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The propagation of internal gravity waveas.

In Section 2(b) we met internal gravity waves as normal modes;
here we shall meet their group velocity, chelr reflexien, and their
production by a source, aund shall discuss their relationship to wave
fronts and rays and their role in boundary-value problems.

(a) Plane waves .

The linearized equation governing internal gravity waves can
easily be shown to be
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This is esseatially equation (2.7) with Uy £ O but without
Fourier analysis. For mathematical simplicity we shall take — =
p_ exp(-z/H), and assume that H is much larger than other
léngth scales of the problem (so we neglect density wvariation
except in the hueyancy, as before). Then equation (1) becomes
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Equation (2) admits plane wave solutions of the form
w'o exp{i(ax + B8y + yz ~ wt)} if the dispersion relation

w? = ga? + B2)/H o? (3)

is satisfied,where the vector waveunumher is given by o = (o,8,Y).
Note that w? < g/H, with equality if and o:L} if v = 0,
These plane wave soluticns also exist when o?,p? or y2 is
negative, giving external gravity waves which grow or dec cay
exponentially with z, ¥y or . They occur only if there 1s an
appropriate boundary to ensure that w' is {inite; for example,
an external wave varying like exp(~|Y z) above the ground z = 0
may occur. Such a wave is said tc be external because it is
appreciable only near the exterior of the deowain of [low.

The conditions of incomprecsibility and mass conservaticonm give
div u = 0 and thence

v A
o' = 0, 4
vy ( r

Thus internal gravity waves ave iransverse, motion of the fluid
being perpendicular to the direction of phase propagarion.

The group velocity is piven hy
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Note that Reg, = 0. It can be shown that the energy flux of the
waves is in tRe direction of the group velocity, Also the phase
velocity is given by

= wg/g?. _ (6)
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It follows that .

R
These relations can be represented geometrically in an illuminating
way, on taking ¢ and ¢, to represent segments of a circle on the
base of a diameter. his is shown in figure 5. Note that the
plane of the circle iz vertical and contains the direction of phase
propagation of the wave, and that the vertical components of the
phase and group velocities are in opposite directions.

To solve a boundary-value problem one is likely to need a real
Fourier integral of these complex wave components or wave components
in other coordinates, for example cylindrical polars. As a simple
example, however, consider waves in the rigid rectangular box
0<x<K, 02z <M, This problem admits eigensolutions

u' = A sin(prx/K)cos (quz/M)cos wt )
w' = A(pM/qR) cos (prx/K)sin(qrz/M)cos wt ) {7

for p, q =1, 2, ».,. and an arbitrary constant A, where

2 =8 f(2 L g, ®

This solution represents cellular standing waves. In a crowded
room you may sometimes see such waves made visible as a layer of
smoke undulates,

(k) Reflexion of waves at a rigid boundary

The reflexion of internal gravity waves is strange, the angle
between the reflected wave and the horizontal or vertical being equal
to the angle between the incident wave and the horizomtal or vertical,
The slope of the rigid boundary does not affect che angle of
reflexion! This result seems to be due to Phillips [357, who
generalized his eariier result on the analogous reflexion of imertial

waves [36].

To illustrate this strange property we shall only ctake one simple
example, Thus we take a wave with velecity equal to tho real par

of y. = {~y/a,0, l)e is incident upon the rigid plane z = %, with {luid
occupyxn? the region z > x, where we write ¢ = exp{1(ax+yz—mt)}

Then we try the linearized solution in the complex form p = n, + gy
where n_ = R(—} /u 0,10 and &' = expl{i(a'swty'z-w't)} for some &

constanks R,a',y' and u'

The condition that no fluid crosses the rigid plane boundary
gives
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where n = (-1,0,1)/2"% 1is the unit normal to the plane directed into the
fluid. It follows that
w' =w, ¢' +y' =+ vy and (1 + yv/ia) + R(L + yv'/a") = O. (9)

In order that the two waves separately satisfy the linearized egquations
of motion we require that .

H ! ;
ta' ———g-i-m——)i = ' =g o= a(w——"&iﬁm)2 ’ (10)
0’2 4 y12 02 + v2
i.e. ' cos a'Ox = + cos o'Ox.
A fu
Therefore
%'6x = gﬁx or #(m - gox)- (1)

Here we must be careful with the signs and directions, and it may help to
look at the one case shown in figure 6. We require that the incident wave
directs its energy (and hence its group velocity) from the fluid towards
the boundary. Similarly cé is directed frow the boundary into the fluid.
Also note that the vertical components of ¢ and ¢y have opposite signs.
The equality of angles now follows, a typical case " with Y>o>0
being shown in figure 6.

It only remains to find the reflexion coefficient R. Squaring (10),
eliminating w and then vy! we find

a' =~ ale + )/ (y ~a), v' = vla + v/{y - ),

and thence
R=-(a+ v)/(y = ). (12)

It is interesting to consider an extension of this problem where waves
propagate in the wedge between two rigid planes, one being herizontal. At
each reflexion the group velocity is directed back into the fluid, making
equal angles with the horizontal or vertical (sce {igure 7). It can be
seen that all waves will travel from the source towards the vertex ol an
acute~angled wedge and never return [37]. Wrat happens to them at the
veértex?

{(c) Yorced oscillations

We shall now consider waves that are nei plane in a gencrally siratified
mediuvm. We suppose that they are forced at a given frequency. e.g. by an
oscillating wavemaker. This we suppose only that w' « e”20l, and equation
(1) gives [38]
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where NW2(z) = ~gdp/ dz. We suppose that X2 >0 everywhere to
exclude the certainty of instability. It can be seen that equation
(13) is locally elliptic where w? > N2, parabolic where w2 = N2
and hyperbolic where w2 <N , The elliptic regime is qualitatively
similar to the potential flow of a homogeneous fluid, but the
hyperbolic regime, with characteristics given by

dz2 = (N2/42 ~- 1) (dx2 + dy2), ' (14)
is very different., Indeed, we find that in the limit as u2/N2 » O
the characteristics are horizontal, so that %information' is propagated
only horizontally., This is an aspect of blocking {see, e.g.,
Turner's book [391]).

Mowbray and Rarity [40] did some experiments which vividly
illustrate the elliptic and hyperbolic regimes.
) The characteristics may also be interpreted by ray methods,
by regarding the disturbance locally as a superposition of plane
waves of the kind we discussed in Subsections (a) and (b). This may
be justified and used extensively [cf. 391 if N2 varies slowly
over a wavelength and we identify H = g/N2 1locally,

Propagation of internal gravity waves with basic shear.

(a) Airflow over a mountain

An important application of the theory of forced internal
gravity waves is to the airflow over a mountain. This application
has been treated by many authors [cf. 34] since the first work of
Lyra in 1940, Here, trying to capture the essence of the problem
with a minimum of detail, we shall neglect the rotation of the
earth, compressibility of air, unsteadiness of flow, nonlinearity,
three—-dimensionality, and non-hydrostatic effects after Drazin
and Su [41].

We accordingly suppose that u -+ U(z)% s, p > plz) as

x » —o far upstream. "Then we put u = U{z)i + u'(x,z) and

p = p(z) + p'(x,z) as in equation (%.1) andmpregare to linearize
the equations of motion. It is convenient first to introduce the
dependent variable z(x,z), defined as the height of the stream-
line through the point (x,z) above its level far upsiream.

(It may help to loox at figure 8.) Thus £ is a Lagrangian
vertical displacement such that

= D% _ gy 3L ‘
- Dt )

LL\'
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on linearization. The equation of incompressiblity gives

Dp
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Therefore, on integration along a streamline, we find

v - _, 90
p L an : | (2)

Now mass conservation and hydrostatic balance give

3u’ v’ ap' .
ax T o8z o O and gn =g (3

respectively. Therefore the linearized equation of herizontal
momentum gives

2 Lpd 4y Ly, U
X p(U Ix tw dz p(-U az v dz)
P A a__ E' = -2 32C
eU dz (U ) Py 82 9x
{if we assume U > 0), and thence
p' = pulisg/oz. (4)
Therefore (2), (3) and (4) give
3 (g2 B8y . do
Bz (;OU az) g dz c - (5)

This is essentially equation (2.7) with ¢ = 0, B = 0,
a? << D¢ and 1 = w/U; thus the hydrostatic approximciion is seen
to be equivalent to that of long waves. The general solution is of
the form

£(x,2z) = F(x) f(z) + C(x) g(z), - ' (6)

where ¥ and C are arbitrary functions, and £ and g are any
two independent solutions of the ordinary diffcrential equation (5).

The upper boundary condition can be shown to be that cach wave
component radiates energy upwards into the upper atmwospherce and away
from the source, namely the mountain {427, To investigate this we
shall suppose, to be both specific and simple, that U - U~ and
p- v poe“z/H as z > =, although the velocity of the stratosphere
in fact usually varies with height gquite styongiy. Then we define

1
y =+ (g/HUZ - juTA) "

supposing that 2 > O (which is alwost always true in the stratosphuic).
Then solution (6) gives

Ea,z) ~ e2/28 {F(a) oilax + ya) | G (a) pllax —yz) o o,
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where [, F and G are the Fourier transforms of Z, F and G
respectively. Now look at the flow in a frame moving with velocity

Umi relative to the mountain. By this Galilean transformation the
mountain and the vave appear to move upstream with speed U but

the upper atmosphere is reduced to rest, so we may use formula

(3.5) with ® = -alU,. That gives us the group velocity with a positive
vertical component, and hence upward propagation of energy, if and

only if +vyo U, > 0. That implies here, where we choose VU, and y

to be positive, that

?(a)ezlzn‘+ ifax + yvz) fpr o >0

E(a)e2/zﬂ'+ ifoax - yz) for

% as z > =. (9)
a <0

The boundary condition that the mountain, with equation
z = ;5(x), say, is a streamline gives

200,23 = £_(x). (10)
Putting together (9) and (10) with Tourier analysis, we find
oo 0
- £(z) - iax £%(z) - iox
g f(O) J CO(G)E dao + "“"‘"—"“"‘-f*(o) I Cocﬁ)e do ’ (11)

OO0

where f(z) is the solution of equation (5) which behaves like

o (1Y+1/2H)z z+o and L is the Fourier transform of %o .

It follows that

© - ‘ a O\ .
L = Re -E—é—é%}] Eg(a)elahdu + ilm }:E—%—;—l\ Jo- J l;o(a)eluxda
= gy(t) N
oo ne {ER e B v 2] az

The Cauchy principal part of the integral in the latter term may be
recognised as the Hilbert transform of w7, with many well known
properties (see, e.g., [431).

To illustrate this theory we take one simple example with
p = Po e-z/H, U = constant for =z 2= O, (13)
and _
Zg(x) = b2h/ (b2 + x2) for ~w < x < =, (14)

. Then it can be shown that the Hilbert transform of gy is given by

dt = -bhx/ (b2 + z2) (15)

. = ro(t)
ﬁ_lPJ
t-x

-—C0
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and thence that

z /24

£ (x,z) = bhe (b cosYz= x sinY z)/(bZ + x%) . (16)

The streamlines of this flow are illustrated in figure 9. Note
that the crests of the waves tilt upstream as one rises,

(b) Energy and momentum

.

Hitherto we have mentioned eneroy only in asserting that the
energy of waves is propagated with the group velocity when the
fluid is in a basic starte of rest, but there 1s more toa be said,

The lineavized equations of motion (2)-(5) give

DE _ | 3E _ Wk, Wz _ 5 AU i
Dt 3% 3% | 3z Paz Yo a7
where we define
= = 12___51_5__2 (P B 1 |
E=14(pu oo Y, Wo=op'e and W _=n'w'. (18)
We identify E as the energy deunsity of the waves, lou'? being

the kinetic energy (note that we neplect the kinetic emergy of the
vertical motion in order to be consistent with the hydrostatic
- dp . .
approximation) and —lg a%—cz being thepotentialenergy. Similarly
i ~— vy

we identify W, and W, as the components of the energy flux and -p {zu

as the rate of transfer of energy density from the basic shear flow
(this is essentially a Reynolds stress). '

Also the vertical flux of horizental momentunm is given by

My = pu'w' = -Wg/V. (19)

This is related to the drag exerted on the wmountain by the wind,

© 3 {m , BC'I 3T
= T = - ~ ? - R
b J [p jzzo 8x dx i [p v IN Jz: ax ®
.1 [ [p'w'l  dx (20)
Uu{0) : z=0 ?

on resolving the force due to the pressurc pecturbation in the
horizontal direction, becausc the x—-intcgral of My must be in-
dependent of height to conserve womentun,  For cur exzmple (16) we
find

e Lot 2 Z
D= gnihs p,U7. (21)
More insight into these properties cau be orined from the
model of Section 3{a), with U = 0 ond neglicitie inertial coffects
of density vaviation. Tt gives waves with Jdisporsion relation

(3.3) and

i)
™3

Tyt
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av' = Bu', w' = —(a2 + B%u'/ye, p' = wpu'la . (22)
The energy density is then

E = bo'? + ¥ ?/u?)

2

t2 '+ gw' 2/Hw?) (23)

= 52 + 802 u'2/y? a? ,

and the wave flux wvector

4

}3 P (W}':, wy, wz) - (piul’ plvt’ p'W')

= Egg I, (24)
as we asserted earlier.

. Going further back to the model of the Taylor-Goldstein
equation (2.10), we find that the average vertical flux of
horizontal momentum is given by

_—"11...0‘.5-27;/a||
M o=p u'w’' = T . u'w' dx
L ap 2m/0 Re iD¢ ela(x—Ct)} Re §-—ia¢ela(XHCt)§ dx
21 Jg
. = %, 20C.
= figp (4409 = D™ (25)
and of vertical momentum by
— o Z’H"
W, = o p'w' dx
0 .
-, N " %
= -} ap {i(U-c_)(6"D¢ ~ D§") + ¢;D[¢[3. (26)
‘When c¢j = 0 we deduce that
W, = = (U-c)ly en

in agreement with (19). Alsc the Taylor-Goldstein equation gives

M - [ IN2 (U-c g 2
E%‘ = la ¢y p {_“_,S__Szl - }I L - (28)

ume]® o
as in the proof of (2,28). This also shows that if ¢; =0 then
M, is constant except possibly where U = ¢, and

dz

~ Ut . (29)
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(b) Critical layers

Hitherto we have shunned the singularity of the Taylor-
Coldstein equation at its critical iayer, say z = Z¢ where
U(z) = ¢. This singularity in fact gives rise to the continuous
spectrum of neutral mwodes and to the interpretation of the branch -
points of eigenfuncticns of marginally stuble modes, both of which
are mentioned briefly in Section 2. Also in this Section we
implicitly assumed that "U # 0 iu crder that our theory of lee
waves would be nousingular. But what happens if U = 07

Here we shall treat a problem of wave propagation afterx Booker
and Bretherton [447 to illustrate both the mathematical ideas and
physical importance of the critical laycr. We consider a mono-
chromatic two-dimensional internal gravity wave of numbers o and
B8 =0 and fixed angular frequency w propagatiag in a stratified
shear flow, governed by the Taylor-Godstcin equation (2.10).

If we make the approximation that U and N? wvary very slowly
over a vertical wavelength, then we may use the ideas of ray theory
and a local Galilean transformation to deduce from (3.3) that

{w -U(z)/a }2 = a2 N2(z)/{c? + y2(x)} . (30)

Sometimes w - U(z)/a 1is called the Doppler—shifted frequency.
Formula (30) shows how vy varies as The wave propapates upwards. It
can be seen that as the wave approaches a critical layer YZ -+ )

thus the wave fronts become nearly horizontal and get closer together
vertically (but mot horizontally). The group velocity of the wave
relative to the basic velocity of the fluid is zero and so the energy
density E tends to infinity at the critical level. In fact Las
the wave action E/{(w-U/a) is a comserved quantity, i.e. independent
of height in this approximation of ray theory, not L itself.

To understand this better we shall worl out one example in sowe
detail. The structure of the solution ncar a critical laysr is derermined
by the gradient of U, so we cannot take 2 Tlow which has plecewisce
constant U. We take a stratified shear loyer in dimensionless lorm

[ 1 for 1 <z
N2 = gonstant, U = 1 - (1-z)/s for =1 <2z <1 (31
1‘ 1 - 2/s for v o< =1 .

We suppose that an incident wave propagates uvwards (positive vertival
group velocity) from z = - and a reflected wave goes back. Tt is
also convenieut to take w = 0 (Lhis can be cffected without loss ol
generality by a Galilean transformztion for any given value of u).
Thus we take the soluticn of. (2.10) as

¢ = ity o v (el o (12)

4.



AR T

where vy = (N - az)% and R 1is a reflexion coefficient to
be determined., Similarly we take

~iy(z+1)

¢ =T e for =z > 1, (33)

where T 1is a transmission coefficient. Equations (2.10) and (31)
also give :

112"‘ 1
(z‘zc)z

¢" + - .(12} ¢) = 0 for -1 <« z < 1, . (34)

where u = + (g2 N2 - i)£ and z, =1 - s, We take O < s5<2
in order that the critical layer lies in the shear layer. The
nature of the critical layer enters the calculation through the
choice of the branches of the solution of (34).
The solutions of (34) giva
o (z - zc)! {a (z ~ 2,)* + B(z - 2o) 1M} as 2+ z,

for some constants A and B. Now the powers of (z - z,) arise
from the factor

U-¢ = (1 - —;E-v o)

lim (z - zo - iaswy)/s .
w;¥0 '

S0 we interpret
log(z - z.) = lim log (z ~ Zo = losw;)
Y 20
W
i
- '[ log (2 - z.) for z > zg

log (2o ~ 2) -iw for z < z., (35)

the singularity being at zo + lasw;, just above the real z-axis
when aswj > 0. Thus we have

-z b PVI0B (2m20) g mlulog (emec)y o,

b ‘ i o .
-i(zc-z)% (A eﬂ4+1ulog@rzc) + B e MM iplog (= zc)}for z < z,

as z > zq . (36)

- With this interpretation of the singularity we solve (34)
in terms of modified Bessel functions to get

% = (z~zc)% {D Iiu(a(z—zc)) + E I_iu(a(z—zc))} for -1 <z <1, (37)
where D and E are some constants to be determined. Then conditions

(2.35) at =z = #1 give four linear inhomogeneous equations in the four
unknowns R, T, A and B, The method of solurion is complicated and
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uninformative, but nmot difficult, giving R and T as fuactions

of a, N2 and s, whether there is a critical layer or not., It
becomes simpler, however, in the limit as N° - = (this is effect-
ively large overall Richardson number in cur present choice of
dimensionless variables) and much simpler as « > 0, It so happens
that the dominant behaviour of R and T as N2 » « is independent
of u, so it suffices to solve the problem for a=0 and general
values of N > 0,

The long—wave (o=0 or hydrostatic) calculation is simple,

because (32), (33), (36), (37) give

TeulN(Z+l) for 1 < z

l " . -
- 2 - 1H e ""lu
(z zc) {A(= zc) + B(z zc) } for z <z 1
$ = 1 . .
2 v aaTH _.y1H ~Tp oy 1M - . .
:L(zc z)?{Ae (zc z) 4+ Be (zc z) }  for =1 < z < z,
e_lN(Z+l) + RelN(Z+1) for =z < -1 .

(38)

Now conditions (2.35) at z = *1 give

ol ! a iu _ ~ip
T = (1-z ) HAQ-z )Y+ B2 )T,

SENT = ACEie () (81 02 ) TH e (m2 ) 5 (e )T,

1eg - 1i
1+R = —ie“”A(zcﬂ)2 Hoie “”B(zc+1)2 o

(1-2/s) (-iN) (1-R) =~ie““A{(1-2/8)(-;—iu)~(zc+1)/s}(zc+1>"5*i“

~ie“““n{(1-2/s)(mg+ip)—(zc+1)/n}(zc+1)"%"i“;

144 A
-T + As? MapsiTH = o,

- 14 ] —leiy
—iNT + A(%-iu)s 27U + B(i+lﬁ)5 LR 0,

. +i
R + ie™MAa(2-s)? M

L
L - ) 1-1
+ie "MB(2-z)e? W = -

- tad - 1.
NR + e (I-11)A2=s) 2T e T TH 4B 2s) F Y = N



Even with all the simplifications, this system requires a lot of
tedious algebra to solve, so we shall make the further simplifica-
tion that N is large. Then it can be quite easily shown that

(s~1) if s # 1
H/u if s =1

as N » « (39)

and that
T & 4ue {5(2—5)}£(§§§le as N+ = . (40)

It can in fact be shown that (39) and (40) are true for all values
of a, not just a=0.

The important physical consequence of this analysis is that an
exponentially small transmission coefficient arises when N is large,
even though the reflexion coefficient may not be close to unity. One
may consider where the energy of the incident wave goes when both
T and R are small, and conclude that it must be absorbed by the
basic flow near the critical layer.

5. Some nonlinear problems

So far we have considered only linear problems. They lead on to
many nonlinear problems, but here we shall follow up only one type of

nonlinear instability., We have found linear instability with expenential

growth in time, although it is intuitively obvious that this growth
will not continue indefinitely but will be modified by nonlinearity.
We shall enquire into how nonlinearity modifies the growth and seek the
flow into which the iustability ultimately develops.

(a) The Landau equation

Weakly nonlinear instability can be seen at its simplest in the
model of the elementary ordinary differential equation,

dA/dt = kA - 243 (1)

This has the general solution

2 o a2 a2 7a2y a2kt 2782
A AO/{(l AofAe)e + Ao/Ae} s (2)

-where we SUPPOﬁ% that A=A at t=0 and define A? = k/%. This

, o . e - X
glves A v Aoe as Ao + 07 for any fixed value of "t, as in linear
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instability; if k > 0, however,this limit is not uniformly wvalid as
t » o, The limit as ¢t + « depends crucially upon the sign oi tha
Landau constant £ and of K.

If k>0 and & > 0, then A2 > A% >0 as t - «, whatever the
value of A,. The solution is said to_gagilibrate; and the process 1s
called supercritical stability, because above the critical condition for
linear stability a nonlincar disturbance approaches the finite equilibrium
amplitude Ag (see figure 10{(a)).

If k>0 and & <0, then A2 < 0 ang A% » = as e (2k) L
log(lﬂA%/A%). Thus the solution grows without bound in a finite time,
although the presence of higher—order nonlinear terms on the right-hand
side of (1) could remove this singularity.

If k<O and £ > 0 then A? -0 as t - «, much as in linear
stability.

Tf k<0 and 2 <0 then A% > 0,and AZ > e as t > o
if A%;> AZ but A% >0 as t > if Ap < Ag . This is called
subcritical instability, becuase although all disturbances are linearly
stable those with amplitudes greater than the 'threchold' value A arve
nonlinearly unstable (see figure 10(b)).

In practice we are interested in Landau equations (1) for which k
and £ depend upon the parameters of the basic flow, e.g the Richardson
number. To illustrate this, suppose that k 2 0 foxr J 2 J., there beiny
a simple zero of %k(J) at J=J., where J. 1is some value such as one
quarter, Then the equilibrium solutions of equation (1) as J » Jo can
easily be pictured, as in figure 11, 1f %> 0 at J=J., then
the basie solution A=0 bifurcates at J=J. "with recal solutions
A = A (J,) for J > J;; this is the case of supercritical stability.

If 2 < 0 at J=J, then the basic soluticn A=0 again bifurcates but
has real solutions A = *A, for J < J.; this is subcritical instability.
Note that

i 1
Ag v {(dk/2dD) (I-Je)}* as T v d.

“C

so the curves of bifurcation are locally parabelae near the ecritical point
A=Q, J=J. .

In a visionary paper of 1944, Landau related these simple ideas to
nonlinear hydrodynamic stability and the onset of turbulence Lef . 46,8271,
These ideas have been subsequently applied to meny problems invelving
partial differential equations and develeoped iu many fundamental ways,
notably by Stuart [47] and Watson [481. We shell apply the ideas just to
one of the linear problems we have met.

{b) Nonlinear Relvin-Helnholtz instabilicy

If surface cension T is pregsent in our acdel of Kelvin-Helmholisx
instability, then to our original equations {31.2) — (1.6) we must wsdd

28,
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Py +gt)

) =y
+ TLAZ{1+(Vg)2} - }ve.v(vD)23[1+(v)2] “at z = ¢ (3)

instead of the pressure boundary condition (1.7). The linearized forms
of (1.6) and (3) at the interface can be reduced to

-3/5z .0 3/3t+U,3/3x
0 a/3z =(3/3t+U,3/3%) | $=0 at z=0, (4)
Py (3/3t+U,3/3%) P,(a/0t4U,3/3x)  glpy7o,)- TA
where iz the column vector with rows $.,,0, and 7. The solution of

the linear problem (1.4}, (1.5) and (4) for a general two-dimensional
normal mode is the real part of

g = a-l(s+iuU1)exp(iux + az) \ A(t) , (5)
—a-l(s+iaU2)exp(iax~— az)

exp(iox)

t

where we take « > 0 and A « e° , and find

e 1G(91U1+D2U2) »

) S
PP Uy agloypy)  ap 4
+ 55 -

Py, mlmz) Py¥P, pito,

Y.

(6)

This is a classical result of 1871 due to Kelvin [2]} himself. Kelvin
deduced that the mode is unstable if and only if

°1°2(U1'U2)2 > (o400 {oT + a“é(ol~02)} , - (7)

buoyancy stabilizing the long and surface tension the short waves,
and that the flow is unstable if and only if (7) is satisfied for some
value of a > 0, i.e.

2.2 r _pp \ B ' 2 |
PP U -U)" > 4gT(pl—pz)(ol+pz) . (8)

For simplicity it is convenient to make a Calilean transformation in
order that U, = —Ul and to use dimensionless variables based upon the
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. 1 .
length scale i={T/g(p —pz)}* and the velocity scale
V= {gT(pl—pz)/(plepzfﬁ ‘. We shall also assume that (plmpz)/(91+p2)<<l

for fixed 2 and V, which is essentially equivalent to mneglecting the
effects of the density difference in the inertia but not the buoyaney.

Now we can tackle the problem [49] of the weakly nonlinear
instability of slightly unstable modes. We first reduce the nonlinear
system {1.5) and (3) to the form

L¢= N at z=0 , (9)

where U1=w, U,= -W in dimensionless form,

L = -3/8z 0 3/9t+W3/ox , (10)
o 3/dz ~{(3/3t~Wa/ax)
A/ 3t+Wa/ox -(3/3t~W3/5x%) 2(1-32/3x2)

and the nonlinear operator N can easily be found at length,

1
The solution of the linearized problem gives s=tu(W2~W2)?, where

Wela) = {(1+a2)/a}%; this is equivalent te (6) in the present case and
notation. It gives marginal stability when W=W. (or -W.). If W is
slightly greater than W, then the mode of wavenumber o grows
exponentially in time so long as its amplitude is small, We shall trace
the nonlinear development of such a wsode. It can be seen that W-W.,
3/at and the amplitude A will all be 'small', and that we have to find
their relationship., The most interesting mode is the most unstable one,
for which o=1 and Wg=22, and it is this mode which will grow when thec
flow is just unstable, i.e. when 0 < W - 2% << 1,

For these reasons we seek to perturb the marginally stable solutiou

g, = AL) W, cosax e'° . (11)

-0z
W, cosax e

\ sinax

which we know from the albove is a solution with A=constant when Ulzwcn
It satisfies (1.4), (1.5) and the equation

Ddo = O at z=0, (12)
where
D= / ~-3/3z 0O WCB/DX N (13)
0 asfez W.0/8x \
W.o/8x Wod/ox 2(1“09/3x2)//
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" Putting all the small terms on the right-hand side, we rewrite (9)

without further approximation as
Dp = (N+D-L)$ at z=0 -+ (14)

and seek to expand
£= $o* g1t 2t er s | (15)

where ¢ = O(A") as A+ 0, W+ W, and 3/3t >0,
Retaining terms of order A, we find

D gy = {QHD-L)go), at  z=0- (16)

The solvability condition for (1.4), (1.5), and (16) can be found by use
of the adjoint operator of D, and it gives W~W, = o(A?) as A - 0.

One can then easily solve the equations to find ¢j. The next approxima-
tion to (14) gives

Dby = {(N+D-L) (8,410 }2 at z=0 . (17
v

The solvability condition for (17) can be shown to give the nonlinear
ordinary differential equation

d24/dt2 = 202 (W-W)WeA - Bad (4+a2)A3 + 0(A3). (18)

This equation is not the Landau equation, but it can be solved in
explicit terms of elliptic functions. It is more informative, however,
to plot its trajectories in the phase plane for W > W, (see figure 12).
The basic flow, represented by the point A=0 and dA/dt = 0, is unstable.
Small perturbations grow according to the linear approximation to (18)
which is consistent with s? = az(wz—wg) when W + We. There are also
steady nonlinecar waves A = #A_, where

A2 = 16(W-W )W /a(b+a?),

These finite amplitude waves are stable. The phase plane also illustrates
the other sclutions in which there are closed trajectories and thereforc
periodic solutions A(t).
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a Figure 1.  Stability boundary and curve of maximum growth
rate for U = tanh z , N2 = gech?z , - » < 2 < o,
o " After [21, fig.l].
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Figure 2. The marginal curve (2.37)
for the shear layer (2.36).
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Figure 3. Sinusoidal flow U = sinz , N2 =1 for - m <z <1
¢c vs J for n=1, 2, and 3, and o® = %, Note that U = 1
and Umin = - 1. After [25, fig. 21. e
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Figure 4. U= z3- 2 . N2=1 for -2< z <2 : U= 2) -e. versus
J for n=1, 2 and a=1 . After [25, fig. 5}. Note that J =
25,6 , p=1, and ;=0 at J=30{.
z Figure 5. The wave-velocity vectors.
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.Figure 6. Reflexion of a two-dimensional internal gravity wave
by a rigid plane,

Figure 7. Reflexion of a two—dimensional internal gravity wave
- in’a wedge. '
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Figure 8. The configuration of the model of airlow over a mountain.
Figure 9.  Sketch of tzp:'z.cal streamlines for airflow with U=y,

p = poe 3 go = b3

h/ (b2 + x2),
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Pigure 10. (a) Supercritical instability. (b) Subecritical
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