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ABSTRACT

The linear stability code FRATO is applied to MHD equilibria of low
and moderate aspect ractioc to determine the operational diagrams
imposed by n = 1 external kink modes in the G-gg damain. mn
unstable wedge between two stable windows appears at low aspect ratio,
where strong non-resonant m = 1 instabilities are driven by toroidal
coupling effects.

INTRODUCTION

Ideal magnetohydrodynamic (MHD) theory constitutes the simplest -

model to describe the dynamics of magnetic plasma confinement sys-
tems. Nonetheless, the very simplicity of the dynamics permits this
model to tackle problems in devices with very compl icated geametries.
Linear MHD stability codes such as PEST! and ERATO? have became very
important tools in the design of Tokamaks. They help map out the
regions of stable operation and identify those configurations that
maximise the parameter beta () which is the ratic of the volume
average pressure to the volume average magnetic field energy density.

We briefly describe the ERATO stability code and discuss the
input profiles that are used to generate MHD equilibria. The damains
of stable operation imposed by n = 1 external kink modes for Tokamaks
with low and moderate aspect ratios are canpared. The eigenstructure
patterns of unstable equilibria with similar values of fg and safety
factor profiles in each one of these domains are also investicated,

* Permanent Address: Japanese Atamic Energy Research Institute
(JAERI}, Tokai, Japan.

+ Permanent Address: GA Technologies, Inc., la Jolla, CA / U.S.A.

PYYSICS BACKGROUND OF ERATO

The ERATO code determines the linear ideal MHD stability proper-
ties of axisymmetric plasma configurations by examining the energy
principle? that is obtained fram the linearised MHD equations, namely,

SL = SWP+SWV-w‘SWK=O_ (m

The potential energy of the plasma is expressed as (2)

sWp = 5 (P {[0e(3 B+ (2-5\(jx 31+ vp (051
S s (frx)e(Bee y, @

were » = V4/|7y| is the unit vector nommal to the flux surfaces, The
ecuilibriun magnetic and current density fields are B and j, respec-
trvely, amd the perturbed displacement vector is E. The equilibrium
plagma presswre is p and y is the adiabatic index. The contribution of
the vacuum fields to the energy of the system is given by

swy = fa (uxn)”, 3

where A is the perturbed magnetic vector potential, and the kinetic
ernergy of the system is

CWe = L \dx §>§
Wy = S (4)
pl )
where ¢ is the mass density. A plasma equilibriun state is unstable if

the eigenvalue w? > D. The value obtained for w corresponds to the
growth rate of the instability.

Furthermore, the perturbation is expanded as*

5= 1(ws) %P[in@—qg)] ()

when ng > 10, where ¢ is the geauetric toroidal amgle and 0 is the
pooidal angle in a straight magnetic field line coordinate system
{b-3,6), In systems with axisymmety, instabilities with different



different toroidal mode numbers n are decoupled one fram another and
can be therefore investigated independently. The safety factor g,
which is the derivative of the toroidal magnetic Flux with respect to
the poloidal magnetic flux, corresponds to the number of toroidal
transits a magnetic field line makes per poloidal transit. This
quantity is one of the critical variables of Tokamak MHD stability
analysis because instabilities tend to concentrate in regions where gq
has an integer value. ™ increase the accuracy of the calculations,
the ERATO code is constructed with a variable radial mesh that permits
packing around the rational g surfaces. The perturbed vector
anplitudes n(4 ,0) are expanded further using finite hybrid elements. A
detailed description of the numerical scheme of the ERATO code can be
fourd in Reference 2,

PARAMETRISATION OF THE BQUILIBRIA

The plasna-vacwmm interface for the MHD equilibriun models under
consideration is described by

n= R + acs(8+5sind) (6,

and z = Elq-.lf\e R (N

where r is the distance of any boundary point fram the major axis and
z is its distance fram the midplane, 'The other parameters are the
major radius R, the minor radius a, the elongation E and the triangu-
larity 5.

The average torvidal current density flowing within a poloidal
magnetic flux surface ¢ 1is defined as

Tw= 2w q (),

2
where V'(¢) = 2n fn de/g is the differential volume and g is the
Jacobian of the transformation fram the cylindrical coordinates

(r,e,z) to the magnetic coordinates (4,8,4). The prime Indicates the
der_vative 25 a flux surface quantity with respect to ¢. The total
current is ’

2 (9)

i s b
T = -—S d¥ V(¢) T,
Y

We prescribe the p'(4) and J(4) profiles with functional forms that
have coatinuwis plecewise smooth radial det ivativea, namely

P N = cwic function Yeethedy  (10)
quadratic function YaeWPe ‘P:

quadratic function Yhew <y,
"J—H;] - cubic function Yo < V< W, {(11)

¢ ‘P.ﬁ\P-.'-%

Typically we choose P'ldg) = 0, P'(dg} to be a maximum, and g~
b 0 that the peak of the presaure gradient matches the point at
which J vanishes, A detailed description of the specific forms and the

philcsophy betdind the choice of these profiles can be found in Refer-
ence 5,

NUMEFICAL RESITS

We oncenkrate here on a configuration with low aspect ratio.
Althagh desiga and engineering constraints pose some severe problems,
the pnysics aspects indicate the possibility of operating at very high
values of g which makes this an attractive type of device to consid-
er.’ The plasma boundary parameters are given by £ = 1.68,
Az Ya= 1,67 and 5 = 0.3, The operational diagram in the -qg

space determired by n = 1 external kink instabilities is obtained with
fixed Br = 3%/pds/wo1? = 0.35 and shown in Fig. 1. The g,qg



damain is scanned by varying the current, the current profile anc the
total pressure. What we find for gg < 4 are two stable bands loca-
lised about q, = 1.0 and g, = 1.1, with an unstable band wedged in
between. This type of structwe differs considerably fram that ob-
tained in a more conventional Tokamak with moderate aspect ratic. As
an illustration, we consider a configuration with A = 3.7, E = 2.0 and
é = 0.4. The corresponding operational diagram that is shown in F.g, 2
for a case with By = (.95 has only a single stable band. It is also
useful to campare the eigenstructures of two unstable equilibria that
lie in the cperating diagrams presented and have similar monotonic q
profiles and B values. The instability flow pattern for an A = 1,67
equilibrium that lies in the unstable wedge of Fig. 1 with
% = 1.065, g = 3.517 and g = 8% appears in Fig. 3., The pattern
reveals noticeable m = 2 and m = 3 activity about the q= 2 and q= 3
surfaces, respectively. Throwghout the bulk of the plasma a signifi-
cant non-resonant m = 1 structure is clearly visible that is driven
unstable by the strong toroidal coupling with the m = 2 and m = 3
external modes at this low aspect ratio. The instability flow pattern
for an A = 3.7 equilibrium with q, = 1.06, qgg = 2.89 and § = 7.4%
appears in Fig. 4. A daminant external m = 2 mode is localised about
the g = 2 surface. Here a non-resonant m = | mode is also apparent,
but it is much weaker than the cne shown in Fig. 3 because the toroi-
dal coupling effects at A = 3,7 are not as strong.

SUMMARY AND DISQUSSION

A brief description of the ERATO stability code has been preser-
ted and the profiles and boundaries that are used to prescribe MED
equilibria have been discussed. We choose to employ J(¢) as the :nput
profile in order to have control over the total plasma current and the
current profile as well as to avoid peeling instabilities that arise
fram current density discontinuities at the plasma-vacuum interface
vhen for example the q(¢) profile is prescribed and maintained in a
flux conserving manner.

We have examined the stability of a low aspect ratio conficuwra-

zin to b = 1 external kink modes and found that they were two stable
operating windows with an unstable wedge in between localised near
9% = 1.05 in the q - g5 damain. In a more conventional moderate
aspect ratio configuration, only a single stable operating band is ob-
served in this domain. The eigenstructure in a low A equilibrium in
the uwnstable wedge has significant non-resonant m = 1 activity
~hrughout the bulk of the plassa driven by the strong toroidal coupl-
- with =m > 2 instabilities. A canparable moderate A unstable
equilibrium displays negligible non-resonant m = 1 activity because
“he torcidal coupling effects with the dominant m > 2 modes is
correspordingly weaker. These equilibria we have computed are not
optizal for ballooning stability. However, because the low n-kink
modzs tend to be sensitive to the plasma current, the current profile
and the global value of g, but relatively independent of the details
of the pressure profile, the stability to ballooning modes can be
achieved with appropriate retailoring of the p' profile without signi-
ficantly altering the kink mode stability properties of the conf igura-
tione uncer consideration.
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FIGURE CAPTIONS

2

F.g. 4:

The Bp = 0.35 stability boundaries with g, - qq space
for a configuration with A = 1.67, E = 1,68 and & = 0.3
{so0lid curve). The dashed lines connect points of constant
nomalised current pyI/RR,.

The fy = (.95 stability boundaries in the ¢, - dg
space for a configuration with A = 3.7, E= 2.0 and § = 0.4
(solid curve). The dashed lines comnect point of conatant
nomalised current.

The instability flow pattern in a configuration with
A =167 E = 1.68, 5§ = 0.3 and p = 8%. The equilibrium
state has q; = 1.065 and g5 = 3.517,

The instability flow pattern in a configuration with
A=3.7 E=20,%5=0.4 and g = 7,48, The equilibrium
state has @, = 1,06 and g5 = 2.89,
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