple peabs a5 due Lo an ymphiication of the
el aran donw Ty A ey bange umber of
e woghts,

However, we will thow that & large number of filter
weights is not the critical pacameter. Furthermore, the
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effect i nat caused by 1ou high 2 noise level; un the
cuntrary the muliiplet stiucture shows up most clearly
when the noise level 1s quite low.

As can be observed in Chen and Stegen’s figs. ) and
4, maximum degradation of 1he spectium is achieved
when the signal length is an odd number of quarter
cycles and the initial phase is an odd multipte of 45°,
Qur results confirm this finding.

Case I Comparison of resofutiom: MEM vs, Blackman-
Tukey. To give a feeling for,the difference in results
produced by Blackman-Tukey and by MEM, both
melhods have been applied 1o an artificial time series.
Fig. | shows a trace of the signak which was analyzed.
The signal was sampled at 257 equally spaced pnints
and consisted of 3 sum of four sine waves ol equal
smplitude tv which was added a smal amount of white
noise with a flat distribution. In the case to be pre-
sented, the noise amplitude was one-ha!l of the sine
wave amplitude. This cosresponds to & signal-to-noise
ratic of 24, The contribution from each tine wave to
the power is 5712, where § is the amplitude of the
signal; the white-noise contribution is A3, where N
.1is the amplitude of the nvise. Thus, the signal-to-noise
" rutio is 6(S/NV). Seversl ather cases, whose resulis are
available, considered the xame signel and larger noise
amplitudes down 10 5/N = (.25, The frequencies of the
four sine waves were selected o Lhat thete would be
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Fig. 1. Aniificial time serics composed of fowr, walt ampliiude
tine waves of frequencies 4, 64, 65 and 124.5 11z, mimpled 157

Uimes 81 1 gec intervala. Iint white nokse with sn smplitude of
0.5 hat been sdded.

one component al 2 high frequency with respect to

the Nyquist frequency, one component ot a low fre-
cncy and the remaining fwo components close to-
gether at 3 wid-liequeney. The minl-fiegnency Tonblet
was Lo serve a3 8 measure ol 1he resobution of the
speciral analyss. IF the time represented by the sampled
signal shown in Fig. 1 is | sec, then the Nyquist fre-
quency i |28 Hz, and the four sine waves have fre-
quencies of 4, 64, 65 and 124,5 Hz.

Fig. 2 shows the Biackman-Tukey spectrum estimated
using 251 Jags of 98% of the sample length. This is a
good spectrum — but 9R% is far beyond the numbet of
lags usually recommended — about 20% or less. The
douhlet was resolved only In the vicinity of the large
Iag number.

Fig. 3 shows the MEM spectrum with only 60 pre-
diction-error coefficients, about 23% of the sample
length. It is apparent that the spectrum Is much sharper
than the Blackman-Tukey spectrum. Also, the four
output frequencies reproduce the input frequencics
very accutately. In this case, the maximum-entropy
method is supertior lo the traditional techniques as
exemplified by Blackman-Tukey.

Cose 2. Single sine wave, variable phase, one full cycle
In the first test case, we used a flat-noise disiribution;
the remaining cases all use Gaussian noise with zero
mean and unit standard deviation. Case 2 consisty of &
single sine wave of undt amplitude with 107* noise
amplitude. The signal is one cycle of a 1-Hz tine wave
sampled every 0.05 sec, giving 2| dats points. The
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initial ghase varied from 0 to 180° in 20° steps. Fig. 4
thows the ten MEM spectra plotted in s three-dimen-
tional perspective plot using the logarithm of the
power speciral dencity as height. The small peaks
visible in the figure are many orders of magnitude
below the huge, 1-Hz spikes. If the resulting imaginary
solid Migure has hidden lines, these are suppressed. For
these spectra we used 20 weights — 95% of ample
length and the spectrum remains stable as the initial

phase i1 changed from zero to 180”. This shows 1h
the use of a large number of weighty is nol necenta
harmiful.

Case 3. Splitting with an odd rumber of quarter ¢)
versus initial phase. The test signal used here wasa
unit amplitude 5-Hz sinusoid, 1.25 cycles long witl
noise amplitude = 107*, campled six times with &
0.05 sec. Maximum-entropy specirs were obtzined
using six weights with the initial phiase varying bet
0and 180 * in 2° Increments. The 91 spectra, plot
in Fig. 5, display a figure “8" pstiern with ne split
11 0, 90 and 180" initial phase. For all other phase:
the specirum is a sharp doublet with maximum sef
tion obtained at 45 snd 135°, In this case, as well
in case 2, the large number of weights used has not
introduced difficulties.

Cuse 4. Effect of signol length. Using the worst con
bination of phase [45”) and signal length (odd nur
of quarter cycles), the frequency was varied betwe:
1.25 iz and 49.25 Nz in steps of 2 Hz. The sampli
Interval was 0.01 sec giving a Nyquist frequency ol
Hz, and nvise of amplitude 10°* was added. For 1l
case only 25 weights of 9 possible 101 were used ir
prediction-ersor filter, Fig. 6 shows splitting in eve
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ig. 4. 10 BPEC specty of one cycle of & unit smplitude. 1.z sine wave to which Gavssisn nolse of snplitude 107* has been
mmpled 21 tiines, The inltial phasc varics from 0 to FRIX insteps of 20, 2t filser welghts were used.
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L. 5. Ninety-une BPEC spectra of 1.25 cycles of & wnit amplitude, 54112 sine wave (with 107* amplitude of sddisive Gaussian
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iniliat phase ssmpled 181 times in one sccond. The frequoncies

of the signals are 1.25,3.25, 5.25, ..., 49.25 -c.umn white nuise of amplitude 167 has been added to exch signal.
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Fig. 7. An enpanded vension of Fig. 6.

case. At bath low and high frequencics the specisa

ae sharp triplets while at intermediate {requencies we
have sharp doublets. Fig. 7 shows an expanded plot
of the intermedéate frequency region ftom 15 to 35
k2. In both Figs. 6 and 7, the fluctuating noise peaks
o-¢ approximately cight orders of magnitude below
the sharp multiplets.

3 Summary of test cases

The preceding test cases have shown that:

(1) MEM spectra have higher resulution than Black-

man-Tukey spzctra and they uchicve their high resoly-

tlon using & smaller number of weights.

(2) MEM specira of signals containing an integral
number of hali-cycles are correct and display no split-
ting For any initial phase. This is truc despite the use
of a very large number of weights (20 of 21 in case 2}

(3) The splitting problem is mast severe when the
signal is an odd number of quarter cycles and the
initial phuse is an odd multiple of 45°. For an initial
phase of 0° or uny multiple of 90°, there is no splitting
{or suy length uf signal.

{4) When the splitting problem is most tevere,
lengihiening the signal does not ameliorate the situation.
Even foe sigaals os long as 49.25 cycles, the spectium
still gphts.
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4, Application (o Zirich sunspot numbers
Thus far we have studied ideal signals; the next

logical problem concerns the MEM spectrum of a real
peophysical time series. One such time series, which is

xRl
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Fig. 8. The sunipot numbers smoothed using a 49-noint least-
squares low-pass Tl applied 1o the monthly meams of Ry,
and decimyted {ampled) once per year. Indtial year s 1751,

quite well known and which has been studied ex-
tensively Is the series of monthly mesn Zisich sun-

spot numbers, A maximum entropy spectral analysis

of the sunspot numbers has been given by Currie
(1973). Fig. 8 shows & smoothed and decimated version
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Fig. 9. BPEC spectrem of data in Fig. 8 wing 13 filter weights
First |93 observations (appronimately 17.75 cycles of the
nominal |l -year line) wers used.
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Fig. 10. 25 DPEC spectea of the signal of Fig. & vsing 1935 years wilh a start time of yest 1 @ 1751, year 2 = 1752, year 35 = 17178,

of this sunspot sesies, with the time given in years. The
mmoothing was sccomplished by using a low-pass sym-
mettic 4%-point least-squares filtes { Behannon and
Ness, 1966). The smoothed series was decimated by
selecting each 12th point to yield a Af of 1 year, giving
2 Nyquist (requency of 0.5 cycles per year. MEM was
applied to the first 195 years of this data sample. A
length of 195 years was chosen to be at close a2 pus-
sible to 17.75 cycles of the nominal 11-yeart line. The
odd numbet of quarter cycles was chosen in an at-
tempt to induce spurious splitting in accordance with
the Aindings of test case 3 above,

Fig. 9 shows a linear BPEC spectrom with 25
filter weights. The [1-yeat line indeed appears to wilit;
the major peak is at 10.94 years and the smaller peak
to its right is at B.40 years. Il we change the initial
phase of the nominal 1 1-year line by moving the data
window ahead one year at 2 time, we might expect the
splitting to vary as it did in jest case 3.

Fig. 10 shows no such behavior, Here we see 25
specira of the data samples 195 years long with start
time of year 1 = 1751, year 2= 1752 and %0 on up to
year 25 = 1775. The 1 L.year line and the B.4-year
companion are quite tiable.

Thus [ar, the phenc of spont splitting
has been identified positively only in idesl test cases.
However, we feel strongly that MEM should be Je-
signed 10 work correctly in all cases, easy cases as well
a3 difficult ones, The problem was solved by one of
the suthors {PFF) just us the present paper was heing
completed. A preliminary sccount of this solution has

iLF)

been presented (Fougere, 1975), from whom the inter-
ested reader may obtain a copy. A full account of the
sulutivn, being prepared for publication, will be sub-.
mitted to the Joumal of Geuphysical Research,

References

Behannon, K. W. and Ness, WK, 1966. The design of numeri-
cal fifters for peomagnetic dats analyser, NASA, Rep, No.
TN-DIL.

RAtackrnan, R B and Tukey, 1. W., 1959, The Mcasurement of
Powsr Spectis Trom the Pulnl of View of Communication
Enginecring. Dover, New Yoek, N.Y., 190 pp.

Burg, )P, 1975, Maximum entropy spectral anslysis. Ph.D.
Thesis, Stanford University, Palo Alto, Calif., 123 pp.

Chen, W.Y. ynd Stegen, C.R., 1974, Experimenis with
mpximum cnisupy power specits of sinwsolds. J, Genphys.
Res., 719: 3009 3022,

Cunde, R.G., 197, Fine structure In ihbe sunwpot spectrom —
2 10 10 yean. Astrophys. Spece Sci., 20: 589 318,
Fougere. P.I1-., 1975. A solwtion (¢ the problem of aponty-

noous line splitting in A Ny power s
anslysin. EOS (Tians. Am. Geophys Union), 56: 1054
{sbslrxcl),

Radotki, ILR., Fougere, P.I. and Zawslick, EJ., 1973, A

p of power wp A esih ond applicath
the maximum enirnpy method. 1. Geophys. Res., 80:
619625,

Smybic, D.E., Clarke, GX.C. and Ukrych, T.1., 1973, Anal-
yuh of irregularitics in the earth’s otation. Methods
Compul. Phys., 13: 391- 430,

Ulrych, T3 and Bithop, T.N., 1975, Manimem eatropy spec-
tesd ansiysh and grenive & pusition, Rev, Geo-
phys. Space Phys,, 1) 181200,

of




VOL, 82, NO. 7

JOURNAL OF GEOPHYSICAL RESEARCH

MaRCH |, 917

A Solution to the Problem of Spontancous Line Splitting
in Maximum Entropy Power Spectrum A nalysis

PauL F. FouGEre
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Under certsin conditi Burg

ropy spectrs of sampled tine waver, in the presence of

additve Gaussian white noise, show cither spontanecus line spliting ¢al low noise levels) or appreciable
frequency shifting (at moderate noise levels). This dificully arises because an UNBECESATY CORMIfaIN is

o

of the 1

d during the

error power. When the consirant in relined und &

lighter one imposed. the error power decreases and the problem is solved. The nusure of (he consiraint is
di d. and the | ical detals of ke mew method are presented The new metbod i venificd by
wsing a few simple lest cases in which spomancous line splitling is healed of frequency shifting is reduced

deasically {Fougere, 1973).

INTRODUCTION

In a recent paper, hereinafter referred 1o as paper |, Fougere
et al. [1976] have shown 1hat under ceriain conditions the
maximum eniropy method using Burg's [1973] prediciion er-
ror coefficients (BPEC) produces power spectea which display
spurious line splitting in the presence of low noise. For general
information on Lhe manimum entropy technique, see also the
papers by Smyplie ¢1 al. | 197)), Ulrych and Bishap 1915}, and
Radoski et al. [1975). 1t will be shown here that splitting oceurs
only in the low-noise cuse. when the noise level is gradually
increased, the spectrum is broadencd and the muliple peuks
coalesce into a singie peak shifted substantially away from the
correcl value.

For a single sinuscidal signal in the presence of Gaussiun
noise the conditions most favorabie 1o splitting-shifting are an
initial phase of 43* and a length equal 1o an pdd number of
quarter cycles. Splitling does not occur as a resull of using »n
overly large number of Blier weights, as is frequently claimed
in the liwerature [e.g., Chen and Stegen, 1974; Currie. 19M4).
For example, it was shown in paper | by using 20 Rlier weights
with a dala sample consisling of one cycle of & sine wave

sampled 21 times with initial phase varying belween 0 and .

180" thai the spectra are extremely sharp, stabie, and accurale
single lines. Ulrych and Bishop [1975] claim on inluilive
grounds that & 50% ratio of the number of weights to the
fargest possibl ber should be considered an absotute up.
per limit. Conversely, when only 23 of a possible 10) weights
were used, splining occurred in every cate for tine wuves
tampled 101 times in | 5 with an initial phase of 43* and a
frequency vurying from 1.25 Hz through 49.25 Hz in steps of 2
Hz.

Chen and Stegen | 1974} claim that splining occurs as o result
of amplification of noise when the number of filier weights is
too large. In fact, the determining parameter is nol & dugis
number of filler weights, and in addition, splitting occurs only
in Ihe low-noise case. Chen and Stegen [1974] ulso claim that
the frequency shifting sometimes observed in BPEC specira is
similar 10 that described by Jackron [1967). In actual fact,
Juacksun's worsl cuses were sine waves an even number of
cycles lang with either 0" or 90% initial phase. For these 1wg
cases, BPEC spectra are neihet split nor shified bul are ex-
tremely accurate. Thus the problem of splitling or shilting is
vnique 10 the maximum entropy method and has very little in
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commaon with problems besetting other pawer spectral estima-
tion techniques
The following section will present the muthemutical detsils
of the method which corrects the splitting-shifL ng problem
but the general idea witl be presenied here.
In Burg's method a prediction error filter is obtained as

follows. The highest-order coefiicient is determ ned by min-
imizing the error pawer outpul from the filter in both time
directions. The remaining coefficients are deicrm ned by using
Levinson's algorithm [Levinson, 1947], which nvolves pre
viously determined prediction error fillers. This provedure is
sufficient to ensure thut the highest-order coclficient has o
magniude less thun { and that the Z iransform ot the filter has
all its zeroes outside the unil circle. This procadure is aol
however, necessary. When we consider the triangpular maths
contuwning the prediction error filiers ax rows, it is necessury
and sufficient that all diagonal clements (calied he reflectior
coefficients) have a mugnitude bess 1han | and tha the remain.
ing elements are determined by using the Levinsen algorithm
1 the entire mutrix is redetermined each time @ new predictior
error filter is found and if the diagonal elements are 1hought o’
a8 independent variables d to huve mugnimdc bess thar
1, then the minimization problem hus more degrees of free-
dom, und 4 lower minimum can be found iteratinely by begin-
ning with same set of coeficients as a first approx masion. The
Burg coefficients wilt usually serve as reasonuble staning val-
ues for the iteration. The disgonal elements arc made to lic in
1he correcl range by selling cach one equat to & censtun imes
Lhe sine of a real ungle. The use af this procedu ¢ hus soived
every problem of spontaneous line splitting thus Lir anempied
in the low-noise case and has correcied all excessve line shilt.
ing in the moderuic-noise case.

In most practival cases with real data the Bury cocllicient
afford an excellent sturting point. Convergence 1o the linal
nonlinear solution occurs quite quickly after - very small
number of derations. However, there are situamons, for ex-
ample, sinusoidal signals in the presence of low e rse. in which
the Burg coeflicients rre nol even guod first apmrosimations.
and convergence from them may be guile slow, requiring
mauny lens ol sicrations. [n these cuses it may be heller 10 sturnt
with u previously converged nonbinear set and 1@ increase the
number of filter coerficienis gradually. This procedure has
ncressed the speed of convergence in many cases by a fucior
of 2 or more.

Another procedure has been suggested independently by

the U5, Governmenl k suiharizea 10 7eptoduce ENO e this resor,
feRtoduciion by oiners mus be obisined from

the COPYright dwner,

1os2

Foutrn: Sutumiun 1o Maximum Entoory Line Sk irtinG

Ulryek and Clayion {1978]. They remuve all constraints and

solve the normad equati for the predicti error filiers. Thi

procedure is much lunter than the present nonlinear procedure.  here &, is any real ungle and U it o
However, as Bary {¥975) hus poinied oul, the procedure does
ROl necessarily produce a tre prediclion ereor filier, As 1he
number of Ll weghts is increased, it hecomes more und
mie hkely that vne or mere of (he routs will lic inside the uni
_cnrcle‘ When that happens, the Rlter is unstuble und Bives an
incorrect speciram. 11, on the other hand, the roots all ke
luuunl.lc the uni cirde, the unconsirained results should he
identical (exceps for roundofl and other numerical errors) o
the r.ﬂulll of 19¢ new monlinear lechnique. The nondincar
technique guarasiees 1har 1he solution is always a true predic-

lon error litter Raving all its rovts lying outside 1he uniy circle.
This will be tre even if the method fails 10 converge because
by vonsiructior  the  diugonal elemenis (the refleciion
coefficienis) oll bave magnitudes bess than |,

In a sense, the new method lies between the waconstruined
Jeasy Mquuter mehod of Ulsych and Claylon and the overly
conslrmv_wd meid of Burg. The consttaint in the new
mﬂl!nq 15 precisely necessury and sufficient Lo produce 3 true
prediction crror filter which yields the lowen possible error
power.

Diaanes MATHEMATICS

We ure given an A-poind date sample (x
- Xyt A, ) mea-
sured ut eql_aully spaced values of an independent va.mahle
usually considered to be 1ime. Define an (m + 1}-poin pr:dic-‘

tion error et (PEF (). gy g -+
prediction errors are wdmn "0, fan) Such thal the k1

-
= .z. Taam-tmi

- 1))
'n"?_;l'nr‘m km b2,3, 0 fmpy

whcr_c &me ® Land ¢y, and oy, are the forwurd and backward
[}n:du‘!um Freors, especlively. Note thul white the prediclion
!lller Ssociaied wi b the PEF can be ysed to make prediciions
#ita the fulure bey and x, and inta the pust before x,. it is here
us;ld unly"uv:r the dats sumple us piven,

ow the mean square predicti
power. in both time duccliupls isd o1 €rar. or mean ereor

Pu = 280 - m) i. T @

IFLthe PEF"s (with (e Ieading *q* suppressed) of ull orders 1, 2
7T ™ are patherec in ane matrix G we may write o

LT
K fn
[ '
) [k]]
Rt Kme Cr Knm

Il has been shown by Levmsen [1347] that the off-diagonat

€ ements of 6, are determined from (he dia,
. - onal elem,
using the Levinson wigorithm: ' e by

LL Rl ST A FN 43
Bury [1975) has shown 1hat if the disgonal elements of Gu lie
n th_c funge - | < gy < I, then the PEF 4 minsmum pha
Uit s, its £ transforr hus alf it Zeroes oulside the unil circle'
In order 10 enforce (}is condilion, st .

23

3 &= Using, [L1)

" o5itive con: i
Jess yhun urity. The aclual value n';' (1T :: :‘r::llo'::::l:i
Praciice depends upon 1he word leagih of the compuler on
which the calculation is cartied out. The present tukulations
were made by using the CDC 6600 with a word length of 60
bits; & = 0.999999 wus found 1o be satisfactory. If now (he
enlire sct of (g, j = |, m) is varied, the PEF wil ulwiys he
minimum phase, and we can find an absolute minimum of P,
A salislactory value of U is  posilive number, close 1o b:t
Jess [I?Hll 1. such that the roots of 1he Z Aransform of the PEF
will, in fact, al) lie autside the unit circle. If the roots are
del_ermmed Rumerically in the case o i
noise, then U can be adjusted to keep the root closest 1o unity
olulsndc the unil circke. For example, if U = 0.999999 were w
yield u root equal o | in magnilude, then a smaller value, say,
i - 0.99999. would be Iried. The procedure would be repen:cd‘
until a small enough value of U were found such tha all of the
Fools would ulways lie ouside the unit circle. The sstisfaclory
w_;lu_c of U is ohvigusly u sensitive function of 1he number of
bits in cuch computer word,

By fallowing » method used b i it
in 0wl e o etk y Cain et ol, [1967], variations

=00+ a0, 6}

Now expaqd the prediction errors tos in & Taylor series abour
¢, und retain only the first (wo orders;

o ¢,
Lo ™ " 4+ E —a‘i‘f“, 7

Substitute (7) into {2) o gei

1 A
Fuw0%n - ) ( ] )‘
) ).‘z ‘2. (LR ?_‘1 . an ] (s
Set (#PulBr8,) = 010 find the minimum error power and

then rearrange the resuiling equation slightly 10 get
T

Fan -z': -E- o, o8, a8, - "__t. ;u '".ﬁf )
am 12 -.m
Equation (9) is now lincar in the set of correction
s M, and can
tflerefme be m_lved by standard matrin meshods. Thle correc.
tions ure sl:ubslnluud inlo (6), and the process is repeated until
the corrections 48, become sufficiently small,

" lr::la;:e: 1 find the dcriutivc(a-../ao,j we differentiate (1)

LT L
20, - ;I Xerm v

o,
10)
L™ - T [ ‘
N, .zl Koy 3';

where 1he summations pow inatf= |
its derivative vanishes. bee peEtuse g @ | nd

Since g, = /i [

? ERy @ [
L. LA
al, a8, ag, cos 4, L/ N on
y‘u!inp the Levinson algorithm we can find all necessary
derivalivey:
o, 8. 44 [
Rl e ek Y SV FRTP

For exumple, el >t + I P00/ Bgyy = g, Pen/og, =

0. und dgun/itgu = 1. Note also thal ap,./ g, = 0} > ¢,
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in hertr for upnals consting of 10t samples, O.0F 3 apart, of a ynil
amplitude une ware of 26 28-Hy frequency and 45* il phaw in
sddriiee Gawwsian while noie wiih pmphiydes 10°, 10 4, 0 ©,
10 . and 10 *. Five filler weqghts are wyed

IT we need the gradient of P, with respeci Lo the independ-
enl vanables #,, we can wrile

L 1

where &, is & unit vector and
LN L
a0, ~-m _t' ‘}_'1 s

= ~(n — m) ' X {right side ol (9)) {14}
e, we have already computed (#Pa/#9,).

Since we can calculete Po and us gradiemt VP, we can
alia minimize Py by vsing standard methods f difficulty is
encountered in using (9). In practive, hoth methods ste weed in
alicrnation: by wsing (hix 1echnique, all test cases iried so far
have converged satisfactorily. Satnfactory convergence s oh-
lained il the minimum so derved is reatly smaller than the
value of the Tunclion » hen cach sndepondent vatiahle i varied
in & small increment on hoth sides of the minimum and il, in
sddition, the magnitude of the gradient a1 the minumum i
smaller than that on either side in any direction.

Resti 15 on Tiat Cases

According to the resulis of puper 1, the worst splitting-
shifuing occurs for pontions of sine weves sn odd number of

tom !
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Fig. 1. Monlineat log specira of the wme sipnJls oy in Figure |
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BURG LPSD

38 158 MO AT e 1S ma
FREQUENCY (HE 1T
I V. Burg kg spevire of signab wmilar to those m Figere |
gavept that the nuive bevel v 0 1 and Fumr Sifferemt nore reahs st
have beer used

quariet cycles long with initis) phase of 43*. Tiherclote the 1cu
wase 16 be studicd here is 8 unit amplitude une wave with a
frequency of 26 25 Hr and an initis phase of 45° mple 1 101
timesin | s (the Nyyuist frequency is S0 102D, In paper | this
vave was studied by using 25 liver sweighis and + noise levet of
00001, In wrder o understund The elect of chanping avise
level we will use the same signal wity Gavssian ponse of ampli-
tudes HE 10 10 %10 2 and 1D " hut ondy S fileer weights

Figure | shows the Burg resulis. With naise bevels of 10 0
and 10 %, sharp doublels sre observed Wilh a noise hevel of
10 * the doublct is quiie Nat, and w th naise fevels of 10 * apd
10 ' the twor peaks have coalewer imto une. Eacepl G the
high degree of symmetry diplayed in Fipure {, theswe feauhs
ate typcat with Jow soise the spedtrem displise a -haep
doublet which becomes flatier and disappears as e noee lesel
o raised. Nove that the ame noie r2alization was ised ineach
case so thal the effect of aoise level conld be sindicd

The new method way (hen apphiad 0 alt live of 1hese cases
wilh the resultc piven in Fure 2, A Fsplitting was cured i the
rw-fiaise cises_ snd the freguency shifl was greatly reduied in
the wthee Lwo cases. Quantititively, with the highest aoise el
the frequency shilt amounis to €150 Hy when the Burg
method is used and only 0022 1. #oul T times smalicr, when
the new method » used.

To see if Ihe resulis with the highest nnise devel are fypical,
the eaperiments were repeated using fonr dilferent nvise <enl
rations gnd » nuise amplitude of 0.1, Figure V gives 1he Burp
results, and Fopure 4 gives thve resulis feom the new me hod.
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The pictare s entirely consivtent, the frequency whift is whout
O 6% when 1be Burg method is used snd shoyl 0.08%. when the
fiew merind it used.

SumMary anND CONETUSIONS

The p ohfm. using Burg's mazimum entropy method, of
speciral sne sphiting m the presence of low nosse levels and
Trequenz . <k Ming in Ihe presence of moderste notse levels hay
been sol-ed By sciting each reflection cocfficient eyual 1o 8
constant Limet the sine of a real angle snd then varyng att 1the
angles ndependently, we gain more freedom for u min-
imizutior of 19¢ mean forward and backward error power.
This increaset frecdom with ity consequent reduction in error
power i prxecly what is required to beal splitting and 1o
correvt shifting in the case of sinusoidal signals in the presence
of Gaurcan » viie noise.

The spdittinp-shifiing problem is not caused by 100 high a
noise level ot by tou larpe & number of prediction errot
cocfficicn.s, md it it nod related (o the prohlem af line shifling
somelimes okszrved in last Fourier transform pecira.

A comictr Fortran package which Fnds Burg specits wnd
then oprianally mpplics the new nonlinesr technique has been
prepared. Sericusly interested sciemists wre inviled 10 write to
the author for a copy of the program and its documentation.

Avkmomwdprsentc  The awthor 1hanks Henry Rudesti and Ed-
watd Zawaluk fot many vimulsling ducusvnns during the evoluiion
Of this wonk Taw salution was first presented ar the AGU Fall Ansusd
Meeung. [vevemher 1973

The kdimir thankoe T J Uirych and $. Wernecke for their sasistance
in evalvaiisy 1B papes.
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A SOLUTION TO THE PROBLEM OF SPONTANEOUS LINE SPLITTING
IN MAXINUM ENTROPY PONER SPECTRUM ANALYSIS OF COMPLEX SIGNALS

PAUL F. FOUGERE

Air Force Geophysics Laborstory
Hanscom AFB, Bedford, MA 01731

Abstract

Under certain conditions, Burg's maximum entropy spectra
of real signals in the presence of additive noise show either
spontanecus line splitting (low noise levels) or appreciable
frequency shifting (st moderate noise levels). This difficulty
arises because an unnecessary constraint is imposed during
the minimization of the mean error power. A similar probles
arises when the Burg technique is applied to complex signsls,
This paper presents a solution to this latter problem.

In & recent paper, Fougere et =1 [1], have shown that
under certanin conditions the maximum entropy method using
Burg's prediction error coefficients produces power spectra
which display spurious line splitting in the presence of very
low noise. In a second paper hereinafter called Paper II,
Fougere [2] showed that this type of splitting occurred only
if the noise level were sufficiently low; when the noise level
is gradually increased the spectrum is broadened and the
multiple pesks coslesce into a single peak shifted substantially
away from the correct value. In Paper 11, Fougere presented
8 solution to that problem and showed that using that solution,
splitting was cured in the low noise case and shifting was
reduced considerably in the soderate noise cases. These two
papers treated only the case of real input time series, and
therefore real prediction error coefficients.

For gemeral information on the maximum entropy technique
sce the PhD thesis by Burg [3] and papers by Smylie et al [4],
Ulrych and Bishop {5], Ukrych and Clayton [6), snd Radoski
et al [7].

The present paper extends these results to the case of

complex time series requiring complex prediction erreor coeffi-
cients, The first observations of spontaneous splitting with

n



flse were by

ex signal In the presence of very low no

:.:?.Serin;'{prlvate co-uunlclt;oulb tr?::dP;E::e::::c::llo'

closely the structure given in the eta . henat eI 11 be
I1. Each of the equations in pap

::::::: g: :;ze:ppruprllte complex form. The equation numbers

will be the same.

Detailed Mathematics

We are given an n-point sample (zl. Kge coos :n) of complex
eal
numbers Xie measured st equally spaced values of a single r

independent varlable, usually cu::}:ere?y;:)he time, Define
edlction error er
??.(:’:3 :oift.?f, 1..) where each 'lj is a complex variable,
» n
such that the k'th prediction errors are:
n
= [

x 1 B
1=0 kem-1 *mi

€ix
(1

n .
€ - L x g
7k 1=0 kei “mi
k«t, 2,3, ..., i-n

where ':l is the complex conjugate of P ‘-oE 1, and ‘lk and
€,y AT the forward and backward prediction errors, respectively,

Now the mean square prediction error, or msean error power,
in both time directions fs:

2 n-m . (2)
P =05 (n-m)"" E Ic¢€_¢€
. s=l kel sk sk

I orders
If the PEF's (with leading "1" suppressed) of al

1, 2, ...y w are gathered In one complex matrix G-. we may
write:
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2€

G, = 521 I22 (3
.
"-l Taz o Bag

The generslization of the Levinson Algoritha 1s given by
&
LI WA TP T “

This simple, two tera formuls allows the off diagonsl elements
of the jth row of Gy to be determined wherever the diagonal
elements i'jj' Jj=1,m} are known.

Burg has shown that if these diagonal elements (dlse called
reflection coefficients) 211 lie in the range [g,..|<1, then the
PEF is minimum phase, that is fts Z transform has stl its zeroes
outside the unit circle.

In order to enforece this condition we set
8j5 U sine, ol¢} (5)

where 'j and ‘j are any real angles and U is 4 positive constant

slightly less than unity. The discussion in Paper II on the
significance of U, can be carried over unchanged to the present
cese of complex input data. Briefly, U is adjusted so that all
of the roets of the 2 transform of the PEF all lie outside the
unit circle and none lie oh it.

We now follow a method used by Cain et a) [8]; variations
in !j and ‘j Are wWritten

o
Oj - Oj . Aﬂj
(6)
0
IR

Now expand the prediction errors €ek in & Taylor series about 9°

]

19



and Q? and retain only the first two orders:

a fie a‘,g
g " t:k orjfl(sa-‘-:—k ﬂﬂ’ + :Tj"' A‘j) 17)

Substitute (7) into (2) to.get:
2 n-m n foc X Bc’k 2
-1 1] 5 60 (B)
P, * 0.5(n-m) sfl kfn Egy * jfl sw;‘ °°j N 53;_ j I

Set P_/340_ = 0 to find the minimum error power and then re-
a o )
arrange the resulting equations to get:

. ' ac
B 2 a-mffie,, e, e, B,
PoLox (ae W™, ' W, 36_ ) %%
=1 s=1 ka}) b @ ]

2, 2t ac’ 3c
. sk sk . sk 5*) a¢ ]
(“) %%, 5 %% !

2 n-m o f el 3=,k)
= - I I |« J9 ¢ € F1: 7
sa] k=l ( sk 9% k9%

| hat each
¢ three expression in parentheses. Note t
has t::';:r:rA + A" - ZPRe{Al. Thus the equation becomes

a 2. a;u [R (at:s,l 3‘;k) ABJ
L L e 3. 3%
jal se1 kel U %%

al: at. 2 n-m o ac;k)
sk sk - - I R (g (2a)
+ Re (531— 53:—) A¢j ] sfl ko1 ¢ \Csx HN

Similarly when we set 3P-Iab0u = 0 we get

8¢

2 ¥

j a
ac £’ 2 n-m T
. R T_“ET"““)“ ]--z I R (° e o6
) ( .j a ‘j s#] k=] ¢ o (o)

where, in both (9a) and (9b): g = 1, 2, ..., m.

The 2a equations {9)are pnow linear in the corrections aej
and A¢j and can therefore be solved by standard matrix sethods,

The corrections are then substituted into (6) and the Process

is repeated unti} the corrections Aﬂj and bOj becoms suffi-
ciently smali.

In order to find the derivatives: a:sk/aaj, ae;k/ae .
acsk/a¢j and Dc;klatj. we differentiate {1) as follows:

1 LI Mpy ¥y, m e,
3 in] kem-1i 591 ioj =1 kem-i 50j
. . (10)
%o . T ¥y, .- 3.
5'6—, juq kel ’n—j 3 TJ_’ jup kei ‘JT—j

and four equations Tesulting from (10) by complex conjugation,
for example

Next we rewrite eq. (5) and its coaplex conjugate

g = U sin eei‘

(A)
£ = U sin ge- i

where we have temporarily dropped the subscripts for conveni-
ence. Equations {A) may be inverted to yield:
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b= 8(g,2")
¢ = ¢(g.2")

(»)

If we treat g and |. as independent variables, ve can express
the partisl derivatives with respect to © and 4 as follows:

ant 3.
R R TRR e
R R TRk

Substituting -10 = cos ¢ + 1 sin ¢ in {A) and performing the
differentiation indicated in (C) we arrive at:

)

%ﬁ = U cos 0 [cos ¢ {%E * 331) + 1 sin ¢ (%E - 5%')1
{0)
%; « | sin 8 [-sin ¢ (%; . 5%') + 1 cos ¢ (%i - 5%711

¥rite

$ ) ]
D, = t - (E)
§ 7 ey ey

Then
5;; = U cos Gj(cos ‘j D; + i1 sin oj D;
{1t)
) . -
53; = U sin Bj(-s!n ‘i IJj + i cos 01 Dj)

Note that because 'jj and ';l are independent variables,
. L] g -
a;jjlagil 0 and agjj/a.li 0, for any values of | and j.

We now apply (E) to the Levinson Algorithm (4). The result

is

] nn

b 4 ) L -
TILITE TP IR FUR TR IO TP IR AN SR PO
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Nhere the middle term arises becsuse

s (.2 ? .
D; 24y (Ei;? : Sir;) By = by (F)

If we take the complex conjugate of equation (E) we get:
t ] 3

- +
B LR 1 P T (©)

Th::efore. anytime we need derivatives of any terms in ;' we cai
writse

t * t -*
Dj L " !(Dj i) ")
Finally, the derivetives with respect to 9, and 0‘ are deter-
mined by substituting {12) into {(11). ] )

The gradient of P- with respect to the independent vari-
ables B‘ and ‘K is written:

» (3P § EP. -
Yo.¢ Ta uf,(n; T ’a) (1%

where éu and ;u are unit vectors.
Appl=ing (13) to (2) yields:

ar n-m 1

2
n -1 .
1 i 0.5{n-m) L L tsl Lo I 1 T

.} s2] ka] a [ ]

memt s " 3*ex
* (n-m Re e 1

s=1 ksl ('. i
Thus,

ap

SF! e -(n-m)7 ! x (right side of (9a)) (149)
a

L5



ailarly,

P
n -1
= -(n-m) " x (right side of (9b)) (14b}
B,

This completes the formal derivation. Clearly these
Sults must be programmed for a computer before we can test the
thod., When such & program has been written and checked cut
will be made availadle on request to seriousiy interested
lentists,
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SUNSPOTS: POWER SPECTRA AND A FORECAST

Paul F, Fougere
Alr Force Geophyslcs Laboratory
Hanscom AFB, MA 01731, U.5.A.

High resolutlon power spectra of the Ziirlch sunspot numbers
for the peried 1849 to 1978 are obtalned using the maximum
entropy technique of Burg. ‘The monthly means are first smoothed
vsing a digital, least-squares, band~pass fliter with 133 welghts,
and then decimated to obtain s more manageable serles, An over-
all power spectrum, which displays multiple structure and
harmonlc.series 1s then obtalned.

In order to explaln the compllications In the spectrum, »
dynamlc spectrum is displayed. This Is obtalned by finding the
spectra of data samples 66 years long, repeatedly slipped by 2
years for a total of 78 spectra. The spectra are then much simpler
and vary smoothly with epoch. The nomlnal 11-year line varles
In period from about 10 to 124 years,

in the process of obtalning a power spectrum a prediction
error fliter §s derived. This linear fllter may then be used to
make predictions as follows: using sets of data contalning §
solar cycles of unsmoothed monthly values beginning with cycles
9 through 15, predictlions of the next 12 months of the time serles
are made and compared to the observed values, PRMS errors vary
between 5 and 33 and lead to an expectation that the error of
prediction for cycle 21 wlll be about 20. The entlire cycle 21
ts then predicted using 50, 100, 150 prediction error coeffi-
clents. The maximm of cycle 2V Is predicted to be 130 t 20
at 1980.1 ¢ 0.2, :

Introduction

The subject of this paper is the time series of Ziirlch sunspot numbers,
Rz. The baslc data set consists of monthly mean values of R beginning
In 1749 and running without gaps to October 1978, the latest“avallable value.
See Chernosky and Hagan (1958) for the earller dats. There Is some
smoothing bullt Into the way In which sunspot counts are obtalned, because
each dally count uses the entire vislbtle hemlsphere, which 13 rotating with
4 perfod of 27 days, or & rate of 13 1/} degrees per day. Thus the dally
tount s really a 13 1/3-day running mean of those spots and groups which
could be observed on a 13 1/3 degree lune centered at central merldlan,
Despite the low-pass fliter, one of the striking features of the serles of
monthly means of 'z Is the large amplitude, high frequency nalse which rldes
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FIGURE 1,

4

on top of the other striking feature, the 11-year period. Accordingly, It
has become customary, for example [n the morthly Solar Geophysical Data
butletin, to further smooth the monthly averages by using a running mean
of 13 monthly values with the 2 extreme months welghted at }

So dorinant Is the appearance of the 11-year cycle that the Individual
cycles have been assigned numbers beginning with cycle 1 in 1755 to cycle
21, the current cycle, which started in mid-1976. Since the time of minimum
can be located with reasonable accuracy, the cycles begin and end at a
minimen. Flgure Y shows the first 7 cycles with the time origin set at the
time of minlmum. These data have been smoothed using a 13-point digltal
least-squares, low-pass Filter followlng the method of Behannon and Ness
{1968). This simple Filter has a more nearly accurate low-pass response
than that of the 13-polnt running mean,

Desplite the use of the fllter, the extreme varlability of the dats is
evident. All of the cycles are bumpy; cycle length, from minfmum to
minimum, varles between 3 and 15 years; time from minimum to maximum varles
from about 2§ to 6 years, and the size of the maximum varles by a factor
of &, These early 7 cycles have been criticized [n the ctassical paper on
sunspot prediction by McNish and Lincoln (1949), According to that paper
the early data are considerably less rellable and even belong to & different
statistical poputation from the modern data beginning In 183h,

Cycles 8 through 20, the modern data, are shown In Flgure 2, For these
data, the length of the cycle varles less, between 10 and 12} years. The
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FIGURE 2. SOLAR CYCLES 8-20. DIGITAL LOW-PASS FILTER WITH 13 WEIGHTS
HAS BEEM USED. EACH CYCLE.BEGINS AT TIME OF SHMOOTHED MINIMUM,

time to maximum Is now about 2§ to 4§ years, but the helght of the maximum
still varies by a factor of &: from about 50 to more than 200.

The extreme variabllity of these data is further |!lustrated In Flgure
3, showing 2 3-dimensional representation of all 20 cycles. Cycle 19, the
largest ever, which began In 1954, Is so large that it completely hldes
cycle 20.

Power Spectra

Now we would Vlke to determine the power spectrum of this time serles
using the maximum entropy method (Burg, 1975} which works admirably on
rather short time serles, The original 2756 monthly means constitute a
rather jong series. We can easlly remedy this by decimation but only after
smoothing to prevent aliasing. Accordingly, a low-pass filter with a
cutoff perfod of 2} years was designed. At the same time, a high-pass
Filter was used to remove the mean and very long time trends. The response
of the resulting band-pass fllter Is shown in Figure 4. The digital least-
$quares filter used 193 weights to achleve this response, MNotlce the
filter beginning to cut off at about 23 years, as designed, so that the
Fesponse at 2 years and shorter times (hlgh frequencies) is close to zero.
Thus we can sample the output safely once a year and introduce no aliasing
because all frequencies higher than the new Myquist frequency of 0.5 cycles
Per year have been removed,

A-3

I"

L/
-

N

)" .

% Y
10+
% YERRS
“g. yine W
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_ The results are shown In Flgure 5. The origlnal unsmoathed, monthly
means are given In the bottom panet with values ranging from 0 to 250 and
the dates ranglng from the year 1750 to the year 2000. The band-pass
filtered output |s shown In the top panel, and the differences between the
orlginal and band-pass detas, the reslduals, are given In the mlddle penel.
Thus the original data set In the bottom panel ls the sum of the top 2
panels, month by month., The top panel shows & smooth, zerc-mean time serles
which Is st111 not statlonary because the amplltudes are quite varlable,
The resldual serles, in the central panel, contains essentlally all of the
high-frequency nolse plus the slowly-varying mean or DC level, 1t I3 now
quite safe to decimate the band-pass fllitered serles by 12 te obtain 211
yearly valuyes,

The maximum entropy method of Burg (1975) was applled to these 211
numbers and the number of predictlion error fllter welghts, analogous to
the number of lags in a Blackman-Tukey spectrum, was varied from & to 130,
The 3-dimenslonal representation of these spectra is shown In Flgure 6,

The nominal 1l-year llne, which carrles most of the power, splits into two
very stable Vines with periods of about 11.0 and 10.0 years. There Is also
clear evidence of power peaking at sbout 12 years and agsin at about 8}
years. The second harmonic of the 11-year doublet 1s also & doublet at
about 5.5 and 4.8 years., The richness of structure In the spectrum Is
simply another manlfestation of the extreme varlablliity of the time series.

The compllicated spectrum also can be explained by taking small over-
lapping segments of data, performing spectral analysis on each and watching
the spectrum change with time, Such a dynamical spectrum |s shown In
Flgure 7. Each spectrum I3 based on a segment of data 66 years long.
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FIGURE 5. SUNSPOT MUMBEAS VERSUS DATA FROM 1750 TO PRESENT (OCT. 1978).
TOP PAMEL: BAND-PASS FILTERED DATA (193 WEIGHTS).
MIDDLE PANEL: ORIGINAL MINUS BAND-PASS,
BOTTOM PANEL: ORIGENAL, UNSMOOTHED MOMTHLY MEANS,
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FIGURE 6. PERSPECTIVE PLOT OF MAXIMUM ENTFOPY SPECTRA OF BAND-PASS FILTERED
DATA SAHPLED ONCE PER YEAR. THE NUMBER OF PREDICTION ERROR
FILTER (PEF) WEIGHTS RANGES BETWVEEN & AND 130 IN STEPS OF 2.
PERIODS IN YEARS ARE GIVEN AT AFPROPRIATE PEAKS.
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FIGURE 7. BYNAMIC MAXIMUM ENTROPY SPECTRUM OF &6 YEARS (APPROXIMATELY &
CYCLES) OF BAND-PASS FILTERED DATA SAMPLED ONCE PER YEAN,
THE START YEAR ADVANCES BY 2 YEARS FOR EACH SPECTRUM SHOWN,
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The segments are overlapped by 64 polnts, so that the start year moves by
2 years for each new segment. Ve are now concentrating on a narrow bhand
of perlods between 8 and 124 years. The peaks In the ear)lest data are too
small to be seen in these linear power spectral density plots. The nominal
11-year line shows an Instantaneous period varying between 10 and 12} years
while the power spectral density varles by over two orders of magnltude.

Predictions

At the heart of the maximum entropy method Is the determination of a
prediction error fliter. This Is a Ilnear filter whose scalar product
with a segment of data ylelds the error In a one-step-ahead prediction.

We find the filter essentlally by minimlzing the sum of squares of such
prediction errors over the set -of observations. Once we have such a fllter
we can use it to make predictions off both ends of the serles as Ffar as

we wish to go simply by applying the fliter and moving over the data and
the newly acquired predictlons.

The predictions of the sunspot numbers were tested as follows. Begin-
ning In 1843, 5 cycles of oriyinal unsmoothed monthly values, contalning
708 monthly values, constitut: a data set for which spectra are obtalned
for a number of prediction-ervor filter-welghts ranglng from 50 to 309 In
steps of 50. For each fllter, predictlons were made for the following 12
months and the RMS prediction error was dejermined. This Is possisle
because predictions and observed values which had not been used to obtaln
the predictions are avallable. The entire procedure was repeated :even
times, uslng 5 cycles of monthly data beglnning with cycles 9, 10, N
through cycle 15, and making predictlons into cycles th through 20 respect-
Ively,

The mean square prediction errors, al) quite reasonable numbers from a
low of 5 to a high of 33, are shown In Figure 8. Here are plotted :he cycle
numbers from 14 through 21 snd the RMS prediction errors for 12 predictions
ranging from 0 through 40. Curlously, the RMS error seems to altermate In
magnitude, being low for even cycles, and appreclably higher for odd-
numbered cycles. Accordingly a guess is made that the RMS predictien error
for the real predictlions for cycle 21 will ke around 20 for predict ons wp
to 12 months ahead.

Predictlons were made using 50 to 300 welghts for the entlre crcle 21
and plotted. The most consistent behavior for the entire cycle comes from
sets with 00, 150, snd 200 weights and these are shown In Flgure 9.
Smoothing these results, the predictions of the maximum and Its date be-
come ;

MAX (R,) = 130 ¢ 20
DATE = 1980.1 ¢ 0.2
The entlre cycle seems quite reascnable with a minimum sround 1986.12,
0f the 12 predictlions tested for each of the cycles 14 thru 21, the
prediction errors were essentially oscillatory, This reflects the roise in

the dats set rather than any monotonic degradation In the predictior as the
prediction time Increases. The number 12 was chosen becsuse of the prior
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FIGURE 8. ®MS ERRORS, FOR PREDICTION OF MONTHLY MEANS 1,2,3.......,12 MONTHS

AHEAD FOR 100, 150 AND 200 WEIGHTS. FIVE SOLAR CYCLES OF ORIGINAL
UNSMOOTHED MONTHLY MEAN ARE USED AS INPUT TO THE MAXIMUM ENTROPY
POWER SPECTRAL ANALYSIS PROGRAM. NUMBER OF OBSERVATIONS WAS 708,
708, 684, 684, 660, 4B AND 626 RESPECTIVELY.
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FIGURE 9, PREDICTION OF UNSMOOTHED SUNSPUT NUMBERS MADE USING THREE
DIFFERENT SETS OF PREDICTION ERROR FILTERS WITH 100, 150 AND
200 WEIGHTS. DATA USED ARE 67) ORIGINAL UNSMOOTHED MONTHLY
MEANS STARTING IN JANUARY, 1923,
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expectation that the maximum of cycle 21 was sbout 12 months away from the
date of the latest avallsble chserved monthly mean sunspot number {0ct
1978). . Thus the expected errcr should be quite close to 20 even for predic-
tions th to 16 months shead.

In summary, the sunspot cate have been displayed and thelr extreme
veriabllity dlscussed. The duts have been flltered with s digital band-pass
fliter and the resulting series has been decimated. Maximum entropy power
spectra vary In & stable manner as the number of weights Is varled. A dy-
namlc spectrum showed that the nominal 11-year tine varles In pertod be-
tween 10 and 12} years. A prediction technique has been tested using seven
separate data sets each five cycles long, For predictions of monthly means
1,2,3,......12 months ahesd, the AHS prediction error varled between § and
35 and lead to the expectation that the RMS prediction error should be
about 120 For the prediction of the maximom of cycle 2V. A forecast for
the antire cycle has been glven, with the maximum expected to be 130120 at
1980.1 1 0.2, :

The programs used here, the fllter deslgn program, the three-dimen-
slonal plotting program, and the maxImum entropy spectrs! enalysis pra-
gram, are a1l avaliable on request to serioualy Interested sclentlsts.

Also available 1s & small card deck contalning all of the sunipot monthly
means,
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Spectral Resolution of Fougere's Maximum Entropy Spectral

Analysis
C. H ClUEN
Absiract -Computer remslts are preseated to Blwstrate the specieal
realin.n of Ihe i i » I analy sy devel-

oped by Fougere. Crmparisns i aiso mude with the recentty published
vewelit in this Proceanmcs.

L InTanpir-tiow

Accursle speciral wnalysis is required in many applications such as
peaphysics, sadas, sonas, etc.  The Bung’s maximum entropy specissl
analysit [1] is one of scveral major high sesolulion speciral analysis
methuods for short lengih dala records. In the Hure's method a predicthon
ertot filier ks obtained by minimizing (e crror power output from the
Nlter in bath time direttions. For sinusoidal wavetoims, the method has
the drawhacks of line splilting In low noise casc and (requency shifling
in high noise case. In the method proposed by |oupere [2], [3], the
Nlice coclTicients are redeterminesd itcratively by starting with ibe Butg's
Tiller coxTlicients. The i ire p lure involves 1| oplimiza-
tion with respet to the filter vocliicients with the constiamt that the
filter must be stable by requising the reflection couflicienls to have
magtituded Jess than 1. The congiraint is necessry and sulficient 1o
produve a true prediction enor filer which yields the lowest possible
tiror power. The Fougere's method nut unly removes the drpwbacks
of the Burg’s method described sbove but abo provides 8 much better
speciral resohution (4], {5].

. Comerrren Resinrs
Tig. | shows the speciral analysh of the Zurich Sunspot Number (Fig.
1(ad). With only 10 dais poinis, the Tongere's method can provide as
accurste a spectrum {Fig. 14¢)) as that obtained from the Burg's method
wing 3 0 data points (Vig. 1(b)). The nominal | | yest periodintly as
reported by Fougere 6] is determined here accurately from buth Burg
and {-ougere spectra.
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This work wit supported by the Alr Farce Offwe uf Sciemtifnic Research
utidet Grant AFOSR §0.014) and Contract NODD 14 - 79.C. 0494,
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SPOSTANEOUS LINE SPLITTING IN MILTICIANNEL MAXTNUM ENTROFY POUER ICTI,

PR F. FOUCERE

¥.5. AIN JOACE GEOMITSICS LAMGRATORY
NANSCOW AT, MA, 02731, 0.3.a.

ARSTRACT vave plus nelss. An axcessive shift of the

Irequancy st the posk of the specicrun, mimy fren
the trua imput frequency might scour o sccavion-
ally the pank would oplic inte one or more can~
parably sized components. They shored corractly
that the spliccing/shifting problem 1a wor st

tor su inicial phass *qual te en odd milriple of

The twin problesm which Plagus Burg Maximum
Entropy Power Specers are apectesl line shiftieg
of sleusotdat signels in the pranence of mderate
Rodea lewls, snd spoatanecus Lline splicting the

rasence of low aeisa levels. The obless snd
thelr solutions and som incorrect attempts at
Sslution sre discussed for the cess of single
chamnsl real and complan aignale, The wmilrt-
channal generslisscions of the Burg tachaique
have bean siwited mmerically and vill be sham
% produce serious line shifring for rwo-chaangl

45% and a signal length egual to an odd number

of quarter cyclas. Nowever, they incorractly
stiributad splicting to moise amplificacion
using an ewrly largs mmber of peadiceionwrree=
fllter weighta. They also clsimmd that fra-
Yuency shifting was similar te that oheerved

simisoidal sigmals. Thus For mo certifiable

by Jachsoa? tor FrY wpacirs. la face, Jachsen'y
b of
Line apliteing has Besn found.

woret caves were si - wven

cycles loag with althar 0° or B0" tatcial phese.
In thess casas bury specirs are wsither aplic
not shiftad bt are axtresmly scourats with
vary sharp, correctly lecated Panks .

In 3976, fougers, tewelick and Radoskill
corractly developed the systammtics of spuntan~
ocus line splicting. ey ahased that:

1. Splicting 10 mor caveud by anpiifica~

INTRODUCTION

The Surg Tachntqusl: 2, which dotarmtags &
aEinus sntropy powmr pecirun directly froa
time saries deta welag forward and backward
Testiduals, has bean ganeraliced zo apply to
Sulcichannel signals. Cenerallzations wers 1 f ssiee, In fact eplString Le sharpest
Sccospiished (ndependently and searly otmel - :n:: :nv:nn:ol vhan tI:n :nlu lawi is I..-:nlt:.‘
tanscusly by four different awthors: -Im-’, 2. Splixting Lo wet coused b uwing tee
Murtalld, Scrand mad Morf st ol 61 ALl thane aany prodiceion~rror filcar weighty.

Surhors axcept Morf st al. ales present FORTRAN 3. Splictiag (s wrst (ss corractly

B g e progras veed 1 the presest polated oue by Chan and Stagen) with s combia-

Fessarch waa put togecther by Currie vaing parce ation of a wigasl Leagth ayual te an odd mabsr

of Jones" progres and parts °',’"‘“.' progrem of quarter cycles and sn Jattisl phose equal

sedified by using som of orf's ldess, e t0 an odd miltiple of 43'. In this wrac cans,

presant suthor sdded a set of subroutines which oplit pasks bacoms broader and lees distinece

tind, for sach chanaal, the accurare locatiom 48 the soise lavel (s rafsed and avwntually

and helght of all spactral Peaks and the (ntegral coslasce to & shifred fregusncy at high ancugh

wndar the spectrum. The Integral is used ta %olee lawwls. In this wret case slas, lengthen~

conjunction with Parsevels’ theores to chack the ing the signul doss wot Wrlp. Ewn for 8

Stcuracy of the computed spactrus. The spacifie eignal as long an 49 174 cycles, splitting is

tosults te be prasenced im this paper amploy two otill sasy to detect.

Teal data-channels Wt the program 18 spplicshle In order te understand rhe sttempte that have

t8 any mmber of channels and has been Seeted and besn wmde to cure the splitting/anifting probiom
werks correctly for more tham twn channe ls. of burg Spactre 11 Ls Recassary to discune the

N
Tougere's spesbrue (o b rethind) dug 20 ita poinia bivam Iyan

Surg Techn|que itaelf. In his sriginal 1964
The single channel apifert, Jahiled ohles and
10 41999 0 e puning PO oyear, wath M OLbgr wemhts, abvi i lineay mﬂhar.——l—_#—#——

popec burg? atated the evpreosion for the predic-
wak. . acfmelution,

qq‘zavqu’:":q,!;ra "y .— 1 .
.'. L {—.l‘. ; " PR

HE 1 @b Pt o farich Sehtpol Numley |
MIBL ped year Sampbag ale | )1
00 daiw pamls amd £% diler weihis wub | te) Hied of

Lion grror wartance as the mman aquare of forvard
snd backuard prediction serors. This waclence 0
1n 1974, Ohen and Stagen® ran soe computer 4 tunctlon of the prediction arror ceef€lcieats.
Sxpariments, finding Surg saxime “ntropy power Burg then uawd the wodern Laviasss Algoriths
Spucirs fof simusolds of varying Leagth and in~ to replace all cosfflclents sucept the lest ene
E141 phase vich varying smounts of seun (the reflection coelttciont ) by functions of the

fduw‘unnsider he discrcte signal with Iwo-freaqueny sy Hus
15 given by

yiny= pHInf a0y g0y

s ot Yhere g pa fiequency shilling in the Vougere mcthad,
Farther computer study indicates that the 0.02-M¢ separativn between
he twe Hequency vamgn,enls i abaut the minimum wluwable, If we

" : R A - 'm “ L‘“—L—i—. ul L Lo
AAULLIRTIE T R ¥ vonnslcr (e el jrt ol {he sgnal only then the {requency scparation :::: :::.h ;‘:'"-l.‘e::t.:.:l.:::::.:n- retlection coalficient o mlesly g
cre 6 =45°, £, 05 1o, Jrv OS2 He M= 25 Wi i o comapheos. 0SB Horeased b 044 Hz with The Iwo frequencics being (0.5 Hz and
ved white Ganssan noise sequence amb ihe oy rate s 1 41, -

wtral phots llf!g. 20000 o el signa) wiils 10 ddier weyphis dearly dem-
ae that Hw Fougere's Method tsilid cutve) can pesolee the twes fae
SRey conipomenis while the Hurg's e thad caiot af LA ENT T Y

Y htere sipnal (e Buise rulio is the ratio of signal power (o ihe Yarlange
wof Lonmpler wuise sequence,
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al; relloction coaflictants. Burg asswmed thet
tha previsws reflecrisn confficiunts are held
Cinad, asd winisized tha ervor warlance with
respact te the currest rallectrisn coufficiant.

la this manner, all reflection confflcienta are
doterained recwrotvely using & single sinimiss~
tion st sach stage. This pracedsrs guarantees
that all reflection cosffictanta .ire heunded

by wnity La mapnttide and that the resulting
flltar Ls & pradiction errer Filter. The corree~
ponding Toapiite matrix of uetimptad awtocorre=
lstions 1o wonsegetive definite and The banle
Autacertelation function theoren 1s sariefisd,

Ia sa atcempr te ameliovsts tha spliteing
shifting problen, Ulryeh and Claytond! 1n
1976 dropped 11 coastraiacs from the Burg
Techalque and solwd tha least squaras problen
of sinilaising the wiconstrainad sum of squaree
of tha forvard and bachwatrd prediction ecrovs,
& procedure vhich Surg? had specificelly veject -
od a8 inceryecet! la thie mthod the reflectlon
coalliclents lose thelr spuclal significance and
tha laviason Recursion is not used at all. Sisce
thare srs me comstyeints the cafloction coaflfic~
fante are ast bemoded v umicy mgnitule, and
thus the prodiction arrer Fliter cam becoms wa=
stable #nd the paver spectivm can becoms nags ~
tive. This sethod, eriginelly rejected by Sury
bacswse of Lts latest Instability, hae achieved
widasprasd popularity wsder mmny £1ffavant misen,
Soms of them will be discuesed Leter,

tn 1977, Fougers !l presanted & selstion to the
splitting problem. Macall frem the discuseios
on the Burg Technique that Bury sssumes pre-
viosaly datersined cellection coeffictents are
hald Fieed in order te datermine the present
refisction confficlont. [t le this conatraint
which sakes the Surg Techniquws oo slapls to
opply and yet It e on wnecessary cosstraine.
Tha corvect necassacy and suffictant condition
Cor & sat of mmbers to conatitute & prediction
orver filter Lo that the set iy determined from
& sat of raflection coafficisnts esch of wvhich
1] # than unity im sagnicwde and thag the
Levineen reciraton holdw ar asch stage. In hila
non—timesr techaiqua, Fougers sets sach toaflflec=
thon coefficlant squal to the sine of & resl
angle timas o fined e.’unnt slightly lasa than
one {typleally (1-10) sud siniaizes the ness
H nd backwvard srtor pavar with reqpact
to these unconstrained resl anglew. The result~
ing sat of caflection costflclenta le weed te
genersta the prodiction error Fliter by mane
of cepaatad applications of the lavingan recers~
fon, Thie 12 not an sddictonal comstralne.

e lavineon recuraion te otaply & tranoforme =
tied batueen twe Baste setn vhlch apan the s
wecter spaca, The non-linear procedure 1]
®e called bacauan the arror pouer (s o tumetion
of the sines of the tadependant wiriables. The
nermsl squsctisons are solved by standard nonlinear
alaimizacion techntquas. At any stage in the
Ltaratinag the reflectton coefllctants are slvaya
lese cham wnity (s sagnitude and the pradiccion
arver filter 1o slwaye guaranteed to e 3 atahle
alalmem phose (ilter with all the rosts af [T
I tromeforn (vaing pealtive powarsn of 2} Llring

outalda of the wait circle:. Tha parer specinm
is slvaye peektive, and tha sutececrelstion .
fumcrion, vhich can ba determined sastly, shuyps
entieflen the bawic avtocerrelation funciien
theaten. The sanimen mmber of prodiction

erver (liter cosfificleonts m can be showm te Yo
w1/ o vhere n e the maher of nhmervations.
Uning this value of m, 1t should be poesible

to achievwm 2 perfect Tt te any sut of Lnput
data == aven ramdam asive. (etag the non-iimear
techalque this condiiton has been met se folloem
A sot of n valeas of gavesian vhite nolsg of
vartance ¢ 2 (0 vend on inpuc. The sea-Liness
procedurn lu rua for @ = 1/) a and Ltevsted
wntil the srror nrlm! ie ssny orders of
mageitute Lavar thes € *; in fact, In many veats
the strof varlsnce vas sffectively teto. Thes,
& pavlect fit hed baem schieved., This shars that
the mumber of degrass of freedon (df) of the pre=
dletion erver flitur Lo anactly equal te the

df of the data ond that therefors the constraist
te ansctly necessary and sufflcient,

The meirichanasl spliceing/ohifeing ptobles,

In svder te etwly the milcichannel splitting/
abifting pre v bugan by trying & wignsl
the problam fer siogls chawnal
This kv = singla sisme uswe of frequency
L % sevpled averey 0.03 seconds, with sdditive
nelaal

'l{ﬂ “ala( (a4} v /10 4 9)) » “I"’
tin) sota( (1) v 710+ o)+ NG,
aml, 2, sucy ¥

viare by sl §7 ere the Lalttal phaee Lla

wach channal and 8, (n) snd Sy(n) are Indepondent
reslizations of randon sumbers ia the cange £ 8.3
ond & Lo the mofse maplicwie.

T™he (irot cases stwudied are ¢ = 43°,

#2 = 115°; A« 00003, .001, .082, .008; and
Weals, 17,...25. Fgure | share the locatien
of tha principal paaks tor A = 0.000%, Moty
that thw spectra pauks are ln sdsuntially
tdentical locatlen for sach chanel evem though
ve have different nolee reslization 1n the twe
chandele. Figwre | alew show Lthe apparsnt fra~
uancy 1n the cavas 4; = —43%; 43 = 133,

As axpucted thare 1a o nede at N = 2| polate,
ome full cpcle, vhere thare Lo encelient apra
mnt betunen trus and spparest fraquascias.

Figute 1 shove three mere cases with reswits
Adt anticipated by anslogy te the single chensel
resuice. All chres casas use sa Intitlal phass
o 0" in chawnal |, tn channel 2 we wee! o*, %'
nd ne tlgnal and 2l1 — only randon wolesg, ren~
pectively, ALl three stgnaly show siad lar behav=
lor, with tree nodes st 21 and N pointe, Lo
Twad L /2T ¢cyclan respactively and approxieate
nodes at odd quareer cycles. ot that even
in the cane of na atgnal at all tn rhannel 1
The channai T spectrim has posks atamet tdentleal
ts thoss sham In Figure 2 for chamnal 1. oF

L6.2 /

3¢

e, the ¢ spactral dewstty (o chammw]
?':: :.nn -:y‘:tl-n »f saguitwie bales that
fu chaenel L, But the “cress talkk” betuwwen
channals in disterbing.

T apec
denad twschannel signal with
:1'.:»1‘:05 ulz tu ssch chaunal wersvs length
of sigral fer twe d1ffarent combimatisn of
initial phasa. Pesk frequencies were es=

sentially Sdeacical im beth chanmele.

Mgwre 1. !n,--:r of pask peve:
.

Whane = 0%~ (only aalne)

Plgurs 1. Beme aw Tigure I let thres ware
consinations of Lnitial phase, Even for
sigmal mmber } with saly wotee In chomml
1, both channsls shownd the sane poak fre-
quancieg.

L
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BPONTAMEOUS LINE SPLITTING IN BURG MAXIMUN ENTROPY PONER SPECTRA: A REVIEW

PAOL T.

FOUCERE

U.8. ALK VORCE GEOPHYSICS LABORATORY, MANSCON AFE, MA, 01731, U.S.A,

Abstract

The paper will discusa the rnbll- of spontan=
2ous line splitting of Burgs? Mantmm Entrepy
Power Spactra in the presence of low meise levels
and excessiva ling shifeing in the presence of
bigh noise levels. It will eritically raview
various attespts which have besn made to ameli-
orata these problems. Nuserical exawples using
timple dats ssts will Lllustrate the besie problena
and some of the pitfalls which swait the unwary
user of som of the unconstrained methods which
have become popular more bscsuss of their wspeed
than because of their correctne The aon~linesr
procedure which has cured all cases of spontaneous
line splitting so far encountsred and which always
prodeces a stable prediccion error filter and a
sesningful positive spectrum will be deacr ibed,
The extension of the wathode, both non-Iinsar snd
urconstralned, from real to complex data sets will
be discusmed briefly. The further extaneion, to
Bultichannel deta will be introduced and fome new,
proeliminary results will ba presented.

Introduction

In 1974, Chen and Stegand ran soes compuler
experfments, Finding Burg manisus entropy power
Spectrs for simusoids of varying length and tnittal
phase with varying amounts of gaussian white noine.
They showsd that resl problems exlst sven in the
*iuple case of a single einewave plua nolme. 4n
excessive shift of the frequency at the pesk of
the spectrum, away from tha trus input frequency
might occur or occasionslly the peak would split
into one or more comparsbly sized components. They
ahowad correctly that the spliteing/ubifting prob-
lem is worst for an Inftial phuse squal to an odd
multtple of 45° snd a signal length equal to an odd
nusber of quarter cycles, However, they tncor -
rectly atrribyted splitting to nofae amplttfication
ualng an overly large number of prediction-error-
fllter waighte. They alec cleimed that frequency
Ehifring was slailar to that obearved by Juckaon®
for FFT spectrs. 1In fact, Jackson's worst casen
were sinevaves aa even number of cycle long with
wither 0° or 90° initial phase. In these cases
Butg spectra are nelrher aplit aot ehifted but are
#Etremaly accurate with very sharp, corrsctly loc~
ated pesks.

U.8. Government work not protectad
by U.8. copyright.
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In 1976, Fougere, Zawalick and Radoskid correctly
developed the systematica of spontsnecus line eplic=
ting. They shaved thar:

1. Splicting is not caused by amplification
of noise. In fact spliteing {s sharpest and most
pronounced when the notse lewvel 1a lowest.

2. Splitting 18 not caused by using too mny
prediction=error filter weights.

3. Splitcing is woret (as correctly polnted
out by Chen and Stegen) with a comblostion of a
wignal length equal to an odd mmbet of quarter
cycles and an inittal phase equal to an odd miltiple
of 45°., In this worst casa, split peaks bacome
broader and leas distinct s the noise leval ia
ralsed and eventually coslesce st & shifted fra~
quancy at high enough nolse levels. In this worst
cade also, lengthening the signsl does nor help.
Even for a signal as long as 49 174 cycles, eplic-
ting is still easy to detect.

In order teo underetand the attempts that have
been made to cure the splitting/shifcing problem of
Burg Spactra 1t 1s neceasary to discuss the lur!
Technique iteelf. Ta his original 1963 paper Burg
stated the expresslon for the prediction ercor
vartance as the mean square of forward and backward
prediction errora. This wvarience (a s function
of the prediction error coefficients. Burg then
used the sodern Levinson Algotithm to replace all
coefficlents except the last one (the reflection
toefficient} by functions of the raflection co=
efficlent and of previcusly determined reflection
cosfficlants. Burg sumes that the previous re-~
flection coafflcients are held fixed, and ninintzes
the error verlance with respect to the current
reflection coefficient. In this ssrner, al) re-
flection coefficlents ars deterwined recursively
using & single minimizatlion at each stage. Thias
procedurs guarantess that all reflection coeffl-
clents ate bounded by unity in ssgoitude and that
the resulting filter is a prediction error filter.
The corresponding Toeplitx matrix of estimated
autocorrelations ie nonnegative defintte and the
basic sutocorrelacion function theorem i eatis~
f1ed.

In an sttempt to ameliorats the aplitting ehifc-
ing problem, Ulrych and Clayton® 1n 1976 dropped
a1l cooatratnts from the Burg Technique and solved
the lesat squares problem of minimizing the wncon=
atrained sum of equares of the forward and backward

Gvernmang |
Permisston for turthe S Suthorlted to reproduce and it this regort.
the copyrignt owner,

feproduction by oihers must be obtained from

predice lon &rrurs, a procodure which llurgs had npeec~
Lf1eally rejecred as Incorrect!  in chis mechod the
rellectlon coctFictenla losa chelr speclal signifi-
came and the Levinson Recuralon iN not used ag
all.  Since there sre no conatvatnte the reflec~
tlon coeffictents sre not bounded by unity sagni-
tude, and thus the prediction ercor filter can
become unatable and the poweT mpectrim can becomm
fugat{ve. This mechod, originally rciected by burg
becavse of fte latent instahility, hau schieved
wideapread popularity under msny different guises.
fome of thew will be discusecd later,

In 1917, Fougere’ presented o folution to the
aplitcing problems. Recall from the discusston on
the Burg Technique that Burg ansumes previously
determined reflecetian coafficlents are held fixed
In order to determine the present reflaction co-
efficient. 1t 1s this constraint which sakes the
Burg Technique so wisple to apply and yet 1t iz an
Unnecesmary constraint. The correct necessary and
sufficient condition for s set of mmbers to const-
itute & prediction error filter is that the set is
determined from a set of reflectlon coefliclencs
each of which ia less than unlty in magnitude and
that the Levinson recursion holde at each satage,
In nwie non-lineay technigue, Fougere sets each
reflection coefficlient equal to the swine of & real
angle times a Fized constant slightly ltess than
one {typically (L-1077) and miolaizes the wmean
forvard and backward error power with respect to
these unconstrained real anyles, The resulting wet
of reflection coefficients is used to generate
the predictien error filrer by weans of repeated
spplications of the Llevinson recursion This is
sot an addicional ceastraiat. The Levinson cecur~
slon is simply s transformation between tvo basts
secs vhich span the same vector kpace. The aon-~
inear procedure la o called becsuse the error
power Lz a function of the sinem of the {ndependent
variables. The normal equations are golved by
stundard nonlinear minimization techniques, At any
wtage En the (teration the reflection coefficlents
dre alvays less the ualty In magaitude and che
predicclon errer filter ia slvays guaranteed to be
& atable winimum phase Ellter with al) the toots
of Ite Z tranaform {using posirive powers of I)
lytng sutside of the untt circle. The power spec—
trum in ajweys posiiive, and the autocorralstion
function, which cam be determined eaally, aslways
satisfies the basic wutocorrelation function theo=
Tem,

The maximum number of prediction error filter co-
tfflclents » can be shown to be w = 2/3 a where n
i3 the mmber of observations. Using this value of
%, it whould ba posaible to achleve s perfect fir
to any set of input data =- even random noise.
Using the non-linear technique thim conditton has
been met ay follovm: A set of n viluea of gausslan
white nolee of variance « 2 (w used s input. The
non-linesr procedurs Is run for m = 2/ m and
Lterated until cthe error varlance is many orders of
magnitude lower than ¢ #; 1y fact, In muny tests
the errur variance was elfectively revo, Thus, a
perfect [t had been achieved. This shows that the
number of depress of freedom {df) of the prediction
error filter in exactly cqual to the dt of the data

n

7% 3%

and that cherefors the constraint {e enactly neces
wary 4nd sufficient.

The paper wilt Present exaaples of eplitting an
tia cure using the non linear wethod and example
of instabilitivs {nduced by using some of the LT
different appeatring  but veally identical uncon
stralned wethods.
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ESTIMATION OF THE POWER SPECTRUM MY A POWER-LAW PROCESS:
FFT YERSUS MARTMIM LNTRDIPY TECHNIOUE

by Paul F. Fouqure

AMr Force Geophysics Lahorstory
Hanscom Al Force Base, Bedfurd, MA D173]

Ahstract

Power spectra, estimted by the maxirum
entrooy methos and by an FFT based periodoqrem
method, dre compared using sirulated tine series,
The time seriss are corputer nenerated hy passing
Gaussian white nolve throunh Jow pass fliters with
precisely def ned rugnitide response curves such
that the outpyt tire series have power-law spectra;
P{1)=A1"P, Tsn different vatues of p betweeen 0,5
and 5.0 are vied. Uting 400D {ndependent resliza-
tlons of thess simslated time series, it {3 shown
that maxfium -ntropy results are superior (nsuslly
qrestly super or) to the periodoqram results even
when endmatchnq or windowing or hoth sre used
before the power siectra are estirated.  Without
the nse of emdmatchirg or windowing or hoth, the
FFT results a-e useless at best and very misheading
at worst.

'ntroduction
A power-Law precess is ane whose power spec-
trun can be aritten: P{f) « Ar-P, 1f gtuch &

spectrum is plotted as loq P{f) wversus log f,
then the slops of tne resulting stratght line 1%
<P, where p ks the so-called spectral index,
Many neophysicat precesses, such as scintillation
of radio waves passtmg throvah the {onosphere,
are rodelled as power-law  orocesses and the
spectral findexr then yields irportant informstion
on the scole .1zes of the fonospheric irremlar-
Tties which psoduce the scintillationl ,

Most published reports dealing with power-
law processes estimate the power spectrum by
using a pericdogram - calculated from an FFT
algorithm, The periodogram has the disturhing
property that the wvarfance of the estimates
increases as Ghe nurber of orfqinal tire serles
observations incresses, Statistically the period-

ogram provides what I3 called am Inconsistent
estimate of the power spectrun, It 1y this fn-

consistency wHich s Jed 1o a nusber of very
clever “remedbes® tnclsdingwindowing of the data:

e Smoothing of “he periodonram; and stacking fol-

Jowed by aver«qing of the estimated power spec-
trum of many indecemdent realtzations of the
ariginal naise process,

U5, Government work. Net protected by
1.8 copyright.
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About  Tiftesn years aqn, John Byrg?.?
presented papers ab two intermational reetings
in which he introduced his radica) e technique
hased upon the work of Shannon* and Jaynesd
on Information Theory. The two Burg papers as
well a3y rany others on modern spectrom est imet fon
are reprinted in Childers®, See also Burg/,
The method, calted the Maximun Entrony Method or
MEM for short, has revolutionized the subject of
puower spectral estimation. MEM +5 st§1] not yet
widely accepted and practiced  throughout the
qeophysical comunity despite the fact that MEM
has heen shown to produce & smoother spechrum
with higher resolution than the FET based tachni-
ques, Iacluding the Cooley-Tukey and the slightly
otder Nlackman-Tukey methods, See, for erarple,
Radoski et al® o9, for an excellent tutor-
fat review on all of the modern spectral analysis
t!chnh'ues, including MEM and FFT, see Kay and
Marpte !0,

It ts the ohject of this paper to crpare
the FFT based and MEM tachniques for power -1 s
processes using spectral Indices varying between
0.5 and 5.0,

Simul atlon of the Power Law Process

For any lirear, tim invarfant filter, the
output prwer spectr s equal to the input
power spectrun times the square of the magnituds

of the frequency response of the filter. See,
for exarple,  Rabiner and Gold'l, pane 414,

If the tnput §s Gaussuan white noise, 1ts power
spectrum 14 & constant, the wvariance of the
notse, Thus the output pawer spectrum Is simply
a constant times the mignitude-squared frenuency
response of the fiiter, If 3 tilter can be
designed ta have a frequency response in the
form: f  then Its output pawer spectrum, when
enicted by white notte with unit variance witl
he:

-2
Pify ot

A nrogram written by MeClellan ot o) 2 pnd
available on tape from 1LEE can be used to degign
a finlte input responte (FIR) filter with any
desired maninitude frequency response. 1t 1s only
necessary to write a sirple subroutine to define
the desired frequency response,



The Coaputer Lxporimonts

Ustng this program, filters were desioned
those squared waanitude had & power-law respansn,
n the frequency range 0.01 to 0.5, with indices
of 0.5 to 5 §n steps of G.5; 10 filters in all,
lo orler to coipare the twoe methnds Systoamt -
:ally, each filter was used to produce I indep-
wdent red-nnise real tzations for each poweriaw
index. Four sets of experiments were rum, char-
Itterized by differing treatments of the red-noise
refore the spectral estimstes.

IXPERIMENT A; Raw Data

The 1000 experinents nf case A are summari-
ted in Fiqure 1A, Here we see the spectral
indices for FFT versus those for MEM, The MEM
Indices are always reasonable with relatively
Jittle scatter for the eatire range of index 0.5
to 5.0. The FFT indices always show qgreater
scatter but are creasonahle 1f the true index
lies between 0.5 and 2.0. Ay the true index
aecomes greater than 2, the FFT results bhecom
worse - that s an fincrease in true tndex
results in & decrease in the Index approximated
by FFT, Hate that for each point plotted, the
some red-nofise realization was used for bhoth MEM
and FFT,

An explanstion of the failure of the FFT
results Is that the FFT technique produces &
Fourler analysis of the data samle. M inverse
Fourier analysTs, hack into the Lims domiin, pro-
duces a periodic function of time, whose peried
is equal to the duration of the oriqinal data.
If the orfginal data set does nat lonk periodic,
that 1s if the first and last points are not
equal, then the resulting discontinuity 1n value
of the periodic function produces a distorted
power spectrun estinate. 1f the discontinuity
is large, the resulting spectrum distortion can
be fatal,

The practitioners of the FFT technique come
Lo the rescue at this point with a renedy called
"end ratching®, They find the straight line
which connects the first and last observations
and then subtract this straivht line from the
data, We are thus led to:

EXPERIMENT B: Endmatching

Now the same 10 ftiters as in expertment A
are used but each rednolse realization (time
series) is endmatched hefore spectral sstimation,
Once agaln, the same data set {s used as input to
both MEM and FFT. Fiogure IR shows the results
With & dramatic irprovement in the FFT indices up
Lo a4 true index of 4,0, The results at 4.5 and
5.0 are again unacceptable. Mote also that the
MEM results are siightly hut definitely worse,
There is more scatter, and at an index of 0.5
the MEM results are hissed upward  This s
further evidence that end-matching resl 1y changes
the spectrun of the data set whose spectrum we
are trying to estimate,

6]

Clearly then, end-mtching is required for
1T spectra - without 1t most of the spactrun
estimates are corpletely unreliable.  Ixcept In
the 1ow tndex riange, for true indices hetween
0.5 and 2.0, the FIT results are useless, hecause
an FFT result of 2.0 could have arisen from a
trie Index anywhere hetween 2.0 and 5,0,

Just a5 clearly, endmatching ssguld he
avglded For MEM caleulations, where 1t does not
help but degrades the spectral estirmates

EXPERIMENT C: Windowing

The faflure of the FFT results 4t true
Indices of 4,5 and 5.0 may perhaps he explained
by discontinuities in slope of the nriq'nal data
set at the beginning and end. The cure *uggested
and used by the FFT communtty 1s tasering -
looking at the data through a window,

The actual window used was recomr=nded In

Welch 12 and is:
Moele2ie) SR e, 2 L,

For those interssted in ‘Window carpentry™, no
less than 44 distinct windows are discassed in
oreat detdtl in Harris Y. The same 10 Filters
used in experiment A and B were again used n
caperiment C, Here the above window was applied
routinely to all red-noise realization: hefore
the spectra were estimated. The resslts are
qlven a Figure IC. The FFT results are now
usable for indices between 0.5 and 4.5 but the
results &t 5.0 sre severely blased. Onae again,
45 with the use of endmitching, windowing de-
qrades the REM spectra. The MEM scatter 1s even
larqer here then it was for endmatching.

EXPERIMENT b: Both Fndmatching and Windaring

Hers the oriqinal red nolse realizations sre
first endmatched and then windowed berore the
spectral estimation. Fiqure D shows the results.
Now at Yast the FFT results are usable for the
entire range of spectral indices from 0.5 tn
5.0. The MEM results show that endmatching and
windowing, taken either singly or together,
feqrade the MEN spectra. Note well tha: tn all
caset, for all experimonts, the MEM scatter i
smaller than the FFT scatter.

Piscussion

The above 4000 runs, collected in four axper-
iments of 100 runs each on ten distinct spectral
indices between 0.5 and 5.0, show conncingly
that the Maxirum Entropy Method, applied Hrectly
to the raw data, ylelds results superior Lo those
produced by the FFT method on several counts,

©V

The MEN spectral shape {3 dlways smooth and
FT s,ﬁ

nearly linear. The F ape 15 high)
and noisy, Py wrlavie
2. When stratoht lines are Tit to the spectra

the resulting spectral

Indices always are nwors

highly variable with FFT than with MEM,

3.

The average MEM fadex for 100 realtzations

is far superio- to the dverage FFT index unless
the data ave arbitrarily subjected to either
endmatching or windawing or both,

Only whan toth endmatching and windowing are

$imut tanecusly applied to the data are the results
of FFT spectral estimations usable over the entire

range of spectral indtces from 0.5 te 5.0,

Even

when both a~¢ applied to the data and FFY used,

better results could have been ob i
MEM on the raw #ata. cained by using

Mote

A grestly empanded version of the SUMMARY pre-

sented here was submitted for publication 1n the

Journal of Geopaysical

-
.
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Eightv-Eight Year Periodicity in Solar-Terrestrial
Phenomena Confirmed

1. Fevrman
Departmant of Physics, Boston CM
P. F. Foucms
Air Foree Geophiyrics Laboratory, Hanscom Aie Foren Basy

T saistence of a §0-100 yesr periodic variation in solar snd/or solar-serrentrial phenomens has bevn
8 maticr of dispute for many years. A wide variety of date scts previously bave been anslyred, and tha
results of the anslyses have boen imerpreted as ahowing evidence sither bor or egainst such 8 varistion.
However, all dain scis that are proxy Jor solar wind in the ecliplic &t § AU show varintions consisient
with a period of sbout 38 years. Hers we report that & i Y o | analysis of the b
of surorn reporied per decade in Ewrope and the Orient from 430 A.D. 10 1450 A.D. shows a sirong
wabic line 0l 0 33.4 + 0.7 yeurs. Since Lhe date set containg 1] cycles, this analysie establishen the renlity

of the “loag cycle” for 1000 years. The mean amplivede and phaar are thea estimated from & superposed

iphitude was 1.2 awrorsl reports per decde and the lant Minimus phas ia

epoch ysis. The mean
thest dats oorwrred between 1403 A.D. aad 1413 A.D.

ITRODUCTION

Firmly establishing whether or not long-period variations
enist in solar outpul and in solar terrestrinl relations o of
fundamental importance in understanding the sun and solar
wind and in our ability to predict variations in interplanctary
and mag pheric envi ts. However, there has been s
grest desl of inserest and controversy concerning the reality of
»y ic changes in solar output in the lrequency range of
one of two cycles per century. This type of possible variation
baz been called, among other thingy, the Gleissberg variation,
the “long cycle,” the “B7-year cycle,” and the secular varistion.
The lrequency range is particularly intriguing because on the
one hamd there sre hints of such changes in the historical
record and on the other hand the period ia so long (hat it has
been dilficult 10 late data adequately 1o test for such &
varstion. Furthermere, lests made on different dats sets have
resulted in conflicting conclusions.

STATUS OF THE ProsLEM

Recently, Feynman [1983] reviewed six data sets which had
boew used previowsly as proxy data for solar outpuls to et
lor periodic chanjges in the 60-100 year period range. These
data scts were chosen because in each case the relationship
between the observed quentities and the solar wind was un-
derstood at least in principle. For this reason, daia pertaining
to solar-weather relmtionships were not included. The sin data
sets were the sunspot numbers since 1720 as an expression of
the solar cycl. the aa index of geomagnetic activity. 1 post-
Maunder minimum suroral dats set, » pre-Maunder mini-
mum awroral dain set, and two sets of '*C data. The different
duta sets are, of course, proxy daia for different aspects of
soler variability. The P ber is related to the photo-
sphevic magnetic feld. The '*C is produced indirectly by
eosmic rays that have propagated through brosd teaches of
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the hetiosphere and so refers 10 propertion of the solar wi
throughoul the heliosphere. Geousagnetic variations and 1
roral counits refer to solar output in 8 very restrictied eegion
wpace, ie, the ecliptic plane at | AU Since the duts sxie 1
proxy for st least three different aspacts of solar activity o
solar wind, & periodicity in aay one of these quantities do
not ily imply & periodicity in the others, and disagre
ments exist among the resuits only when two analyses

prozy data for the same aspect of the sua and/or solar wit
yield confticting resulta,

The posi-1720 | |-year sunspot number cycles bad relative
small amplitudes 81 the beginning of the 19th and of the 20
enturies, and these small amplitude cycles have been wide
interpreted aa being due lo minimume in an 87-year period
varigtion. Sonert [1982] has recently run 8 mazimum entrog
power spectiuim on thes data snd, as eapected, found a line :
an 87-year period, However, there are only 2§ cycles of da
at that period, and in our opinion that is not a long anouy
time setice to eatablish a variation a3 peviodic. The post-17:
frequency of aurorsl sightings in Sweden [Rubenson, 1882
and the geomagnetic variations as measured by as [ Mayms
1973] are also consistent with an 87-year cycle. Although ne
ther of these Jatter two sets of solar testemrial data shown
yearly average value that is proportional to the yearly aversg
wnspol number [Feyrman and Crooker, 1970; Legrond an
Simon, 1981 ; Feymmaon, 1981], they both have mintmum vake
ol aboul the same time as the sunepot cycle amplitude min
mums, ie, Swedish aurorsl reports minimized in the eatl
19th and X0h centuries [Silverman and Feynman, 1990] and a4
minimized in the earty 200h cemtury.

The situation Is different with the twa 'C dats seta. Shuve
[1980] carried out a power spectral snalysis of the post-701
A.D. rates of production of **C and did not find any increes
in power in the 60- to 100-year frequency range. Howevet, i
an independent study, Lin et ol [1975] did » covariance func
tion analysis of 8000 years of "*C anomsly data and found 1
broad increase in power in the region of B0 years, which the
interpreted as cvidence for the Gleissberg cycle. This conftic

of rosults s not yei resolved,

The final data set discussod by Feymmon [1993] ks [he me
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Fig. 1. The normulized and detrended number of susors) obsers
rations per decade. Zaro nds to 450 A.D. The datn bfors
vormalization and detrending ia from Siscor [1980],

Beval avroral sct which was reviewed by Siscoe [1980] and
which will be further analyzed here, The date sef is derived
tom reports of Ruroras seen in Europe and in the Orient from
150 A.D. 10 1450 A.D. Siscoe, following Keimarsu [19761. in-
restigated the accuracy of the data by comparing the number
W auraras per century reported from China and Europe sep-
wately. Not only were (he envelopes of the two frequoney
listributions remarkably close, but the actual number of re-
waris from the two arcas were surprisingly similar. Ia addition,
satures corresponding 10 the 7th century medicval suroral
ninimum and the 12th century medieval suroral maximum
we seen in the '*C daa. Siscoe also presented the number of
{urores secn per decade in the combined Eurapean-Oricntal
Inta sct. In Figure I, we show the data to be used here, ie. the
lata taken from Siscoe [1960] and then normalized and
lelrended. As Siscoe pointed out wnd as had been oficn 1ug-
wested before (see review by Siscor [1980]), 1he data set ap-
wared (o show a periodic varistion with & mean period of
ibout 87 years. In order to test the validity of this observation
" more objective way, Feynman [1983] carried out 8 modified
uperposed epoch analysis for the 87-year signal and found
vhat appeared (o be & suatistically significant result. However,
his method of analysis is unsatisfactory because the period
wst be chosen ahead of time and 30 cannot be accurutely
ctermined and because the evaluation of the nimtistica) signif-
ance of the results is subjective,

In this paper we carry the objectivity of the analysis of the
wdieval auroras further by using & mazimum entropy
wihod (MEM) spectral analysis. This method has heen
hown to be superior 10 other methods in certain cases in that
w period of the vartiation can be determined very accurately
Radoski et al, 1975]. Once the period ia known from MEM,
can be used in a superposed epoch analysis ta determine the
mplitude and phase, a3 shown below.

DeTiamiNaTION OF THE PrRioo

The mazimum entropy method (MEMY} of power spectral
nalysis of two independent sicps, invented by John
urg in 1967 and 1968, See Burg's Ph.D. thesis [Burg, 1975],
s well as papers by Radoski et ai. [1975], Smylic ot af. (1973},
nd Lrych and Bishop [t975] for detailed reviews and dis-
sesions of the method. See ahso the excellent review of

wdern specttum estimation by Kay and Marple [1981], as

ell a1 n set of important reptints, including the original Hurg
apers, edited by Chiiders [1978).
The first of these two steps is the so-calied Burg technique

which determines a prediction error filler with m weights
which, when run in buth time directiors over the A data
points, minimizes the mean square predidion ertor. Since the
dats are being used to predict later {or earlier) values of the
data, the method is also called suioregressive.

The second step is called MEM and uses the m prediction
ercor coefliciends in an expression derived by Burg to estimate
the power speciral density by maximizing entropy subject 1o
consteaints, Thia two step method will be referred 10 as Burg-
MEM. This technique has beea shown o produce smooth,
accurate specirn with enhanced resolution retative to the older
Blackman-Tukey [Blackman und Tukey, 1939] or Cooley-
Tukey [Cooley und Tukey, 1965] methads. Fougere 1 al.
[1976) have shown that in certain cases, hawever, Burg-MEM
has some undesirable propenties, namely, line splitting in the
low-noise cases and line shifting in modesate- and high-noisc
cases more characteristic of real data seta. These problems
were solved by Fougere [1977) by using a nonlincar gener-
alization of the Burg technique. This new two-siep procedure,
which we will call nonlinear MEM, also as been applied to
our 100-point data set. The results, although in sencral agree-
ment with Burg-MEM results, should be considered to be
quantitatively superior.

In order to test the stability of the spectral lines, both Burg
and nonlinear MEM spectrums were calcwlated using a vari-
ety of weights. The result of the noniinear analysis for 15 filter
weights is shown in Figure 2a and the Burg result for 50 filter
weights is shown in Figure 2b. In both cases the spectrums
show a dominani narrow line at 3 frequency corresponding to
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Fig 2 Typicsl marimum entropy spectrums of the data shown in
Figure 1. The top panet shows » hi 7 leulated using
35 fller weights, and 1he lower spectium uses the Burg meihod with
50 Rtter weights. The lines a1 1.13 cycles/century (- B8 years) are
stable and dominani.
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i W NOH LINEAR, NO MOV of periodic terma,
ol - : ::::::un NoisE JUt) = I,A4, cos (wd + a)
= ., ® hume. aooro wot Il we assume that the period of one of the terms it known,
5 "7 . « * then we can write
] -
g " J) = A cos (wt + a) + T,B, cos {wyt + )
!n-i where w s known but A, o, and the 8, w, and f, are un-
' known. The purposa of the superposed epoch analysis is to
L1 find A and a. We construct s time serios by sampling f(1) at
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fig 3. Eiinmudhperiodnflhalongcyd"yom 16 spec-
irums of tbe duta in Figure [. Our beat estimaie of (M period is §8.4
+0.7 years.

one cycle per 88 years The eflect of uncertainty in the data
base was tested by adding noise of amplitude one to the dats.
This cetresponds 1o an uncertainty of about three major mid-
latitude aurora per decade, since the range of values in the
original data was frorn 0 1o 15 auroral observations. The
powcer spectrams were almost indistinguishable from those run
on the data withowt noise,

Althsugh “he spectrams are very stable, there nre alight
diffcremoes in the periods of the peak_ In Figure 3 we have
plotted the peak periods for 19 spectrums. Except for the four
spectruma with 30 filler weights, all of the periods are longer
than 515 years. Since the (requency determination is probably
less acaurate for 30 weights than for the highet weights, these
four spectrurrs have wot been included in the determination of
the period. All of the 15 other spectrums show pesks, the
periods of which bic in the range 88.4 + 0.7 years, snd thai
value is adopied =8 our best estimate. There can be no doubt
that the line found in our spectrums is real, and since there are
1000 yeurs of data covering 11 cycks, the reality of the period-
icity duzing these 1,000 years is firmly established.

AMPLITUDE AND PHASE

As siated sbove, MEM power spectral analysis cannot de-
tertnine the nnplitude and phase of & variation but, given the
period, these quantities can be found from s superposed epoch
analysis of the data. The zero limes of the epochs were chosen
to make the average interval length 88 years. Since the data
conyists of the number of auroras per decade, it is not possible
to usc mmtcrvals of exscily 88 years each. Instead, cach intervad
consists of 9 decades of data, but the zero time is ndjusted so
that the last decades of two intervals (750 A.D. and [190 AD}
are alse used ma the finst decades of the next intervals. The
fesults are shewn in Figure 4, where the closed circles repre-
went the indiwidusl dais points, the open circkes the bin
averages, and lhe opea 1riangles the fit given by

HX =49 + 12 con [% X-1- 22.6']

where X is the bin sumber. This function was determined byn
least squares Bt 10 the bmn averages and gives a good estimate
to the amplitude and pnase of the long cycle vaniation. The
amplitude is gyven in ded auroral sightings per decade.
Becawe of the impartance of these results, it is worthwhile
to revicw the superpesod cpoch method briefly 1o evalunte
their validity. Any function can be decamposed into the sum

inservals At. The gth term of the scries is
f(g A1) = A cos (wg At + a) + E,B, coa {mg Af + §) [11]

However, since we know w, we can chooss Ar so that
wi. At = 2x, where L ia an integer. Using this choice of Al we
perform u superposed epoch analyss of the time series by
binning the dats in L bins. That is, we group the data ampla
80 that in the first bin we have

SO, SIL) A1), -~ , FLBLIALL -~ , f[(m = 1)L A1)

where the data set is mL periods long. In ihe (2 + 1)th bin we
have

fUn) ArJ. flim + L) AdJ, —--, f{in + 2L} A1),
~== S ([n +(m — NIL A1}

where g is an integer, i
The average value of the members of the (v + It bin is

Guyy = 1 .i'ﬁ(l + plL) A} @
)
or, more explicitly,

Gy= -!‘ .i':l con [oln + pL) A1 + a]
m 5
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but we have chosen As so that
cos [cam) Af + &) = cos [cin + 1) At + &) =~
wcon [wn + 2L} A2 + a) = <~
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Fig 4. Superposed epoch anmiysis of dain from Siscor {1980).
Solid dots show deta poinis, open circles give bin averages, and opes
tnangles are caiculured from 1he bost Bt esti If the sume b
o[lulorawurepoﬂldinuwumhinmmmlhnmtrdt.lhe
puints are plolied next to one another. For axampie, the Bgure shows
that two surores were reporied in the third dacade during four cycles.
The avernge kngth of the peviod ueed in the wuperposition was 84
yeann,
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and the m 4 1 terma in the first sum are all equa), and the sum
mgiven by

mA cos [uin} &t 4 a]

However, for a given w, the terms in the second summation in
M will not have & predetermined phase relationsiip to ome
snother. I oy, o o and not commensuraie, this qussirandom
sampling will cavse the 1erm 1o vanish (provided that 8, is not
109 large). Even il o, » w and/or B, » A, the process of sum-
wation will decrease the relative importance of the second
wummation. The G, will then be of the form

Gooy = Acos [an) At + 8] + .,

where E,_, , it the contribution to the bin average of the sum-
mations over p and i in the second term of expreasion (J).

The size of the error in determining A and a due to the a
dependence of E, can be estimated by fitting the bin average
with a cosine function {thus determining the best values of A
snd «) and comparing the fitted valucy H,,, with the actual
values of G, | from the data,

tn Figure 3 the G, ., are given by open circlesand H,,, by
triangles. 11 is clear that the contribution of the n dependence
of E_ is small. The crrors in A and & are therelore small,
shhough we do nol here attempt 1o put u formal estimate of
Rmits on them.

We canclude that the mean emplitude of the long cycle was
2.2 recorded awrorsl sightings per decade and the phase was
such that the last minimum in these data pocurred in the
decade between 1403 A.D. and 1413 A.D. A Jong extrapola-
tion of the results (o modern times would produce & minimum
circa 1850, whereas the observed minimum in auroral fre-
quency occurred cirea 1815 Such a long extrapolation may be
unwarranted because the phase in a rather poorly determined
function of quite noisy daie. The entire phase problem re-
quires further study.

Discussion anp ConcLusion

We have shown that the number of recorded auroral re-
poris/decade in midluttude Furope and Asia was perindic
with a period of B84 1 0.7 yeart from 450 A D. 1o 1450 A.D.
Although it appears to be difficult. il not impossibie, (0 avoid
concluding that solar outpul must &lso have displayed period-
ic behavior, it is not possible 1o identily the parameters that
changed. The prohlems that oocur in such an identification
have been discussed elsewhere [Feynman, 1982] and will not
be ireated st dength here. Sullice it 10 say that almost no
studies have bertt done relating midlatitude auroral observa-

, lions 1o solsr wind paramcters. We have only the general
observation that high levels of geomagnetic activity are related
1o low-latitude aurorsl appearances. We sho know, of course,
that gromagnetic activity is associated with solar wind veloci-
Iy and with southward interplanctary magnetic Aekd, but the
empirical relationship is atili & matter of dispute [Hofzer and
Slavin, 1983; Kawride, 1983].

There is evidence that the changes in solsr outputs that take
place in connection with the long cycle are quite different from
those Ieking place beciuse of the |1-year cycle. This was in-
ferred from u study of suroral frequency from 1890 1o 1935 at
high geomagnetic lutitude in Sweden [ Silverman and Feynman,
1980]. The dnta from K do (g gnetic latitude 65.2°)
thows both & well.marked vatriation with the long cycle and
an equally clear [i-year varintion. But whereas the number of

aurorss reporied reaches relative minimuma at cach 11-year
cycle minimum, it reaches a relative maximum at the mini-
mum of the long cycle. Since the frequency, positian, and
intensity of suroras is determined by solar outputs such ms
mnlerplanetary wind velocsly and magnetic field imtensity, il
follows 1hat the long cycle vartion cannot be domirated by
changes in the same parameters aa thase determining the t1-
year cycle.

Although we cannot definitively identily which soear out-
puts change during the long-cycle variation, we have shown
that the long cycle in solar ierresinal relations is eal and
periodic, that it is presenl in 1000 yegrs of suroral data, and
that Lhe perind is 83.4 +0.7 years.
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Fig 2 (o) Maxinmm eatropy spectrum of the signal from Figure Id.
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periodogram. But note that the MEM spectrum is & true
power spectral density, & continuous Function of [requency
which may be evaluated over an arbiteary grid of any density;
the periodogram ia based upen the finite Foutier transform,
and hence it is essentislly & sampicd or discrele estimate of the
power spectrum.

It is the object of Part 2 of thig paper 1o compare the
unaveraged periodogram and Burg-MEM techniques for
power law processes using spectral indices varying between 0.5
and 5.0.

2. SIMULATION OF THE Powsr Law Procesy

For any linear, lime invariant filter, the output power spec-
trum is equal 1o the input power $pecirum times the square of
the magnitude of the frey ¥ response of the filter (see, for
example. Rabiner and Gold [1975, P- 414]%. Il the input is
Guyysian white noise, its power spectrum is a constanl, the
variunce of the nuise; the oulput powes speclrum is simply w
constant times the magnitucd | freq Y resp of
the filier If a filter cam be designed (0 have u frequency re-
apasse in the form £ =% 1hen jis oulput power spectrum when
cxcited by white noive with unit vuriance will be

Pfy=fte

A program written by McClelian et al. [1979] and available
on tupe from the Institute of Electrical and Electronics En-

gineers (se¢ ulso Digitul Signal Processing Commitier [1979].
il be used to design a finite input response (FIR) filler with
any desired magnitude freg ¥ 18D It is only y
to write 4 simple subroutine 1o define the desired frequency
re-punse. Since he froquency response of power law fiher
with negative slope is infinite 4t zero frequency, this one poin)
must be excluded from the calkeulations, In practive, a band is
chuosen such that she i q Y resp foliows a power Iaw
from £, 10 f,, where f, > 0 and Jy 505, where fis frequency
normalized by the sampling frequency and runs from 0 1o 0.5
The sampled outpul fram the FIR filter is # discrete time
maving average (MA) process. An infinite impulse sesponse
(IER) filter (uhi pale} which produces & power law spectrum
over a limiled frequency range can also be designed. Such 2
filter would represent an autoregressive process. The coef-
ficients of the AR model for the filter are estimated as an
intermediate step in the Burg-MEM algorithm.

Since the random number generator used 10 creste the
Gi ussian while noise input can produce a virlually wnlimited
supply of independent random numbers, many dilferent reali-
aaiions of the colored noise (power Law) process can be pro-
dused casily.

3. THE CasPuUTER EXPERIMENTS

tising the McCletlan et af. [1979] program, filters were de-
signed whose squared magnitude had a power law response in
the frequency range 001 10 0.5, with indices ol 0.510 5 in steps
of 0.5 {10 filters in all). The impulse response of the filier with
inciex 2.0 is shown in Figure la. The impulse response is sym-
mattic abowt the 1 = 0 point, and thus ihe [requency response
is cero phase; that is, it is purely real, The frequency response
is the Fourier transform of the impulse response, und it muy
be approximated as closely as desired by using a FFT of the
mpulse response uugmented by a sulficiently Jarge number of
zeroes. The process of augmenting a discrete function with
Jarge number of zeroes before performing u finite Fourier
transform is calied zero padding und results in 4 closer Spuc-
ing of the transformed values, Effectively, 26ro padding in the
input produces interpolation in the oulput. Since the fre-
Yuency response of u digital filter is the discrele Fourier trans-
form of the (essentially discreie) impulse response, with zero
padding the discrete Fourier lrunsform can be approximaled
us closely us desired by the finite Fourier trunsform. Figure 1h
shuws the sy d frey y resp of the filter with index
2, spproximated using u 2043-point FFT. The aciuul slope,
obwined by fiing # straight line to the computed pointy
using least squares, is — 2.0000.

Using the fitter described in Figures 1a and Ih, the sample
of Guussian white noise, shawn in Figure 1r, produced the
realization of 4 power law process with index 2 (the FIR filter
ouiput} shown in Figure Id. The maximum entropy spectrum
using five prediction error flier weights is given in Figure 2a,
aml the perivdogram funaveruged, point by point square of
magnitude of +FT) is shown in Figure 2b. The MEM spoce
trum is much smouther than the FFT spectrum: thete it much
less v e from one frey y estimate o the next, and the
shupe itsell is nearly linear. reflecting the lincarity of the true
spectrum. For each specirum the siope is found by fitting »
strasght line to the power spectral density {PSD) estimates
using beust squarcs. In dhis procedure, all of the computed
poinis shown in Figure 2u or Figure 2b ure used to fit o
straight line in the form

log y=—mbogx+ A
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where m it Lhe desrred speciral index, using the method of
keast squares. The MEM xlape is — 19578, and the periodlo-
gram stope 15 — 19397, Thus the smoothed bebavior of the
periodogram in this case is accepiable,

Il the window were infinitely wide, the side lobes would disag-
pear, and the ceniral lobe woukd hecome a Dirac delta lun-.
non; convofutinn with such s funclion would simply repre.
duce the correct spectrum. But for a finite-vized window the
convelution produces some deleterious effects. The first is that

When the spectral index is tncreased to 4, the impulse re-
sponsc is that shown in Figure Ja. the squared frequency re.
sponse 1s that shown in Figure b, the white noise input is that
given in Figure Mo, and the red noise reahzation is that given
in Figure 34 The MEM specirum, 1hs time wsing [0 weights,
i piven in Figure 4o, and the periodogram in Figure 4b.

I this case the MEM specttum is 31tk guite acceptable, hut
the periodogram is not! There is essenirally no relationship
between the perivdogram and the true spectrum. The true
slope is - 4, and the pericdogram stope is only — [ 9580,

An eaplanation of the peniodogram difliculty derives from
the fact that a finne deta sel is equivatent 1o an infinite data
sct muliplicd hy a rectangular window which is unity inside
the mcusurement interval and rero outude Muyliplication of
the actual fime series by a window function implies that the
vveradl tramsform s 8 convolution of the desired Iransform
wilh the transform of the window function. The Fourier teuns-
form of the rectangular window hax the form sin (xf I/af; 1his
has a relatively narrow ceniral lobe and very high side lohes

the true spectrum is smeared oul or defocused; spectral resolm-
tion is limited to the width of the main lobe INAT) ' Hz. The
second, and more important for our discussion, is that the
high side lobes increase the spparept power st points awsy
from the centeal lobe. In efleet, the decrease of power spectral
density with increasing frequency, instead of charactetizing 1be
physical process, depends upon the window alone. Thus spe=-
tral indices greater than about 2 cannot be ohtained vting 2
reclangular winidlow. Many uther windows have heen designed
1o offsct this high side lobe hehavior. The rectangutar windose
prves the parrowest main lobe; other windows designed
reduce side lobes do $o at the capense of increasing main loke
withth. Nevertheless, some such window i¢ exsential: speciral
estimaninn nl red noise processes vymg perivdograms requit-s
the use of some nonsectangular window,

In order to compare the 1we methads sysiemanically, cwdh
filler way used 1o produce 100 independent red noise realiza-
vons for each power law inden. Four sets of experimenty we ¢

rr' 4{
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tun, charscierized by dilfering treatments of the red noise
befure the speciral estimates, In all caser the order of the
prediction creor filter in MEM way s¢t (o 6.

Leperiment A: Raw Dota

The 1000 experiments of case A are summurized in Figure
5u. Here we see the spectral indives for Meriodograms versus
those for MEM. The MEM dices sre always reasonable
with relalively ike scalter for the entire range of index 0.5 to
50. The periodogram indices always show greater scalter but
are reasonablc if the true index lies between 0.5 and 2.0, be.
cause of the side Jobe behavior discunsed above As the 'rue
index hecomes greater than 2, the peridogtam results become
wurrse; thit is, an increase in the true inden resulis in a de-
creuse 0 the index approximated by the periodogram, Note
that fut each puint plotied, the same red noise realization was
used for both MEM and the perisdogram.

Anather explanation of the difliculty with the periodogram
results is that the perindogram sechnique produces & Fourier
analysis of the data wample. An inverse Fouriet anatysis, back
imo the time domain, produces 8 perindic function of time,
whose perivd it equai to the duration of the original data. If
the original dats 21 does not look periodic, that is, if the first
and last poinis are not equal, then the resulling discontinuity
in value of the periodic function produces a distorted power
spectrum edimate. If the discomtininty is large, the resulting
wpecteum distortion can be futal. For an illuminating dis-
cussion of this problem, which i called “speciral leaknge,” see
the paper by Harris [1978] on the use of windows,

Nate that this phenomenon does not have any effect on the
MEM spectrum, which is specifically designed to operate on
the given data und vnly the given drin. No periodic eatension
of the data is required for MEM ax it is for 1he periodogram
technigue. .

1 i3 in the treatment of missing data thet the sharpest and
must obvious difference between the periodogram technique
and MEM occurs. faynes' [1982] marimum entropy principle
<ays that in inductive reasoning our general resull shouid
make use of all availeble informution and be maximally non-
committal abowl missing information by muximizing the en-
tropy of an undertying probability distribution. The i

spectral estimation. Once wguin, the same data set 48
inpat to bath MEM and the periodogram. Figure 5
the resulls with a dramati mprovement in the petic
indices up 10 2 (rue index of 40 The results at 4% anc
agan unacceptable Note ako that the MEM res
shghily but definiely worse. There 1 more scatier, &1
indux of 0.5 the MEM resulis are biased upward.

Clearly then, end-matching is required for spect
mation using periodograms: without it mos of the s
estimates are unreliable. Encept in the low inden ra
truc indices between 05 and 2.0, the periodograms ar
ted A spectral inden of 20 could have arisen from 1 tn
am where between 2.0 and 50

Just s clearly, end-matching should be avoided
MLEM calculations, where it does not belp but degn
spcctral estimates.

Experiment C; Windowing

The dilficulty with the periodogram results 1 true in
4.5 and 50 may perhaps be explained by discontim
slope of 1he original duia set at the beginning and &
sup gested cure is “tapering.” or booking al the data th
window which deemphasizes the data at both ends by
plying the dats by a function that is near zero at |

. -.on

oy Ewnv e

entropy method, developed by Rurg in 1967, beging by as-
wiming that the first few lags of an swtucorrelation function
are given exsctly. Writing the power speciral density as the
Fourier transform of the entire infinite autocortelation func-
liont {ACFY and using an expression for the entropy of a Gaus-
sian process in terms of i3 PSD, Burg solved the constrained
marimization problem: Find the PSD whose entropy is maxi-
mum amd whose inverse Fourier iransform yields the given
ACT. Maximizstion is with respect to the missing (infinite in
number) ACF values. The result of all this is an extrapalation
formuta fur the ACF. The MEM power specirum is the exact
Fourier transform of the infinitely exiended ACF.

The discominuity in value of the periodogram can be re-
moved by “cnd-mutching,” in which a straight lin¢ is 61 1o the
first and last data points and then this straight line is sublract-
ed [rom the data End-mutching may be used 1o remove the
low-frequency compunents, whose side lobes cause spectral
distortion,

Experiment B: End-Matching
Now the same 1) Fliers ms in experiment A are wsed, but
exch red noise realization (time series) is end-mstched before

-0 m
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vy Ty il
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Fig 4. (w) Masiinum entropy specirum of the signsl from Figy
The ondinaie is 10 log,, (PSD). (5) Periodogram of the same %
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wints and higher in the center. This tapering does indoed
educe the tendency 1o discontinuity in slope.

The sctual window used was recommended by Wilch
1967] and is

Wym L= [GAL + D1  j=1,2,,L

“or those interested in “window carpentry,” no fewer than 44
kistinct windows are discussed in great detail in the review
saper by Harris [1978], The same 10 fltera used in caperi-
nents A and B were again used in experiment C. Here the
1bove window was applied routinely to all red noise realiza.
lions before the specira were estimsted, but end-matching was
not used. The resulty are given in Figure S¢. The periodogram
results arc now usable for indices between 0.5 and 4.5, but the
results at 5.0 are stilt biased. Once again, s with the uw: of
end-makching. windowing degrades the MEM apecira] csti-
mate. The MEM scatier is cven targer hers then it was with
snd-matching.

Experiment 3: Both End-Moiching and Windowing

Here the original red noise realizations are first cnd-
matched and then windowed before the spectral estimation.

hed data. () Windowed

Figure 5d shows the results. Now the periodogram results ar=
usable {or the entire range of spectral indices from 0.3 10 5.0.
The MEM results thow that end-matching and windowing,
taken cither singly or together, degrade the MEM specircl
estimaies. Note that in all cases, for sll cxperiments, the MI_E.II
scatter is smaller than the periodogram scatter. The quantita-
tive results for all four experiments are collected in Table
where the mean, standard deviation, and maximom and min-
mum values are all given.

The resulis of the simulation are summarized in Table =
The severa) experiments have shown that the Burg-MEM
technique should be used on the raw data and that some Jorm
of windowing and detrending is required before the periodc-
gram method can be employed for the estimation of the spes-
tral index of a power law power spectrum. In Table 2 the
standard devialion values were used to calculate the eapecied
90% confidence limits for the spectral index estimates, It =
secn that the FFT or single-periodogram method produces a4
uncertainly which is almoat a factor of 2 larger than the unoes-
tainty for the Burg-MEM technique (+0015 versus + 0.00%.
The 90% confidence intervals (C1 in the table} are very smal,
and either method must be judged acceptabie.

A difliculty in the usc of the Burg-MEM technique can also

)
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TABLE |. Stanstical Summary of the 4000 Experimenty

T Meun Index Standard Devianon Miaimum Maximum

e

Incex MEM FFT MEM FFT MEM FET MEM FFT

Experiment A: Raw Data
03 05135 0.499) 00345 noa78 0.3488 03547 0.6160 0.6548
1o 10304 09978 005H 00708 08903 08261 1.1400 L1738
1.5 L3108 14938 00530 0.069% 13712 1.1380 181 | 6646
10 (R0 ] 19749 0.0%46 00T [R1EY) 18246 21248 2.1588
23 15063 13468 0.0450 0.12%0 23802 19569 6248 26533
o0 30241 23314 D048 02784 28Mm 17457 11507 2919
38 15019 21354 005 0.3060 3.3660 L7264 1s810 32388
40 J983S 20058 00612 0.2506 15402 L1498 41315 3.3308
45 44798 19134 00627 01897 441 16931 4.6044 JoeT0
50 49813 1.8694 00637 03455 40104 17218 pRTE -] 1282
Experiment B: End-Matched Data
03 D.e607 Q.3006 00787 00699 0.4456 D.3400 08378 0.674)
1.0 10693 10003 005872 00661 0.946) 08397 1.2004 1.18%2
L3 15136 14964 00547 0.0695 1.3855 1.3518 1.6293 1.6906
b4t (KL ) (R, 7] 00548 00708 1811 1.bD6Y 2.1206 2.203%
25 2.5030 2.4%40 00533 00697 23741 23042 26250 26812
1o Ny 29913 00553 00770 107% 2.7481 11229 1169
15 15112 34860 0.058) QUTsL 33604 12090 36501 1615
40 L 0 319530 00623 Qu7T7S EX 10 Yas0 41116 41338
43 44950 4.2794 00627 01629 43497 1393 46417 47137
50 49569 43143 006)8 031 43130 16926 10122 51244
Expetiment C: Winldowed Data
os 0.5102 0.4875 00622 00794 0.3019 02930 0.6249 08516
10 10243 0988) 00628 0.0509 0203 oMM LM L1298
15 1.3041 §ANOS 0.0650 04837 12803 1.2198 Lo2h 1.636%
0 19471 L9N6S 0.0685 00869 17483 1.7680 21192 11505
235 23007 24571 00698 LT 1253 22619 26351 26547
30 30217 29478 00097 G.0890 17554 27572 11627 31638
A 15104 3439 00698 00 s 12532 2501 146536 148713
40 19824 I9m72 00732 00905 1718 inn 41281 4.1648
45 44811 44415 00793 00983 42217 41652 46250 46105
50 49930 47165 o819 09989 ann 40513 31508 S.)16b
Experiment D End-Mutched ond Windowed Data

%] 06343 04377 0.0450 00792 04739 02978 08190 06319
10 103%3 09853 00664 (11 0E QR 0.7873 12294 L1300
1.5 1.5004 1.4864 00641 Qual? 1.2938 1L.219% 16394 16300
20 19841 19863 [T 1 H] (ugs? L1376 1.7693 2122 2.150%
15 24983 Xl 00700 00861 21422 22622 26288 26556
o s 298 D064 008%4 27542 17558 LI5% 31696
33 3 5084 J4RRE 00693 Q.0920 1.24% 32528 16589 16630
49 Ivg} 19881 V0748 Ov821 1 17648 44169 4.1504
43 443861 44924 06792 00955 421226 42289 46138 46677
50 49490 49554 OUNEE 00952 47283 47529 5.1608 56T

43

Euch eniry is based upon u se1 of 100 readizations of the red soise process. FFY siands for FFT-bused

periodogram.

be seen in Table 2. The MEM estimates are bissed. That is,
the confidence interval does not include the true valoe. This
small bias valuc is of the arder of the uncertainty in the perio-
dogram method. The bias can be changed by using a different
order for the AR process. Recall that the order is set at & no
Btiempt was made 10 optimize it.

But notice also that for MEM in six cases the error is
negative and in four cases if iy positive. For FFT the error in
always pusitive, indicating a systematic bias, The periodogram
systemmlically underestimates the spectral index. Most of the
eTTurs arc quite close to the 10% confidence interval. For both
MEM and FFT, however, the bias is quile smal und should
not prave froublesome.

It is noted what by averaging the spectral inden estimates
obtained from four periodograms the confidence boutids cun

be reduced 1o less than the bounds for a single Burg-MEM
esiimate. Lising overlapping spectra as recommended [Nustalf
and Curter, 1982], equivalent results could be obtained from
areraged periodograms by using u data set 3 times the length
ol that required for the Burg-MEM analysis. The trade-off
b tween the use of the two techniques is evident, The non-
purametric method employing windowed and averaged perio-
dugrims requires more data to produce the sume resull as cuan
b abiained from the Burg-MEM algorithm. The parametric
Burg-MEM algorithm, h cr, requires the selection of the
Correct order 1o produce unbiased results, but Lhe order is not
known a priori, When faced wilth a time series from an on-
known process, both 1echniy hould be zpplicd, and the
parumeters of the models (such us order of the process) adjust-
&l o provide consistent resulls {Jemkins amd Watis, 1968].
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TABLE 2. Summary ol Simulation Eaperiments

MEM (Faperiment A} FFT (Expeniment 0¥

True

Inden  Mzan Eror! [y Mean  Frior! [ &
0.500 0516 - 0418 0009 (L]0 ] o2 oo1)
1000 1ot 0o o 0984 o4 oo}
1.500 1.51¢ ~0m1 ame 1 4R& an4 anis
pat L] Lo o oy 1947 o0 0014
2500 1504 -0n06 G pELE ant} 0014
3o 304 -0024 [1i04.] 2984 0ot} 001%
1500 LI H -0ml (LI 1] R L oan 4014
1000 1946 00l4 0010 1yug 0014 0013
4.5m LRl anH) [LAL] 4493 am? ¢0?
5000 4wl 001y 001l 41948 e 00l

'Erroe + true index — miean indes,

C1 1 the expecied W confidence mtervel tof, /n. where I is the
A= crilival vulue of Student's distribution using 100 degrees of fro--
dom, # is the standurd deviation from Table |, and # = 100. For &
single ohmecvation. Cl = go, ie, 10 times us lurge. Nole that of
lerrorf > Cl, u buas enists.

Ditcustion

The ahove 4000 runs, cotlected in four experiments of 100
runs cach on 10 distinct spectral indices beiween 0.5 and 50,
show that correcily applied, the maximum entropy method
sl periodogram techniques yield results which may be
thought of as complementary.

1. The MEM speciral shape is always smooth and ncarly
lincar. The unaveruged periodogram shape is highly variabie
und noisy.

1 When straight lines sre it (o the specira, the resuliing
spectryl indices are more varisble with periodograms than
with MEM.,

X Slight hiases cun result from the wse of MEM unicw
care % taken in determining the order of the process 1o he
anulyred

Explunatiin

Since the difficulties with the pericdogram-hased techniques
have heen eaplamed briefly, il seems in order 1o present an
intuitive explanation of the of the MEM technigue.
Tie MEM specirum is based upon the determination, from
the data sample, of u prediction error filler, which finds the
error in A one-siep-ahead prediciion as u hinear combinati

scintillaion can be separated from the carrier and can then
yield imporisnl inlurmaiion on the nature of the ionospheic
irtegularities which are the source of the scintillation [ Yeh und
Lit. 1942].

The data 10 be snilysed here ure amplitude scintillstion
data sampled at 36 Hz for 3 min from the MARISAT sulelbie
in Januury 19R1. Figure da displayy the data set, which was
chusen especislly because it containy a guiet segment fror 0
10 abowt 2§ min, a moaderaiely noisy section from 2§ 10 34 men,
and 1 highly scintillaling section from 3} 10 5 min. The
chunges in character of the noise record are quite abrupt and
casy Lo see in the lime record of Figure fu.

It may lemtimately be asked whether power speciram
anulytis coutd be employed 1o monitor the development of

wch a procoss. A dynamic spectrum was consiructed from the -

~ S%.min data sample as Iollows. There were 10981 obser-u-
tions in this data set, which was divided into 60 batches cen-
uisting of 361 paints {10 » each) and overlapped by 181 poists
($9.

Some elementary siatistics for each baich zre shown in
Figure 6h, which gives the munimum (top curvel, standard
deviation (midd¥k cutve), and minimum {bottom curve) The
inpul power to each power specirum js yimply the square of
the standasd devintion. Figures 6a and 6h show that the sigaal
in approximately stationary, that is, the mean and standird
devigtion are approximately constant, during the three separ-
atc time intervals 0 2} min, 2} 34 min, and 3}-5 min. These

e S
v

~F T

of m previous sumple values. The same filier is used to make
predicins in both time directions it is merely reversed to
make predicitons from the [uture imto the past). The mean
squrare prediction error in both lime directions is minimized
hy varying the prediciion error coefficients. Because the filier
makes predictions of the time series based upon previous
values of the time series itsell, it is ako called an autoregres-
sive filter,

Naw the red noise process whose spectrum we are trying to
estimate is whio an sutoregresvive process, and !hm MEM i
ideally suned to the of the I ve |
ters and indeed produces specten which are close to idesl.

4. Arrucanion To GrorHysiCar Dara

fonospheric scintillation occurs when a radio wave, trans.
mitted by a satcliie foward a receiver on the earth, pasies
through » disturbed ionosphere. Both the phase and the am-
phitude of the wave sulfer lowfrequency {~ 0001 1o 100 1Hz2)
perturbations known as phase and amplitude scintstlation, re-
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Fig 6. (o} Amphitude scintiltution date taken from the MARISAT
sntellue in Lanuacy 19%51. The samphing ratt is 3 Hz There in hack-
ground rowse lrom 0w H min. moderate scintiflavon from 24 10 3}
mn, :nd fuly ulur:lul scintdlaiiont frome 3 to 5 aun. (M Mimimam,

speclively. I the wave in detecied in o switable receiver, the

and dard deviation of each haich of 361 ohservmim
of data from Figure b The batches are overlapped by HIE puinity,
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of Ihe lime seriey shown in

Figure 7a. Noisy cutwes: perindograms of the same datm after end- -matching and windowing.

times comcspond 15 baiches numbered 1-27, 28 19, and
40 80. A power spectrum was then obiained for each batch.
The 60 omerlapped cata sections are shown in Figure 7a, and
the MEM and unaveraged periodogram specira are shown in
an klentival format in Figure 76 The smooth curve b the
MEM result based upon five prediction error filter weights
appicd dbrectly to the raw data. The periodograms which
appeas s the moisy curves in Figure Th were obtained on 1he
same daie sets after frst end-matching snd windowing using a
three-term Blackmar-Harris window. This is one of the "heu™
windows Jescribed by Horris [1974] Tt can be xeent that in
every cam the Burg-MEM resulls wee an “ideally” smoothed
version o the periodogram results of, move important, thut
the periowugrum resalts show the statistical Nuctuations to be
enpected when no foem of avcraging is wsed. W one had only
the periodugram resulis, one might be templed 10 “see” signifi-
cant spect=sl peaks, and these peaks in any cuse would fend to
obrcure reul changes in slope in the underlying process. Such
importang chunges in slope (and indeed chanpes in the
churacler of the spectrum) are easy Io identify in the MEM
specita and can be seen to correspond to changes in Lhe
churucter of the time scrics as seen in Figure 6. The smooth-
new of the MEM specirum is sifected by the choice of the
vrdey of 13¢ spectrum. Since the process is nearly stationary
over m nunber of speciea, additional information can he ob-
tamed hy averaging the speciral esimates obtained from the
Perrmjogrzms. Notice that the spectts numbered 27 17 incly-
sive are ab extremely close (0 pure pawer law spectra with »
single speutral index ever the entire frequency bund of intercyl,
0.1 1K H7 This fact should serve to valklate and motivate the
simulation resubis presenied earlier. Reat geophysical data sets

sorwctimes can be sccurately represenied as realizations
puie power law processes.

Hotice also that the charscter of the individual data se
ch: nges quite sharply from batch 25 to batch 19, The Bur
M1 M spectra similurly show chunges of character from bar
25 to batch 29. Once again the character of the signal and «
the iated specira ch nbruply from pure power Is
10 composile power law, approtimated by iwo or more a)
proaimately linear sections at batch I8, Fully saturated scinti
lation is evident by batches 40 and 41 in the time record. Th
spectra here are composite power Juw, piccewise linear, wit
throe different spectral indices, small, medium, and large, an
& spectral minimum near the Nyquist frequency (13 Hz). Thes
resahts, the spoctrw of batches 15 -4¢, are enpanded and show
in letail in Figure 8o The sharp change of character fror
hatches 38 und 19 (o batches 40 and 41 is dramatic and easil
visible. Figure Bb shovws the periodogram results. In order b
distinguish the four curves at all, a bias of 20, 40, and 60 d1
was added 1o curves 1, 40, and 41, respectively. The chang
of character from curve )8 to curve 41 is obscured by th
statistical Ructuation.

At the risk of belahoring the point, these qualitslive change
in character of 1he spectrum are clearly and casily visible il
the Burg-MEM results bul uee a1 least partislly obscured it
the Nuclustioms which ar¢ the constanl companion of una
vernged perivdogram resolts.

Note finally thet certain fealures clearly visible in the Burg:
MEM spectra could net even be imogined by examining the
tlime series record. For exumple. the fully saturated three-
vomponent specirn evident in haiches 41 47 chunge Yo pre-
dominsntly two-componcnt (white plus red) spectrs in batches
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40, and 60 dB have heen added 10 buiches 19, 40, and 41, respec:
1y.

54. Of course, it is 18 desire to see features not obvious in
time record that motivates the use of the power spectrum
he liest place.

snother way of visuulizing & dynamic power spectrum is a
te-dimensionsl surface representation with hidden linea re-
ved. Figure 92 shows such a representation of the 60 over-
ped spectra using Burg-MEM. The qualitative picture is
1 of power speciral density changing smoothly with time
h wo regions of rapid but smooth increase. The com-
lion picture from the overlapped periodograms, Figure 95,
'wise shows two regions of rapid increuses, bul the high-
plitude noise obscures all other features.

5. ConrLusxng

The Burg mazimum entropy method spplied to time
ies realizations of red noise pr produces consi Iy
soth power specira.

" Without averaging, the periodogram method applics! 10
same duta sets produces power spectra with lurge stutis-
i Auctuations which may obscure Lhe true speciral v.ri-
anrs. End-matching or windowing or preferably both are
wlutely essential il meaningful pericdogram results wre 1o
obtained,

AL this point we will return briefly 10 the 1ssue raised in the
roduglion, that of statistica) i y. I was ioned

Fouotrt: Ren Nose SrecTRa - MaxiMub ERmeory aND PERKODOGRAN

speciral estimate: the variability of the specirum does not de-
vrease av the duta sample increases in size, This is a stochastic
result which hus nothing to do with the deterministic prob-
lems of “spectral lcukuge,” which can be greatly reduced using
end-maiching or windowing or both.

This stochastic resull has been well known for a long fime.
Subsequent siatisticul analysis has shown that 1here ure two
methods of reducing the variance in 1he periodogram spectral
eslimale. Both involve a smoothing procedure, onc in the fre-
quency domain, and the other in the time domain. In the
frequency domain the variance can be reduced by ibplyin;
various smoothing [ormutas 10 u sel of adjacent spectral esti-
mates in a periodog ‘The simplest ol the hing for-
mulas is the running mean. The greater the number of ordi-
nates which are smoothed, the grealer the reduction in vari-
ance. But, of course, at the sume time the frequency resolution
of the smoothed specirum is similarly reduced. Thus a rade-
off must be made between decreased variance, which is desir-
able, and decreased resolution, which is undesirable.

In the time domaina the smoolhing procedure which is useful
for reducing speciral is that of averaging successive
independent or overtapped periodograms. The price paid here
i a correspotuding reduction in ume resolution. Thus if, as in
the MARISAT data, the spectrum changes abrupdly in time,
because the underlying time serics changes abrupily, the pro-
cess of averaging n conseculive periodograms would blur any
sharp changes in character of the spectirum,

A

PS2.08)

Fig. 9

{a) Order 3, Burg-MEM dynamic specirs of all 60 dulx

u the periodogram produces a statistically inconsisient

batches. (M) Penoslogram dynamw speviran of the sume duts alier end-
matching and windowing.
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IL, however, the process under scrutiny were stationary snd
sulficient Jdata were available, the method of AYETAging perio-
dograms would produce a reasonable, smooth spectrum. To
illustrate this point, we return bricfly 10 our simulation resulis
und show in Figure 10 successively stacked and uveraged
periodugrams using I, 2, 3, 4, $, 10, 25, 50, 75, and 100 inde-
pendent periodograms and, oa the botiom, & single maximum
entropy spectrum for compasison. The original spectcal index
wis 2.0 {slope of —2.0L The number given nexi 1o each spec-
trum is the rms deviation of the spectrum estimate from the
puwer law specirum determined by beast squares. With 100
averayed periodog: the rms deviation is siill a little larger
than that of one marimum entropy spectrum. An adequaic
cstimate of the spectral indes, however, requires the usc of
only four periodograms, a3 indicuted in the discussion of
Tuble 2.

By way of a final resalution which may provide an intuitive
understanding of ihe differences between maximum eniropy
und periodogram spectral analysis for red noise provesses,
Figure L1 shows maximum entropy power speciza of a singhe

lization of a si d power law process with index 28,
Here we sec the number of filier weights increasing from 1op
0 botlom and, at 1he very bottom, the periodogram (after
end-maiching and windowing). As the number of filter weighis
increases, the MEM spectral appearance becomes more and
mose jagged until ut 312 weights the MEM specirum resem-
bies quite closely the raw periodogram. Note that there is very
litike change in the spectrum shown in the top four curves,
with 2, 4, %, and 16 weights, but that below that, for 32, 64,

- weights, more and more meaningless detail 1s displa yed.
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HE
g WE Stucked wnd swvuged periodugeamn {lop 1) curvest of g

simuluted power low process with imden 2 The nmumber of indepen-
den spevtra stucked is shuwa on the el L L 4K -} und the rmy
deviatioms of the displayed spevirum from the power law spoctium
determined by leawl squares & shown on e right. The botiom spec.

l.rll‘ll'l 13 u snigle MEM spectrum. The vertical saule is 30 JB belween
TKChs,

62 =1
H2
g 11. Maximum entropy specirs (10p nine curves) of & simuiai-
el power law process wilh index 2.5, The number of prediction emror
lier weighits is shown at the keft (2, 4, 8, 16, -, 3. The penodo-

#rwn is shuwn ul the boiom for companson, The verticul scale is 30
JB hetween icks.

A complete FORTRAN package which finds Burg-MEM
spectrs has been prepared. Scriously interesied scientists are
invied to write 1a the author for g copy of the program and
its Jocumentation. Please indicate preferred tupe density {800
or 1600 BP1) and code (EBCDIC or ASCIL),
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R Ty, much ion has [ d on physical ible for the K ion end
evalution of the playma density irregulunitien in the F region lonmplm! that disrupt communicalions
o1 high latiteder. The polar orbiting S)-2 llite with it h of high Hution of plasma,
parixie and field detectors provides useful on om the dy ics of some irregularnitics. This

sudy focuses om phusme density and electiic fiedd measurements taken ms the suiitiie few pokevwsrd
along the Hacang discomiinuity during u sulbstorm. The position of the Harung duicontimwity i &
tablished froun simultaneous ground magnetometer messurements snd DMSP imagery. The plasma
densily showed & distinct manimum near the poleward boundary of auroral ek precipitation that
Wil two orders of magnitwde higher than in the 1rough snd in the [winier) polar tap. Very intense
1> 100 mV/m) electric field fluctustions sere ditated along the storp, equatorward, plasma denmy
gradient near the poleward boundary of the oval. Power specirel & ies of these iom did not
obey expecied power laws but had siroag spectsol lines between | snd 16 Hz that do not ssem 1o map
1o the pesh unhe [ I-m This wuzm ] mmmphmc source fof 81 keast some high-latitude electric

Beld irep speciea for plasma dcmmﬂ mmtenlly showed 47!
powet laws over the 0- 10 A.Hz rlng. This s wih the pe ions of pradient drift
theury.
INTRODUCTION convective instability [ Kadomtser, 1965). This mu

Results from the DNA Wideband satellite have
sparked a2 renewed interest in the morphology and
actiology of ionospheric irrcgularities at high lati-
tudes. The Widcband scintillation mcasurements in-
dicate that |- to 10-km-scale irregularities in the mid-
night sector of the auroral oval are L shell-aligned
sheets [Rino and Marthews, 1980). They are lound in
regions of large-scalc ficld aligned currents and TEC
gradients [Fremouw et al, 1977, Rino et ol., 1978].
Becuuse convection in the midnight sector has a
strong equatorward componenl, regions of poleward
tequatorward) density gradients should be stable (un-
stable) against the gradient drift (E x B) inmability
{Simon, 1963; Ossakow and Chaturvedi, 1979] showed
that even in regions of poleward density gradients
the plasma could be linearly unstable to the current
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requires the presence of field-aligned currents car
by thermal plasma with strengths sufflicient to o
come the effects of stabilizing E x B drifts. Howe
the linearly unstable modes have wave vectors |
pendicular to the density gradients and thus can
explain L shell-aligned sheets. Subsequent anal)
[Chaturvedi and Ossakow, 1979; Keskinen er
1940) show that lincarly unstable modes tran
encrgy to harmonics that are nonlinearly unsiz
and whose wave vectors are along the density gre
ent. Numerical modelling of the current-convec
instability predicts thal at long wavelengths the n
lincarly saturated waves should have power apec
densitics that follow power laws with speciral indi
in the 2-2.5 range [ Keskinen and Ossakow, 1982),
The Wideband ohservations and their plausible
planation in terms of current-convective instabili
eventually led to the launch of the HILAT satellite
July 1983, In thc mecanwhile experimental effic
were extended ta exploil other sources of informat
abuout density structures in the ionospheric F regi
Based on ISIS 1| thermal plasma measureme
[ Pheips and Sagalyn (1976) found that in the auro
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#sma density zone irregularitics obeyed a power
eciral law with an index of ~2. Rocket measure-
:nts in conjunction with Wideband and Chatanika
ohcrent rudur backscatter operations detected
wiler spectral indices [Kefley et al., 1980]. The dif-
ences between the salellite and rocket measure-
'ats can be reconciled if one considers that sirue-
‘e, with scaies of several tens of kilomicters, could
U be detected in a rocket experiment. Kelley et al.
2] cite evidence of such tens of kilometers struc-
‘¢ in measurements by the Chalanika radar in the
dnight sector (cf. Kelley er af, 1982, Figure 4).
€y suggest that the tens of kilometers scale vari-
ons reflect structure in low-energy (<1 keV) elec-
m precipitation. This conjecture has been verified
the polar cap {Weber and Buchau, 1981} and in
+ auroral oval [Busu et ai, 1983) where several
ndred clectron volts eleciron structures are found
coincide with topside densily enhancements,

The purpose of this paper is 1o present a case
dy of topside ionospheric irregularitics observed
$3-2 near the Harang discontinuity during & sub-
rm. The irrcgularitics were detected by both the
ctric fickd and plasma density sensors, embedded
an exiensive, morningside, region 2 {lijima and
temra, 1978) current system. These field-aligned
‘rents are carried mosily by energelic, precipitating
ctrons, not by thermal particles. in slf but one
tance the irregularitics were found in regions of
uatorward density gradients. Despite our inability
measure the westward component of the dc elec-
= field, this aspect of the dalta is consistent with the
wlient drift hypothesis. In this case, however, the
scirum of the electric field Aluctuations showed dis-
cL spectral lines in the 1- fo 16-Hz (1.5- to 0.5-km)
ige. # is nol understood how such irregularity
'ctra are expigined by presently existing theory.
The paper is made of three parts describing the
2 instrumentation, irregularity measurements and
liscussion of their relationship 10 our present un-
'standing of irregulatity formation.

INSTRUMENTATION

Fhe §3-2 satellite was launched in December 1975
o a polar orbit with an initisl apogee, perigee and
lination of 1557 km, 240 km and 96.3°, respec-
:ly. 1t was spin stabilized with a nomina) apin
iod of 20 1 and a spin axis perpendicular to the
sital plane. There were two independent scientific
‘kages 10 measure acronomic  and mag-
osphere/ionosphere coupling paramcters. During
ew briel periods of ~ 10 min duration, while the

satellite was within view of a tracking station, data
from both systems were collecied simultaneousty.
The aeronomy cxperiments included an ion mass
spectrameter. The magnetospheresionosphere cou.
pling package consisied of detectors to measure
quasi-dc electrjc and magnelic ficlds, the Aux of auro-
ral electrons, the densitics and temperatures of (her-
mal clectrons and the drift motion of thermal jons.
The instrumental packages and modes for data re-
duction have been described by Phibrick £1976] and
Burke et al. [ 1980].

ORSERVATIONS

During the period 2018-2028 UT on January 6,
1976, a Defense Mcteorological Satellite Program
{DMSP) satellite and the $3-2 satelite crossed the
nightside suroral region. Optical imagery of the su-
roral scene is given in Figure 1. Two grids super-
posed on the image represent geographic and geo-
magnetic coordinales projected to an altitude of 100
km. The projections of the subsatellite tracks show
that DMSP was moving wesiward, morning to eve-
ning, across the midnight sector of the oval and §3-2
poleward. Ephemeris data found at the bottom of
Figure 2, show that the S3-2 trajectory was slightly
to the east of the MLT midnight meridian. The sepa-
ration in time of the irajectories crossing was ap-
proximately 2 min. This can be seen by comparing
the position of DMSP as a function of universal
time, given by the scale 10 the left of the image, and
that of 83-2 explicitly marked along its trajectory.
For the purpose of understanding overall geomag-
netic conditions we have also given the AKR power
measured by the Hawkeye satellite at an altitude of
20 Ry and normalized to an emission source at 7 Rg.
The horizontal bars to the left of Figure 1 represent
3-min sveraged values of AKR plotted at the mid-
point of the interval. Geomugnetic conditions at the
time of the 83-2 pass have been established through
an examination of standard geomagnetic indices and
auroral magnetometer records Junuary 6, 1976, was a
muoderately disturbed day with the £ Kp = 20 and
Kp =4 in the 1800-2100 UT inferval. The pass took
place during an expansion phase of a multiple sub-
storm period that began at 1530 UT and lasicd
through the remainder of the day, At 2026 UT the
AE and AL indices were 385 and 340 nT. respec-
lively. The AKR pawer at 2025 UT was § x 10°¢ W
m ? Hz ', the highest value achicved during the
ongoing substorm. The relative strengths of the cast-
ward and westwird electrojots determined from AE
and AL and the DMSP imagery suggest that most of
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Fig. 1. Imagery of nucihern polar reguon from DMSP between 2014 wnd 2019 UT on l,nulry 6, 1976 The
sibumieilite trajeviory of 53-2 und the AKR power fluz are provided on snd 1o the keft of the image, respectively.

the A<R came from the postmidnight sector of the Dixon Island (DI} are also given in Figure i An
oval. cxamination of horizontal and vertical magnetic de-

The locations of magnetic observatories at Leirvo-  flections (not shown) indicate that at the‘lime of the
gur (1G), Kirumn (K1}, Capc Chelyushkin (CK) and $§3-2 overpass both Leirvogur and Kiruna were
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Tig 2 Measuremems from $3.2 of 11} the 20-s averaged den-
hes of ©3F, N°_ and H', (21 the 51 averages of the cloctne field
impunen) slong the satelhte trajectory, {3) (he magnctic pesiug-
1ion fransverse to the satetiite trapeciory. and {4} the direchionsl
1 of clecirons with enerpes between 30 ¢V and 17 keV. The
13 in the op panel mark 1he Iwo regions where inrge smplitude
evttw: field Muctumtions were detected.

nder the influence of an castward electrojet located
lose to the latitude of Kiruna. At approximately
032 UT the direction of the electrojet changed from
astward to westward. Both Cape Chelyushkin and
Yixon Island were continuously under the influence
{ a westward clectrojet located at intermediate lati-
udes. As discussed below, the electric fields and field-
ligned currerts measured by 53-2 are characteristic

of the morning sector. From its proximily to both
|cirvogur and Kituna we conclude that the $3-2 ira-
jectory was just 1o the morning side of the Harang
discontinuity.

Figure 2 summarizes measurcments from four in-
slruments taken during the auroral zone passage of
$3.2 The 1op pancl gives 20-s average densities of
H*.N*, and O" ions. The second panch gives the 53
average values of the electric field component slong
the satellite trajeclory (F,). Negative values of E,,
antiparallet 1o the satellbte velocity, mean that the
convective field has an equatorward component. The
third panel is & plot of magnetic perturbationa trans-
verse 1o the satellite trajeciory, In our satellite coor-
dinate system, regions of negative {positive) sfope in
plots of ABg versus time are consistent with fictd-
uligned current sheets directed oul of (into) the iono-
sphere. The botiom pancl gives the directional flux of
elecirons with energics between B0 ¢V and 17 keV.
Intermittently placed arrows at the top of this panel
indicale times when the detector sampled downward
moving electrons. Eleciron Auxes of ~10%/cm? s &
isoiropically distributed over the downcoming hemi-
sphere indicate that at the 1ime of instrument turnon
the satellite was in the region of diffuse auroral pre-
cipitation. The presence of ficld-aligned currents in
the diffuse murora {region 2) that arc directed out of
the ionasphere and of equatorward electric fickds that
drive westward Hall currents supports our conten-
tion that the $3-2 satellite was just on the morning
side of the Harang discontinuity. In this region one
also expects that the electric ficld should have 2 west-
ward companent driving an equatorward componcnt
of convection. Unfortunately, owing to uncertainties
in surface contact potentials of the axisl dipole, the
de part of the westward eleciric field component
could not be reliably measured.

Relurning to the top panel of Figure 2, we note
that at $3-2 altitudes between 1400 and 1300 km, the
cold plasma was predominanily made up of heavy
ions O* and N* and had large-scale north-south
gradients, The plasma densily rose from ~ 10* cm ~*
st invariant Iatitude 67" to ~3 x 10* at 75°, then
decreased rapidly to 3 x 10 at 77", We have ¢xam-
ined the raw electric field measurements and found
twn regions of rapid electric ficld variations (dis-
cussed helow) marked hy bars in the top pancl of
Figure 2. Qutside of these two regions, vasiations in
the measured clectric ficlds were smooth and orderly.
The equatorward region of elecirostatic fluctuations,
detected at 73440 UT 3 accurred in a relative platean
of cold plasma density. The poleward bursts of elec-
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tric fluctualions catend across the steep density
gradicnt between 75° and 77° invariant lIatitode.
These bursis occur in the most poleward portion of
the region 2 [Hijima und Potemra, 1978} currents and
across the Iransition from ceniral plasma sheet to
boundary plasma precipitation [Winningham et ol.,

plane data for presentation the potentials due to du
biases and cross-field motion of the satellite have
been subtracted from raw measurcments. Since the
dc bias is not known, only the cross-lield inductior
potential has been subltacted from raw, axial dipok

1975]. In this region the average energy of precipi-
tating efecirons typically changes from a lew keV to
several hundred cleciron volis. Electrons with lower
energies produce ionization at F rather than £ layer
altitudes [Ruble and Rees, 1977).

Figures 3 and 4 provide deteiled measurements of
the spin-plane and spin-axis dipoles in the vicinily of
the cquatorward and poteward clectric feld Auctu-
ations, respectively. In the case of the equatorward
cvent, rapid electric ficld fiuctuations with amplitudes
of up to 450 mV/m ate observed in the north-south
composent between 2024:02 and 202404 (71442-44
s) UT, but net in Lhe cast-west component. Rather,
over this 2.5 period there is a strong (~ 100 mV/m),
smooth, castward turning of the clectric field. An
eastward diwrecicd electric ficld component is not ex-
pected in the midnight sector. M narrow letitudinal
eatenl of ~0.1" suggests that it i derived from a
region of positive (negative) space charge located lo
the west (east) of $3-2's irajectory. This is exactly the
space charge distribution expecied where the polarity
of the magnetospheric shiclding layer changes from
posilive before midnight 1o negative afler midnight
[Harel et al., 1981 Rich et al., 1980]).

Figures 4a and 4b give the potential differences
measured belween the ends of the spin plane and
sxml d-poles, respectively, in the vicinity of the pole-
ward elect<ic ficld Ructvations. The data are ar-
ranged 1o span four consceutive 10-s intervals. The
end paints of the four periods correspond fo times
when the spinning dipole was most closcly aligned
with (he carth’s magnetic field. In preparing the spin-

ements. To convert potential differences intc
dlectric Relds it is necessary to divide by the dipole
lengths of 27.72 m (spin plane) and 11.0 m (axial). In
the case of the spinning dipale it is also necessary tc
divide by sin ¥, where ¥ is the angle between B and
the dipole [ Burke et al., 1980].

Both Figures 4a and 4k show that in the frst 101
interval the two electric ficld components were slowl)
varying in amplitude and direction. Rapid electric
field Nuctuations are observed throughout the lasi
three intervals, The most intense Auciualions were
detected during the second interval in which ampli.
tudes of +4 V and +2 V were typical of the spinning
and sxial dipole measurements, respectively. Thes
coreespond 1o clectric field amplitudes of 140
mV/m. There are three points that we wish 1o make
regarding the clectric ficld variations. Firs, thes
fuctuations differ significantly in frequency, ampli:
tude and polarization from those shown in Figure 3
Second, there is & high degree of correlation between
the fluctuations measured by the two dipules. Third.
the fluctuations are largely electrostatic rather than
electromagnetic. The last point is casily established
If the waves were eleciromagnetic there would be
magnetic Auctuations §B related to the electric fluc-
{uations §F.

5B = BE/V, o

where P, is the local Alfven speed. At an altitude of
1300 km snd mugnetic Iatitude of 75" the earth’
mugnetic feld’s intensity is ~3.5 x 10°7 T. With an
ambient plasma density, consisting mostly of O*, in
the 10* — 10 cm™' range, we calculate that ¥,

Ini



SAFLEKOS ET AL FLUCTUATIONS NEAR HARANG DISCONTINUITY

LE] 4
1o
LX)
-le
20
30

SPIN- PLANE COMPONENT

1611976

DC POTENTIAL (VOLTS)

O s T T T T T JTTin
"y 1378 90 LY ) 1128 ] [F1LN-1] 1314 08
war LY LY ™ "™ e a0
Fig. 4a.  Poiential differences d ncross 1he pinning dipole in the polewnrd region of eleciric Auctustions
marked im the top panel Figure 2.

should be between 2 and 6 x 10° kmy/s. For electric
ficld fuctuations of + 140 mV/m, equation (1) pre-
dicts 6B variations of +(25 10 75) nT. With & §
nT/bit resolution sampled 32 times per second, such
magnetic fluctuations should be easily detectable, We
have examined our magnelic field measurements at
maximum resolution and have not found variations
corresponding to the obscrved efectric variations. In
fact, since all data points are reproduced in the AB,
pancl of Figure 2, such Alfven waves would appear
as & burst of noise near 736205 UT.

To facilitate comparisons with previoosly repomed
irrcgularity m (s and theoretical expesias
lions, we have performed power peciral analyses on
the 6E fluctuations shown in Figures 40 and 4k by
using the method of maximum eatropy [Ulrych and
Bishop, 1975; Radoski et al, 1975; Fougere, 19°7).
Figures Sa and 3b give power spectral denskies
(PSD) as functions of frequency for the spinning =nd
axial dipole measurements by using 10 and 30 fiter
weights, respectively. The higher flter weight anal =sis
more cfliciently resolves individual spectral line con-
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Fig 4b. Posential differences mensurnd scrods the mrial dipole in Ihe polewsrd region of eleciric Nuctuslions
markad in the 10p panel of Figure 2.

tributions. The scale lengths cited at the top of the
figures assume that the irregularitics are stationary in
the plasma’s frame of reference [ Baker et al, 1983}
and that the satellite speed is 7.5 km/s.

The analysis was performed by first subtracting the
mean and any lincar trend from the data. Figure §
containg results from five consecutive 10-3 intervals,
Analyses were performed upon 7 s of data in the first
four cases. Beceuse of an instrument calibeation be-
ginning st 73644.5 5 UT, only $ 5 of data were used

in the last cases. The first spectrum, which is from the
10- interval prior to encountering the 4E fluctu-
ations is provided as & background reference. Also
for reference we have superimposed lines with stopes
characteristic of K~ und k™ power laws, where &
represents wave number (21 limes [requency/satellite
velocity). Finally, above the high-frequency end of
each spectrum in Figure 5a we have noted the total
power under the curve normalized fo the power con-
tained in spectrum 3 for the spinning dipcke. Note
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that the power contained in spectrum 3 is about 2
orders of magnitude sbove background,

There arc five aspects of the PSD's shown in
Figure 5 that we wish to emphasize:

I. Excepl in the background case, none of the
spectra follows a power law over the entire [requency
fange.

1. In the portions of individual spectra showing
power law dependencies the speciral index is in the
2-3 range, However, in the cases of greatest intensity,
1 fot both dipoles, the spectra are more characteristic
of white noise rather than power laws.

1. The power and frequencies of spectral lines
vary from dipole 10 dipole and from interval to inter-
val. However, in the region of strong E fluctuations,
casey 2-5, there mro consistently spectral lines near
1.5,2.5 and 10 HZ

4. There cxists no simple harmonic relationship
between spectral lines.

5. The satellite spin (0.05 Hz) has no influence on
the spectrat analysis.

One particularly intriguing aspect of the §3.2
measurements is the presence of discrete lines in the
E PSD's between 73619 and 73645 3 UT. Signals
with frequencies near 10 Hz are evident in the raw

lized 10 case } for the apinning dipole are noted in the upper right cormers.

data shown in Figures 4a and 4b. To further study
these signals we passed the raw electric feld measure-
ments through the 9- to 10.8-Hz filter shown in
Figure 6. The results of this analysis for the interval
73642-73643 s UT show a very natrow spectral line
with a central frequency of 9.5 Hz. In the right panels
of Figurc 6 we have plotted the 9.5-Hz component of
the E fluctuations detected by the spinning and axial
dipoles. Over this interval the electrostatic waves are
lincarly polarized at an angle of ~45° to the saicilite
trajeciory. At other subintervals the polarization was
not to simple.

Representative measurements from the Langmuir
probe and the ion drift meters are given in the top
and botiom panels of Figure 7. The eleciron densily
measurements were taken with the sensor grid in the
constant voliage mode. Data \aken during periods
when the grid voltage was being swept have been
suppressed, The ion density measurements are not-
matized o times when the sensor in the spin planc
faced in the ram direction. A cursory glance at these
measurements jeveals both lsrge- and small-scale
variations in (he plasma density. Large-scale vari-
atjions measured by these thermal plasma sensors are
consistent with those from the ion mass spec-
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tric Feld Muctuations versus frequency using 30 hlter weight for
wme intervals as Figure Sa.

trometer. For example, at 73513 and 73594 1 UT the
ion mass spectrometer showed local density maxima
of 3 x 10* and 3 x 10* cm ™, respectively. At these
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times the Langr probe nents were
% 10° and 4 x 10* cm™ %, Drift meter sensors $
measured a density maximum of 4 x 10* cm ™’
73593 s UT. Nolc that where the plasma sens
measurements were sumpied F6 times per second, 1
mass spectrometer data plotied in the top panel
Figure 2 were sampled once cvery 20 3 when |
detector aperture faced the ram direction,

In examining small-scale variations care must |
exercised lo distinguish between current Auctustio:
due 1o vaniations in the ambient density and satelli
potential. Satellite potentials change in response
varying fluxes of auroral particles. Auroral elecire
lend to charge satellites negatively, thus suppressis
thermal electron currents snd enhancing thermal ic
currents. In crossing regions of thermal density fu
tuations, the ion and eleciron detector measuremen
should correlate positively. In regions of satellite p
tential fluctustions, varistions of the thermal sense
should anticorrelate. Comparisons of the 1y
measurements are valid only when one of the i
sensors faces close to the ram direction. With tt
limitation, we have compared the three sets
measurements and arc only able lo identify o
“cleciron density™ decrease as clearly due to an i
creasingly negative satellite polential. This occurm
&t 73565 5 UT and is marked by the symbol ¢, in (1
top panct of Figure 7. Where the electron curre
decreased by a factor of 4, the current 1o drifi met
sensors 48 showed no significant modification.
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Fig & Ilighly pesked PSDY ut %% Liz (Figure 64) obtained from the axisl dipole for the 1.0 interval following
2077:22 113641 5) UT peing the - 10 10 B-Hr hirer shown in Figune 85, Results of passing vignaly from hoth dipoles
thscugh 1his Klter are shown in Figure 8c. The deshed linea in Figure 8c are mide tor the eye for perunving phase

coherence between the (wo agnah.
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d by the Langmuir probe and Ihe two ion drift meless on

5k

Turning attention ta the clectron density vari-
itions, we note three fealures of the measurements:
1) electron density decreascs can be greater than an
wder of magnitude (c.g., 73540-73560 5 UT), (2) pole-
vard density gradicots tends to be very steep and
evoid of smaller scale variations (e.g., 73490, 73530
ind 73560 s UT), and (3) equatorward density gradi-
'nls are relatively weak and have smaller-scale ir-
cgularitics embedded in them {c.g, 73525, 73540,
'3610 s UT). It should be noted that the scales of
mall-scale irregularities embedded in regions of
uatorward density gradients are much longer than
hose of eicciric field variations shown in Figurc 4,

To quantify the spectral characteristics of the den-
aty fAuciuations, we have performed maximum en-
Topy analyses of Langmuir probe measurements

from the 73599-73544 s UT interval. The first four
PSD's for dnfnt shown in Figure 8 were calculated by
using data from 10 s (160 samples) of data. Other-
wise, they are from the same intervals as the 5E spec-
tra of Figure 5. The filth spectrum was compiled
from 5 5 (80 samples) of data. The dashed lines repre-
sent k=% PSD's. There are four aspects of Figure 8
worth noting:

1. All of the dn/n spectra obey power laws over
most of the 0.1- to 8-Hz frequency range.

2. Spectra I, 2 and 3 show 4 distinct spectral line
centercd at 5.5 Hz. No similar line appears in corre-
sponding 8E spectra.

3. The line doublet centered at 4.5 and 6.5 Hz in
spectrum 5 has no analogate in the 6€ spectra.

4. Because of the different sampling rates, Sn/n

149

g3

SAFLEKOS ET AL.: FLUCTUATIONS NEAR HARANG DISCONTINUITY 4
ON/N dn variations with scale sizes >2 km. The amalle:
[Ty ] scale structures appeared in regions of equatorwar
'“—:—:_-___;_____ gradients with tens of kilometers scale size densit
e flucluations. In the region of strong 3£ Auctuatior
P e ] the dn/n PSD obeyed k * power laws over most «
3 e VN the 0.1- 10 8-Hz range. Individual lincs at 5.5 H
<L e e have no analogates in the §E PSD's.
3 . ~ There arc three aspects of the $3-2 measurement
\%ﬁ that relate to our currenl understanding of irregu
4 i T T larity formation. These are (1) the retationship be
.§ e ] tween clectron fluxes and topside density enhance
Pl e ments, {2) the role of E layer conductivity in th
& maintenance of density irregularity, and {3) the re
s Iationship between clectric fields and density irregu
- - - larities.
e ~
L = ~ Electron precipitation and topside densitivs
S TRy e NI R P YT

v prl . .
@ Fraqueny (1 Dyson und Winningham [1974] first noted a coin

Fig. 8. Power spociral densitics for dn/a for same five imervaly
a1 JE Ructuasioas in Figure 5. Dashed lincs represent & ™% spectra.

and SE spectra cannot be compared to the 8- to
16-Hz range,

SUMMARY AND DISCUSSION

In the previous section we have described a set of
obsetvations taken during a substorm period on Jan+
wary 6, 1976, in which DMSP and $3-2 crossed the
midnight sector of the auroral oval. The S3-2 trajec-
tory carricd & just to the morningside of the Harang
discontinuity where convection electric fields have
relatively strong westward components, Throughout
the pass O* and N* were the dominant ion species.
Two bursts of strong electric ficld Auctuations were
observed by the 53-2 electric ticld detector. The
equatorward burst was delected in a region of no
perceptible density gradient. 1L appears to be associ-
ated with an ionospheric projection of the mag-
netospheric shielding layer rather than being a mani-
festatian of a gradicat driven plasma instability, The
poleward region of electric field Auctuations spanncd
the location of an equatorward density gradient in a
region of mpward field-aligned currents and in the
transition between central and boundary plasma
sheet precipization. The absence of 48 Auctuations
suggests that the fluctuations are elecirostatic. Spec-
traf analysis showed significant power in the 0.7- 1o
i-km-scale range (3-10 Hz). Analysis of the Lang-
muir probe and drift meler measuremenis revealed

cidence of severe topside irrcgularitics and the onse
of 300 eV clectron precipitation necar the daysidi
cleft. Kelley et af. [1982] suggesied 1hat topside den
sity variations with scale sizes of tens of kilomeier
arc initiated by similarly structured soft electron pre
cipitation, then are distributed throughout the high
lutitude region by convection. Electrons with energie:
<1 keV tend to create ionization pairs at F rathe
than E layer altitudes. [n the F layer ionization los:
rates due to recombination are refatively slow. Thu
cold plasma has a Jong lifetime to ambipolar diffus
to topside altitudes. This hypothesis is consisten
with recently reported satellite measurements using
rather different techniques [Basu er af, 1983, 1984
Rodrigues and Szuszezewicz, 1984). 1 is also consis
tent with the general features of the lopside densit)
and suroral clectron fux distributions shown in the
top and bottom pancls of Figure 2, respectively. The
equatorward density gradient between 75" and 77
spatially corresponds 1o & similar gradient in precipi
tauing electron fAlux. The thermal cleciron density al
71540 s UT (Figure 7) increased by a full order o
magnitude as the electron Aux increased by u factor
of 5 (Figure 2). The relatively low density-maximum
of 8 x 10 cm™? at 73440 s UT corresponding to
energetic electron fluxes > 10%cm? s sr, also confirm
the hypothesis of Kelley and co-workers. Observe
that at 73440 s UT as S$3-2 encountered cenlral
plasma sheet {>1 keV) precipitation the clectron
density maximem was 8 x 102 ¢cm ?, whereas com-
purable fuxes of boundary plasma sheet electrons
(<t keV) produced an ionization maximum of 3
x 10* cm ™2t 736008 UT.
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‘vle of E region conductivity

Based on theoretical considerations Vickrey and
‘elley {1982} huve postutated that the fifgtimes of F
'gion irregularities are strongly influenced by the
anductivity of the ionosphenic E region. In the pres-
nce of density gradients particles tends to diffuse
cross magnetic field lines 10 weaken the gradients.
he rate of diffusion is given by g, v, where p, is the
yrotadius of the a species and v, is the collision rate
{ that species. O* ions have gyroradii 6f ~5 m and
iffuse at greater rates than clectrons with gyroradii
t ~3 cm. In the absence of any E region conduc-
vity charge separations develop and ion diffusion is
:tarded by ambipolar electric fields. Diffusion pro-
teds at slow eleciron rates and density gradients
ssociated with irregularities tend to be long lived. If,
n the other hand, the E region is highly conducling,
while electrons can move along magnetic field lincs
) heutralize the ambipolar ficlds. Topside diffusion
roceeds at relatively fast ion rates, and the Jifetimes
Tirrcgularities are reduced.

In the top panct of Figure 7 we soe irregularitics in
te plasma density from scales of 100 km down to
1e 2-km resolution of the detector. The very ateep
radients observed throughout the data stream, e.g.,
ear 73590 s UT, appear 10 be cc 1 with the
mail £ region conductivity model of Vickrey and
«clley. We note that between 2026:30 and 2027 UT
ery littie auroral luminosity appears on the §3-2
ajectoty in Figuere 1, consistent with a low £ region
snductivity.

leciric field and density variotions

Relating 5)-2 observations of 6E and dn/n fluctu-
tions near the Harang discontinuity to present
xcory is a perplexing cxercise, On the one hand, the
uctuations shown in Figures 4 and 6 are associated
‘ith equatorward gradients in the plasma density.
‘heoretical considerations indicate that such regions
hould be subject to gradient drift (F x B) instabil-
ies. Near the Harang discontinuity the convective
lectric field has a sirong westward component E,.
he lincar growth rate for the gradient drilt insta-
ility is

W E,
- B (k)
1 the poleward region of electric field Auctuations
1w density decreased by 2 orders of magnilude, 4.6
Told, over & Intiudinal distance 2°. Thus the gradi-
nt scale length Los (Un/n) ™' is ~43 km. If we

assume that the equatorward component of the
plasma convective Jdrilt was | km/s {E, =S m¥/m),
then the gruwth time y ' = 33 5. A flux tuhe would
thus take approximately 10 growth times 1o drift
across the density gradient. The furge amplitudes of
the SE Auctuations would then suggest that the insta-
bility had evolved inlo the neniinear siage.

There are however, two aspects of the data that do
nol fit simply into the plasma instsbility picture.
These concern the amplitude relationship between dn
and AF and the power spectral distributions required
by the gradient drift theory.

Amphitude relationships between dn and 3E can be
obtained from consideration of the continuity and
momentum equations, which for thermal electrons in
the F region can be well approximated by

—a- dn+ S¥VVna (k1]
o
and
kg V8 4 eny3E = O L]

where 6V = SE/B represents plasma drift Auctu-
ations, k, is the Boltzmann constant and T, is the

clectron  temperature.  Fourier decomposition of
equations (3) and (4) gives

dnjng = (= E_[BLI ol 3EJE ) = (SE/E )} (5

since iw %y = E /BL {equation (20 for & purely
growing wave. Also, from the electron momentum
equation il can be shown that

SE = ikih, T, feXdn/ng) {6

Thus if the spectrum of SE Auctuations could be rep-
resented by N Gaussian-shaped lines superimposed
on a power [aw spectrum with spectral index m,

sy

~
g JE.[[kfl.r “+ Yae™ -wvu.r]

then dn/n spectrum would have similar lines superim.
posed on a k™! power law. The symbols a, k, and
A rep the amplitude, wave ber and half
width of the ith spectral line, respectively. Returning
1o equation (5), we sce that for 3E Ructuations with
amplitudes near 140 mV/m with frequencies between
? and 10 Hz, then SE/E_ ~ dn/n > |. As we have
stated above it is nut possible lo compare the $3-2 s
and 4F measurements al frequencies greater than 8
Hz. However, other satellites, Aying in the same alti-
lude/local time sector, as $3-2, with much higher
sampling rates have usually reported power law spec-
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tra with dn/m Buctuatiors of just a few percenl near
10 Hz [ Phelps and Sagafyn, 1976].

I1 order o predict the spectral characteristics of
wares generated in the gradicnt drifl instability pro.
cess, Keskioent and Ossakow [1981] have studied the
evarution of the E x B instability into the nonlincar
regwne and found that for scale sizes between 100 km
anc 0.5 km, the spectra foltow power laws with spec-
trall indices in the 2-2.5 range. [ndeed, the PSDY's for
{onm)? shown in Figure 8 are consistent with the
norlincar, gradient drifl theory.

Iquatior [6) shows that the PSD for the electric
ficld {5E)! should be 2 powers of k less than (6n/n).
Thas for (3n/m)? o k™2, (6E)* should have & whilc
noise spectrum. We see from Figures 5a and 5h the
eleatric fickl power spectral density obeys a white
noise power Jaw only in the cases of specira 3 for
bot the spinning and axial dipoles over the entirc
spe=tral rumge. However, even here as the number of
liftar weights is increased 1o 30 more detatled spectrat
lines in ths I- to 16-Hz range. As far a3 we can
detzrmine, Lhe presence of strong discrete lines in the
SE PSDY's is not & prediction of the E x B instability
maodcls.

Finally, there are two further observational elc-
mems that suggest an alternative to a gradient drift
expranation for the large-amplitude electric tictd Nuc-
fua ions reported here. First, prcliminary data from
the HILAT satcllitc &t 840 km show frequent oc-
cur-ences of large amplitede plasma dnfi uctuations
coiscident with rapidly varying low-energy electron
Muncs [ Rich et al.. [944]. In a region of ficld aligned
potzntiat drop the PS1)Y's plasma deift and the cnerpy
flun of precipitating clectrons, in the energy channels
tlowest to 1the polential drop were identical even in
disercie speetral hines [Basimaka and Burke, 1984).
Scownd, P. F. Bythrow (personal communication,
194d) has nol found large-amplitude drift Auctu-
atiens of these kinds in Juta retneved from a similar
drill meter on AE-C at JOO- (o 300-km allitude. A
surecy of all $3-2 clectric fickd measurements from
Jarwiary, Fzbeuary, and Junc 1976 [Denig and Ridh,
1981} indicated that SE fluctuations similar to those
reported here only occur st altitudes greater than 700
km

The observations from S3.2, HLAT and AC.C
cum be recomciled most essily if the 8E Ructiations
do 10l map Lo altitudes near the peak of the F laycer.
I twis is tree, there are iwo signilicant consequences:
([} he magnetosphere is the most likely source of the
Audtvations, and (2} strucivred, tield-aligned poten-
tisl drops must occur belween 400 and HOO km,

These potentiaf drops arc of the order of 100 V an
would produce struclured modulations of ticle
aligned, low-energy electron fluxes. These elecirons
turn would structure Sn/m in the fower F layer whes
plasma processes cause cascading 10 typical powe
lnw specira. However, the nonlincarly cvolved dn/
processes do map to the altitude of $3/2 and HILAT
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1. Introduction

The maximum entropy method of power spectral estimation was First
discovered in papers presented in 1967 and 1968 by John Burg. These two
seminal papers have revolutinired the subject of power specttum estima-
tion, Mundreds of papers have been written on the subject of high resolu-
tion spectral estimation since that time, Burg's two papers are available in
the book Modetn Spectrum Analyiis edited by Don Chitders and published by
IEEE Press (1978). Another excellent source of Information on the method
is Burg's thesis of 1975,

Very briefly the Maximum Entropy Method {MEM) consists in maximizing
the entropy tate of & process, subject to constraints that express whatever
is known about the process. If the first few lags of the autocoreelation
function are known, then an expression for entropy i3 written in terms of
the power spectral density and the expression is then maximized with re-
spect to the unknown autocorrelation lags. The constraint is that the auto-
correlation function is the Fouriet transform of the power spectral density,

In the so-called Burg technigue (the 1968 paper) the power sprctrum is
determined directly from the data without any need to estimate autocorre-
lations and without any artificiatly introduced windows to corrupt the given
information,  The autocorrelation {or autocovariance) function is never
needed, but it can be produced as a simple by-product if desired.

The topic of this paper I3 2 review of an annoying problem that srises as
a result of a very subtle constraint involving the Burg technique: the prob-
lem of spontaneous spectral line splitting and shifting, and of some methods
that have been designed to fiorate this probl

The fascination with the Burg technique is due at least in part to its
success in handling very short signals.  Figure 12 shows a rather extreme
case: one~haff cycle of a 3-1/3-H1z sinusoid sampled four times at & Nyquist
frequency of 10 Hz. The plotter program has simply connected the points
with straight lines,

Figure 1b shows the Burg power spectrum obtained using four filter
weights—a heautiful sharp line at 3-1/3 Hz. (The number of fifter weights
iy analogous to the mumber of lags in a2 Bfackman-Tukey spectrum,} This
kind of result was first presented by Ulrych (1972),

2. The Splitting Problem

Now, however, if one more point is added, to give the picture shown in
Fig. 2a, we have two-thirds of 2 cycle of the same signal, and its power
spectrum, shawn in Fig, 2b, splits Into two components that roughly straddle
the correct frequency. This difficulty was first pointed out by Chen and
Stegen (1974), but some of their systematics were wrong and they incor-
tectly ascribed the wwatisfactory spectrum o due 1o amplilication of noise
peaks, caused by the use of oo many prediction error Hiter coelficients.
They alo claimed incorrectly that this problem was similar to that observed
by Jackson (1967} for FFT spectra, Shortly after the work of Chen and
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Fig. 1. a, One-half cycle of 8 3-1/3-Hz sine wave sampled four times, The
four points are simply connected by straight lines, b, The Burg spectrum of
the signal,
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Fig. 2. 8. Two-thirds cycle of the yame signal a3 in Fig, 1. b, The Burg
spectrum of the signal,

Stegen, Fougere, lawalick, and Radoski (1976) systematically explored the
psoblem as follows,

Figure 3 shows spectra of the following signals: unit-amplitude, 1-Hz
sine waves sampled 21 thnes at a Nyquist frequency of 10 Hz; 10°* Gaussian
white nolse added and 20 filter weights. This s one full cycle: the varishle
is initial phase, There is no splitting—every spectrum Is a very sharp dccu-
rate needle—and we have used 20 of a possible 21 Hiter weights, Note that
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the classical FFY¥-based or Blackman-lukey specira are never as sharp s
thisl

Next, In Fig. 4, we use 1.25 cycles with varying initial phase. Every
spectrum splits into a sharp doublet unless the initial phase is 0*, 90°, or

180°, that is, & multiple of w/2. But this signal is terribly short: only 1,25
cycles,

T /23]

J |
. 1
AL, FHRSE

1 .Doe
Fl(ﬂu‘lt[ Y INg)

fig. 3. Nineteen Burg spectra of one cycle of a unit-amplitude, 1-Hz siny-
soidal signal, to which Cawsslan noise of amplitude 10°* has been added,

sampled 21 times. The initial phase varies from 0* 1o 180° in steps of 20°,
Twenty lilter weights were used.

i
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fig. 4. Ninety-one Burg spectra of 1.25 cycles of a unit-amplitude, 5-Hz
sine wave (with 10°* amplitude of additive Gawssian noise), sampled six
times using six flilter weights, Initial phase varies from 0° to 180° in steps

of 2*. Note that there is no splitting at 0°, 90°, and 180° and maximum
splitting at 45* and 135%.

phase, sampled 101 times in

1.5, 3.25, 5.25, ..., 49,25 Hy Causslan white noi i
. s wes, 49, . ® noise of lit -
been added to cach signal. b. Expanded view c o v 107 has
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_ What happens when the signal is | thened.
Figure 5a shows the resuft, The signals are 1.25 Hz, 3.2: He, ane:‘so on u;
10 49.25 Hz with a Nyguist frequency of 50 Hz, Every one splits, even with
49.25 cvc!u of signal, and we have used only 25 of a possible 101 weights—
not too high, by anyone's standards, Figure 5b is an enlarged view of the
central region.

The next question arises:
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3. The Solution to the Splitting Problem

Now 1 will pretent some elementary mathematics to set the stage for
discussion of vanous attempts to solve this problem. Linear prediction is at
the very heart of the Burg technique. Let the data set be

Xoo Xpo Xyy veny Xy,

and deline a prediction filter C,, G, ... such that a prediction at X,, i,, s
given by the simple convolution

%, = GX, ¢ GLX, m
Define the prediction etror at X, at ¢,
€ = Xy X, m Xy - {G,Xy 4 GyX,] . n
Deline prediction error coefficients:
g = 1 g = Gy gy = -Gy, (hH

then
LI TR TR N [E}}

and ¢, is calied 2 PEF for Prediction Error in the Forward direction. 1f the
same filter is reversed and run hachward, we detine §,, the prediction error
in the backward direction, or PtR [Prediction Error Reverse)

§ = Xt K. (5)

We can picture the fillers moving over the data to generate prediction
errors at all ol our observed times in both time chirections. But for a three-
point filter we begin the forw.rd prediction at X,; we never run the filter
off the data—we wse all of the jiven data and only the given data, There is
never any need 10 make assumptions about what the data are like outside of
our given data set. There is rever a periodic extension of data as in the
Cooley-Tukey FFT method or 4 zera extension a3 in the Blackman-Tukey
method,  Also there is never any tapering—which really cught to be called
tampeting—of the data with re.ulting loss of information! The idea of run-
ning Lhe filter in both time directions s extremely important. It explicitly
takes care of the fundamental symmetry principle that the power spectrumn
of a stationary process is invariant under 3 time reversal. Mote that we are
limiting ourselves to stationary signals. Some authors criticize the Burg
technique because it does not work well with exponentially growing or
decaying signals, This is nomensel The Burg technique was not designed
for such signals. In fact, a__ll techniques designed to estimate power spectral
density require at least approximate stationarity.
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Now the best linear prediction error filter minimizes some function of
the forward and backward errors,  Wiener (1949) chose to minimize the
mean squate forward efror.  On the other hand, the Burg norm is given as
the arithmetic mean of forward and backward squared error

1
Pm = g O (P < FERY), (6)

whete n is the number of observations = sample size and m is the number of
g's = filter length. Let the sequence §,,4;, 44,0« define the autocorrelation
tunction, Then the Wienar (1949] squation [slo called the Yule-Walker
equation [Yule, 1927; Walker, 1931)] for real data can be written

P T TR mn 1 P,
* L LN s m-r fm o
L1 * L L fmea L - .
m tm-r dm=a e * Emm o

n

The matrin of sutocorrelations is » highly symmetric form, called 3 Toeplitz
matrin, with all of the elements on any diagonal equal to each other, This
symmetric form greatly simplifies the solution of Eq. (7).

The matrix of prediction error Hiters, stripped of thelr leading wnity
elements, is

L]
in in
C = I in En , 8
-« + L]

The diagonal elements,
LT T4 THL T
By ™ Bu ' Bvkne
En ™ B *dnvin
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called reflection coefficients, are the critically important ones because of
the Levinson (1947) recursion given in Eq. (9). In general,

Bnk * En-yk * Bpnln-an-k - 9

Once we know g,, and §,, we can find g,,. Once we know g,,, £,,, and
Bis We can find g,, and g,, to complete the third-order prediction error
filter, In general, given the sot of sellection coefficients, the set of all
prediction error filters is easily determined by wsing this simple and elegant
algorithm repeatedly. Given ocly the lirst m diagonal elements of Eq. (8),
the entire mam matrix is determined using the Levinson recursion. Con-
versely, given the prediction ertor filter, the backward Levinson recursion
yields all of the reflection coefficients. That is, given the mth row of
Eq. (8}, the entire mxm matrix can be found,

Now in the Burg technique the Levinson recursion is used to write the
expression for the mean forward and backward error power in terms of the
reflection coeflicients. I previously detenmined reflection coeflicients are
kept lixed, the current one is found by minimizing the error power with re-
spect 1o the one current reflection coefficient. That procedure guarantees
that all of the reflection coeflicients are bounded in magnitude by unity and
that the resulting filter is a prediction error filter, The corresponding Toep-
litz matrix of estimated autocorrelations is nomnegative definite and the
basic autocorrelation function theorem is satisfied (Burg, 1975).

Unfortunately, the constraint of fixing previously determined reflection
coefficients is not necessaty 10 achieve these ends. [t i3 necessary only
that all reflection coefficients at any stage be bounded by unity in magni-
tude, The independent vasiables, gji, ¢ ™ 1,++e,m, Must be constrained such
that |m| < 1. Such a constraint can be satisfied identically, that is, for any
choice of the variables o;, | = 1,,..,m, by setting gj; = U sinB; with U
slightly less than 1; typically U = 1 - 10=?, With the independent variables
chosen to be the set of real angles 8;, the minimization problem is now non-
linear, This is the solution to the problem that i discovered for real signals
{Fougere, 1977) and for complex signals (Fougere, 1978). Minimizing the
mean errof power with respect to the set of §'s completely solves the jine-
splitting and shifting problem, It is true that the objective function Py i3 a
nonlinear function of the angtes 8; and that the nonlinear minimization is
nontrivial, but the 1977 and 1978 papers shaw how to find the gradient of
the objective function, and so standard nonlinear minimization techniques,
which require the value of the function and its gradient, can be used to
solve the problem quite cffectively.

Figure & shows Burg spectra of the worst case: a signal consisting of a
sine wave of frequency 26,25 Hz with 45 initial phase sampled 101 times a1
a Nyquist frequency of 50 Hz, The noite levels ate shown on the right,
Note that the splitting is strongest when the noise level is lowest. As the
naise level is raised, the pesks broaden and finally coalesce into a single
broad peak located at a shifted frequency. When the nonlinear method just
desciibed is applied to the same signals, no splitting occurs, as shown in

THE PROBLEM OF SPONTANEOUS LINE SPLITYING m

Figa 7. The method is called nonlinear because the independent variables
are not the reflection coefficients but arc-sines of the reflection coefii-
cients. The independent variables enter the expression for the mean error
power nonlinearly,

-7
A S 280 N2 M4 204 e
FREQUENCY [HERTZ}

Fig. 6, Burg log power spectral density (LPSD) versus frequency for signals
consisting of 101 samples, 0.01 second apart, of 3 unit-ampitude tine wave
of 26,25-Hz frequency and 45* initial phase in additive Caussian white noise
vn:: amplitudes 1077, 107", 1072, 10™%, and 10°%, Five filter weights were
used,
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Fig. 7. Nonkinear log spectra of the same signals as in Fig. 6,
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One further simple bit of ar.thmetic shows that if we vte m = 2/In we
should be able to achieve a periect fit to any set of data. I we have m
filler weighty and n observations, there are 2{n-m) independem prediction
errors (in the forward and bachvard time directions), If m = 2{n-m), then
a perfect fit can be achieved bicause there are as many independent vari-
ables a3 there are independent ptediction errots,  Solving the equation
yields m = 2/3n for & perfect fit. This is not a desirable thing to do—it is
merely a test of the method, In practice, a perfect lit can be achieved
under either of two conditions, [ the constraints are not tight, that is, if
no refllection coelficient (g;;) is near unity in magnitude, then it is easy to
achieve a perfect fit at m = 2/3n, | have observed a perlect fit when the
input data set consists of white noise samples. This condition ¢an be
observed on the computer when the mean square prediction error becomes
so small as to be computationally indistinguishable from zero. | the com-
putet word length contains k significant decimal figures, then the ratio of
mean square prediction error tu the mean square observation Is less than
ok,

i the constraints are tight, s they tend to be with sine waves In noise,
it is sometimes impossible to achieve a perfect fit, In these cases, when the
constraints are dropped so thai same reflection coeflicient is allowed to
become greater than 1 in magnitude, a perfect lit can again be achieved.
NI course the resulting filter is nonphysical, These remarks are not intended
to suggest that achieving a perfect fit is desirable; it never is, except as a
very powerful check on the correct operation of the program.

In sunmary, the nonlinear method employs the lightest possible con-
straint to the reflection coefticients=that they all are bounded by unity in
magnitude; and it guarantees that the prediction error filters will always be
stable minitnum-phase filters and the resulting spectrum will always be posi-
tive, Alt of the roots of the 2-transform of the prediction error filter lie
outside the unit clrcle.

4, The Unconstrained Least Squares Method

It Is simpler, of course, to remove all constraints entirely and to solve 2
minimization problem in which the normal equations of {east squares are
lineat in the prediction error con-flicients,

The following authors all suggest and recommend such & method: Nuttall
(1976), Ulrych and Clayton (1976), Kay and Marple (1979), Swingler (1979),
Batadsle and Erickson ({1980}, Marple (1980}, Lang and McClellan {1980},
The Int of names should be headed by that of Jobn Burg, who first described
it a3 erroneous and rejected it in his 1968 paper. When the unconstrained
method aciually produces a prediction error lilter and the backward Levin-
son recursion shows that in fact the rellection coelficients are all bounded
by unity in magnitude, then the results must be algebraically identical to
th;se of the nonlinear method. But there iy absolutely no guarantee that
this situation will obtain on any given data set. It is especially unlikely to
work correctly in the low noise situations,

T
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Some of these very authors also claim that the cause of line split-
ting/shifting is the constraint of wing the Llevinson lecuult_m. This is
totally absurd, The Levinson recursion is in no sense a constraint—but it is
quite magicall Civen any set of numbers whatever, detennined in any way
imaginable, which are alleged to be prediction errar coeHicients, we c!n
spply the backward Levinson recursion. I the resulting retlection coelfi-
cients ate all of magnitude less than wnity, then the original numbert are
indeed valid prediction error coefficients; otherwise they are notl Con~
versely, given any set of numbers all of which are less than unity in m_uv_ﬂ-
tude, we can se the direct Levinson algorithm to find a valid prediction
error filter,

S Semmary

Following Is a complete summary of the nonlinear technique, putting
together four equationt we have just seen:

1
Pp = o tz1(t‘. iy, (10}

m
tg = Z Xkem-1 Bmi

im0
(1m
Lol
8w Z Xgsi Bmi
i=0
Snk ® En-y,k * Enntn-1n-k (1
gt = Usingj;iwt2.mUcCt, 1y

The mean error power Py is given In Eq. (10). This is what | previowsly
called the Burg norm, The prediction errors PEF = ¢y and PER w 3y are
given in Egs. (11). The Levinson fecursion is written out in Eq. (1), a‘nd
the simple necessary and suflicient constraints to produce a stable predic-
tion ereor Tilter are given in Eq. (13). We substitute Eq. (1) Into £q. (12);
£ (12) Into Egs. (11); Egs. (11) Into Eq. (10) and then minimize the mean
etror power P, with respect to the true independent variables, the angles
8j. This produces the optimal correct solution to the problem first posed by
Burg, and it completely solves the line-sp itting and shifting problem, It is
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true that the objective function P, is a nonlinear funclion of the angles L]
and that the nonlinear minimization is nontrivial; but the original papers
(Fougere 1977, 1978) show how to find the gradient of the objective famc-
tion, and 3o standard nonlinear minimization technigues that require the
viloe of the function and its gradient are used to solve the problem quite
effectively,
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MAX [MUIH-ENTROPY SPECTRUM FRUM A NON-EXTENDABLE AUTOONRRELATION FUNCTION

PAUL F. FOUGERE

AFGL/LLS
HANSCOM AFR, MA, 0711, USA

INTRUDCCTTON

Tn the first "published”™ reference on maximum
ratrosy spectra, an enormoualy inllueatisl and
weminal saympnafum reprint, Meeg [t] annnunced his
tew wmthod hanrd upom craclly known, error free
satorrrelation samplen,  Barg shoved that LF the
ftrat n samples were Indeed the beginning of a
legitimate sautoeorcelation function {ACF) thst the
next sumple {n+1) was restricted to 1le in & very
Axall range. 1 that {n#l} sample were choarn to
be In the center of the siloved range, then the
wampls aumber {n+2} would have the greatest free-
dwm ts he rhesen, sgaln in A amall range. In the
same Inper, Burg also showed that the extrapola-
ttan o the ceanter point of the permissable range
curresponds to a macimum entropy sltuation in
which the available dats were fully utiiized,
white no unwarrantid assvmptions were made about
mavailable data. In f[act unmesasuted data were to
be as random u# posaible subject to the conwtraint
that -he power spectral density produce ACF values
in ag*cement with the known, exact ACF.

Gome time later 1t was tecognized thet the re-
aiiza:lun of exactly known ACF values rarely if
ever accurs in practice end thar the ACF g usually
estimaced from o few sampien of the time series or
from sume other experimentsl srrangement and is,
Loern arg, sub] st to seasurement errer,  Thus the
eoncest of cxmct matching ol glven ALK valuos wan
w.akesed to approximate matching: up to the error
verlance. Siace then there have been wseveral ex-
t.nelsnu of the Maximum Eatropy Method [(MEM) to
taclufle ¢rrur prone ACF catisuted, Ablew |2] wug~
Rosted an extersion but gave no practical method
ov resules.  The earllest practical exteasion wan
dic 13 Kewvman | 1f who showed that with a slightly
weneraitred definltion, one cuuld obtaln maxieus
vulrosy specira glven nalsy ACF esrlmates,

The Newmsn mcthod sppeared to work well - at
l-amt for small problems. 1 se very such {ndebted
t+ W1l Newmad For sending me 8 copy of hin FORTRAM
program vhich | complled to cun on the AFGL CYMER -
10 cemputer. The problems that Newman had written~
ux ua test cascd worked very nieely.  However, when
U atg=mpierd te use the method nit Larger problemn in-
wriviay nolay ACF meanurementi s, ohtained {rom an In-
totfe-umeter [a Interforogram), | had difficultien.

For enample, if we ignore errars In the ACF
simply solve the Yule-Walker squatlons ueing
sinple progeaw of Ulcych and Blshap (1975),
order 20 the Yule-Walker cquations falled, |
produred a teflection coefficient greater than
and 8 resultant acgatlve error pover.

Now applying Newman's program, [ wae able
extend the valid cange tn 10 or soc but with &1
culty. The ptogrem allovs sn Inittal adjustment
the tero-nrder correlation (p,) upward until
snlution {n ohtstned and then Crley tn bower o
value of p, an such s poseible. In order
ohtala convergence for MNewman's iterstive pro
dure, increasingly large p, walues were tequl
Aand sven 8n convergence was palnfully slow,
then decided that it is reslly lupenper to o
the po lag, because the entropy will fnrre
without bound as p, 1s increased, snd thus
thers will be no maximum entropy snlution.

Other methode have sppesred in the l{teratu
notably fchot and McLeilan [4]. Thia paper wa
written in such a generat fsehlon, to allow
application to multichannel and/or sultidimensi
data, that | have bewn unsble to uttlize {t prop
ly for a test. Alagp the program was written
“C" programming language {not spohen by the
Cyber): an sdditional roadblock; even 1f the
suthotd had made the propram available It wo
have been a greal labot to convert 1t ta FORTR

It was then decided to search for some vis
end simple alternative to the above sentiv
e thods.

THE NEW METHOD

At the very hesrt of the asximum entr
mrthod of BIRC 1is the Fundsmental Autocorrelat
Theorea. Thla theorem,snnounced In the 1967 pat
and provid by MRG in his Ph.D thesle (3], can
otated “the [irst n numbers pgpjseespy C0O-
stitute the beginning of an Autocorrelatlion Fur
tion (ACI) I, and only f, the Tneplitr sutuct
relarlon matrin (0 nonnegative definite. |If
wow weite down the modern Yule-Walker equatic
an;
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"quare makrin s the Toeplitz adtocurrelation
Ix where cthe prediction errar filter 1w written
al »BnZ res+ Hun ®nd the ercor power ut stage o
nt]« The numbecs gy K234erse Enn are the so-
ed reflection coefficients (due to a geophysical
28y Involving selsmic reflectlon at fnterfacea}.
fundamental ACF thecrem is completely equivalent
v statement that the Cirat (n+l} nusbhers,
¥lseaspy, are the bayglnning of an ACF if,

mly if, the reflection coefficients, (3“.
v} are all of magnitude less than or equal "to
i that e, {gjy|< L. This extremely power-
wid slaple condjll:len Wit the basis for che
:#8ful and optimal non-linesr methods of

wwe |6,7) which solve cthe line aplicting and
shifting problem aseoclated with the Burg
ique. We will now proceed to derive the new
iique using & mechod which patallels the non-
't method exsctly, For if we have been Biven
numbers pp.pj...py dnd we use the Yule- Walker
ions {see for <xample the extremely asimple
‘sw in Uleych and Bishop [B]) and find any
Yo we know that there sre errors In some or
il the p'sa. The glven nuambers simply cannot
w begloning of an ACK!  But Lf we look at our
Walker equations sgaln, we can see that unlng
witom row, a very eimple recurston for the
‘an be derived.

k
3 - - 'y £ EIE L1 3% ST B | (2)
k k-] kj
11
rxampie:
P "-0 & i p *=={p g + p g)
1 o il 2 1 it o I

Liven the prediction error filcer {PEF) and
! the simple Levinson Recurafon:

) L 1% PR
3 £ & H (3)
ALY J-ik 43 g-b,3-k k=l,2....9-1

' obtafn the PEF directly from the set of re-
lon caefflcients, Thus we now se. that as
was we begin with reflection coeificients,
[ which lie i the TAnge  -ICHyi<1 we will
'$ get an ACF. This conditfon (s Lrivial o
ce 1f we simply get LT U-inai where U
tonstant, wvery wlighrly less thun 1, amd
P ANy real angle. This {a the nub of Lhe
mely simple new mechod. We start off by
ng ell Ejj = Usingy and then find the

ilven by “these numhers. We then minimize the

dintance, R, between our new acceptable ACF,
(D' ).and the glven unacceptable ACF {p ), where;
k k

2
' 2‘ - a2 (4)
k k
k=]

The result will alwsys be a legitimate ACK aud the
extendlon (from n lagxy to = lugs) via the maximum
eatropy method will slwaye produce a Maximum Entro-
PY Spectrum,

It might now he argued rhar we have never
written down an expression for entropy and maxi-
mized 1t, This 1a true but the extension of the
allouable ACF will alvsys be & "Maximum Entzopy
Extenalon™, 1f our orlginal given ACF were badly
in error then our new ACF will Eit the old ACF, but
nat very well, Nevertheless, the [t will always
be as good as 1e allowed by the given ACF when the
new method is atlowed to converga, The starting
guess for the fterative solution fa obtained by
extrapolating the last acceptable ACF of order |
up to the full length of the original glven ACF,
using equation (5) also to be found in Ulrych and
MMuhop |8]:

p P k=l 2..m
k
n
Do {s)
k E J
[ 8
k-3 = i k=mtl, .00
1=

The method, which has been progcimmed in FORTRAN,
utilizes the IMSL subroutine Z455Q, which s a non-
itnesr least squares routlne. The required sub-
Toutine IXNSS() can be obtalned from iMSL; note rhat
Wany cosputer ltbraries subscribe to INSL and have
coples of ZXSSQ alresdy,

The program is svailable o0 9 track tape on
request by serfously interested scientists. Please
do not send a blank tape but do include the re-
quired Lype density, elther BOO ar 1600 BPT and the
required code, either EBCDIC or ASCII.
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ABSTRACT

A A new model-order determication method far
maximum eatrecy or autoregressive power spectra fs
presented.  “te method is based upon a simple F-
(variance ratdo) test for the reflection coeffi-
clents. Fhe method fs applicable to Burg-MEM,
non-1inea=-Mlk and unrestricted least squares meth-
ods and thel- many variants as well as to spectra
derived vla wmximum entropy from dutocorrelation
estimates or measyroments, The method will be
tested on simlated signals - both wide-band: power-
Vaw processes and narrow band: sinusoids fn nolse,

INTRODUCTION

For maximum-entrepy o autoregressive power
spectra, the determination of optimum model order -
that fs the best nunber of prediction-error-filter
coefficlerts, Is of cruclal concern, For If the
model order s chosen to be too small, the power
spectrum will be too smooth and will omit spectral
Features which are really present in the data. If
the model order 1% teo high - the spectrom will
then show sperious detall - exhibiting spectral
peaks for whizh the evidence fn the data is weak or
non-existent .,

At this time, there are about ten distinct
procedures dei‘gned to aid in the solution of this
probiem. Soms of thete procedures work best for
broad-band na'se sigaals and underestimate the
order requirad for sccurate representation of
narrow band processes - typically and surprisingly
Important - s re waves in nofse,

The presert paper presents another such pro-
cedure; this ene fs based upon & significance test
for the reflection coefficients, MNote that even
spectral amalysis techriques, such as the unrestrice
ted least-squires technique, which do not determine
reflection coefficlents directly, can use this sug-
yested test as long as they produce a stable predic-
tion error filter, because the finverse Levinson
dlgorithm yiedds the reflection coefficlents. MNote
3130 that 1t goms not matter whether we start with
time-series data or with a set of dutocorrelation
.estimates, IF the starting point is time serfes
dats and the 3urg-techrigue [1] or the non-1tnesr
technique of Fcugere [2] i3 employed, the reflec-
tion coefficients are estimated directly. If the
starting point is any estimate or medsurement of
the ACF, then the Yule-Walker equations which can

v

be <olved via the modern Levinson recursion,
the reflection coefficients,

FORMULATION OF THE PROBLEM
The Tule-Walker equatlons {1) may be s

for reel time series data and therefore fo
ACF:

o '] v . P 1 P 3
[ ] 1 [ n+]
[ 4 9 0
1 o L) S
L] | 9 °

where (p, p .., p) 13 & vector containi
[} n .

zeroth and first a ACF estimates: (1.9n{,upn2

13 the n'th order prediction error fnur; [

the n'th reflection coefficlent and Pp At

prediction error variance,

From the modern Levinson recursfon as &
by Burg [1], we have

Pral ® Pz (-2 000y
This 1s the sample varfasnce (of the backwar
forward prediction errors) om 2{n-j+1} degre
freedom (df),
Simitarly

Py = Py flegyyd)
1% & sample vartance on 2({n-j) df,

Mow the sum of squares QJ 13 equal to a
ance times Its df; this 1s o ° 5 2 varfsble.

0g.1* 2n-341) Py
9 = (2(n-J) Py

Stnce Uy and Uy, are eachy ¢ varfables, ¢
!1 ’slal &

differefice a OJ S0 8y vartabte on 2



8 Q=0 -0j=2n-J0)py y-2n-330 y (1-g5)  (5)
where use is made of Eq. 3.

A s)ight simplification of (5) gives
805 =2 Py (1e(neddyif) (6)

Since & QJ- is a y 2 yariavle on 2 df, 1ts varlance
s & Qg/Z'and there 15 a varfance ratio

8 Qyf2 . 1¥{n-j)o; 2
VR = 2 (7}
3 1954

This 1s a variance ratto on 2 (numerator) and 2(n-]),
{denominator) degrees of freedom, MNote the fmport-
ant features of equation (7):

1. The variance ratio increases linearly with
n, This could have been expected since, given more
{nput data, smaller spectrum features can be meas-
ured with greater confidence.

2. As 9jj * 0, YR+ 1. Thus the numerator
#nd denominator variances are estimating the same
quantity, namely the variance of the backward and
forward errors, {.e. the prediction error power. |

I
Now if we have 2 independent, unbiassed esti-|
mators of the same variance, their ratio, a variance:
ratio, s distributed according to the F distribu-'
tion on 2 and 2{n~j)degrees of freedom, Then the!
Hypothesis, that 9jj*0 can be tested against the
aiternative, that gjj # o by using 2 simple F test
on 2 {mmerator) and 2{n-j) denominator df,

|
|

J.As e n, VR+ 1fl-g le. Thus for very large|
model order, the reflecnnl‘ coefficient would have
to be very large to be significant, Once again|
this seems reasonable. It should rarely, 1f ever
be necessary to use as many prediction error coef-
ficlents as observations to obtain yood spectrum
estimates, [Indeed as an aside we will show now
that if each reflection coefficient really poss-
esses one degree of freedom, then a perfect fit can,
be attained on any data set 1F the model order m =
2/3 n. For if m, the model order » number of inde-
pendent refiection coeffictents = Z(n-m} = number '
of independent prediction errors in both time dir-
ections then: m » 2(n-m); m = 2/3 n for a perfect
fit, This condftfon has been observed under the
following condition: a) Input data 1s white noise,
Using my own Ron-Linear technique [2], I have ob-
served & perfect fit to random-number input. The
way that a “perfect fit® fs observed 1s that the
mean square prediction error, Py, suddenty drops by
many orders of maynitude when the threshhold 2/3n
1s passed. If there are g significant figures in a
computer ward then at 2/3n the error drops to 10~9
or smaller, The effect is quite dramatic and quite
easy to recognize. This situstion will not occur
for Burg spectra where each reflection coefficient

that the prediction error filter goes unstable
before this stage 13 reached. Mth random-number
fnput, 2/3n. may be reached, at which time the
situastion of “zero” prediction error should he
realized.

To give an intuitive feellns for significant
reflection coefficients, Table ! ists a few crit-
fcal values of the F test [3] for an assumed model r
order of 10 with 28-, 40-,70-,2 0- and 4l0-point
data samples,

NUMBER OF OBSERVATIONS !

SIGMIFICANCE
LEVEL 28 40 10 210 410

0,0001 112.06 10,80 9.97 9.43 9,32
0.61 0.49 0.3 0.20 0.14

0.001 8.43 . 1.3 1.03 6.97
0.5 0,42 0.3t 0.17 0.12

0.01 5.25 4.98 4,78 .66 4.63
0.43 0,34 0.24 0.13 0,09

has less than one dearee of freedom owing to the

[

Table 1. Upper entry = critical varfance ratio,
lawer entry = magnitude of smal est significant
reflection coefficient. Assumed mooe]l order (m}=10,

We ses, as expected, that wite only 28 obser-
vations a given reflection coeffic-ent has to be as
large as 0.61 to be significant at 0,01% level,
Ths 15 really 0.01% or 1/10,00€. Thus we are
saying that a reflection coefficient as large as
0.61 could have arisen in random sampling from a
reflection coeffictent of zero only once in 10,000
trails. On the other hand, with &0 observatfons,
a reflection coefficient with magnrtude as large as
0.09 will be significant at the 0 0! or 1% level,

SIMULATED TESTS OF THE NEW S GMIFICAMCE TEST

In this paper, only verification that the new
method {3 sensible will be given. To compare the
new method with all 10-12 sxtsting methods 1n any
kind of fair comparison may well e desirable but
1s certainly outside of the scope of the present,
paper. [

The first set of tests will be based upon
broad-band notse, specifically red-moise with power:
law spectra P(f) = Af-9, In a previous paper [4]!
1 showed that simple BURG-MEM spectra were superior
to perfodograms for the class of signals called
red-noise in which there 1s apprectably more power
at low frequencies than at high frequencles. - A
convenlent special case of a red-nolse spectrum 1s a
power-law spectrum; this 1s a Spectrum with only
one important parameter, the specsral index, the
negative of the spectral slope on a log-log plet..
Since we know in advance the "cosrect spectrus”,
the method of model order selectfan can be judged
fairly on whether 1t predicts the correct spectrum,

- -— —ia 55

method will

13

The second kind of test to which the new
be subjected will be narrow band:

speciically a set of sinusoids in a white noise
background, The test stynals will be of the form:

n

Xg = 'Zl Aj sin{ wyj ty) + Ng
i

where Ny 1s white noise and wj will be chasen to
be equally s:acedlfrequencies n the Nyquist band,
€.9. ane peak would be at v,/2 ; 2 peaks at 3
and 2 upn/3 etc, MEreR vnl

(1]

[2]

[3]

(4]
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ABRSTRACT

This pper reviews spplications of the Maximm
Entropy Method (MEN) of apectrums entisation to elght
distinct probless of {oterest to the Air Porce st
the Alr Forom Goophysics Laborstory (APGL): 1)
fecmugnetic pulmtions; (2) sunspot deta; (3) auro~
ml counts, (J) satellite slectric field data; (5)
longapheric phase and asplitude aciotillation; (6)
orutrat nir density measured ty eatsliite; (7)
“Fourler tmaosform™ Spoctroacopy of atscapheric
mlocules; and fioally (8) Pourier transform [ T
spectrometry.

INTRODUCTION

Since 1973, APCL has besn spplying MEM to Adr
Porce problmms |1]. [Is emch cane, for sach differ-
ent type of data wet, MEM has beeg comgmred to the
“classical” methode, #ither Blackhmo-Tukey [BT] or
the Oooley-Tukey periodogram methed usiog the DMa~
crets Fourler Tranaform [DPT). 1Ip tvery mingle
cane, MEM has been ghown to be desoostrably superior
to the claceical methods. The superiority lles 19
toth iocressed resolution and Jacreased wmrothness
in tha frequescy dommin mnd for slowly wurying,
nearly stationary signale incressed resclution ia
the time domain. For slowly varyieg, naor-utaticoary
umln_-u-dmmhmwmmu
ntmmnmmtmnmmnnl
vary pearly stationary process. Using MEM, & short~
or tiee signal Is required thap with clasaical meth-
ods snd further MEM requires oo external umnothing.
Toua spectral festures which change with time can be
more readily identiffed using MEM.

Purthergore, the MEM spectnm is lovariably
Buch senother thes the pericdorram ewes when many

1. GIORAGNETIC PRLBATICNS [£1]
—— e T

Gecamguetic pulmations are low-frequency eig-
Bale superimposed upon the sarth's mgnetic fleld.
Their period range i defined acmevbat arbitrarily
t0 Lw betwecs 0.2 and 600 sec. Their amp.itude may
be n [ow bundred gamms to aillignmmes, whila the
earth's field is of the order of 3 + 10V y gt the
earth's surface (1 y = 1aT),

Radoeki et al., [2] spplied BY, DFT and MEM to
& mxple of mgnetic Pelaations, & and y (horizont-~
81) components obuerwed at Sudbury, MA on | Septom—
ber 1970. They found good agreement on the location
orlpccuupnnl-:u the three methods, but the
MM results showsd higher resolution than either BT
or DFT and were wmother (less nolsy) thae DIT.
Figure 1 shows this comparisca. Pigure 2 shows &
dymamic MM spectram obisined by moving an owerlap-
Pod thes window through the data met. Two tises of

77

peak activity are seen at about 0700 and 0730
with epectral soargy conceotrated pesr 0.01 K
8 socoudary peak pear 0.015 Mx. The ssnothoe
the specim is wary evidest and is requl red
detailed physical aralysis of the palemtion |
portrayed. .

2. SNSFOT DATA |3}

Bumpot activity bas bees cheerved for hum
of years and carefully recorded since about 176
Many tsportant geophysical par are n
well correlated with sunspot activity, aotably
Imgetic activity and surorel setivity., Of o
A very active wua invariably cavess severs com
citicoe dlsruptions.

The Zurich sunspot index, Rz, takes iato
coust the oumber of sunepot groups az well sa
Bukber of individus]l sunapots which appmar in v
light on the visible diec. Much of the power
series of sunspot counts sppears at o pario
sleven yearw -~ the well known cye

In order to study thim loog crcle amd ©
Sven longer cycles, the aonthly mean sunepot
19 wbed. The range of these anthly msben
srbentinlly xero Lo about 250,

Figure 3 displays & run of 228 years of mn
mean Rz dats. The bottom paoel shows the orig
data, shile the upper panel shoes o
middle punel shows tasd-stop data. The filter |
iw & 183 weight, symetrical FIR filter demi
using the method of Behawncs and Mems 1s).

Hmcdnnldm-ialmlqmcln-w
log the start yearw 1757 to 1897. Each spectng
based upon 66 years of data. The son-stationa
of the suncpot cycle ia plainly evidest is !
Figures 3 and 4.

The purpose of the study was to make e
tions for the next susepot cycle giveo all availy
datn, Uning the prediction error filter of
Burg technique from G070 mothly valuse begimning
Jaguary 1823 and using 100, 150 and 200 welgt
the poxt cycle was predicted ia Figure 5.
mrims value ws predicted to b 1302 20
1080.1 ¢ 0.2. The mctusl maximm occurred Is [
Smber 1978 and resched a amootbed wilue of |
Thus, the MEM prediction was mther too low
occurred st very searly the right tims.

3. AUNDUL BIGHTINGS [8)

The Aurors Borealis bas been oheerved for
far looger tims than the sunapots. A Pemrks
time series glenned fros aurcras reported is Ch
aod Burope separutely during the yers 450 to 1
AD wan published by Stscos [7]. This tiss ser.
consints of the oumber of reported ayrorsl sightir
during each decade and thus the W00-podat t
serics covars 1000 yearw.

Mgurs 8 shovs this mormlived time ser
after the mesn sand & iisear trend were remow
Feyomn sod Pougers {8) performed MM amlysin

us Goverrmwutnolpmlechdbyu.&m\l



this sigral using both the Burg procedure [8] and
the poa-linemy technlque of Fougere |P]. Pigure 7
shows the results. Both Epectru show & stablo line
at 1.13 cycle per century with a per od of 84.4
years. Dus to the close coonection torveen auroray
and other molar-geophysical Pwicmos, the exist-
snce of this stable line shows that Lo so~called
loog cyale or Gleissberg cycle in solar-terrestrial
relations 1s rea] and Quasi-periodic and present
in 1000 years of muroml data.

4. BATELLITE ELECTRIC FIELD DATA [10}

Saflekos, Burke and Fougore [10] lave studled
the slactric field as measured on the pclar orbiting
B3-2 smtellite on & polevard pass durin; & substorm.

spectra of electric fleld fluciustious did
Bot obey ezpected power laws but had strong spectral
Hoes between 1 and 16 Nz, Simul tanoowily mnk
spectra for plasms densities oconslstently showed £
pover Ilawa over the 0-8 Hz moge.

Diecrete spectral lises with frequencies pear
10 ¥z aro believed to be due to loear.y polarized
slectrostatic waves. Pigure 8 covers & proximately
e pecond of data. Panel & hoes th: very sharp
0.5 Mz spectral pesk obtained after fi:tering with
the sharp cutoff bend pass filter, (s;metric FIR
Sestigued ucing the McClellsn, ot. 4i.) progran
[11]) shown oo Panel b, The C Pane) shows  the
Mata m teo simlt 1y d cc s of
the B-fleld after filtering. The plucs coberence
htn-_ these two components La Quite extracrdinary,

8. RED-NOISE }iz]

A noise process 1s "red™ if it exbibite apprec-
isbly sore power at low frequencies than st high
frequencios. If, 1a additiog, the Pover mpectrus
of the process 1s )inear over & certais frequency
and ot m log-log plot, it ia called & "pover-lay"
proceas mnd the megative of the slope 1 callud the
spectral index. Muny oaturally occurriag red pro~
Comses arw 0120 approsisately Per-las Gwer as
Apprecinble frequency bend.

For these lipde of sipals, MIX produces
drasatic improvemest over i T-type spostra. In g
wystemitic series Of simulstions of poer=law pro=-
Comacs with indices ranging in ateps of 0.3 from
0.5 to 5.0 Fougere 112] showed that the MEM spec-
thwe 18 always amcoth, very nearly linesr and
posGoteed AN index quite close to the true imndes.
for the came signals, DFf~type spectrs requiredt
pactral windows and azcothing to even approalmte
the corvect ladices, The DIT Epectiin. shape wan
wlso excessively Dolny =0 that aversgiog aven 100
periodogiams did oot produce a Specifum a3 mmoth
s oos MEM spectrus.

AD easple of naturslly occurring red, power—
lav 1ike oolse iu Biven by foscspheric scintilla~
tloa shich occurs when a Tedio wave, trummitted by
t aatellits toward s receiver oo the eurth, panses
through & disturbed loucephere. Both tie phape and
the asplituds of ths wave Sufter low=frequency
= 0,008 Lo 100 Hz) perturtations low-m s pinse
nd anplitude sciotillation, respectiw 1y,
mye is detectad 1n a suitable receives, the wcin
tillation can be Scparated frow the carrier and
then can yleld Imporiant informuticn oo ihe pature
M the ioncepheric irregularitios which are the
hurce of the scintt]lation.

The data analyzed bere were agplitide scintil~
lation data sampled at 36 K2 for 5 cis from the
IARISAT satellite ia Junuary 181, Figure B die~
Hays the data sot, which was chose. espocially
mcause it cootaine n quiet geyment fros O to about
!1/4 min, o =oderately nolsy section e 2 1/4 to
V14 min, apd a highly sciotilluting .ection from
11/4 t0 5 win. The changem?in charucter of the
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o3ise record are quite mbrupt and sy tc mom in
the time record of Figure B.

It my legitimtely be ashed whether power
pectre Lnaiysls could be enployed to wonttor the
develtyment of wuch & prucess, & dynamic spectram
Wuy coustructed from the ~ H-min data meple a8
follows. Dwre were 10,861 cbeerations in this
dats sat, whict was divided fato 50 batches eonaist~
iog of 361 poiate (10s emch) and overiappec by 181
poluis {5¢).  Spectrs were sctimated for wach
atch.

Flgure 10 shows MEM and DFT apectra of, four af
the utchue!  punbers 38, 139, 40, 41 which &pan &
tim: of apprecisble clauge in the tlme Baries.
Currespunding changos in character of the spectrum
which are clearly evident in the MM spectra are
alot totally obecurred 1n the boisy DFT spectra.

6. NEUTHAL AIR DENSITY 113])

Reutrul air density in the 200 I altitude
Tage ia of Ixgortance 1ia deteraining smtallite
drag. It hag boen messurod w board an Alr Porce
mtellite in & Jow altitude, low eccegiricity, high
inclination orbit wing & Batsllite Electrostatic
Trinzinl Accelerameter (SETA). The results have
been nortmlized to 200 i altituds uzing the NI~
83 atmapheric dencity model.  Susples are taken
every 4 seconds; thus the Nyquist froqueacy is ©.125

Figure 11 shows crbitq collected oo a day of
low magnatic Activity: Day 201 of 1063, Baad A
shows the raw data (with meag remved) and Band B
shows tho poctra of order 50. The
Ialloff at about 6 x 1077 Mz shows e operation
of the anti-alissiog filter appliad before suapling.
The duy wns wo quiet, with Teupect to wariatione in
slr density, that all five spoctra, taken from five
Successive full othits, are remriably sinilsr vith
the mpactral  index printed above each pactun
varying only very alightly.

7. FORIER TRANSPORM SPECTROGOOPY {14
—_—— R SACTROOOY

In this study of the infrarsd epect-w of
Atmompheric wolecules, e.g., 02 and (H, an expar—
imental arrangemeat §a outablished 1n which g

tione nre sppliied and the interferogran is sysaetri~
red with puspect to gero lag, the result ias pars~

tiooally identical to a mamsured autocorrelation
funciion (ACY),

the reflection cocfficlente and then use the levip~
%00 Recursion to find the prodiction error llies
and hence the power &pectrum.

In the computer stmulutlons an AP, R, with
:ol lqs.ru created by assuning knowg 1otenaitiee,
1 &0d  Froquencivs, 1 » of B lisse o toey
branch of the Q0 spuctrtu. 3

A cos (Ze{k-1) dt 11);0,1,...N (1)

mnwusedn-ﬁummu-zo’an.

The MM results are glyen in Figure 12, which
shows the MEM Spoctrum, the given input spectrum
and the relative errom ib anplitunde for the [
spoctal llnes. The MEM amplitude wus ewtimated by
fiteing euch wjnsctral Peak to & Loreptzian lioe
shape and then inteyrating mnalytically usder the
Worentzivg. The amplitude errors are Usually much

n
R(k) =
i=1

Smiler 1nan 1» of the iaput arplitude, while the
largest erroc, whict oocurs at the mmllewt input
smplitude, is sti]l only 43,

The KR frequency determination mas extrmor—
dinarily accurate. The lowest 53 posks reproduced
the fnput frequencies exctly (to six sigoificant
figures, while the rgest error in the nfmtnm(
10 occurred at line &3; ioput = 89.201¢ om™1; -
50.204 ca™l. This peak ix the mmllest pemk with
an saplitude only 2 x 10™ & of the aaximum anplitude
and yet its frequency is recovered to an accuracy
of part in BOOO,

In contrust, wheo the aum input AF waa

“apodized uEing & trisngular window ant then »
Fourier trmnsfons was taken, the resulting apectrus
was determinad such Jesa accurately than the MEN
spectrus. The frequency errora are about 100 timen

elarger than thowe of MM wnd the axplitude errore
are also much larger than corresponding MEM errors.
For the lines with the manliest asplitude, not sven
o significant figure is correct.

8. FOURIER TRANSPORM KASS SPECTRCMETRY {18)
——— T T L TCMETRY

Tue Fourier Trunsfors Mase Spectrometer (FIS)
wus invented ic 1078 by Comlesrow and Marghall ta
1974 (I7). The priaciple taployed in the operation
of the FIMB 1s excitation of ali ioo8 io & cell (1n
the presence of & mgnetic fisla B) to cyclotron
orbits by & fust rf chirp pulee conteining the
Decesimry fraguescies. mm-mthi-u
current induced 1o & pair of slectrodes by the
oscillating loos.

The imign current is & oomposite of harmoaic
currents with frogueccies that are relsted to the
mas 1o charge rutios ef the joos present in the oo
trap. The resulting time dossin sigual {n digitived
and analyzed byﬂ’l‘to-stl.-ulpuhr spectrum
which can be converted into a am apectrum by
appropriate calibentios.

The resolution of the FIWY 1s proportional to
BT/m where T 18 the ohservation time and m in the
ionic mmss. Loag obmervation timen which are pece
scaary for good resolution, cause & decay of tha
8ignal with time due to collisions with mckground
maea thus causlog degradaticn of the resolution.

It van 20t uatl) eleven Years ilater (1975)
that Rahbee [16] firet appiied 1o the time
sigrals genernted by hia PINS with resmrkable re-
wults. Figure 13 ghows the time signal which
remults when two Laotope of (02 with nominal magces
or“ndﬁlnuuiuunull. Figure l4a
shows the FFT spectrus obtained usiog & 2048 point
FFT while 145 showw the corresponding
spectrum of order 120 uilag ooly the first 200
obeervatioos. The results achieve & reec
lution at least ten times ua great sz FFT while us-
ing anly 1710 of the data. BSuch resolu~
tion using a much shorter length of data 18 oxtreme—
1y important for 10l lowing chemical reactions-eper—
iments now in the planxing stage.
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ON THE EXTREME ACCURACY OF MAXIMUM ENTROPY SPECTRUM ESTIMATION FROM AN
ERROR-FREE AUTOCORRELATION FUNCTION

Paul F. Fougare

AFGL/LIS

Hanscom AFB, MA, 01731-5000

ABSTRACT

The Maxisua Entropy Method (MEM) ia
compared to the periodogram sethod (DFT) for the
estimation of line spectra given sn error-Free
autocorrelation function (ACF), In one computer
simulation run, a 250 lag ACF was generated as the
sum of 63 cosinusoids with glven amplicudes, Ai,
aod wave numbers, f.. The wave pnumbers cover a
Land from O to 89,249 cn” " with a Nyquist of 90
s " and are given to an accuracy of six
wignificant figures, The amplitudes range over
four orders of magnitude and are given to five
Bigniflcant figures. The resulring normalized ACP
was truncated to five significant figures,

The resulting MEM spectrum was remarkably
accurate. The lowest 53 apectral peuks reproduced
the iaput frequencies exactly (to six significant
figures) while the largest error in the remaining
10 lines occurred ar 1ine 63: input = 89,2814;
MEM = 89,2034, The re!g:ive emplitude of thim
tiny line is only 2x10™ " and yet its frequency was
recovered to one part in 9000,

INTRODUCTION

The maxisum entropy method (MEM} was
introduced in 1967 by John Burg [1). Civen the
Lirat few error-fres lags of sn mutocorrelacion
function {4CF) the basic 1dea 1s to find the
infinitaly long ACF which maximizes the
deterainant, B, of the ACF matrix. Since the
Shannon entropy of a time seriea is proportional
to D, maximizing D 1s equivalent to maximizing the
Shonnon entropy. In the game paper, Burg showed
that the maximum entropy extension can be obtained
8imply by solving the modern Yule Walker equations
for the reflection coefficients, and using the
modern Levinson recursion to find prediction error
coefficients g, ., The Power apectral density

(PSD), P(E) iy obtained by evaluating the well
known expression:

Pn+ At
[+Zgi explj2w i)z~ ¥

PSD{f) =

The maximus entropy PSD 1s simply the Fourier
Trensform of the infinitely extended ACF.

Many studies have illustrated the desirable
propsrties of the MEN apectrum, for examale:

a, High frequency resolution {2,3] ‘

b, Smoothness and high time resoluzion for |
slowly changing broadband precesses (eg.° ‘
lonospheric scintillation){4].

Few studies have addresaed the question of
accuracy in either frequency estimation er
amplitude escimation, Although Lacoss [5] showed
that the asplitude of a apectral peak ia
proportional to the area under the PSD centered at
the peak, conventional wisdom saya that while MEM
frequencies sre well deterained, the smplitudes
are questionable.

SIMULATION STUDY

The present paper sttacks the question of
accurscy in a rather realistic setting by
simuleting the infrared apectrum of the =), band
of the stmospheric molecule (0,., The "trud"
spectrum in this band ta quite iiclly represenced
by & "stick spectrum" in which each "]ipe" has a
Erequency and amplitude but no shape, The
mpectrus ia the eum of & finire number, n, of
delta functions; in this case n = 63, TFigure 1,
middle panel shows the given input spectrim,

The ACF ia a sum of cosinusolds whose
frequencics and emplitudes are glven in Tab}l 1.
The original wove numbers run from 2300 ca = to
2390 cm 7, but_gre “heterodyned” here to the rapge
0.0 to 90.0 ca™" simply by subtracting 2380 cm”™
The heterodyned wave numbers are given to four .
dec{mal places while tha ACF using = Nyquisg of 90
€2 " 18 calculaced up to lag 250 to five
significant figures and is normalized by cividing
by the leading term (the zeroth lag). The'‘zeroth
lag i3 then multiplied by 1.00004, effectively
adding white gaussisn noise of saplitude ,00004
£0 the ungeriying raw data series, because
otherwise the Yule Walker equations used to

determine the reflection coefficients are
singulsr, !

The H:M spectrum is evaluated on a coarss 501
point frequency grid lying betweeen O and the
Nyquist frequency, This coarse grid is searched
for maxima. As soon as 3 points sre found such
thot the middle one has a PSD greater then that of
both 1t neighbors a search is initisted to find
the saxisum rav PSD asd the frequency. The
interval contailning the peak im repeatedly halved
until the maximum and ita two neighbors are all
within #13 of the maximum raw PSD. This procedurs
ordinarily locates the peak frequency to an
“hecuracy of 6 or 7 slgnificent figurea, Then a
101 point, fime grid of points in the immediaste
neighborhosd of the peak is fit to a Lorentxian
Shape;

PSD (£) = & (4% ¢ (£-t)Dy? (2

whare A/d® 1s the PSD at the pesk, £ = £ .. Note
thot if f-f = ¢ then PSD = A/24°, thus § 1s the
half width 8t half sazimum. The integral under
the Lorentzian from f gate f :d is easily found
o be:

Area = 2A/d tan~! (a/ d) (3)

and a5 4 a0 , Area +xA Jd, Thus if d 1a
appreciably less than the separation between

ad jacent peaks, very little error (typicelly lass
than 11} s iscurred by integration between o .
As a check on the integration, Parseval's Theorem
iu used: tha mean input power equals the afea
under the PSD fros zero to the Nyquist.

The resulting spectrum is displayed as a
stick spectrum on the lower panel of Figurea 1, 1In
the seme spectrum, there appeared a few very tiny
spurious lines, which were troublesome at first
until it was realized that a very simple amplitude
test could eliminate every one. The spurious
lines are not included in either the figure or the
tabie,

As u further iadication that these spurious
linas are & "non-problea” s linesr least squares
snalysia wam performed to fit a set of cosines

+huving the MEM frequencies to the original 250 lag
ACF. All of the spurisws frequencies were
included in tgg snalysia, All spurious lines have

.awplicudes 10" to 107 times the amplitude of
thelr nearest neighbors, and thus all spurious
Yines nre negligibly small,

To provide a claassical comparison with the
MEM results, the ususl Fourler procedure wvas
applied to the 250 lag ACF after trianguiar
spodization, Tnstead of uging the FFT ulgoritha,
the Fourier transfors was calculated from its
definltion and the same search procedure was ysed
for it as had been used for MEM., A susmary of cthe
Fourier ressits follows:

77 .

l. There are 19 spurious lines, resulting
from sidelobea. They are smaller by Eactors of
varying only from about 10 to 1000 than cheir
nearest neighbors.

2. Frequency errers range from 0,17E-3 to
0.13 - much lsrger then corressponding MEM errora

3. Amplituds errors are much larger than
corresponding MEM arrors. For the smallest lines
not sven onc significant figure is correct,

As a further indication of the remarksble
sccuracy of the MEM analysis, Figure 1, top pansl
shovs the relative smplitude errors. Most ere
less than 1T while the largest sre less than 4%,

Figure 2 zooms in on the high frequency end
of the Spectrum. Here the input and MEM
asplitudes vary only bweteen O and 0,02 and scill
the ssallest lines are barely discernable, The
largeat relative amplitude errors are less than 4
and they occur on lines where maplitudes sre
smaller than cthe largeat line by a factor of abou

1) .

Teble I is provided so that other methods ma
be tried on the idantical 250-lag ACF used bere.
Can any other mechod do better than MEM?
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gEralls ool Ihe input and MEM spectra,

Input
Freq.
00,4764
(2.6503
C4.,8002
£6.9262
C4.0281
11,1060
13.159¢
L5.1897
17.1954
19.1769
21,1343
23.0674
24,9764
25.8611
23.7215
33,5517
12,3694
Je.1569
35,9199
37,6586
in. 3728
4..0625
42,1217
44,3685
45,9847
47.5763
49.9176
51.4477
52,9531
54.4338
55.8899
57.3212
58.72717
60.1095
61,4664
62.7985%
64,1058
65.3882
66 6457
67 8782
69.0858
70,2684
71.4261
72.5586
73,6662
T4.7447
75,8061
76.8183
77.8455
TE.R274
74.7842
80.7158
fA1.5222
42.503%
343,350]
341896
84,1949
85,7747
Bh.35293
87.2584
87.9622
85,4405
8Y.29134

MEM
Freq,
L4764
2.65n3
4,8003
6,9262
9,0281
11,1060
13.1599
15.1897
17,1954
19,1769
21,1245
23,0674
24,9764
26,8611
28,7215
30,5517
32,3694
34,1569
35,9199
37.6586
39.3728
41,0625
42.72717
44,3685
45.9847
&7.5763
49,9176
51.4477
52.9531
54,4338
55.8899
57.3212
58,7277
60,1095
61.4664

62.7985"

64,1058
65.3882
66.6457
67,8782
69.0858
70,2684
71.4261
72.5586

© 73,6662

14.7487
75.8061
76,8383
17.84N5
TB.8B274
79,7842
80,7158
Bl.6224
B2.50132
93, 14992
84,1900
B4.0941
BS.7746
B86.5268
87,2605
87.9656
88.6573
89,3026

Input

Invensity
.12648BE-10
19299E-10
.29195FE-10
JA43656E-10
.64329E-10
.93208E-10
.13245E-09
1B424E-0G
«25045E-09
-33196E-09
+428063E-09
.53850E-09
65790E-09
.78158E-09
«90325E-09
«10155E-08
.11122E-08
«11870E-08
«1235!E-08
+12518E-08
.12322E-08
.11720E-08
.10650E-08
-90287E-09
.67738E-09
«37864E-Q9
.19892E-09
+53216E~D9
+ 783586E~09
+96281E-09
.10817E-08
+11498E-0B
L11757E-08
.11662E-08
«11266E-08
.10620E-08
+97711E-09
.87710E-09
«76722E-09
+65364E-09
+54178E-09
+43693E-09
.34268E-09
«26179C-09
. 194BOE-09
. 14160E-09
+10B64E-09
»70104E-10
+47Y7BE-10
«32311E-10
-21543E-10
14209E-10
9319YE-1]
LO1051E-11
L40068E-11
+20455E-11
-17628E-11
+11891E-11
.B1315E~-12
«36404E-12
+39674E-12
+2B267F-12
+20357E-12

Area
LAEH6E-D3
6353E-0)
L9593E-01
JHA33E-02
L2110E-02
A0V6LEE-02
434 1E-02
6060E-02
B221E-02
. 1088E-0]
<3409E-01
.1765E-0])
.2166E-01
+2561E-01
.2961E~01
.3332E-01
.3652E-01
.JB91E-D1
JAOS56E-01
JA114E-0)
J4047E~01
»3B3BE-~01
«3490E-01
+2969E-01
-2226E-01
+1243E-0]
.6545E-02
«1743E-01
+2573E-01
.3161E-01
.3544E-01
.3766E-01
+.3860E-01
.3830E-01]
+3703E-01
»J495E-01
+3202E-01
+2881E-01
«2517E-01
+2150E-01
.1776E-01
«1437E-01
.1125E-01
.8583E-02
+O6404E-02
+4H656E-02
+3311E-02
+2298E-02
«1574E~0Q2
L1062L-02
+710B3E-03
+4669E-02
«3056E-03
L2012E-03
.1321E-03
.B700E-04
SH24E.04
-I9LG6E-04
.26B85E-04
+1912E-04
+1330E-04
+9576E-05
.6899E-05

Total
D004
L0011
0020
L0034
0056
Q086
L0130
L0190
L0272
.03181
0522
D699
L0915
L1071
1467
.1801
L2166
. 2555
L2960
3372
23777
L4160
4509
L4806
.5029
+5153
.5219
.5393
L5650
5966
.6321
6697
L7083
. 7466
. 71837
.8186
8506
8795
-9046
.9261
.9439
.3583
9695
L9781
9845
9892
9925

«'1948 -

9963
L1974
.9981
.9986
49R9
1991
.9992
.9993
L1994
L1964
L9904
L1994
. 1995
.1995
.1995

A
+329E-10
J127E-10
.631E-10
-228E-10
.232E-10
.415E=-10
«394E-10
JAT2E-10
480E-10
«229E-10
LIHLE-L0
.376E-10
+460E~-10
.313E-10
«364E-10
«408E-10
«4B1E-10
+233E-10
A25E-11
L460E-12
«BO4LE-12
«223E-11
L459E-11

JA40E-10 °

J121E-10
L918E-11
+263E-10
.305E-10
.395E-10
+530E-10
+I00E-10
JT43E-10
.541E-10
J4S1E~10
.664E-10
.404E-10
.725E-10
.393E-10
L769E-10
493E-10
L 404E-10
+425E-10
L567E-10
L426E-10
654E-10
.376E-10
A74E=10
.317E-10
.37BE-10
186E-10
J177E-10
.215E-10
.192E-10
.153E-10
.143E-10
~162E=10
212E~}0
.293E-10
+400E-10
.497E-10
.516E-10
.375E-10
L 24E-10

d
LT11E(C
LJO8E-(C
592E-C
JdLAE-C
LIBOLAC
12280
«816E-0
.255E-0
.925L-0
LH9E-0
+200E-0
J192E-0
LA91E-0
. 180E-0
LA71E-0
.110E-01
Jd18E-01
«539E-D;
J944E-OL
L101E-0¢
LA T79E-0
522E-0¢
A1BE-07
.133E-06
490E-07
«664E-07
J61E-06
LASTE-OG
< 138E~Q06
L151E-06
LT6IE-D7
»17BE-06
J1206E-06
.106E-06
.101E-0D6
LJ04E-06
w204E-06
123E-06
L.275E-06
. 206E-06
+205E-006
. 266E-06
AS4E-06
JA4TE-06
.920E-06
.727E-06
JAT2E-06
+124E-05%
.216E-05
+ 134E-05
+225E-05
+415E-05
+365E-05
L6B4E-05
«973E-05
16BE-04
- J28E-04
GGOE-04
.134E-03
<234E-0)
«348E-03
.3528-03
162E-03






