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GENERALIZED THEOREM FOR NO GROUND MAGNETIC
EFFECT OF VERTICAL CURRENTS CONNECTED
WITH PEDERSEN CURRENTS IN THE
UNIFORM-CONDUCTIVITY IONOSPHERE

NaosHt FUKUSHIMA
Geophysics Research Laboratory, University of Tokyo, Tokyo 113

ABSTRACT

For knowing the ground magnetic effect of a three-dimensional current system in the
onosphere-magnetosphere, we can apply a theorem which states that no ground magnetic
sfiect is produced by the combination of vertical currents into or out of the ionosphere and
he associated Pedersen currents in the jonosphere, if the electric conductivity is uniform all
aver the jonosphere. This theorem is shown (o hold for both plane and spherical jonosphere
nodels with any distribution of vertical currents into and out of the ionosphere. The ground
magnetic effect of an actual three-dimensional current in the ionosphere-magnetosphere can
s¢ known wilk the aid of this theorem and the corrections: for non-vertical incidence of
dcld-aligned currents and non-uniformity of the ionospheric conductivity.

1. Introduction

The ground magnetic effect of a three-dimensional electric current system in
the ionosphere and magnetosphere (containing field-aligned currents in the mag-
metosphere and horizontal jonospheric currents) can sometimes be casily known
with the aid of a useful theorem", which states that the ground magnetic effect
of a vertical current into or out of the ionosphere is exactly cancelled out by that
of a uniformly diverging or converging current in the ionosphere connected with
the inflowing ot outgoing vertical current. If the ionospheric conductivity is uni-
form, the diverging or converging current in the ionosphere is a pure Pedersen
current. Hence, the above theorem can be stated that no ground magnetic field
& produced by a combination of vertical current and the associated Pedersen cur-
Ent in the vniform-conductivity ionosphere,

The purpose of this paper is to show that this theorem holds for both plane
en! spherical ionosphere models with any distribution of vertical currents into
cr out of the ionosphere. In the evaluation of ground magnetic effect of an actual
tiree-dimensional cucrent system in the ionosphere-magnetosphere, it is necessary
> correct for the nun-vertical flow of field-aligned currents and for the non-
uniformity of the ionospheric conductivity.

2. Plane Jonosphere Model of Uniform Electric Conductivity

Fig. 1 shows a vertical line current and the associated Pedersen current
1) Fukushima, N., Rept, lonos. Space Res. Japan, 13, 219 (1969); Radio Sci., 6, 269 (1971).
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Fig. 1. An electric current is incident on an ionosphetic
plane of uniform electric conductivity and is converted |
into uniformly diverging Pedersen currents in the jono-
sphere.

diverging on a plape ionosphere with uniform conductivity. A cylindrical co-
ordinate (r,g, 2} is taken here; the vertical downward current flows along the
z-axis at r=0, and the diverging electric current flows on the plane z=0. The
jonospheric current i(i,, iy 0) at a point (r, ¢, 0) is given by

i{r, ¢, 0)=0/Qxr), i(r,4,00=0, ifr,$,0=0. (1)

Since the electric current system of Fig. 1 is symmetric around the z-axis, the
magnetic field produced by this current system must be everywhere in the azimuthal
direction. The magnetic field H(0, H,,0) at a point (r,¢,2) is dependent on r
and z. According to the Maxwellian theorem,

2arH (r, D=i(2), {2)

where i(z) is the total ‘intensity of electric current passing upward through the
circular plane of radius r at a height z, namely i(z>0)=—1, and i(z<0)=0.
Therefore,
H,(r, 2)=—1,/(2xr) independent of z everywhere in the region z>>0,
H/r, =0 everywhere in the region z<0, i.e. below the ionosphere.

Equivalent
current of

1 e

Fig. 2. The equivalent current for a vertical current flowing into the ionosphere is
a current uniformly converging towards the point of intersection,
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Since the curtent system of Fig. 1 produces no ground magnetic effect, the equi-
valent current for a vertical downward current into the ionosphere can be given
by a uniformly converging current in the ionosphere, as illustrated by Fig. 2.

3. Spherical Jonosphere Models of Uniform Electric Conductivity

3.1, Incidence and outflow of vertical currents at the antipodal poinis

We first discuss a simple case illustrated by Fig. 3. The spherical coordinates
(r, 8, ¢} are taken with their origin at the earth’s center, and a vertical current
flows into and out of the ionosphere (of radius rg) along the §=0 and §=x axes,
respectively. The #-component of the ionospheric current is independent of ¢
value because of the assumption of uniform electric conductivity all over the
ionosphere. The magnetic field produced by the current system of Fig. 3 is every-
where in the g-direction, and H, is given through the Maxwellian theorem as

Hyfr, = —-I./(Zxr'gégﬂ) for r>r.,}
H,(r, =0 inside the ionosphere, r<r,.

#

lonos

Fig. 3, Qn elecric current flowing verti- Fig. 4. Tairs of vertical electric currents
cally in and out of the antipodal points flowing into and out of the ionosphere
of the spherizal ionosphere. in high latitudes,

(4)

-

onosphere
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From this relation, it is evident that a current system of Fig. 4 also produces
no magnetic effect below the ionosphere?!, because this system is a simple super-
imposition of two systems, each of which is a similar one as given in Fig. 3.

3.2, Case of axial asymmetry of vertical currents

For a case in which the inflow and outflow of vertical electric currents are
not at the antipodal points of the ionosphere, the foltowing consideration can be
made. As seen in Fig. §, current system (A) is thought to consist of (A1) and
(A2); the former pattern being illustrated more in detail by Fig. 6, in which a line
current of intensity 1, flow vertically into the ionosphere of radius re, and electric
currents flow vertically outward with uniform density I,{(4nr) from all over the
ionospheric surface. Since this current system is axisymmetric around the line con-
necting the earth's center and the incoming line current, no magnetic field is
produced inside the jonosphere. Hence, both (A1) and (A2), and (A) of Fig. §
produce no ground magnetic cffect. This leads to an important general conclusion
that the ground magnetic effect never appears for any distribution of vertical cur-
rents into and out of the jonosphere with wniform conductivity, insofar as the
amounts of incoming and outgoing currents are equal. Current system (A) of
Fig. 5 is only a special simple example of the generalized configuration with multi-
ple line currents into and out of the ionosphere with uniform electric conductivity.

The current system of Fig. 6 produces a magnetic field outside the jono-
sphere, and it can easily be obtained in the following way. We take the spherical
coordinates (r, 4, ¢) with their origin at the earth’s center, and the #=0 axis
coincident with the vertical line current flowing into the jonosphere. For each of
the three regions, i.e. rcos 8> r,, r,>rcos §> —ry, and r cos § << —r,, circular planes
L1, L2, and L3 are drawn, respectively, whose centers are located on the =0
and = axis with radius rsing. Plane L2 intersects the ionosphere at colatitude
#o, but planes L1 and L3 do not. The amount of electric currents j {consisting of

Fig. 5. Principle used to decompose any distribution of incoming and outgoing vertical
currents into axisymmetric patterns.

2) ;rﬁ;__w—rii;r‘iar.{téfdi_-ld.i)?.mV. M. Vasyliunas for suggesting this way ofhproof in
A private discussion during the Upper Atmospheric Current and Electric Fields Sympo-
sium, Boulder, Colorado in August, 1970,
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Fig. 6. A vertical line current flowing into the jonosphere with a simultaneous
outflow of uniform vertical currents from all over the ionosphere. Planes L1,
12, and L3 are drawn to calculate the magnetic effect above the jonosphere.

the vertical line current into the ionosphere or the associated Pedersen currents
in the sonosphere, and the vertical outgoing currents from the ionospheric surface)
passing through these planes is

i(through plane L1)= _gm(l —cos ) —I,= —_‘;L(l +cos0),
i(through plane L.?.)=%(cos 8,—cos ) —%(1 +cos8)= —-Ii‘-{l +cosd) ) (5)
i(through plane 1.3)= ——;l’-(l +cos &),

The value of H,lr, 8) is obtained by dividing the above value by 2ar sin g, ac-
cording to the Maxwellian theorem, i.e.

Hr, o)=—1f1tcos8) L, 8 (6)

4xr sin 8 4zr 2
at all places outside the jonosphere. The magnetic field produced by current
system (A) of F:g. 5 is a sum of the contributions from (A1) and (A2), each
of which is easily known referring to Fig. 6 and eq. (6).
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4. Corrections Required for Non-Vertical Flow of Field-Aligned Currents
and for Noa-Uniformity of Ionospheric Conductivity

In the actual three-dimensional electric current in the jonosphere and mag-
netosphere, the field-alipned current from the magnetosphere is not vertical, and
this current flows into the ionosphere of non-uniform conductivity. Referring to
Fig. 7, we see that current system (B) consists of (B1) and (B2) systems. Hence,
the correction for the non-vertical incidence of a field-aligned line current is to
add the magnetic field produced by current system (B1). Current system (B2)
consists of a vertical line current into the jonosphere and the real current in the
ionosphere. Note here that current system (B2) produces no ground magnetic
effect, if the ionospheric conductivity is uniform and the Hall current is disregarded.

1) (89

q;;:‘:a . (B2)
- 7 7
= = +

Fig. 7. Correction for the curvature of an electric current flowing into an ionospheric
plane. If the jonospheric conductivity is uniform, the ground magnetic effect of (B)
is the same as that of (B1), because (B2) produces no magnetic field below the iono-
sphere.

For a general case when the ionospheric conductivity is non-uniform, the
pattern of real current in the ionosphere depends on the actual conductivity dis-
tribution as well as the condition for electric charge accumulation or dissipation
at the boundary of conductivity discontinuity®. The equivalent current system for
the ground magnetic effect of such a current system (consisting of a vertical line
current and real currents in the ionosphere) has been studied for some special
cases of conductivity distr-bution in the ionosphere?®!, The peneralized theorem
described in this paper is very useful in studying the relation between three-
dimensional current in the magnetosphere-ionosphere and its two-dimensional
equivalent current for ground magnetic effect.

3) Fukushima, N., Rept. Ianos, Space Res. Tapan, 28, 139, 147, 195, 207 (1974); 29, 31,
3% (1975),

4) Leont'yev, S. V., W, B. Lyatskiy, and Yu. P. Mal'tsev, Geomagn, i Aeronomiya, 14,
112 (19714).

5) Lyatskiy, W. B,, Yu. P. Mal'tsev, and S, V. Leont'vev, Planet. Space Sci., 21, 329 (1973).

6) Lyatskiy, W. B, and Yu. P. Mal'tsev, Geomagn. i Aeronomiya, 15, 118 (1975).
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ABSTRACT

For studying the wmagnetic effect of electric currents flowing
in the ifoncsphere and magnetosphere, the following fundamental theorem
can be applied. It states that the ground magnetic effect of veryical
currents into or out of the lonoaphere 1s perfectly cancelled out by
that of the Pedereen currents in the ionoephere, 1f the electric con-
ductivity 18 untform throughout the foncephere. This paper presents
a proof of the fact that this theorem holds for both the plane fono-
sphere model and the spherical ioncaphere model for any distribution
of vertical currents.

The actual ground magnetic effect of the magnetospheric fieid-
aligned currents and the associated lonoapheric currenta can then be
obtained by estimating the following three effects, 1.e.

(1} Curvature of the field-aligned currents in the magnetosphere,

(2) Nonuniformity of the lonospheric conductivity, and

(3} Hall currents in the ionosphere. .
Effect {1) can be easily calculated through Bict-Savart's law. For
the discussion of effects (2) and (3), 1t is neceasary to know whether
the electric curreats do or do not tend to flow aleng the geomagnetic
field-lines at the boundaries of conductivity diacontinuity in the
loncaphere, in order to Preserve the electric current continuity.
Two extreme cases are dealt with, i.e. when electric charges can
escape freely out of the ionosphere (open field-line case}, and when
fleld-aligned currents do not flow at ali, thus keeping a balance
between the charge accumulation due to the primary Pedersen and Ha'l
currente and the charge diseipation through the seécondary Pedersen
and Hall currents (closed field-line case), Some #simple examples of
cases of nonuniform icnospheric conductivity are introduced, which
have been described in a recent series of worke concerning the rela-
tionship between three-dimensional electric curtents in the fonosphere-
magnetosphere and their equivalent two-dimensional currente for ground
magnetic variations.

1. Introduction

Ground geomagnetic variatfons are caused by electric currents flowing in
the space in and above the lonosphers, along with currents in the earth's
interior; the lacter being fnduced by the magnetic field variation caused by
currents flowing horizontally in the ionospheric E-layer and those flowing in
the magnetosphere along and acrosa geomagietic field-linea. The magnetic
effect produced by electric currents of any configuration can be calculated
in principle by Biot-Savart's law. However, the ground magnetic effect of
the combination of field-aligned currents in the wagnetosphere and horizontal
lonospheric currents cen sometimes be easlly known with the aid of the theorems
described in this paper.

In the study of world geomagnetic variations, the ordinary procedure is
to draw an squivalent overhead current system from the analysis of observed
geomagnetic variations over the world, under the fundamental assumption that
the ground geomagnetic effect 1s produced entirely by electric currents flowing
immediztely above the earth, Although the actual electric currents responsible
for ground magnetic variations must be three-dimensional throughout the iono-
sphere and magnetosphere, it 1s mathematically possible to draw a two-dimensional
equivalent current system on a spherical eurface (say, at the level of the iono-
sphere) covering the earth, which produces the same magnetic effect on the
earth's aurface ae that of actual three-dimensional currents. It is impossible
in principle to obtain the actual electric current distribution in the iono~-
sphera-magnetosphere, so long as we deal only with geomagnetic field variations
on the earth's surface,

We deal here with g stationary etate of electric currents in the lonosphere
and magnetosphere. Hence the conttribution from the induced currents in the
earth's interior need not be considered. The ionospheric currents consist of
Pedersen and Hall currents; the latter currents are divergence-free and closed
in the ionosphere. The field-aligned currents in the magnetosphere are connected
with the Pedersen currents in the ioncsphere to preserve the continuity of the
electric currents. This paper deals with the magnetic effect of a three-
dimensionsl current system, which consists of field-aligned currents in the
magnetosphere and the Pedersen currents in the ionosphere. The objective of
this paper fs to obtain an equivalent overhead current for the magnetic effect
of sech a three-dimensional current system in the fonosphere-magnetosphere.

The electric conductivity of the ionosphere 1s not at all uniform all over
the earth. However, useful theorems are introduced for a eimple case of uniform
conductivity in this paper, and later it is shown how to take the effect of
conductivity nonuniformity into consideration.



2. Plane Ionosphere Model of Uniform Electric Conductivity

2.1. Incidence of a vertical current to a horizontal conducting plane

Fig. 1 ehowe an electric current syetem in which a vertical line eurrent
is converted into diverging Pedersen currents on a plane ionusphere. We take
here a cylindrical coordinate (r.(ﬁ. z); the vertical downward current Zlows
along the z~axis at v =0, and the diverging electric currents flow on the
plane z=0. The {onospheric current density i(ir. 1+) at the point (r. 4, 0)
is given by

10, 9,00 = 1,/(2re},  1g(r,4,0) = 0. (1)

The magnetic field H{H_, Hyg, H,} produced by the electric current system of
Fig. 1 in the reglon z >0 {i.e. above the fonospheric plane) 1s given by

B (z>0) = 0, Hyg(z>0) = I,/(2m), Hy(z>0) =0, )

vheress the magnetic field in the reglon z<0 (i.e. below the fonospheric
plane) vanishes. Although this result can be obtained from calculatiors using
Biot-Savart's law, the same result can be proved also in the following ways.

(a) The electric current system of Fig. 1 can be thought to be & summation
of elementary electric circuits, each of which consists of a vertical cownward
current and & radial outward current of intensity Iodﬂ(ht) flowing in a sector
of longitude ¢ and $+dé. The magnetic potential at (ro,'fo, -z,) for the ele-
mentary circuit in longitude ﬂ, or t#oi]: ie 0, becsuse the solid angle sub-
tended at the peint (r,, ‘#0.-2.0) by thias elementary current circuit 1s 0.

Since the electric current system of Fig. 1 is aymmetric around the z-exis,

the magnetic potential at point (ro,dﬁ",. -zD) produced by the elementary circuit
in the meridional plane of ¢« lﬁo-l»d&f is always cancelled by that of ¢ =4, - df.
Hence, from the axial symmetry of the electric current distribution of Fig. I,
the magnetic potential 1a 0 everywhere below the z = 0 plane. Therefore the
current syatem of Fig, 1 produces no magnetic fileld below the plane z=0.

(b) Another eimple explanation for the above result is as followas. Since
the electric current of Fig. 1 has no azimuthal component, the associabed
magnetic field must be in the azimuthal direction, i.e. the magnetic ffeld has
only the é-component s At both above and below the plane of 2«0. The magnetic
field at the point (r,, '#o- 2,) 1a denoted here by H (0, H¢, 0), where Hq is
dependent on r, and z,. Applying the Maxwellian thecrem on a circle of r= |
we see

IuroHy(ry, 25) = 1(z,), &)
where i(zn) is the total intensity of electric current passing upward through
the plane of z=z,, namely t(z »>0) = -1, and t{z<0) =0, Therefore, in the

region 23>0, Hy=~-1,/(2xr,), whereas no magnetic field s produced at £ 40,

4
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1.2, Equivalent horizontsl curvent for a vertical line current

The above result can be applied to geophysical probleme in the following
wiy. 1f the lonosphere can be approximated by an infinite plane with a uniform
€ sctric conductivity, the magnetic effect does not appear below the fcnosphere,
when a line current flows vertically into the ioncsphere, imsofar as we are
ccncerned only with the Pedersen current in the ionoaphere. This can be re-
stited in such & way that the ground magnetic effect of a vertical line current
1s ~ompletely cancelled out by the uniformly diverging current in the Llenosphere
frow the foot of the vertical incoming current. In other words, the equivalent
cursent for a vertical downward current flawing into the ionosphere is a 9ni-
formly converging current in the lonosphere, as illustrated by Fig. 2. This is
& fundamental theorem in the discussion of the relationghip between a three-
dimenaional current and its equivalent two-dimensional current, An intuitive
but non-exact proof for this theorem was earlier shown by the present author
(Fukushima, 1969, 1971).

2.3, Egquivalence in the ground Reowagnetic effect of Chapman-Vestine's and

Birkeland-Alfvén's current syatems For polar magnetic storms

By meana of the theorem shown in Fig. 2, 1t 1s possible to give an intui-
tive explanation for the reason why the game ground magnetic effect is produced
by the two different current systems for magnetic storms (Fukushima, 1969, 1971),
f.e. the current aystes in the ionosphere connected with an auroral electrojet
(depicted by Chapman, Vestine and others), and the electrojet connected with
field-aligned curreats from and to the wmagnetosphere (firat proposed by Birke-
land end later advocated by Alfvén and his coworkers). The field-aligned
cutrents of the Birkeland-Alfvén current aystem are approximated for simplicity
by vertical currents, and the ionosphere 1s approximated by a conducting plane.
As will be seen in Fig. 3, the Birkeland-Alfvén current system (A) is thought
to be & superimposition of currents (B) and (C), where (C) 18 the Chapman—
Vestine current system. Pattern (BY can be further decomposed to (Bl) and (B2),
both of which produce no magnetic effect below the ionosphere. Thus, both the
Chapman~Vestine current syatem and Birkeland-Alfvén current syetem produce the
same magnecic field on the earth,

Above the ioncaphere, however, these :wo current ayetems give rise to &
different magnetic effect, since current system (B) produces a magnetic field
above the fonosphere. It is thus concluded that we cannot Judge which one,

{A) or (C), is more realistic during polar substorms, insofar as we deal only
with the magnetic field data observed on the ground. Observations in and above

the ionosphere are required to determine the real current distribution {m the

Electric current

] 82

Fig. 3. The Birkeland-Alfvén current system (A}, for a polar substorm,
is the sum of current systems (B) and (C}, where {C) is the Chapman-
Vestine current system. Current system (B) = (Bl) + (B2) produces no
magnetic effect below tha lonosphere,

(D) (D1
(D2)

Fig. 4. Correction for the curvature of an electric current flowing into
an ionoscheric plane. The ground magnetic effect of {P} is the sama

aa that of {(Dl), because (D2} produces no magnetic field below the
ionosphere,




ioncsphere and magnetosphere, which results in the ground magnetic variations.
Field-aligned currents in the magnetosphere can be detected through the magnetic
field observations with three-component magnetometers, such as those on board
the TRIAD satellite. However there is a possibility of inferring the field-
aligned current distributlion from a comparison of low-altitude satellite and
ground observations of the geomagnetic fleld, even Lf the satellite measures
only the scalar magnitude of magnetic field above the ionoasphere {Fukushima,
1975¢,d; Kawasaki and Fukushima, 1975}.

2.4. Correction for non-vertical incidence of field-aligned curreatsa

AMlthough field-aligned currents flow fnto or out of the ionosphere nearty
vertically in high latitudes, it s still necessary to cotrect for the effect
of their cblique incidence. This correction ia eagily made according to Fig. 4.
If the ionocepheric conductivity were uniform, (D2) of Fig. 4 would preduce no
magnetic effect on the ground, Hence, the correction for the non-vertical
incidence of field-aligned currents requires the addition of tha magnetic effect
of current system (D1) of Fig. 4, which can be eapily calculated by means of
Biot-Savart's law.

If the field-aligned currente flow into the foncaphere in a sheet of in-
finite extent along the x-axis, the magnetic field of the {Dl}-type saeet curreat
does not leak down to the ground, as is readily seen in Fig. S.

3. Spherical Ionoaphere Model of Uniform Electric Conductivity

3.1. Incidence and outflow of vertical currents at the antipodal pointa on

the spherical ionosphere

We discuss firat the simple cage 1llustrated by Fig. 6. The spherical
coordinates (r, 9,¢) are taken with their origin at the earth's center, and a
vertical line current flows into and out of the ioncsphere (of radius r,) along
the §=0 and f=xn axes, trespectively. The H—component of the ionoaspheric currest
18 independent of #-value. because of the asaumption of uniform electric con-
ductivity throughout the ionoephere. By means of the method written <n 2.1.(b),
the magnetic effect vanishes everywhere ia1side the ionosphere. Outside the
lcnoaphere, the magnetic fleld H (0, 0, ') 18 given by

Hy(r, §) = <1/{2nrsin @) for ro>r,. 03]

From this conclueion, 1t can be aaid that the case of Fig. 7 also produces no
wagnetic effect inmide the ionosphere, because the current system of Fig. 7 {is
a puperimposition of two systems, each of which i1s a system shown by Fig. 6.

o /

Flg. 5. The magnetic field of a fieid-aligned
shaet current of unifors current density and
infinite extent, which doea not lesk down to
tha ground.

[onosphere

D
'

Fig. &. An gleciric current flowing

vertically In and out of the anti- Fig. 7. Paire of vertival electrie
podal points of the spbericsl lona~ cureents flowing into and out of
sphere. the jomcsphere 1n high latitudes.



The current syetem of Fig. 7 reminds us of the field-aligned curreats
flowing from the magnetoaphere into the dawn regions of high latitudes and
out of the ionosphere from the dusk reglons. If the incoming and outgoing
currents were vertical, and the lonoepheric conductivity were uniform over
the entire ionosphere, no magnetic field would be produced on the earth. In
realicy, the ground wmagnetic effect comes from corrections for the curvature

of fleld-aligned currents and the nonuniformity of the fonospheric conductivity.

3.2. Case of axial asymnetry of vertical currents

For a case in which the inflow and outflow of vertical electric currents
are not at the antipodal points on the ioncsphere of uniform electric conduyc—
tivity, the following calculations can be smade. Aa seen in Fig. B, current
aystem (E) is thought to be the sum of (E1) and (£2). 1In current ayeten (El},
electric currents flow out verticelly with uniform density from all ower the
ionosphere to compensate for the inflowing vertical curreunt at the poeint Pl-
whereas in current system (E2) vertical currents flow uniformly into the 1ono-
aphere and a vertical outward lins current is at P;. The vertical current
density on the surface of the loncaphere in eystems (E1) and (E2) is Iul(furrg},
where I, 18 the vadius of the 1onosphere, and Io is the intensity of the vertical
line current at Pl and P;. In current system (El}, 1f we take the spherical
coordinates (r.B.#) with their origin at the earth's center and =0 axis along
the vertical current as shown in Fig. 9, the overall current distribution is
axigymmetric around the =0 and ® axis, Hence, similar to the calculation
mentioned in 3.1, the magnetic field inside the ienosphere associated with
current gystem (El) vanishes everywhere. The magnetic field outaide the iono-
sphere has only the ¢ -component, and the value He{r,d) 18 obtained as follows.

We divide the whole apace outside the ionosphere into three regions, as
shown in Pig. 9; {i.e. Region I (r cosf >145), Region II {rg>r coae‘>-r°), and
Reglon III (r coaﬂ(—ro). In each region we consider circular planes L1, L2,
and L3, whose centecs are on the @=0 and T axls and whose radius is rainf .
Planes L1 and L3 do not intersect the ionoephere, and plane L2 intersects the
tonosphere at colatitude 8,. The amount of electric currents i. which pass
through these planes (including the vertical line current and the associated
ionospheric Pedersen currents) are

€= 3= coad) - 1,m (14 confl)

through the plane L1,
L= -21-'((:0: 8,~ con ) - %’(1"‘(:0! AR -%‘( l+conl)  through the plane L2, and } (5)

fa- %"(1 +cos ) through the plane L3.
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lonosphere

Fig. 8. Principle used to decompose any distribution of incoming and
outgoing vertical currents into axisymmetric patterns.

Fig. 9. A vertical line current flowing into the icnosphere
with a simultaneous outflow of uniform-density vertical
currents from all over the ionosphere. Planes L1, L2 and
L} are drawn for calculating the magnetic effect above
the ioncsphere.



The value of H;(r,ﬂ) 18 obtained by dividing these values by 2nrsinf,
according te the Haxwellian theorem, 1.e.

throughout Regions I, II, and III. The magnetic fleld outside the ionosphere
ie everywhere weatward in the case of Fig. 9.

The above conclusions can be extended also to the cases in which a number
of vertical line currents are flowing into and out of the ionosphere, where
the total smount of inflowing currents is equal to that of outflowirg currents
to preserve the divergence-free condition of the ionospheric currents. We
obtain the following important general theorem that the magnetic effect vanishes
everywhere below the ionosphere if the ionospheric conductivity is uniform for
any distribution of vertical incoming and outgoing currents into and out of the
ionosphere, insofar as we deal with the combination of vertical currents and

the associated Pedersen currents in the ionosphere,

3.3, Geophysical applications to field-aligned currents in high latitudes and
in middle latitudes

(2) High-lacitude field-aligned currents

Recent observations by satellites show the permanent existence of field-

aligned currents into and out of the ionosphere in high latitudes. The theorem
described in 3.2 shows that the ground magnetic effect would not appear if the
ionospheric conductivity were uniform and the currents flowing into or out of
the lonosphere were vertical. In order to obtain the actuai wagnetic effect

of the field-aligned currents combined with the fonospheric Pedersen currents,
we need the corrections for non-vertical incidence of field-aligned currents
and nonuniformity of ionoepheric conductivity. The effect of ionospheric con-
ductivity nonuniformity 1e dealt with larer in Section 4, while the oblique
incidence effect is discussed below.

Referring to Fig. 10, the effect of non-vertical incidence of fleld-alignec
currents 1s corrected by adding the magnetic effect of current Bystem (F1).
Although the magnetic effect of currents flowing at a grest distance may be
neglected in practical calculations of ground magnetic effect, it 1s also necea-
sary for an accurate calculation to know how the field-aligned currents form a
closed electric circuit in the distant magnetosphere, 1.e. whether it 18 con-
nected with a partisl ring current in the equatorial plane or with some other
currents (Kamide and Pukushima, 1972: Fukushima, 1972; Fukushima and Kamide,
1973b). It is worth noting that the principal contribution to the obeetved
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(F1) (F2)
+

Fig. 10. Correction for the curvature effect of field-aligned currents
into and from the high-latitude ionosphera. Tha ground magnetic effect
of (F) ie the same as that of (Fl), because (F2) produces no magnetic
field inside the ionosphere.

Modet 2

FOR NORTHERN
HEMISPHERE

EGUIVALENT
CURRENT

Fig. 11. Two models of field-aligned currents in the magneiosphere,
with and without a weatward flowing partial ring current in the
squatorial plane (after Fukushims and Ramide, 1973k},
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asymmetry of the depression of the horizontal component of the geomagnetic Fleld
in low latitudes during disturbed periods does not come from the longitudinal
inequality of equatorial ring-current intensity but from the curvature of fleld-
aligned currents in the magnetosphere (Fukushima, 1973; Fukushima and Kamide,
1973a,b,c}. If the field-aligned currents from or to the distant equatorial plane
were connected with a uniforaly converging or diverging current on the equatorfal
plane, such as the current associated with the plasma convection in the magnetos-
phere, the ground magnetic effect of the converging or diverging currents in the
equatorial plane would be given by that of a semi-infinite line current perpendi-
cular to the equatorisl plane, as illustrated by Fig. 11. Here the theorem of
Pig. 2 is again used to replace the equatorial currents by a line curreant perpen~
dicular to the equatorial plane.

(b) Middle latictude field-aligned currentas

It hae been widely advocated by & number of research workers that a field-
aligned current wust be flowing in the magnetosphere berween the northern and
southern hemispheres to connect the 8q current vortices in the daytime middle
latitudes; the direction of thias field-aiigned current is from the winter hemisphere
to the summer hemisphere, as will be seen In Fig. 12. If the electric conductivity
of the lonosphere is assumed to be uniform for elmplicity, the ground wmagnetic
effect of current system (C) 1a equal to that of (G1); the latter is easily
calculated by Biot-Savart's law. We see here that current system (G) or (G1)
produces a westward magnetic field al] over the deyside hemisphere of the earth,
the equivalent current of which 1s a northwerd current. It is worth noting that
the westward/eastward ghift of the Sq current vortices in the summer /winter
hemisphere wight be attributable to the euperimposition of the nmorth-south current
on the symmetric Sq current vortices of ioncepheric origin. In other words, it
may be unnecessary to think that the ionospheric Sq curreat vortices in the northern
and southern hemispheres show a Geasonsl displacement in their locationa.

(G) {G1) (G2)

= D +

Hemisphere
Fig. 12. Middle-latitude field-aligned current in the solstitial SRa8aANS,

The ground magnetic effect of (G) is the same ag that of (Gl) if the
ionospheric conductivity is unlform.

Eliess
Winler
Hemi

sphere
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4. Correction for Nonuniformity of Ionospheric Conductivity

Throughout the preceding discussions, the electric conductivity of the ilonos-
phere was assumed to be uniform all over the earth. In such a case, field-aligned
currents in the magnetosphere are connected only with the Pedersen currents in the
iomosphere, and the ground magnetic effects of these two currents completely cancel
each other out if the field-aligned currcits are vertical. The Hall currents in
the lonosphere are divergence-free, and they contribute wholly to the magnetic
field variatione on the earth's surface. Hence, if we may neglect the contributions
from electric currents in the distant magnetosphere, the ground magnetic effect ia
thought to consist of (i) the Hall currents in the ionosphere, (ii) the effect of
non-vertical incidence of field-aligned currents, snd (111} the nonuniformity effece
of the ifoncspheric conductivity.

As to the first point, eince the distribution of Hall currents in the ionos-
phere can be easily known if the lonospheric conductivity is uniform, it is possible
to eatimate che ground magnetic effect due to the Hall currents. As for the second
point, the effect of non-vertical incidence of field-aligned currents has already
been diecussed in 2.4 and 3.3,

In the case of pnonuniform conductivity distributica in the lonosphere, the
Pedersen and Hall curreunts in the ionosphere are not easily separable. It is also
necessary ta consider how electric currents preserve their continuity at the
boundaries of conductivity discontinuity in the ionosphere, i.e. whether electric
currents do or do not tend to flow out of the ionoaphere along gecomagnetic field
linza. 1In the former case, there 1s no excess electric charge at the boundaries
of conductivity discontinuiry (im other words, the electric charges escape as
field-aligned currents, thus not producing any excess charge}, whereas in the latter
case excess charges are accumulated in order to keep the electric curreat continuous
in the icnosphere across the boundaries of conductivity discontinuity.

45.1. Two extreme cases of geomagnetic field-line conditions, closed and open

Referring to an actual model of the earth's environmental space, if the
distributions of the ionospheric conductivity and of the primary fleld-aligned
currents are symmetric with respect to the geomagnetic equator, the secondary
field-aligned currents from the conjugate points of the northern and southern
hemispheres cancel ¢ach other out, along the closed geomagnetic Field lines.

If the field lines are open to the magnetotail, on the other hand, as those froa
the polar-cap reglons inside the auroral oval, the electric current may flew without
being cancelled by the current frow the opposite hemisphere. Therefore we will
consider the following two extreme cases for the stationary state, 1i.e,
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(1) the closed field-line case ....... the electric current doee not flov at
all along gecmagnetic field lines. (From the standpoint of an elect-ic
circuit, the circult between the conjugate points 18 open In the
the msgnetosphere.)

(11) the open field-iine case ....... the electric current flows freely along
the geomagnetic field lines. (The electric circuit from a point on -he
lonosphere is connected with an infinite capacitance in the magnetosphere.)

These are the extreme cases, but in an actual flow of field~aligned currents,

the situation will be between these two cases, because charged particles as carr:ere
of electric currents drift acroas the geomagnetic field lines in the magnetesphere,
The electric conductivity along the geomagnetic field lines must be studied in
greater detail in the future.

By means of the simple assumption that the fileld-aligned currents are allowed
to flow freely (open field-line case) or are completely suppressed (closed “feld-
line case}, the equivalent current for the ground magnetic variations has been
obtained for some special distributions of fonospheric conductivity when a
vertical line current or sheet current is incident on the lonosphere, or when a
horizontal uniform external elect‘ri-z-:.field i{e applied (Fukushima, 1974a,b,c d,e;
1975a,b).

Before introducing some examplea, it is worthwhile mentioning first = =ery
speclal case in which the lonospheric conductivity is independent of longitude
but dependent on the distance from the foot of the incident current on the
ionoaphere, and the field-aligned currents from the conductivity discontinu-ty
boundaries are aseumed to be completely muppressed. In these cases, the excess
electric charges appear in the lonosphere at the circular boundaries of conduc-
tivity discontinuity, thus keeping the radial Pedersen current in the ionosphere
continuous acress the boundaries of conductivity discontinuity. Since the current
dietribution ie axisymmetric in the icnosphere, the resultant Pedersen current
distribution 18 exactly the same as that 1n the case of uniform electric conduc-
tivity shown in Fig. 1 or Fig. 6. Hence, this special case produces no magaetic

effect on the ground.

4.2. Equivalent current pattern when the ionospheric conductivity fs different

on both sides of the foot of a field~aligned line current

We deal here with a plane ionosphere model, The height-integrated Pedersen
conductivity of the icnosphere 1s amaumed to be Gﬁ in the region 0<I+<Tn and
k107 in the region ‘lr¢4t<21'. with k1>1, as shown in current o7etem (H} of Fig. 1I.
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Fig. 13. The current pattern for two regions of ionospheric plane
with different electric conductivities. The equivalent current
system for (H) is given by (H3).

1f we denote the fntensity of vertical incident current by Iys Iol(k1+1) is
converted to the Pedersen currents in the reglon O<$<w¥, and Toky/(ky+1} in the
reglon W< < 2x. The Pedersen currents do not cross the boundary of ionospheric
conductivity discontinuity. With the aid of the theorem shown in Fig. 2, the
equivalent current of system (H) {8 & current converging towards the foot of the
fleld-aligned current in the region of lower conductivicy, whereas it is a
diverging current in the region of greater conductivity, as given by (H3)} of

Fig. 13. The current intenaity per radian in the f{onosphere in the (H3) current
1s (k-1 1,/ [2x(ky+1)] .

When the primary field-aligned current 1s a sheet current of uniform denaity
and infinite extent along the $=0 and ™ lines, the équlvslent current of fileld-
aligned sheet current and associsted Pedersen currents i{s a uniform parallel
current perpendicular to the conductivity-discontinuity boundary flowing from the
reglon of lower conductivity to that of higher conductivity (Fukushima, 1974b),
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If we take the Hall currents alse into account, the pattern of equivalent
current depends on the condition whether the magnetic field-lines are open or
closed at the boundary of conductivity discontinuity. TFor simplicity, the magnetic
field lines are assumed to be vertical. If the magnetic field lines are open,
the divergence-free condition of the circular Hall currents requires that the
vertical currents flow at the boundary of conductivity discontinuity. These
vertical currente can be replaced by horizental equivalent currents, according to
the theorem given by Fig., 2. The total Sumsation of these horizontal equivalent
currents is & circular current, whose direction is opposite in the 0<¢<x and
< tf( 2x regions., The sum of the primary Hall currente and thege equivalent
currents is a divergence-free circular curreat in the lonosphere. Hence, if the
height-integrated Hall conductivities in the 0< 'f< T and W< +( 2x regions are
denoted respectively by 0’2 and kz a"z. an apparent Hall conductivity throughout
the plane ioncephere can be defined, and in this case of open fleld-lines it is
expressed as 63(1+k2)12. 1.e. the arithmetical average of the Mall conductivity
values in the two regions {Fukushima, 1974a}.

On the other hand, {f the magnetic field lines are closed on the 4 =0 and ©
boundaries of ionospheric conductivity discontinuity, excees electric charges are
produced at the boundaries in the stationary state, so as to balance the charge
accumulation by the primary Hall currents and the dissipation through the secondary
Pedersen and Hall currents in the ionosphere. In this case, it can be shown that
the effect of the secondary Pedersen currents 1s to make the sum of the primary
Ball and secondary Pedersen currents a circular current; the apparent Hall
conductivity over the entire ionosphere 18 given by o’z(kzﬂl)l(li—kl). and this
value is emaller than in the case of open field lines when k2>1. On the other
hand, the effect of the secondary Hall currents is to Intensify the equivalent
current for the primary field-aligned current and¢ Pedersen currents by the factor
[1+[(k2-1)0'2}z/ [(k1+1)0'1}2], with some similarity to the apparent enhancement of
tlectric conductivity along the geomagnetic equator {Fukushima, 1974s).

4.3. Equivalent current pattern when a vertical line current 1s incident at the

center of & belt of enhanced lonogpheric conductivity

This case refera to the lncldencg of a field-aligned current {nto the
auroral zone, the conductivity of which {s much greater than in the surrownding
region. For simplicity, the electric conduc. {vity is assumed o be uniform in
each region outside and inside the suroral zone, and the magnetic field ia taken
to be vertical. We will consider a plane ioncephere model alac in this case,
The pattern of equivalent currenta depends on the condition of magnetic fleld lines,
whether they are open or closed. Figa. 14, 15 and 16 show respectively the examples
of equivalent current patterna, for the cases where (1) both ihe polevard and

REAL CURRENT EOQUIVALENT CURRENT
¥

Paderssn Y

conduct ivity

b .
3-3\\—»——

- k'(f’ — X

h

T

Fig. 14-1. Comparison of the reasl Pedersen currents {with associated field-

aligned currents in the open field-line case} and their equivalent current
pattern, for k1=2. The amount of electric corrent between adjacent stream-
lines in the equivalent current pattern ias 1/4 of the real Pedersen currents
of the region |y|>b.

REAL CURRENT EQUIVALENT CURRENT

¥ Hall v
conductivity

a;

Fig. 14-2. cComparison of the real Hall currents (with associated field-aligned

currents in the open fleld-line case) and their equivalent current pattern,
for ky=31. The amount of electric current between adjacent streamlines in
the equivalent current pattern is the same as that of the real Hall currents
of the region |y[>b. The current amount between adjacent streamlines in
Fig. 14-2 is G2/0] times that of Fig. 14-1 in the region lvi>b.
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PEDERSEN CURRENT HALL CURRENT PEDERSEN CURRENT HALL rcunasm
Y ¥ y

Fig. 15-1. Horigxontal Pederson and Hall currents in the icnomphere and rig. 16-1. Horirontal Pedersen and Hall currents in the ionosphere and
assoclated electric charge accumulation (shown by squares} on y=b aspociated fleld-aligned currenta {at y =b boundary) and electric
and y = -b boundaries of electric conductivity discontinuity in the charge accumulation (at y =-b boundary), when a vertical line current
cave of closed field lines, when a downward line current flows into flows into the lonosphers at {0,0).

tha jonosphere at {0,0).

¥ Y

y=b

yz-b

Fig. 16-2
(2] Bquivalent current pattern for s line current of intensity T, at {0,0) and the
sssociated [ield-aligned and lomospheric cutrents, when the Pedersed conductivity
is oo inside the region {y{<b. The amount of electric current batween adjacent

Fig. 15-2. Equivalent current pattern Fig. 15-3, Fquivaleat current pattern streamlines is 15/16.
for the vertical line current at which appears 1u addition to Flg. (b) Equivalent current pattarn which appears in addition to {a), when the Hall conduc -
(0,0} amrd assoclated Pedersen cur- 15-2, when the Hall conductivity tivity of the loncwphere Inside the region lyl<b &s o0. The amount of slectric
rents, when the Pedersen conduc- inside the region |yl<b is oo, current betwsen adjacent stresmlines is (L,/8r)ky0/(K,0)).
tivity i co inside the region Jy|<b. The amount of electric current () Total squivalent overhesd current system produced by a vartical Incoming line current
The amount of electric current be- between adjacent molid streamlines at 10,01, whan both Pedersen and Mali conductivities are infinitely great and thelr
tween adjacent stream iines is I 16, is [!olnxlkza‘z/tklo‘lj . ratio is unity. This cutrrent pattern is the superimposition of (a) and (b).

where Iy is the intensity of vertical
incoming current at (0,0).



equatorward boundaries are open lines, (ii) both boundaries are closed, and (111)

the poleward boundary 1is open and the equatorward boundary i{s closed {Fukushima,
1974e, 1975a, 1975b). In each case, the pattern of electric currents can be

ehown to consist of two kinds of current patterns; one 18 a group of currents

which converge to and diverge from the foot of the primary Eield-aligned current

and its mirror point(s) with respect to the boundary or boundaries of the
conductivity discontinuity, and the other is a group of currents which are concentric
around the foat of the primary field-aligned current and its mirror point(s).

$. Concluding Remarks

This paper summarizes the results described 1n a recent series of papers
¢oncerning the relationship between three-dimensional electric currents in the
ionosphere-magnetosphere and their equivalent currents; the latter gives the same
magnetic effecr on the earth as thar of the former, but the effect of these two
current eystems is different above the lonosphere. We cannot infer the three-
dimensicnal current distribution in the ionosphere-magnetosphere unless we compare
the observational results from above the lonosphere. The series of works summarized
in this paper will contribute to some extent to the work of inferring the three-
dimensional current aystem from ground magnetic observations.

The wain conclusions described in this paper may be summarized as follows,

If the ionospheric conductivity is uniform all over the ionoaphere, the ground
magnetic effece of vertical curtents flowing inte or out of the lonocsphere 1s
perfectly cancelled out by that of the associated Pedersen currents in the iono-
sphere. Therefore, the magnetic effect of fleld-alfgned currents and assoclated
Pedersen currents originates from the effect of non-vertical incidence of field-
aligned currents and that of nonuniformity of the fonospherie conductivity. The
magnetic effect of Hall currents, however, always appears on the ground,

When there are fleld-aligned currents into snd out of the ionosphere, the
ground magnetic varistions at a place of observation are not entirely due to the
overhead currenta flowing 1in the lonosphere above the station. Recent incoherent
radar obgervatione in high latitudes have detected a noticeable difference between
the observed horizontal current ip the ionosphere and the equivalent overhead
current responsible for the simultaneous ground magnetic varistions., It is neces-
sary to know such a difference between real and equivalent currents alao in middle
and low latftudes. A detailed astudy of the dynamic behavior of ionospheric changea
in middle and low latitudes accompanying gecmagnetic bays will also contribute to
finding the difference of real and equivalent currents, because the height-
distribution of 1on and electron densities in the lonoaphere must be changed by
the real electric cyrrent flowing 1in the ionosphere.
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Remark on Geomagnetic Bays in Middle and Low Latitudes

This paper deals with the non-uniquenese of electric current distribution
in the ionosphere-magnetosphere when we infer it from the geomagnetic variation
observed on the ground alone. Fig. 17 shows three possible models of electric
current flow in and above the fonosphere responsible for geomagnetic bays. 1In
middie and low latitudes, at the time of positive geomagnetic bays (AH >0), the
electric current in the fonosphere can be efther eastvard or westward or almost
absent; the current direction may cthange even during the course of a bay.

There would be two kinds of study to determine the ionospheric current in
middle and low latitudes, 1.e., (1) the comparigon of magnetic field variations
below and above the ionosphere (with the aid of rocke=-m and satellites), and
(2) the observation of the time-variation in the lonospheric N{(h)-profile
(through repeated sweep-frequency lonosonde measurement of h'-f traces) or

charged-particle drift in the ionospheric region {by radar technique).
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Fig. 17. Schematic illustration of three different kinds of electric
current-systems for geomagnetic bay, (A) the Birkeland-Alfven system,
{B} the additjon of the Pedersen current in the tonosphere to the
Birkeland-Alfvén system, {C) the two~dimensional Chapman-Vest ine
current-system.
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THE BIRKELAND SYMPOSIUM ON AURORA AND MAGNETIC STORMS
18-22 Septamber 1967, Sandefjord, Norway
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2.1. Incidence of a vertical current to a borizontal conducting plane Experimental deiction of the Kr. Birkeland's Norwegian
Fig. 1 ahows an electric current system in which a vertical line current fonosphere: Appleton (1925) Aurora Polaris Expedition
1s converted into diverging Pedersen currents on a plane ionosphers. We take
here a cylindrical coordinate (r, ¢, x}; the vertical downward current flows (1901, 1908, 1913 publica-
aleng the z-axis st r=0, and the diverying electric currents flow on the plane Prediction of the existence
x=0, The ionospheric current density iliy, 14) at the point (r, §, 0) is given tions)
by of the current~flowing layer:
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The sagnetic field ki, Ht. H;} produced by the electric current system of Stewart (1882)
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Pig. 1 in the region 2>0 (l.e. above the ionosrheric plane) is given by

Hple>0) =0, Mylz30)=1 /i2er), H,(230}=0, 12}
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Fig. 1. The equivalent current for & vertical current flowing into 1 ric con tivity

the ionosphere is a current uhiformly converging towvards the
point of intarsection.
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Fig. 17. Schematic illustration of thres different kiands of electric current-
systems for geomagnetic bay: (A) the Birkeland-Alfvén system, (B} the addition

of the Pedersen current in the iorosphere to the Bickeland-Alfvén system,
{C) the two-dimensional Chapman-Vestine current-sys-em.

-l

Fig. 3. The Birkeland-Alfvén cuzrent systes (A}, for a polar substorm,
is the sum of current systems (B) and (C}, where (¢} is the Chapman-

Vestine current systew. Current system (B) = (Bl + (B2) produces no
magnetic effect bhelow the loncaphers.
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