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o : T S Paut 1: ' EXISTENCE OF SOLUTIONS. - : .
; T - § 1. Introduction. )
- " K _ w&.ona getling invelved EE the ﬁrmowmﬁ?a aspects of - va-
' . ST E.i_cct inequalities, it will Le Lelpful to mo:miﬁ, 2 mm:, examples.
. ) TR ; ) srs.r w:.cr problems arise.
o : 8 w - EXAMPLE 1: Let f€O! with® fia, Sl%n ﬁ.r fm# .»o ;a?u.
; g S S I ' mine those points x, for which ‘
o . . - J(ry) = min \?.V.‘ . - A
) ; . u ’ | . asz=<h L .
- . m . Clearly there exists at least oue such point xg. e .
: g o The following cases can oceur. L )
. S S If @ <ay < b, then j(x,) = 0. Lo T
e B o lin=e thew £ (e)= 0. e
) coo S N oIt is &mmu ?cE this ::; fort any such x, we F:,P L
, S R - .a... T o _,.n.,.. o R FAREAT ?.' .%No for all x in u.z i S
CC v.?r an EQ:E:C will vm -.o?:rm to as a variational Emanu.:&..,
' (") Tio Author has nsed for the redaction m..:ho putes written hy N. Eklund

wiile Lo was lecturing at the University of Mieneapolis during -the spring
quarter in 1868, The Author takes this wpportunity for thanking the Univer
#ity of Mimneagmlis, Ho wenld ike to thankd alze Prof Alde (thizzeit] for in
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PxAMPLE M“.Hﬁ. T be a closed, convex set in IRYand let
J: TR — W, with fe Of.mc. :

Let z ¢

be such that f{x,) = Min Jix) Since Mt i

8 convex we
T

have for each %m.:n that

Jzy (1 — tw\m M for 0 << 4=1.
Define . . ,

. F:{0,1]— 1!

by !
F () =f(ivy + (1 — ) y).

w” _ o
for all 0=C2<C1; but this is equivalent to F’ (1} =< 0, Therefore,
for x, ¢ ,

Then F(1) = Min f. It follows from m.ﬁ:E:m 1 that m.._\ (M3 — N> c
H :

ferad f(z )ty — 2)==0 for all YETR

becemes (he variational inequality for this example. :
Note that, if i is also bounded, the existence of such an o,
follows ironedintely from tlre Weierstruss theorem.

MMW.,%EW 3: Let we € o, b)) We wish to consider expressions

of the form \?\E {#dr. Let us define

[ 3

K= {ue! e, bhiju(wy=nb)y=0, hy (@) << w () << By, (2)

Here h, m:.; \,w. are two a—priori given functions. Clearly w4 uPS. L.
(4RI i

R (a) <2 0 < ko {a)
and

By =2 0=k, (h)

We wish to look for

(L1) Min f {u’ (x) 2 dx.

w €M

a

- T,.. o .
vﬁw that To is a convex set, Lot v, €T be a fuuction where the
minimum {1, 1) is attained. Siuce T is convex, u= /2w, -} (I — 1) .

. - o
|$.“r_/......._/,. -
LN

\@.2:.&.%“,mﬁﬁm?n:»i:_ouﬂ;%u._wﬁ_i ..uoa
" define SR . §

A : .
Esﬂ.\‘ Uiy 4 (1 — 2] $de. - D=

-

DE# A

Then F:{0,1]— W' with F(3)= Min b.ﬁ@nﬂ? ﬂn\//...
T , ’ ’ & . :
1t follows from example 1 that F7(1)(1 —1}y=0. Bnt H.Em.
is equivalent to F7(1} = 0. Taking into account the definition of
' we have o : .
b -
CF() = [l (1 — PR dr

and, therefore .
b

Friy= |20 4 (1 — ) e'] [nh — '] dx-
,H_._mn.mauo. our variational inequality becomes
r | |

2 Juf ity — "yde < 0,
- s . R | - .
or’ . o B -

S : :

i, € .__n‘H wy (2} o' (&) — w; (x)} dr = 0 for all ek

a & ) s

 ExXanPLE 4: Let £ be an open set of ¥ and let n: Q- IR*
with n€ ¢ (L) - . -

We wisl to look for )
Zm:‘\‘wmﬂm; u [* dx.
&
4

Let : : ‘ ‘
TR={ue C{D|u{)=0 for r€s, v, () ux)<y, (=)}

where yy€ QL with q__.u.ﬂlv.._mﬁ._.”ﬁm. As in example 3 let us
define, for 0 =z 1< 1,

Fii)= \ i grad (Aug 4 {1 — 2o}t de

[
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where u, is the minimizing element of Tt and 2 € R is
in example 3 we get as our

arbitrary. As
variational inequalily for v €R

:.Er:a grad (v — u)dr = 0 for all re k.

£

EXAMPLE 5: As in example 4, let v: Q— ! with ne ¢! ()

This time we Hcor for iE\‘_H =+ | grad w _fﬁ. .f:. ::m we _?EF

T = Tn £ 01 () _ w(r)=0 on &, qx {r)< u ?&m Yo ?..z.

. where yy are a priori given with yy: .Ql.v.ﬁ_ 1 i=1,2.

“AE in example 4 we obtain ﬂ:u vari ..:o:.: :_mm:t:u for ﬂcm.mf

N oty (v — ohe,
) .
i=1 J1 4| grad ug [¢

dr=90 for all veTR.
EXAMPLE C: Drojection on a convex set of a Hilbert spuce.
Now let V Ve a real Hilbert space and let It be a owo%a convex
gubset of V. Let &.m V. If wy € T such ar.w .

. . :»J'.\x..t:::_“:..l.lw,

©we will gay 1, = N:,m,.w apd call :o the E.Sc.bcu 2.‘. c:? .F.
) Kow n._nmzu. : e T

i ze..l.l M:qnl\.: for m: am.mr

| _..bi.. us mcmcm.
Sﬂ:d;l_[c li.flh §°+ﬁ Is@.!b

ﬁ_;ﬁ_in —fl, -
. - where _ﬁL denotes the iuner product oun -V, .
Then F: [0, 1]— . From example 1 we have F7 (1)< 0.
Traslating this into our notation we get the variational ineqguality, ~
all Am £ .mn.

{1.9) for

:om.m: ﬁ:o.w.,lzevwﬁ.ﬁelzu

_.This can be o@:_ﬂtmﬁr. ::22_ as ?o I..\., r— :CVN 0.

C e ae,) = a (U, ey {Ta = k) = ¢, @

! ,2:3 .:o

following sitnation:

VARIATIONAL INE

Now we chim that the variationn] inequality (L2 im pties
wy == Drq. £ In fucl, 00 < My —fio—ny)={n,—fiv—j— {ug —F 0
i and only if (uy— Lo — =1, — 7, 1, — 1L

But this tmplies §uy— /< {n,—f, v — = fug—F)-1e — 7

Therefove, |lwy — fil=={lv— /| for all v€iRk. It follows, therefore,
Dry. £ by the definition of projection. The existeuce of z,

F rcof: but it will be shown in theorem 2.1, case a.

2. The variational inequality obtained above motivates the
Let ¥ be o real IHilbert spuce, .
~Let (,) denote tho inner product on T,
Let ,) deucte the pairing between ¥ and Ve,
C__ v where f€ V' and e V.

Let f€ V'’ be given (tixed for the ?.mma:a

~ Let TR Ve a elosed convex set in V.
.. Let a{u,#) be a continuous r_:bmf. m:.E on ¥V

is a. eonstant {, such SEH

._,Miz.@.:ah\.

We wish to solve.

Colini ol

ProBLEM 1: Find we W suck that

:..: a {u, ~.|..£NC.qu|av .\..: all am.mr

u.ﬁ u define 5. o o . . -

T ={io=1¢lv—u)t ﬁ.‘_nVP,.cm.mnw

" where ve TR Then problem 1 is equivalent to = -

' PROBLEM 1’: Find w1 such thet

{1.319 a ?u wyz={f,n) .\S. all w m..u:ne -

For, if am._r_: :,m: ::Lm ¢ﬁmﬁm a mmacruom _:.L with nnum.man

" suel that i, — ¢ and

ot —w = e {f,ra—ud =)

e L T

UALITIES. o

this taken as”

.c_mn is, there



since v, €1k, Geoing to the limit
af{u,wy={f,w)
then for all e >0

-

iceversa, if « satisfies (1.3,

afitye{v— = {fie{v—au)} for .u:.wm.mn

tes a(u uw)= Cn wd for all we TR, and ZEE?F {1 w; uz.Sm for
all 1wE .ma: . i : . .

Note that if » is an inferior poinut of T, iy = V and (1.3) or

{1.3") becomes actually .

{1.4) af, ey =< f,w} for all wetv

gince the inequaiity has to Lold for 1 and — 1. :
This situation oecurs when TR = V. Thus for ==V, (1. 3 ro:_m
and this problem lias been. solved by Lax- Milgram.
For couvex Tk shown below we obtain the ooqnmwoma_ﬁ_ﬁ?.

U

mm Ixistence S_wénﬁsm for ,.E.m:»mo:pu m:op:i:.mam.

; ERY a(r,=allv|?

- Using coerciveness, we get .

or, .

I. Weare Jc:“a to eomsider the mﬁm?::. of solulions ow HJ.DEmE
1 aud of some related problems, Let us begin with Problem 1.

T.et us now consider the special ease where «a (u, v) is coercive
on T ; that is, there is an « > g such that

for all u.m V.

In this sitnation there is nt most one solution to the variational

inequality of problem 1. Tor, m:EEma Ji-Jo € V7 and let u,, w, be
two corresponding possible solutions of the variational inequality.

Then, for w,; a(u,,r—u)=(f, e —u) for ¢€, and for »,

iy, v— ) Z= e, v — ) for veTik.

Selting © = u, in the expression for u, and v=1u, in :6 expres-
= 2 1 1 1 H
gion for u, we get

afuy, wy— 1) 2= () u.z~|ﬂfvM

— :?.m P Uy — :LI.a ?M.L: — ) = (S .El.ng =xJ2s :..l...f v

Adding we nma A S R

a?» l...zm‘.zw — :LNCm .\»M:N — 1), -

©oor

..a?n-.l:m.flzm«mA.\. \w,: |.=~v

afjuy—w <l —fLollr lu —wlly, =

(2.2 fu,—wy vy < ..aﬂ:.\._l.w..u__?. SR

- This gives the uniqueness of the solution. Moreover, it also says

that the map f—-u from ¥’ to V is a ooszzco:m {renerally non-
Iinear) map. )

TruroreM 2.1 Let a(n, v) be a bilincar form on the veal Ifilbert

space ¥ oand assume that a (u, v) is cvercive on V. Let Tk be a closed

conrer set of V oand let f€ V. Then there erists a solution to the
variational ineguality

{2.3) wER,afu, e —u)=(f,v—u) Jor all v€7TR.

Suck a solution is unigue. The map f—. u satisfics (2.2).

.
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Let us define the canonieal isomorphism

0V =7
by
. (Jy oy = Ah._ S w,v for all vre V",
It is clear that .
il 4 Lo, my=14" [ o yry = 1

Note that (2.3) can be writte
(2.3}

We sghall pive two different proofs of theorem 2.1,

WETR, e fug,v— ug) = 1/, 0 — 1) for all ve .

CASE a. Suppose « (u, v} = (n, v\ Then, to mro‘z that .:o exists,

is to show that u, = Pry. {1/) exists. Set Af=7. w.; this means’

there is a w, m:. which
_m u, .I.\.n__ == Min || =I..\.:
ue W

We wish .to show there is a w €k for

, Min _:I..\_M
nEm

which Tu, — 7| = d. ES..J, there is a moasazna fn.je .=, for which

Sl —flsd 4, B

We wish to m_::q that sach a mon:ﬁ?n ig actnally a Cauchy
mop:n:eo. But, 3, the parallelogram law,

H o mne & m LI — 12
P — P =Y v — TP 4 [ v — it 2 M e 7
142 12 °q 21 1 . 1
m _.w I d — l.....aly mw““r J— J—— —
L + {7+ e ‘ 3 m + PR
. 1 i 1
or l'w My == U P gd—t Ve 4 1
B + a) T \E T )

Hence {u,]) is a Cauchy sequence in TR. Since R is closed,
there is a w €T} sueh that w, — u; . Therefore,
Taking acconut of the reasoning at the beginning of § 2, we
mros. that the pr o.:.rsou on a convex set does not increase distanecs.

O»mz b. Sappose a(u, r) is ‘syimmetrie,
= a (%, v) defines an inner-product oy . V.

Moreover if fit - ||l denotes the norm of this IMilbert
» 5, then, Ly

Then clearly ffu, .31@
-gpace JI

coercivity, we have

il =t =a@)z=alr

- . . . }

For £,0 <t =1,

such a a, mim?..

VARIATIONAL

Moreover, since

tsomorphic and we can use the argn-

Theretore I and ¥V oare

ment of «case «» to get the existence of a wuy for whicl:

Hence, from exanwmple 6 of § 3, we have shown that there is an

m.af for whiels

afug, v —a)=(u,, r—nw )=

A. 1, e — .._ou {or u: rE .mf
CAsE e, Buppose a(u, ) is not m.ﬁzz_c:.mnm that is,

. : : Caluy vy Eal, e K )
Then define . . - B - :

: 1
a, (i, ry = — A

Ha {x, .~.v. JT @ ?.v :V_.._ .. , o .

{u Tn 2y — a

o #)l,

Lo|»~ X

- B Gy v) =
to be the symmetric and anti-syminetrie parts of z‘?.:. r).
Then = S : e
a(u, vy = a, {u, v+ 73 (n, ).
let us define
agfu, o) 15 (u, r).

ac (i, ) =

Then, for each 1, ay 18 « Lilinear form which is nc::_.:o:m and
A.oﬁr.:m. with a coustant indi pendent of 45 in fact,

lac (e, )z

sinee S{r,r) =0 and a,(z,

)= aly, ).
Consider the variational inequality

all re ;.

(2,39 QGlty v — )= (fye—u)— 1f (v —w) for

That is, (2.3: i3 the variational inequality
(e — uy = (f, 0 —u ).

Note ‘that for £==0 we have that ay{n, r) is srmmetric anild,
therefore, Lthe solntion w of ihe varintions:] ::..::: ty exists by case b
Now let i€V be an arbitrar ily m..nm element apd form the
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“ariational Ema:m:? wER oy (v — 0y > {fiv —u v — %Tm v —u) S A
&.E. all re 1. ‘ : .

did not entoer 5 the calculations other than by being car.
Deunoting (f, - > — B (i, ) by F we see thnt FEV: and we

ried hzc:ﬁ we obtaiy

ish ¢ . . , . t— 1
Tk to consider | o | =l % e ey
‘ . ' «
€, apfu, v — 5 (F,r— ») for all ve s, - ’ ’
L . - . with fo=St=C 2ty . We gee that. if b=t —t,<y,. .
But since a, is Symmetric, we know that snch a solution # - L, - R
; S Then the map: -y c,cE Vinto T; is a ncnc action and
exsists from case b, Lei 7 denote the correspondence befween the . : R
. . .z_n..o ore there ig g unique ._/r; boint. - - v ‘ o
given element w of With the solution -, . Lo ) L .
Th - - Since we can step off an interval of fength #, in each step, it
e Tw:V_yq : : T takes ~only finitely m: tmy  such steps to cover all the interval
= Tw: - ’ .
i —> R , . o0t Thus, the variationu] nequatity (2.3) hLus i unique so-
Let s, o and w, be two elements of ¥ ang U5 u, be their cor. . lution u for gy L0703, Henee, we _::d.: unique selution « of
‘ Fi » L] L 1 M £ ; . . . . .
Tesponding  solutions, Sibce we keep 1 ?c; we ?:. as fn a pre. R . )
i : D : vETR, a {x C— )=« e.l:vl U, 0 — y -
vious caleniation, o o , T o {2, ) =4, : A (x, b
: . or : _,
a, T:LGI.SVNQ,“ :»I.fv.l%?.:zu — ) S o =m._:. a{x, Q.IIENA.PP.I.:M - for all vEmk.
(o, — 1) = fyu, — ¥y ) — tf e, vy — ), - This aoEﬁTSm the first proof of theorem 1. :
- . . . = . . Here is a second proof of theorem m.r which m:?_am ouly in
Adding we get, = - . . . the cuse e. First of all, we prove the. following lemma, A
— ay (i, — ,:m U — 2, N%?« —_— :.M y Uy — zmv e . e Lexya 2.1, Lt ¢ be such that 0 < 0 < nJW where Cy =
. N [T
rr M Yy —— .
Therefore, using the coerciveness and the Dbilinearity of alu, ), o . =14 locr, ro end A €LV, V) s defined by a (i, vy = CAu, v) -
. 1 . - ) ,
alle, .:w it B, — Wy, g — s} | T ‘ ‘ - Then there is q Uy, 0 <P 1, such that
=ty ff ey — e, ] A , S ) — e ata, = | uf izl .
Therefore, , o . ]
{- n.o Proor: Ag hefore we let .H V' — T denote the canonical

fF ey =, d m ey — - isomorphism. Then I {n 0, 1ry = 1. Therefore,

Let ¢, be fixed with 1, < Z. Then the map w = 70 | is, for . , N —galn, )= vy — o An,2) = (,t) — o (A Au, v}
%o . L
0=t=Ct,, a contraction and, bence, there is unique fixed poing ¥ Implies o o
% ! _ o) —oatn, o)) < ffu — o1t Au et
# corresponding {o T; that is, w=u. Morcover, since i, < o But .
. 4 ! o A 12 e 2 ] ) )

the variational inequality hag a selution for 0 < f to. Now, for ‘ i — 0.1 du fP={u P4o 14 Au IF—2011 4 t )
tiu <t < 2t, we can carry out the sume clenlation for the < lix Pt F ot — 25a (e, )

Tariational :_mccm:: " el N .

ER, ag, (v — W={fir— ) — {t—1) 8 Oryv— ), for all ve . =i +of et — 2ag].

*
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Let ..um 1+ o° - Then, since 0 <Zp < I-.“ we have, 4 =0
P
4

and 9% < 1.

“Thus, | {4, v) — ga(u, ) P @ iluli-]) ¢ |l and the Jomma is proved.
For each fixed w€ V, define @ (w)e V' Ly o ‘

A.‘ A&,ev:r:a 5|oz?q SnTmCre

Hrmb :. SZ ,:_..m ﬁw we F:wm B R

_?..,.| Wy, .3 — ot (ity — 105 1) |

(P A@L — % (105, ﬁ.v =

e =) Jed
wow. 6 < p A — :.H::.m 0 A ? << ..r 5. the E.oim:m lemma., H,:c‘,.c_.s.o.

".. : : 7/] n.~ﬁ»v I.. e A:.MV _M.v: gy : ..:,.u — wa‘..m :u‘ .., -

" Now wca.gcr i € .ﬂ.m..»..a? there is a unique u€ Tk such that

?:_ B n..n...ﬁNA %kcaa v—u v :..:. all
Tet 7: V— i dm _detined cq ::w mcodo Hm_;:os d;:_ u = H_._?
From the case a we have that o = L?.n. L%,i .

m nee z.c Eo._mr:ow map does not increase m.ﬁ mees, we have

__ H:MIH,:M_ F.ﬁ h% i ,I.N.Ta.,._.%:.m m_

_ :.' wy |

. M:Leg.|;e@§<

o ;fil&é?f
MQ:‘._P,Iz.wmﬁ.
Since __ Al = is a
unique fized element
unique u guch that

M .Hrmw.nwowm T is a contraction. Henee, there

.. CuwETR y (0, Ve W) == (D ?V, u — )

PE .mn...

== Ju. Therefore, we have shown there is a

for ==. r€ 1.

(2.4) .

INEQUALITIES 18
P

VARIATIONAL

Using our definition of ¢, we have

{#ty 1 — W) = (, v — ) — gur y p— ) p{fyr —u)d
for all 2 €Tk, That is,

aly, v —u)={f,v—u) for all re 1y,

Let us now eonsider the special case where Ve

Tiie
Vi=Ry. Uc:h:..: a3 before, 4 by
e fu,v) = { du, H.v,
: we can now say that-for a given f- we are looking for a vector
R for which {duyv—ud=(fv— ﬁv.q;.cﬁ all vefh.
“This can be rewritten as .
nm.mfmng.l.ﬁuy:vwc . for .~: O

- L I
2. P,rmwc?am we ean peneralize the o:cmroc to the m.c:o.,_.{:_q.

"Let B be a continnous map from TX to ¥, We wish to exhilit
41 veetor wE .mrn ¥ for which (Bey v — u) == 0 for all ve s

H: the special case :.ri.m for ¥e Qu we F:a w m:.m: by~

Nv TL = griul m.?v_
that is the vector fiekl B-is conservative, we have alveady solved
this problem, when B is bonnded (se¢ example 2 of §1).

In fict, for R a bounded, closed, convex set in MY, we showed
:r: E: a‘mrnon. oy EE:ENEQ mu in .mf E:Mn m,;_va

Muu.u Flug)-fv — :%..N 0 - for all veTy,

or, in our new uoS:E: . o LR
W?b e — ) =0 @ RH.. all re k.

L 'Let us now romw_;ﬁ. the mabﬁ..: r.,mm ﬁ?w:. w is a no:S::czw
‘map of M into .m.;..

Tugonrey 2.2, Let 1] be ¢ bonaded, closed, convex sct in .
Lot B:fli— ..._Na be a S::_::S:u map. Then QR:.& it & u €W

such that

(Boug, v —wy=0 Jor all veTk.



AT

114 . GUIDC STAMPACCHIA

Ziute that geometrically, if w, € ¢ ik, then this means :_.; H:o do::n.
interior te T from ;. . . R

Fig.

If u, is an interior point of .m: wm;ﬁoH::q as m:cZE: H o;u

il follews that Bu, =0,

Proor OF CTUBCREM 2.2, We will show, equivalently, that

{2y, 0 — ug) = () — By, v—uy)
w.ow each 7 €, ::L.m is a unigne mou;:cz zcm.m, of -

(g v — ug) = (w — D, v—u) for .::.. rETR

{example 6 ol § 1).

Let us:write #y== Tw. We have already shown thut

g = I'ry; (v — Buw). ‘ o

Tow I — B: TR — MY is continnons and Prg is continuous - from
MY .to TR, Therefore, T’ is a continnous map of Tt into Tii.
Since R is compact, the Brouwer fixed point theorem says there
is a u €T such that uy = Tug; that is,
{1y, t—ug) = (uy — Buy, v — uy) for all reTk.
We new wish to determine when in the previons theorem, such
H . . : . \ e LIATION
a uy s unique. Suppose that two solutious w, and wu, exist. Then

(Buy,v—u)2=0  for all z€ T (in particular, v = £

(Bug, v —u,)=>0  for all vefi (in patticulur, v = u,).

Addipg in the particular cases, we have

(Buy, — Buy, ap — u) << O,

for .:_ vE ._.T. .
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Hgno?wﬁ if we assume A -

(Bu, — szm. Yy— w0 =0 for all a, e,

Gnd N,

then a uliqne solFron TRIsis M equality occurs d.:e:r..aon Uy ==ty )
This motivates the following definition :

= . DEFINITION 2.1

(B — Be,u— )= 0 for all u, v €.
.H__mrzze £ will be ealled strictly monotone if

E».: — w? u el.&.H 0 if and only if :

m We next ,:mr »o exstend these considen _rosm from ,ma..,. toa

general Danach space XL Consider the following assumptions : .

©. i} Let X be a reflexive Banach spiaee and Y7 De its z:.:.

C i) Let {+y-) ;ozcg the puairing between X and X7,
iii} Let T Le ._}. ‘losed convex set jn X

DeriniTION 2.1°.

| The map 4: X5 EEIYH, is cafled mo-
sotone if o

C{Adu — ba n— EN ¢ for all u, @.mb A.:

—~ A (1), v —v)=0i=mm] only if u=1v

DEVINITION 2.2, The map A whose __c:r:: (4) is convex is
:_m; hewicontinnous if, for ali w, v€ D{d) the function

LE[O ] (A (fn + (1 — 1) ﬁ u— r) is continuouy.

< We shall prove the following theorems.

TuroreM 2.3: Assume id-iii). Let A7 X ey H\ be-suech that A
is monotone and hemicontinuous. Thew there is a , € e suek that

(Aug, v —n)=0 for all ve i

Turoney 2.3': Assume i)iii). Let A: T — X’ be monotone
sueh that A is continuous on Jinile dimentional u:b.,%:ﬁ_a of Ti. Then
there is a 1, €M sueh that :

(Aug. vt —u) =0 for all vefh .

Note thaty it A is strietly menctone, v, is Qe.:._w ::5_3 Moreover,

The map B: R— MY will Le calied monofone if -

- m,ro map A will be ealled strictly monofone if Ech.modﬁ. (A ?Tl ]
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we will show that the set of all solutions of thearem 2.3 (or 2.3%)
forms a closed conrexr subscl of M. In the statement of theorem vl
we need only assume that the domain of 4, D)2 T where Jr(d)

is open. . .
We first ?.c‘r@ﬁ:a following lemma:

Leyya 2.2 Let A be a monotone ?a:ac:rzza:u map from TR
to X7, then .__om.m, ...n:.ﬂ.‘.. : S . o

1 E:Ee{:o Y>>0 " jor :: e kN SR

if and only if
0 forall veTi.

) S {de, v — .=cd =

Proor: I =—> 2. By monotonicity we have

0 (de— Aug, v — up) = (dr, v — u) — (g, T —
Thus, : ‘

0. g, € — ) < {Ar, v —mny) forall veT. "

R —=—x1. Let & F and m:Em

e..l?qlTC — t} 1, ==

U, L“u :3 — .=ou for O m.u m 1..

iz Leing conves, gm.mn.

Therefore, for aV 0 by 2 SRR

Tp {#, Ll { i — ug)), tlic — :o: i,

- T {A {u, +.r.. (10— )y w0 — ug) = 0.

Letting ¢~> 0 we get from the hemicontinuity of A4 that
(Aug, w0 w1y} 2= 0. Since we was arbitrary, this completes the proof.

- We now proof theorem 2,37,

- Let )M be any, fixed fer the E.:.E; finite ;::2:5:.: subsynice

of X with, say, dim M = m < co. >mmE:n without loss of generality,
0 €T Let us define L : -

| Ji A— X to be the injection map,

.m_.,“. .N:..,u.i. B to be the map dual to j.

hits N F

.. Then, in particalur;

‘Therefure, E por— vy =0 for all ce T,

VARIATIONAL
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1

Since I is finile dimentional,

map j* Aj iy coutinnsus, there

A7 is izomerphic fo M. Since the
fe o« ; s . Yo
s # solution y, € R, such that

(Ayyz—y V= (1 Ajy,, 2 — ¥, =0 for all zeTR,,.
Therefore, by lemma 2,2 : ’
. (Azyz —y, ) =0 for all ze1,,.
In view of this, for ench ve TR deline :

Swy=jueTilde, e —u)=0].

Clearly, for each ve R, S(r) iz weakly closed. Moreover,
bounded, R is weakly compact. Since

since dn is
N Sy is weak Iy closed §
n_m.df .

TR, Is weakly compacet. u.rr“ﬁcnc. in order {0 show Dm S D,
_ . vef - .
we need only show that for each finite ‘collection .

(2 g ey 7] &M/%ZA?L c R

S(ra) = D

ithe set )
S(e)nS{r)n..n

Tet M be a Ginite dimentional space spanned by {r, v, , ..., v, such
- that R, =TMn
© mal

A as Ty, has been defined. By the finite dimentio-
....:mm .:.o. kunow that' there is an element g .\.:n.m_fa m:n_. thit
Ay z—y, )=t for &._

or T» 2=y} =0, ze'lR,,.

(Av,, v, — Yy,)=0 fori=1,2,...,m.

Strynon 8(r,) and, since A was arbitrary, we now
Lbave by the fipite m_;c_”mnc::: property that there is a €T such
that - - A AT .

Therefore, y,, €

20 £ v Md.mr »W Aﬁv

It follows from the leunna 2.2 thut o S
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It follows from the femma 2.2 that the set of all solutions [n)
for which we have -
(A, 0 — ) = 0

for all ve

forms a closed convex set. For, suppose w, and w, are any two so-
futions i it Then, by the lewma,
(drye—u)z=0 for all reffz
and
(A0 — w,) =1 for all ce s
Muitiplying the first inequality by 1 and the second inequality
by 1 =14, for 0=1<=21, we get

o

O<ifde, v — )41 —D(de, v — u,

s={de, v — Au)) (Ao, (1 — D) v — (1 — ) ny)

={de, o — A, 4+ (1l — e —(1 =) 1ty)

=(dv, o = [2y {1 — Tl for all veti

Therefore, using the lemma 2.2 aguin, we have thut Ay -
4-{1 — Ay u, i3 a solution. Hence, the set of all solulions forms n
cenvex subset of M. It is obviously closed.

THFOREM 2Lt Let A be @ monntone operutor with domain Y.
Then, I A is hemicontinuons, A s continuwons on finite dimentional

:

subspaces of X,

Nofe:r Bince we are coucerned only with finite dimentionad siths-
aces, we need only censider the case where Uis finite dimentionul,
¥ -

Proor: a) To show: A mups bonnded sets into bounded sets,
Suppose this iy not true. Then there is o sequence [r) such thut
va—r ¢ and for which || Av, i} — 4 co. Since A is monotone, we hiave

—~

(e, — Aw,r, — =1 for all nelV.

Betting v, = —, then we have

w
?,.. — lm_:i Pa— |z for all we Y.

VARIATIONAL [NEQUALITIES . 119

Since X is finite dimentionnl and since: [y, =1, there isa
subsequence {e,] such that po —>y Clearly we have ly =1
However, since e,

v -} 0o and r, ~> r, we have that
{(y,r —u)y =10 for all ue X.

Since this trne forall w €1, we have that it is tene for i = v+
for any we X, But this implies {y, ) =0 for all we X, Therefore,
¥ =9, contradicting the fact that
ded sets into hounded sets.

b) Suppose v, — »r and Av, — e tor some w, Then w = Ao,

ity | = 1. Henee, 4 mups boun-

Sinee
(dvy — duwr, —) =0 for all xe X,
{ir — Adw,r —u)==0 for all ne 0L
From lemma 2.2 it follows that
(v — dr,v—u)y=0 for all we X
tere again, sinee (his it true tor :.: u€l, we have that
{1ty r—u) =10

for all ue X.

Therefore it follows that v = e, Note that the whole sequence

dde ) couverges since any subsequence converges to the swme ele-

menf e .
Note that this theorem holds it ) {d) is open since we only
i b
weed consider o neizhbovhood of »,

Theorens 204, toosther with theorem 2. Y, wivey theorem 2.3,
We huve considered so far the variclional problems with the folle-
wing conditious :

a) Let Vobe o Ilitbeet space with o2 Vs 17 —> B a DLifinear
form. .

Detine .1 by {du, i = {u, 1} where a (-, ) 15 coercive.

Let T be w elosed, convex set in V.,

h) Let A7 be a reflexive Bameh spaee und et T be a closed,
bounded, convex set in . Let L be an operator form X into A7,
We next wish to generadize the problem by by not vestricting M4 to
be bounded. :
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Consider the bounded closed convex set
Te=Tni,

where X5 denofes a closed ball about 0 and
enougly, the set iy is non empiy.
We show the following,

sling B 101 is large

TurorEM 2.5: Let X Le a veflexive Banuch space and lct TR be
a closed, convex set in X. Let A:fi— X7 be monotone, continuous
on finite dimensional sibspare of . {Alternatively A1 X — X7 Le
monolone, hemicontinuous). Then necessary and sufficient Q::r:az in
order that ¢ solulion of the varialional ::E:_:C

welk, (An, > !....5 =0 Jor all refs
exists 8 that there cxists a constant R .such

that at lvast a solution
of the variational ineguality . ‘

{2.5) wp €My, (Au, , v —u )0 ' for «ll c€K, "

satisfies the inequality

(2.6) fu | <R .
In fact if there exists a solution u of (2.5), ¢hoosing b such
that : I < I then u satisfy {2.5%).

On the other side if there exists & such that @ solution u,, of
(2.5} satisfies (2.6), then u, satisfies (2.5). In faet w, € TR «nd for :
uny v €7 there exists i« € Y3y such that : :

w0 —n, =¢e{t—1u

& ) - ) .

for a suitable £ > ¢, Therefore from (2.57%) it follows

O (Awy,,w—np)==ce(du,,v—u,),-

and thus u, satisfies (2.5). '
TFrom theorem 2.5 follow several econditions which
S:mﬁmbnm of solutious of :..::E.: inequaliiies in the

agssure the
wse of un-

that K > | ¢
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a) Assame that there i3 o 2T and B> gyl guelr thar
(2.7) A, — < O
for all » in T with {]r = R.
Then the condition {2.6) of Theorem 2.5 is satisfied. {12 Daer,
denoting by u,, the sulution ot {2.5%), 1t mast be
e . , : u, _MA.N_
otherwise (lu),, ¢g-—u,) =0 in contradiction to (2.7), : "
1) Assume :.:H :_S.o is w ¢y, €T for which
{2.8) (de — Apg;r— /e —gili— 4 o0 Cas e
for z¢ TR o
- w.r..na eV, L R

In this assumption {2.7) is verified,
In fact fix H > || 4¢p ) and E 1 arge enough i
and

(Av— Ao, — g =T — ol for t i > L

Therefore

(Arye — @) = I v— @ || + (Agg, v — o) _

_NE_ v ol — i Ao l-ll e — || =

A

NQ.«|#_L%L: v — gy

and thas, (2.7 is satisfied,

¢} In some case, instead of (2.8), it is enongh to verny the
condition
ﬁ.g (dr, v/ foll— 4+ o0 as |o]|— 4+ oo for refi
It 0 €T, it is easy to prove that (2.4 implies (2.8).
IF 0¢ TR, we assuwe that there exists iv | a point o togetier with

the point (1 - drepy where o V u.
Ifirst of all, ark thint, 1

£ #io then, Lecause of the moneia-

Eu;..@ of dv= Ar— 4 Gy 2 from
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i easilv fallaw - . . N
it easily follows — i) A sufficient condition for existence of », such that Awg=10

dim inf{dr, v — 99/ | > — oo, .. . i3 that there exist an I and a v, € X such that

o a4

Next, suppose that for:a sequence f) © Tt suel thut Ay vy — ) <0 for all 1 owith |« |l = R.

88 #t — -} oo, we lLuve

SBuppose there is sneh ay’ R, Then there is a 1, €Y, such that

\( ‘ - | . - R
lim (A, y T — n:o«,.‘ “_ r, : < IT oo, K . . . .

1n— -4 oo . . . . . . : ’
Since : . o o (duy,r—u =0 for all vEX L
A...:.:. ~.t,,.\ w Tn m —_— + oo L T + oo, ) B ) ’ A .
+en : . In particular, (L, v, — u,) = 0. Therefore, from the given condi
tion we have [u i < K. From theorem 2.5 we bave that there is

Hm o (e, e/ e

B o0 ... __ = oo R . A, €X fur which Awy = 0.

t last , wa have - : - - o . . , , S
At Jast end, we lave L o o weeX with full, e =1, uzr implies [t +(1 — v} <1
© o for 0 <t <1, and if {here exist two different solutions for the

— oo < lin inf )»\? r, — (1 Fyer Ve, [l == : :
"t oo (e, (@ Dy | o] B o oosome I oof
) . ‘ A o ; Qe v—u ) =0 for all « £,
= lim (dewy o — o)/ 2, ||~ 2 lim (Av,,, P fivuf] =—w00. . z 4 )

o
where ,

of the solutions u or r satisfies flufl<<J¢ or ol < K, then we

n—31 oo n —~-on

€3, then there is a solation », of Awy,= 0. Tor, if one

and this is a contradiction which proves the statement.

. ' . N . - . _= N i H— ) I 1
Reyanws: Let us now assume = X5 that is, we look for are :S.E 3 «c.. W no sich solutions cvwmm then [u f = R, [rll=E
w, € X which satisly Au, = 0. : ~oand this iwplies |jte 4 (1 —Hrfl <E for 0 <t <71, But the set
. : of all solutions is clused and conves. Thas, taking t=— we have
) Let Zp=[reX/lleli=< K. We know there is a U € g _ Co <
. N ¥ - . N = i .
such that ul...ll el = 1 amd __ L 1__ < I and we wve now back to case a).

3 3
- I

(duy, v —uy=>0 for all veX,.

A necessiry and sufficient condition that there exist a w, ¢ X for

which dw; = is that there exist'sn I for whicl o Il << & This -~ g 3. Perturbations of vaviational inequalities.
15 & necessary condition since, if w,€ X exisis, we choose R>hugil. ‘
It is also a sutiicient condition. For suppose ihere is a w, €3,

with {la, 1< I such that

1. Let ws now return, for the moment, to the case where X = V
is a Hilbert space, where (-,-} denotes the inner product in ¥ and
{,+) denotes the pairving Letween Voand V2. Let T2 Le a closed,
_convex set in T . :
x=-Y, (see (1.3), {1.3%)) we have Let a(-,-) be a bilinear form an ¥V 3< V such that a(r, v) > 0.

Defiue the operator A: V— V” by

(Aun,,, v—) =0 for all rel,..

Then, since (&,

(At €)= 0 for all weX

<. . U= {x, v or al € T
and this implies .,T&.n = 0. Thus, take g =, L A.Lz e a z. o for all ¢

¢} I .Y is an uniformly convex Danach space; that is, -
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We Lave shown that, if TR is bounded or in tle case when T Morveover, since w, € 2\, we have
is unbounded but theorem 2.5 holds, there is a solution u €1k
of the variational inequality . L 3.3 a?f@le_bwa.ﬁ; - Tty for all veTk.
. : CAngy v — gy =S, v — uy) for all vefk, - Setting r=w, in {3.3) and v==w; in (3.1,) and then add, we get
where f€ V7’ is piven. IHowever, if ncither of these noﬁ:::o:m is . d (g 5 u,— o) = a{n, g — ¥} +ef (e, 1y —u )=y, wg=— ).
satisfied, such a solution u, €k may not exist. However, we can show |~ B . .
" that the set of all such solutions aam.? satisfies certain properties. s .~:.; e - o
Let us define . ; ey, u,— gl a0y —u = —a{u,—u, Ue— )= 0,
N = fug € T [ Awg, v — 1) = f, ¢ — u, > - for il ¢ m.__n.w. _Therefore, R . T
. S S e BT Blugwy—ug=lgg—u) s
Using lemma 2.2 if is clear that ¢\ is a closed, convex set. It & o e - - L
should be noted, however, that X may bLe empty. , A and, by the coercivencss or g{-
- Now let fi(u,r) be a Dbilinear, countinuous, coercive form on L . B
© ¢ V. Voand let g€V’ Tor each £>0 we can consider. the form | o z u, __..mw?::L.mm.m?:.zer*. Cgyn .fzcv - L
. o - .a.?.ev..._lmm?:ev. | . : : MQ __: f M_za__lTQ :“2 __+=H__c_:
Clearly thiz form is bilinear m:a coercive on V< V. We have mrof_ . m Q: + I z._: ‘
that z_mwm is a E:a:c mo::_ou €M such that - R _ P Lo
| C , . D here C=C (|l g B Tenice, since € ]| << L2, 4 5
ﬁm.u.v . Ma (U, v— )+ 83 (0, v~ w ) X+ 29, v — uy Co - : = : L e

, . : ‘ ST : c
e . —_— - for all ve M, - . . : ,..::L_..W.h“un_um

TurorEM 3.1: Using the nolation giveir wbove, ‘and assuming, | o . : ’

i::m L is independent of &
X == P we have u,~—r uy strongly as e— 0, where u € X and ‘b Since §w.|l<< L, :z:.a is a subsequence ?L of ﬂz ] such

that Az -— i weakly in T

Blug, v —uy=gyv—u,d ~  for all v\, RN ﬁo wish to show that
Yote : The solutions u, obiuined above depend on the bilinear . =~ .. 1 IR wed,
form § and the function g. Also, if we take f(u,r)=(u,?) and | = o o . o
g =10, then the corresponding solution , in W is that which mi- 5 -~ H) .. m.t? q.ciiwn.c, .:.,olz__ >

nimizes ||| for w e, o
. . /o:. : _,o:::.m fronm :6 lemma 2.2 rme we have

ProoF: a) Since @ == X< and A is closed and convex
subset of TR V, if we considgr f(-,-) as a contiunous, bilinear,
coercive form on ¥, und g€ 7, there is a unigue solution uy €\ of

alr,r—u,)+ u.:..“ (r. .~, _ H) > _Cn.. r— .:..__v lT b} Ab: o1, ).

Letting 5 —» 0, since u,— w weakly, we bave

[ v LN v . O Y PO T T



126 . GUIDO STAMPACCHIA - = - .. . .
Using the lemma 2.2 again we get-
a(uw, v —w) = {fr—uw?’

and, therefore, we Y.

In crder to show ii), we use the facl that we r:.do..:

(3.4) , By = w) = (g g — S .

N

LEMMA 3.1, Let y{u, v) be a bilincar, coniinuous form such that
y{r,v) =90, Then the function v-—y(r,r) is lower-scmicontinuous,
with respect {o the weal topology. , "

»Q/ﬁ“ﬂ_ﬂ&dﬁ To show this we prove the following lemma,

Proor: From the Dbilinearity. we bhave for all u; v € ¥,
v{oy=y, W)+ fy(,z —u)+ y{r —u, I (w—2,u — 1)

=yl F iy e—)Fyle—nu))
since y {ic, 0} = 0. Now let v— n weakly. Then from the A.d::::ma.
of y, »{u, v —u)—0 and y (v — 1, %) — 0. Thus,
1
- lim inf y {r, r)==y (n, 1) . : .

=

aud, hence, the map ¢ — p{r, r) is lowersewicontinuous. We now
have v, — w weakly in V. Since .

Blu, ug —u) = gy uy — u, )
we have
i (,,u,)=<<f {0, 1)+ Coyty — My b3

Hence, from the lemma just proved,

gy w) =< Yim inf 2 (e, , u,)
PR

< lim inf {8 (u,, w) 4~ { g, wy — o))
w0
== B, v} - g, 10— v ).
Hence,

. — (g 10—ty ) =< B (iry 1y ~— 1r)

A

P R

.b..:::n we get .

2. VARIATIONAL INEQUALITIES. T

(3.5 . R 2 {7 t, —~w) = (g, :oll..qv.

¢; We next show n, —> u, strongly by Iroving

Iy - . Cw== 1ty o 3 . o e
S ) u,—> u, weakly in ﬂ.» o :
my o #,—>u,  strongly in V. ‘ o .

Now flug, v —n) = (y, r— =n.. 3, from (3.2, for ::.. rEXN. 7
In partienlar we have €Y. Theretore, - - ) S

) B {1y, 0 — w) =g, 0~y
From (3.5) we have
By ity — i0) = (g, ug — Yoo ,

: — fw— .:o w—uy >0, S .
Hence it follows, from the noﬁ.a?.ﬂ_ﬂmw of g, that

- ) ) 1%¢:.€\|2¢;N=.
Tlenee, w=u,. B B R .
Sinee wy i :_o._:_r_zc limit of any weakly convergent subse-
quence of [u], we have that v, — w, weakly in V. :
Tierefore, we now wish to show thatl the convergence is strong.
Jut

o ll e — ug [[2 << B (0, — Uy, W, — )

= (v, u, —wg) — f{ug,u, — .z:r.

Now as £ 0, f(uy, 0, ~— )= 0 by the continuity of the form
fi{-y+) But from (3.4)

Bl ue—nd{g,u.—u>—0 as :— 0,
we huve
Boilne — | — lim (g0, — uy ) =0

as ¢ — 0, Hence, w, —u, strongly in V.

e e e
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Therefore, this proves the theorem. . 1.6t us pow define for £ > U,

COROLLARY OF THEOR. 3.1. N <= {{w, | < L, L inde-
bxzmmi 3. & : B ,

K

that is, let 7, Lie n perturbation of the gperator .1, Clearly, since I

h A . is strictly wonotone, 1Y is sirietly monotone.
Proor. - ==> Part a) of ubove proot : o 8 . ST ) P o el
ER . - . Moreover, T, is hemicontinuens and satisfies 1) Therefore, there
S <== DPart b) of -above proof. I . B is a :::::. u, € ,_.f for which .
2. Let us now return again fo the cuse of a gener: : ._::_.:.__ Co . G Wy ¥ — :.v..Na for all v £ .mf.

spilce. We set the following notation

. T W - followinr {heorem
X is a reflexive Danach space with dual X7 - v will _:o:c fhe follov vore

T maroneM .20 dssume N is no SE.C Let u, be :E::x; uy

. g : . e C o deseribed ahoce. Then u, > wy strougly dn X ackere 1, €Y, and
We wish to look for these €M for which . "~ . = T S ‘ _ g )

A: X— X' is 4 monotonc, m.c_,:cc::::o:n.3.3.:::..

-

N o .. - c.:;:: p—g) =0 jor all p.mmﬂ..... S

{Au, v — “_LN 0 for all re .mﬂ. - R , . , . .
- S U s TFirst of all let us prove the following lemna. ;
-~ Here, ﬁ y-) ;mﬂo?w the ?:::: U.&;mnn P and 17, P P ) T S :
R L. Hma X be m_dms by ‘ : oL ‘ . LEMxA 3.2, .JEGSS u,— w weakly in X, Let B le any mono-
. ‘ | | ) o L tone, hemicontivuous opevaior. Adssume (B, w, — :_vm:. Then .
mﬁ = Tn ETR | (An, 0 — u) N 0 for all ce TR : L . .
s ‘ c R . sz.q 6 — Sm Yim inf (B, v, — ) S
. We have a:.mn::‘ mroﬁ: that X is a .._o.wna oo:_qc/ mmn .:S.ccﬂm: : - -
we know that X is non- 410 sty if ’ .\..:. all v D (1) where the Lozs.z of I3, I Q: s &3% ::m COUTEX. .
i) Tt is co:ﬁgm;\ ere 18 a ﬁ,m.__, for ..::S. ) L
. . B PPROOF OF THE .ﬁE.:E.. From Eonio:wnzw we have
e — ¢, ___L (A — mﬁ: r— @.,%lv + oo as o __lv |T o0 - Lo . o
. . 0 = (Bu,, w, — w) = (B, 4, — w)—> 0 as g—> LU X
Assume that conditions i), ii) are ‘not satistied. hn» s now oo - ’ ‘ o T ) |
consider another operator B: X — X’ which is strictly ‘wonotone, . Therefore, we have : i
hemicontinuous, and satisfies (3.5) i (Btty, it — w) = o N
o e .

iii A{Bu — mw«. u _ v el w _ r iy —_ . . o B : . - ) . RN . o ‘ C- )
: .A ’ ! bz el : >-[F= e__ . . ~ Let ve (D). Since .Emb:wv we define - T . .
where ¢ (»} is a monotone, continuous function on [0, co] with T . R -

L= l.;:i.ﬂdmuVANWV.,.ﬁcu_cwmﬂ.lA._u. o - .

: Then from wmonotonicity o R
We note that this condition i) implies the eondition b} of the pre- . : ’ ‘ :

vious §2 with A replaced by I aud therefore, from theorem 2.3 . .1 - 0 < (B, — Bl v, — )
there is a unique solution: n€ TR of - e IR .“Tr:: :.ql,:.TT (Bu,, 1€ = 3) . .

Awr:ai;.awo. for all ve .=n.,.. ) ,_. - . S ‘|C..:_: —_ .+...:..ED. o — S >
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Since w— L =1 — 1), we bave
0 << (Bu.,u,— )+ t{Du, w— 7) -

— Qwﬁu. Ne—w -t (1 — ._8.‘

Note that £ depeuds only on ¢ and not on & bm‘mm...lv.:c we have

. (Bfu,— 2w — =+ B e — ).

T

‘Therefore, 25 e— 0, we get

£y

:HJ w— )= ¢ bun inf ?:n erIr =)

(BL, 10 — v} << lim inf Qw..ﬁ; w I.L

2—g

But from the definition of { we have

B w — v) = (B {3 —HwF ?V w* — 3.. s

Letting t — 0, since B is roc:ﬁo:rc:o:v. we get - s

{3.5) : (B, w0 — v) << Iim inf (L, 10— i
€=
f ) L. .

= :E E?w::: — 3 + lim :.:.C_.:C w— :L

£—=0 £« 0

= }m inf Qb: s M — B

£ U .

by (3.5).
Proor or TOHROREM 3.2: Let w, be uny elément of . Then
, €T aund

{3.6) . (duy .o —u)=>0 for-all refi
Since T, saiisfies the u;.co::..mh.m ol theorem 2.0 and morcover it
is strictly monotone, there exists one w, € Tt such that

{3.7) (Tov,, v —1,) == (An, + b, r—u)>0 for all re e,

Set v=u, in {3.6) and rt=u, in (3.7) and add. We get

. — Ay — Av, 0, — ) 4 & (Du,, Ho— )=

Cedfl F.M wh) [y — w, [l =

§E>d>z>r _7moc>5ﬁmm ” SRRV AR & 71

= n_com - ?m..: — \m:n. U — a; = 0 this implies.

h..w.mv - A DM, , ty, — m:v N O g M.Ow. all- .um» £ MM”.

Since: B satisfies ‘ifi) of §2, n. 3, and p,oa @. 3 we F:é

e _W_”Nn,ﬁu»_a.__,hh.wan_ﬂwh |
“and ?m.m implies S e

n: we— Em :u:. He . o . e

. Since :.c bound on z.o E..rﬁ is E:E.m_:?u" of £ we see :_.;

there is on L .such that |, — ", __Mb and, hence -

Now since X is reflexive und the mma:mbﬁ. fu.] is :::.E,Eq bouun-’

ded, there is n weakly convergent m:dmmaamcc frrgd and w,—s o
weakly where we Q. For, by the lemma 2.2 we lLave .

whicel _.M,E.:ew, since w, — i weakly with wETR,

(e, — =0 o for all refs
and, hence o : .

. ‘ (A, v — iy =0 L for all ve:
Therefore w e\, )
From (3.8) we have - .
B , (B, , r— u,) >0 -
Itence, o o

Qw:a.%lztwc. o 2 o .

for all re€ .

Now since B i stricily monotone we know there is a u, €X' such
that

3.9) ‘ (B, — =0
jut by the lemma 3.2

for all re2Y,

{(3.10) (Bre, 0 — v) << lim nf(Bu, ,n, — )<< 0 for ali v %X,

(B, — .wv._.: P — ) S — ?,w:: _.r..l w) o

(Ar + 5 Br, v — w,) No . Cfor all vETR




-
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, MMM«EM v=1c€tX in (3.9) and v = u, €Y in (3.10) and adding we But € | and D(Tc | implies D £ R Set o= Twuy. Then

0 =< (Buy — Bary 10 — ug) = ~— (DB, — Lo, 1y — ) (g — Ty, Tug— n = — (Lug —uy, Uiy — 45} =0,

Therefore, from the strict monotonicity of I we lhave 1= u,, and it follows that Uwy=w,; that is, u, is a fixed point relative
Thervefore, n, — uy weakly for any subsequence [u,} of fu,] and, {5 the operator 7. Sinee (Tu,, v—ng) == 0 for all €7, the set of
Lence, . : & o . : all fived points relutive to the operator U forms a closed, convex
- . o CMe—ruy o oweakly. o o in R o
- ' T . Now let 1V be any -operator on ¥V {(a eontraction) for which
- Bince w=u, €, (3.10) gives us T ‘ [ We— Wol<Fkiu— el where 0 << L <1 and detine U, by

0 << e (]iu,— 1)) w_ Uy Uy : {Bu, — w:o yU —u )= . Uy=(1 —&) U+ W,

L . . . - . . . i . . ) . . . i ,
= — (L uy— w,) — (Bug,y v, wgd &5 — (Buy yu, — ) “Now o‘.. is a coutraction E:n?. for a,ve V.

G o i R . ) : } L — 7 ot H»I Un — U el W — Woi
R as e—> 0. Therefore, Jju, — a,jl— 0 as £e— 0 since :Hz LA m A ol Uu I -ell . I

. . . : ) —_ —_— =1 — el —Eliau—2ll. .
‘. - L e(r)>0 for r>0 and e(0)=0. - . = nul_umw:a rli=t ( v.g ._F
: , _ Now mrm:m T, .|H| G« = T+ (U — Wy T. ..«m.war.:% monotone
o 3. Let us now cousider an application of wvariational Emn:a. since, :z. , rEV, o : -
, lities and of perturhitions of monotone operators. Let ¥ be a il o
bert space and let U: V= V be an non .M?Em:.m oper ator that - (Tt — Ter,u— oj={w — ;% — ) — (U0 — Uy — 7}
- is msmn ing, : : o L o e ’
T Y PP B W e e B P el fe—oi.

. ’ . L T Pherelore e 3 . . : F 1 St ‘that
‘Tet T be a closed, bounded, convex set in U and assnme _.:_.Cr_.:_e_ there is for ?.wr e> 0w utR m:&. :
T, o 1a 3 gL, . LITS T . . T - .
umm:_yaﬁﬂc.mﬂmm:_m: we L.:E‘ thut there is a Qc.f....r noirm‘.mw.ﬁ of . ) T, e — w0 ‘ ‘ for all r€ e
flxed points. B - )

Let us definve =7 — U. Then T is monotone, for : . . . sl
. . . S T . From theorem 3.2 we have that w,-- 2, strongly, where u; is a

. ] : : o : N . - fixed point relative to the eperntor U.
- E.:. — Ty u—1)={(n—v— Uu-+ Ur,u— 1) - . - Exuctly, if we denote by &\ the set of the fixed points relative:
T CL : to the operator U, then u#y is the point of & subisfying

o =[fu— v |f— (U — Otyu—v)=0, , ‘ .
el o : : - S .\ oo ug €0, (g — Wag, v —u) >0 -~ for aull r€:

CUE ‘Clearly T -is hemicontinuous. Therefore, since ‘F i3 & bounded, -~ - . - :
- closed, convex set iu ¥, there is a u, € TR such that S The following a—_cﬁ_o: arises naturally.
Lo | | L : B . : Is v, a fixed point for U,? The nuswer is yes if W(lnc k.
(3.11) . (T, v — 1y =0 C - for all €Tk 1In fuct, _Em:n Utk and W{RK)C ..mnm U (e .:n for 0=e<"1.
That is, - ) . L o A. o . - Then, as before, QE inequality )

S ftty = S_ﬁ.ﬂ..-nu.:b.vwc | ..@.E.. all ..m.:?..... S ‘“_..m.,mn;zﬁl. .~n2:i.?=bN3 . " for all v€Tk



implies v, = T, n,. Notice that u, ean De .noﬁm#.:@ .du_. :mn_r_,.m.

method.

As special case, assame W=r1,, a2 fixed ﬁo:; of Ti; then

u, > iy strongly where uy is the pearvest fixed point for U to ¢

. Generalization of {heorems 2.

1. Let us return to the case where X= T, a Iilbert space. -

Let |-} denote a norm on V' which makes ¥ a Tilbert space, and

assume foo po (Y4 py() {(«ount is equivalent o) ]
where p, (-} is 4 norm under which V is a pre-hilbert space
and  p,(+) i3 a semi-norm on V.

Let T: be a closed, convex set in. ¥V aud assume 0 €. Let

: Y={veVip (r)=0] .

and assume Y is finite dimentional. Assuwe there is a ¢, >> 0 such

that .

4.1) Inf po{v —y)="c¢, p, (V) for all vel.

vel
- !

Assume a&(-,-) is a Dilinear form on V >< ¥ such that

(4.2)
In 1

(4.3)

and

(4.2)

a(r, S.N a[p (e >0 ve V.

articuiar note that a(r, v)=0=>v€ ¥ (=/=>v==0).
Let £€377 and assume we can write /=7, f, where

“.,C..» y Y ey Py (1)

A.\.f.mﬁ‘v <0, for yeX N, y=E0.

Turorem 4.1: Assume e have the above yiren. Then there is

a €W such that

i, r —w)={f,0—ud Jor all veTR.

I

4.5} aiu n.:w w, )= A? o u.w.,v for all

L?

From theorem 2,5 we know that |, |} A R for some I it and only

if there is a € fik sueh that

,n?:.a'iNCwsl.:v ©for all
Assume the ‘theorem is not trwe. Then, for ¢ :.: r V i,
u,. obtained ag above, satisties {|u, |i= K.

Ny

. . . . 1
. We will show that this leids to a contr :::::r Let wy, ~|=
L
Then |2, | = 1. Moreover, since UETR, », €T, and T is convex,
we have w, €. Since 0 €0 we ean take v=+8 and get from (4.2
4.6) Celp ﬂ,,..;..xm.um:?r; u, )< o B S o
<=7l fu b= RirNe
Thercfore, . . .
. u_..uﬁ:u..v“cﬁ.&&. L T
If follows that - S . S ]
1 ]

o ey =0[— o
. ) .Nu»ﬁ EN ﬁ.hm . .‘

and, therefore, p, (ic,) — 0 as K—r oo.
Now sinee ||, [l =1 for all R there is a subsequence,

have e £ Also we _:Z.r that p, () = 0. Therefore, 1 € Y n k.
© Censider the projection I': V— Y given by Pe=1x i ¢,

Py (¢t —a)= Inf py ?;I.B

vt ¥

Here we use the assnmption that YV is finite dimensional.

We are going to prove that, if z,~— v weakly in ¥, then
Pe, — Po strongly in Y,

Since
(4.7} (e, {1 =(r,{) for all (€Y

H.moom.. Tet Tip= .__r:.ra. Since Tep is ra:u%? there mmkn.. ’
®,, m:nr that. : R -

vETR,.

vER.

“the solution

call it
jrrp] aguain, snch that wp - weakly in V. Since T is closed we

H:.w.u




_ For, suppose this is pot true.
X ._wm_z;.. for a sequence of values of R. w:n I

.Mmuo_m Py Az.uv =
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and
{4.7,) (Pey, ) =(r,,{) for all feY
we have -
flo S [ ra = < o for all .

~ But {Pp,}c T, finite dimentional space. Thus, for a subsequence of

v, still called »,, it follows Ir,— strongly for some 4. Dut,

since v, — v weakly, we have, from (4.7,) { 9,0 == (r, L) for ull Z€Y.

Therefore, for all £¢Y, irom {4.7) (&, §)=(I'r,{) and, since F€ 7,

¢ = Pr. . v 2
Note that there is a coustant ﬂ_uV 0 sucl z_.; Pollie )= ey!

Then g, Q.:.._..vluvc as ?.IV oo ut

?V?JLME ?atl.h:&buf.ﬁ ﬁvz,nu . T .. 3 | N

. = Qn M: ﬁuﬁkw ITmyo A.MUE.:VI.Y Oq

1
_Qﬂ
Q.m desired no:?.::c:cc of ffaw,fl=1.

‘Now since we Y, we have Pw = w and, hence,

er:m Il ey, _ oo Pylie,)+ vy ?.Ll.v c :_E:am

Py () = > 0.

Cbmm.:u.nbl.ﬁ:,E:m_mHEvcmZSam_Eé EQ?JVc::EE
2w nv. 0 and sinece we Y n Y. . :

Casu. i) T:r E
w == 0. Thus, from ?r,.:,

Now \\c,%vAc sinee €. H: T oanad
—{fy w0y =28 0. IR

Since T, I*H:. ms,o::_w and m_:er ' == ey there is :.:S,M_ such o
that = o : _ e R

o R {Jos N.E‘hvV f>>0 for.all R=FK,. :
”79: b.oE (4.6) .

alp,{n,) W< A\u :s o S
“A.\au:y_|~£zv+ Sos T, 3+ 47, RIS

b o,
ol i -
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Therefore,
.RD._ (0, — B¢ 1, ey y =< ﬁgc (1 — LPu,y 4 p, (1 1]
| = O pyfuy)
uﬂ:r since « [pyn )2 =0, .
| | — R, Py < O py ) = 0 (T
But — ¢y, e,y > >0 for R = Kk,. Thas, for £ = = I,

F L= O IF). This is impossible, H_:m um the coutradiction desired
to E::_L, te the proof.

. Now let X be a Banach spuce and let X’ De its g:.;
Lot b.u — X be Eo:o?::\ and :S:Fo::::c:w. Let 1 bLe g

3 .e_omCH convex set in Y.

7 _We consider the «c:c,::m two E.oZrEm
~.A) There is a u e such that

(4, p —uy=>9 for all ve1;

OB Let fi X —[—
€Y such that

00, 4+ co] be arbitrarily given. There isa

,. (du, v — ) ..N\?&-I,.\?v for all vEX.

Nole that problem. B) implics problem 4) since we can tuke

0 if v€@) -

J@) = dq; (v) = .

b, Then, for all em.m_: sinee o € X

if vg It
wheré we. assume T =
.a :am T»: v — 5 + filey= ?~= 7 5

Theretore, f{n) < oo ws;. hence, we R,
flence, there is a % € By such that
?r: r—ui>=>0 for all reh.

Viceversa, we will show - that problem L) con be deduced from
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DEFINITION 411 a) The function f: X —[— o0, + o] is conrex
if, for 0 <=t <C1 and for M, UELY, .

flnt (1 — ) r) = QE = (o).

& the function f: X —[— 00, + oo i sfricily conrex if, for

. ‘ cAMAH. and .‘.z.h.m\ﬁ,

.‘w:a+;~|;r¢A“x¢;+:rfcy?y

DEFINITION 4.2 : The fanetion f: X — (— oo, 4- o& is loicer semti:
8::.::3.;. if - o C : -
a) (e =S lim inf 7(y)

¥ .0 . -

or U; the epigraph of £ is closed ; that is, {{e. B} m..w.@ ™ “.\.A._..vm\:
is a closud set. ) o ,
or ¢) for a«ll p€iR', the set [veX|f{r) = plis closed -

Note: a) <===>b) <c==> ). -

ToeorEy 4.2 Let A: Xy X be « %ES::..& Lkemicontinnons
operater. Let f: X w3 (— oo, 4 o] be @ conver funetion with £(0)=0{*.
Asswme [ is lower semi-continuons, Also ussime  that there cxists R,
sach that .

, : (e, r) s f (51 >0

CE o owe el it .
d\xmb)_)cf &th\-ﬁp m\.w:_o ’ v — ﬁ.ov N-\.A:oV I\.Aﬂ.u

\Q_. all m v _m w Nﬂu
Jor all ve X,

Note: w, is unigne if either
ay A is strictly monotoune
or
b) 1 is strietly convex. - . PR
For, suppose 4 is strictly mouotone. If there .m.z...mﬁ Wy, u, €
stch that ’

{(dug, vy — 1) = fin) —F ity

and :
(Awgy vy —w) = f(n) — 1(ry) for all ¢, € X

(") This is not a restriction if S0, << 4 co,

r

»
]

¥ the strict monotonicity of A4 we have == T

"~ for all re X

for all r, € P..

~ then we can set ry==wy aud vy =w, and add to obtain = -

.w:cﬁ that -

and

then we can set vy =1, =

.b?:u.m we get, nsing the monotonicity of h.‘ .

0> — E:...rx.zf. =

5_26 fore,

..Eeﬁ.qoz?_zmoc»c_._,_mm .‘;m.

—{Au; — Au,,n, — 1,) = 0.

v i

Now suppose J is strictly convex. If there exist

U, U EX -

. (Au,, .ﬂ,_ ,..I ..:L...N.\.?L .|.\.T.uv. - for ali ....,» €X

(gt — 1) > 0) —f()  for al neX

and obtain
2 .

Ay, F— .N.\.?L —f fud |._.W| "y

T ", — u,
Ax,,

B IV..\.?..LI.:\.

w wy U
2 o

v, —u,

2 N.\.ﬁtuulml\.?ﬁuvll u...w\. :.M.M..l ¥

.. \.T..Ll..._ml.\.?uu m.\. .:.h Hmuo zw .mm& +\I.Au._w~lhb. .. .,. .\.

This last strict ineqnality Tolds if ¥, == #u,. Since this strict

. Inequality is impossible, we must have Uy =N,

—frt—{=— I T ne.m_._n.ﬂ 11 toonty |
vE.X Ang feyRn .
el
. R Al e TS <) B
that is \Tt & tik dpig api ool f. Then I is a closed, convex set
in X /
Define

A: XX



wof o ek X = X xR '4}‘. (7,8)  weX,BeR .
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% L (A u. ,c--u\ _.'+ _.‘E.l-. Q., 2o L ’J B a(w,5) €K = {\rex-;ﬂs LY.

(Au. - u.)-_-v.- ‘$LV]~&ZO -'J‘vGZX. | -

e ' (A “ 'u——-u.) z. f@\x) - ﬁ(v) e e
, ;lewqm w&awt‘/\ﬁ ‘-.M., ﬂ\ah i?-wu e.,:.wla o Ooev.k-\muok (%)
Sd: | ‘ .

{ Ay = (L" g)e K I\«rl\«rl'i\ <'P.‘1
Fform o -[:s.e.n.om Anesnem | siamen M Ve ‘owudd,, Brre  excdn
:,‘_ My, € lk Al ﬁa?nab el
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. fw B, = (up «R) b z?(uv_) “Sua (0, £))x (0,0) =
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Pant I, — REGULARITY OF S0OLUTIONS

§ 5. Some problems of variational inequalifies.

1. Let £ be a domain of MY which, for sake of semplicity, we

assume to be bounded. We mow define the spaces JI* (2, ) (52,

HY(0). We first define

C1{2)= [ defined on 2|7 continnously differentiable in 0QJ,

C' ()= ij defined on 21 continuously differentiable in’ Q
with first derivatives continuous in £J]

{J€CH{2) ! f vanishes outside some compaet set in L2}

Co (2)=
Next we define the norms .
f ! - I '
, lsilmom ==+ X ||ug],, :
i=1
E
. ||t .:bumﬁHNH
1
where |nl,=] [ |2 [?dx] . We tken define

I (2)= 02 ) where elesnre is takeu in 1w iy yg,.
I3 (Qy=CJ (22} » »  » »  » » .
sx1

ré has shown that, if v € JI, (1), we have

\._e_mmamam.ﬁw? {de

where fis independent of ¢, Theretore, we counld eqaivalently norm
H{ (0 by taking closure in [ al i . This will be the wuderstood

Gl
(4]

uwn.n Poisnic

£y

VA
iowe etoss ) .Q_ with G b o s u
n . o N , o
_.M x»f: we elitainy TP I8 po== 2, the ese which is gtote
1=
above, we just omit the p and wriie M52 = Hi.3,. Iy the 3an

‘ N ,
wuy we can define Jf5Y (402
exanmpies which use these space

T.et ns now consider two
ihe Dirichlk

Let  denote the Laplacivn. These two exumples are
and the Newuvmun problems.

DIRICULET PROBLEM @ Formally, for smooth gy congider fi

given f{xy ‘

~For any ¢ € CH{2} we can multiply both sides 8f — du=, by

and integrate over £:

Tt Q&b: ».D‘_ = Ww Uz, Pz, dr ”n\-\% dx.
L

. : ]

We eall :m:._;bv u weak solution of the Dirichler problew, if

(u, @} \ fedr

for all functions ¢ ¢ H, (Q).

WEUMANN PROBLEM: Again formally, for smooth w, conside
for given f{x) . :
: in 2

— Adu=17r

A oz,m\vbv

5
where )l
an

For any g€ ﬁn:bv we have

denotes the « oulward vc::_cqvv normal to 2.

2o A . i

-
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We eall any function v € 1 (£} which .mmﬂmm.om.. R
‘A:u ﬂvh.n. w = \Mﬂ dr
2

for all ¢ € IIg (2) a weak solution of the /.E:sm:: _:.oEE:.
Note S\j the Dirichlet problem is A coercive problem ,i:;.e 15

the Nenwmann problem is not coercive. b_wou we know that the va-

riatiozal boundary value problem

afu, e —uwt=S{fio—ud - -~ for all ve V, .

v a Hilbert space, has a solulion u if a{x, v} is coercive. Therefore
we consider the new operalor associated with the Dirichlet andd
Neumann problemg: — A4 - 1. We wish to find conditions on 2 to
gnarantee coerciveness for each of these ﬁ«ozc_:m. .

DIRICOLET PROBLEM: — Au -} uaul...ﬁ w=10 on mb .Hc test

for coerciveness, we have

n . .
alv,v)= 3 | v, v, der+1fcde
i=1 -

e a 0

1
Cratn: For 1> — — we have coercivencss A::n £ comes from

f
the H,o:F iré .:mo:..:Jv For such 1, we have for 0 A 4 A 1

ufdrpdfldr=tjePde+ 10—l i|dtd=

o 2 2 2. £

=y vz Pdx+ ,mm.+u|:w v?de.
p .

2

. 1
Choose 0 <t <71 s0 that t < f wl -} L =148 > 0. Then there -
) ) ;

is a constant « > 0 such that

a7 [ aa e,
2z @

. VARIATIONAL INEQUALITIES

o

Y =0 on &0. 1

NEUMANX PROBLEM : — Ju 4 dn =

- the coerciveness we have

i=

a {r,r)= X ﬁ.w.. de4 2 | c2dr.

o s 2 .

CE U:Ee v does ua unonnm.:.:w have no::r:.ﬁ E_Eéz in £ we

2> 0 and r_rr o == Min {1, 1) to get

tY

B ‘\.T,n _..:?.nf.». W2 de = o ff o {Pa o

..hm«. :.m.,q,_o,..., no:maﬁ.. the «mixed E.ozm._s ». a::%.omm _
S0 30 =(5, AW, Q) with  (3,2)0)6, =
. 'We wish to solve - _ S

—dutan=f. - in Q

_ .=‘H¢M S on ‘mub
‘ e Wm”o 0 om 2,9

The operator — 4 -+ 7 associated with Lis ?dr_o_:. is coer
1>0. It 2==0 it iy coercive il 8,12 is large ¢nough; that
enough to guarantee the existence of a f > 0 sneh that

4]

v> ;.um@.\.* v B dr
. = . D
for all v€J7 (D) with v==0 on §,2.
Let us state formally some problems of variational ineq
Let B be a closed subsel of the domaln Q. Let y(r)
“ned on K, We then define

= e (Q)|v{@) =y i) for reE)L

i is a couvex subset of If) (£ We then consider the
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bilinear Auikpieshisl ‘mq_k.:

@i, v)= | w,. vy, du.

e
The corresponding variational inequality bLecomes
xm..mn. u, (v —_ »cnu.. dr =0 for all v .=n,...
o) -

Let @ be any bounded funetion on € with - Am_;é a) N B = .
‘p,roc we can set v=1u £ ¢ to obtuin

| Ugen dr =0
2

“or, sineg both -+ e ma:uw this inequuality,

:u.. oz, dir =0.
£

Formally, this means that in za sense of m_mS::_:cum 1 mu:mam
—Adu=40in 2— 1.
Ir Am:Eu o) N hnT © and a =0, we mﬁ the variational ES:;.
lity =~ ‘
Uz, 8y, dX = 0.
; .

~ Therefore, in the sense of distributions, u satisfies
—du=0;

that is, « is a super-solution in E.
_ In other words, the solution % of the presions problem is n
function w €W such that — An =0 with — A1 = 0 whenerer u >y

NoTE: In the case where yir)=1on ¥, we ecall the eowgmto:.
ding solution the capacity potential or equilibrinm potential,

Now cousider a(n,v) to be any Dbilinear form on 11, (£2; which
is coercive; that is, for some > 0 T

a(y, ) =alle Bao=uwilr

e e

VARIATIONAL INCQUAUITIES

DEFINITION 5.1: Let ()€ C*(2) and let 7' be closed su
of 2. We say v=vy on E in the scuse of U'i (1l p 4 o
there is a sequence, TL with o, € C' () sueh thut v, —F
12 () and v, =y on L. _

Note: If wlx)e )P (D), then we 8ay vy on F in
sense of HJ? (£2) if there is a sequence, {v,} with r, € ({2} s
that vy —> o — ¢ in /% (Q) and r, > 0 on I,

Consider the case p = 2. Any {anction of Ji7 59 cal be defi

“at all ~5::m of 2 except pussibly on a set of capacity zero,

Cup C&.ﬂ ity | e fPde]a m.Q“_ (R*}, « == 1 on EL

Clearly, capacity has the following properties:
w1y Cap (Eyz=0 for all sets K,
i) B,ck, :_:Emm Cap E, < Cup E,.
iii) Cap (B, VU B,) << Cap QL. )+ Cap (E,).
Then v= y in the sense of I (£ mweans that ¢z 4 fon:ﬂ o1
set of S?::J, Zero.

/94 let M= |vell( (e =y on w; where, i y €374

we ?:..c t—w =0 ou E. Then clearly Ht is a4 ¢ fosed, couvex .

in M) ().
Let us define the bilinear form « {u, v} Ly

a{u, v) = @i; U, T, dx
£/
where
ayn) L& =8P v for all £eRY — {0} for almost all x €
gty Tz 1 almost everywhere iy

By the coerciveness of « (u, v) in I7} (£2), there is a we T2 such ik

@, —u)=>0 for all vey

This implies that
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Let us formally define
I{u) = M.H.m&..._:“.& "u\.AVW

This iz meant formally since we do not know us yet wint w(a)=y(r
means for twe functions in I, (2, Once () is defined we piust
ask what I(u) is apd what I(u) lovks like. S -
DEFINITION 3.2 J () = fr € Eju(x) = yx}} is the complement
in £ of the set where u > s that is, w >y at xro il there iz u
neighborhood o] fr —uy | <2 o} = o (Tg) s 0 >0, und a function
e CHIY), 2 =0 with

al)=0 — x| > 2

«fz) >0 fr—ayf <o

5

such that o -— x>y on E.
Nute that £ — ».:z, is open. Therefore, J{x)is ﬁommz in £, Recall
from § 10 T = [welr] 2yl w=¢f{r— :: for some g > ¢ and some

.m? is a convex cone: that is, if & e, then - yeT,.

Remember that W= {ve M, Eifv= on FL Clearly T, is
closed and convex, . Thus, we need only shew T, is a cone. Lot
£ 5 cHW, . Ther &= g {ry — n) il g = &, (v, — ) for some £,6,>0
and v, r, € T Therefor

- 1 £ & . .
§t =1 2,
mnrﬂmmM m...me_ m_l_um.u.w. ’
or '
1 £ £
(E wuH 1 F N Y E .
iy i Uy — 1,
L £+ & t A R
Toare oy s 1 a £y ' &, ]
aerelore, ,...._...._._JHam».._lmm: 04— vg | — ub.
g, 4+ ¢ £+ £

Sluce &, 2, > 0, we bhave 0 < — r_l <1 ;_E &+ €, > 0. Since
€ &
1 2

: { £
T is convex, ¢ \ll =+ {1 - ! /T..;mﬁ. Mereover, ¢ =
e T

£,

— ) and, henee, £+ ne ..

52y [ € 1) (D) 6 = 0 on Q) Tz,

.. VARIATIONAL INEQUALITIES 1
Suppose u >y at’ Zo5 that is, x € T{n). Then there is a
neighborheood (7, () such that .

e

5.1) B AN Ve Tk, .

Since x,€ I'(u), there is an a(v)e O (R _3.:..: the-properties given
In the previons definition 5.2 for some 0> 0. Now Iet (eCH ()
with suppert in [r{lr—u | < o] with 0 << & << a. Then Y= —

—a e~ on B Tlenee u—Ze T and, hence, — (= (v — ) —

— u.?.ﬂ

Now let y€ C) (Ugf{ryY), then there is un & > 0 such that
— &) <z and, henee, e € W, . Therclore, 5 €k, . By closure we
get I (Ugiz) © W : .

Moreover, we have :

: 1 )
For, define v=1u -+ - for ainy ¢> 0 and 1€ I (Q) with =0
L £

on . Then, since v ==y on F, we have r=u Jr[mf wZ=u>yon

E. Hence, v €Mk, Therefore, mcwqmcu for ¢, we get for any £> 0,
w=¢lr —u) where v¢ M. Hence weTy,.

It follows from {5.1) and (5.2} {lLat any  Tunction ac € ) (2)
such thal w0 on I {n) is in .. For we can wrife

w0 == max {ir, 0) 4 min (1, 0},

wlhere ) = max (i, Sm: () and min{, o, H, (£2) with support
of min (w, 0) in £ — I'(n), an open set. Thercfore, from (5.1} apd
{3.2), respectively, sinee Tt is cone, we huave Gmﬂn:.

Let Cry = ?.mb: (2] =0 on E::. We mow return to
the bilinear form

L.

aln, v) = \.z.u. () uz, t, r

=
-

as described above,
From (3.1} we conclwde J7) (2 — {u< M. . Therefore, we have

an, ie)=1 for al we i) (32 — I ()
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and, hence, - - . B _ o o

alu, wj=0 for all € I (2 — T (w)).

If (supp wyn I :VHT &, then it follows from (3.2) that we ¢an
only say .

afu,w)=>=0 o S wE Oy
-1t follows from this discussion that, for fixed w € 1 (D), « (u, 1)
represents a non-negative linear junetional ou JI) {0) 1t follows
from a well known theorem of _.
tive Egmﬁ.m e p guch that S -

o S a(my=fwdup for all ¢ :c_ 5. —

It follows that® . . o L .
- .mﬂ_Ev}.nH?v. T

szvommSinb:m mizﬂ.ﬁ% :;: m:ESE E b H ?o ﬁ_d Hz_.qa.
shown for snch- that a

0 “ ﬁnA:u ﬂﬁv ”1\:. eﬂ.\h. ‘ . ‘ ) w7 . :

Therefore, supp u < I (u),

Tle solution of our problem sutisfes the following E.or_au_..

let x€ TR Le a solution to a(u, 1) =0 for all swefk,. f:.u z_Co
is a non-negative measure g such that

\ 33 g, 10y, dx .1.\.:.3:

2

for all we ._ﬁz

where supp € J (u), E o
‘ If we define the operator L by A . .

L= — [aguz J,

then this fact can be stated in the equivalent form :

Let v €1 be a solution to the variational inequality au, »&N U
for ull weTR.. Then there is a
supp < I(u) such that

101~ :cq;:r

nmeasure g with -

o Lw =g {in the sense of distributivps).

'

Riesz that there is a nonwmega- -

1
'
i

— e T L o

VARIATIONAL INEQUALITIES 1ol

"DeriNiTION 5.3: Suppose u € H1{} sutisfies

ty (@) gy 10z dx 22 0 for all 0 <Zoe € D
2

Then w is called a super-solution with respeet to the operator L.

“PpuornM 5.1, Let g Le any super-solution in M1 2

to L such that g=won K and g=0 on 652.
Then n<<g a.¢. in £ where u is a solution of the prollem

L respect

i (&) tz (2 —= Uy m.u...n.w.m for all »€TK. .

Proo¥: Let = min {(u, ¢). Since u m.bcu {2y and ¢ € H1{), we
have [ E E.w {(£2). Morevver, gince ¥ =y and K N.A_: ou ;ﬁ. Iy m..mm.
Yet v={ Then ~ = -~ - . :

1

za.:u.. & — :V.». drz= 0.

Buat g is a w:dma.mcﬁ:ﬁmoi implying that -

::. all w0, e o},

ai 9.; W de =0
- - ’ © e :

Set wr = mi n < O, mrmc

8 9 (€ — W, d2 < 0.
- i ' )

Using the coerciveness of &fu, v), we get

o< alfii—n .t < | ag{ — u)g(
2

= ) dr =
[ \.a.q

— ﬁ.u At — .:vw AHH I\hc_ 2&« {— _?uu dx

£

Dut n gif L —u0.
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.\F.?,..i. uwv& dr — \ itz ({ — zr m?..Mo

ol

-

Therefore || ¢ — _E_ = 0 and, heuce, {=u a.e . It follows

that v < ¢ a.e in £,

Oo_thH.r..w.m. 5.1: .q P = .vc QE: w= N,

PROOF: SBince g=XN ig a mazzoP this follows mw‘::nz_.iﬁ.,..

COROLLARY 5.1t The solution w of the variational inequulity
auy,w)z= 0 for all wefR, is u{x)= Min ¢ (2) g satisfics the
hypotheses of the theorem 5.1). N

- . MM - . . . Ty .
NorE: The unigue solution u of the coercive bilinear form.

. {n, v) m‘\na () ug, 27 dr = . .

gives H.mm.,w fo a mon-negative Eng.m.t with support in-7 (x) sucl that

a(u, i) = { dn for all € 17, (£

- L2

The measure # is unique from the uniqueness c_, :.m golution ‘.

From our statements we have ; sUpp e ) o B S
Thus, if A is any setl in b E, then p(A) = .
Uﬁio@m Cap E = 0. Then the solution of our problem is « = 0,

For, if we () (£2) and w =1 o¢n E, then

1

dpe = const |l u, iz oy 17 f

Lt (0

and therefore, since {he infimum of the right side is zevo, it follows

that [y == 0, and thus n is solution of the Dirichlet prohiem :

. © L= 0, with weJr,

1

TN

G | QQCAH,

Lo VARIATIONAL INEQUALITIES 1

.~ 3. In order to prove that the solution of the problem consid
H,Q_ in-2. is smooth, we set Jdown the following assumptions:
i) a. Assume € is smooth; say ¢Q¢€ C2

b. Assume the a; are smooth; say, a;€ C' (2 since R
mally we could diflerentiate to obtain -

= 1 {x) oy +

) : T‘a.u A.N.u :»‘LH.__ My, -

5:_ all cocificients at least continuons on IoF wi b G = [ £
¢. Assume that £ .::_ the #; are so smooth that we La

4w :Z...m QTQ&@ s H.T._. )

. _ 2&“:_—..3 + _ Uy

=0 on 80, -

il we consider L= — {a;u . = [ in Q,
o i) Let e H2ar (4} for some p > N, where 2 c R¥. Th
. n ‘ :
%m Clo= (£ where RI.I;.HI;L|. .
P

‘Also assume < 0 on ?Q B H o
Recall that our variational 53_3:3\ is the following: let

= {re S_ e =)

To find &R such that a (v, v — u) = 0 for all r € T wlhere

’ R a i, ry={ a (x) uy, vz, dx. S
L 4 .
We are going to e«of.m the following.
The assumpliong that we actually have, iinply that the mo:;:
. B $1
n satisfies w € JI=» andd, hevce, 0 € €1 2{2) with g =1 — — ,
Lo mu
We will construet s selntion » by considering a certain no
linear problem and then show that this solution is actually =« s
lntion of the varixtional incquality which we are considering.
By previous considerations we have shown that the solution

actuudly u super-solution in 2 with u satisfying

Lu=0 it u>vy

where we note that u € I (2.
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Let us define the function 6 = 6 (s) by

41 ifs<<0
mﬁi|m ifs >0

We will smooth 6 by considering a seyuence of function EL‘ Q:.r
of which is continuous, which €onvergen _6:;:;_. 3 o. .

" Let us aom:n - : T Co e

1 ifs=o0

. 1
B fy=, ML INOSs =
) i 0 o wanW. )
' . - n

Therefore we consider the problem
0 Lu=Max Ly, 0] 0 (v —y) we Il (2
and its approximations,

Ldz?v u:mH mhaw. 0] 8, (" — k) ™ ¢ 71 ().

We firsl consider the case where O is a r:,mn::u eo::::o:m
fanction.

TRROREM 5.2: Let 6 be a Lipschitz continnous Junction cith
0 << 0=1. Let u=0 ou L. Thea there is a u € H* P82y such that

(5.3) . & Lu = AMax Hh.ﬁq 0) 6 (u — ﬁv

TrRoOF : We look for u € M) () such that

a3y Aij U, Vo dr ..i\\'w:.rﬁ Ly, 0) B (s — ) e dr

ey
¢

for all ¢ € :WTQ. For caclr w € 1) (@ we consider the problem of
tinding w € ) (42 such that . .

Qij U T dr = .\ Max [y, 0] 0 (i — v da.
n . o . .
+*

“We have
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But I is a eoercive operator on JI} {03} aml, therefore, (here
is a solution wu € H? (42} of this equation. Phis defines a map

: T2 My (£2y — I, ()
given by
. = The,

.Jmi.cbq v = % and noting that m {1c — w_; < 1, we luve

Ly _m Uz r M\. i Uy Wy dr m\\.d._/ [Ly, 03 2! n_.u,

12

=<{ [{Max (Ly, 0) x.«. .\.m ul? mH "
L g .

”
.?.::H (L, W)F a»..w il 2]
P :

Since |2} < oo“ we have uged I'oincaré’s inequalily. lence

. : u :m_.bvmm__». O, p | Lyl -
Let
T={ve i} bl_ii:kmmﬁ. ;h_;_w

Then T: Iy (£} —> X and, therefore, T: £ — 3. 7' maps u convex
get X of I} i) in itselfl.
We show that T is continuous. Let w, = Tw,, n = T, and

- - : . : b,
Csuppose w,— w in M (2. We wish to show u, — u in I, (12).

i {a,,) t dr ".‘ Max (Lap, 0) 0 (ac,, — 1) v dr
’
0 2 ’

“and

T gy v s H\\.u:_iaﬁ 0) 0 (i — y) o du.

e
Ilence

A (M — uhe, 2y, dx 1.\»4.?2 (Lo, 0) 16 (ae,, — ) — 6 (s — y] vdx
2
= I § Max (Ly, 0 e, —y)— (0 — gy [ jdr

3]

= I | Max(Ly, O wc, — x« e de

i



where K is the ﬁ:ii.?u constant of 6.
Now let v == 1, — u. Also Max (Ly, O L for p > N. Thus

tyj (= e (1t — ey e < W | Max (L, 03] 10, = 1 || 4y — 1t}
of

T n
2 1 .
T 7
< K’ M _\.m.ﬁ:% (Ly, 03] dr ! 1y, — o £ du w Py, — w 2% dal
0 " B . 2 ,
where W = |.u,| — w, A A1
- “ n P ﬁ

¥

Using Soboler inequality, we have

: V2 e g . ' ; ;
El G — w0y [ < K7 [ Max (Dy, OV ||, |j ow — e Mas i — w0 iy .
; _ o
.u,w:m..
_ . KS . . § W -
i T.: - m&H _fw = ¥ _ Max T.UQJ 3 x P : oy — 2 mw *
Using Poincuré again, we have
=l st o=@l 2, S Y Mas (Lo, Ol faea — w1,

- 1 +
lence, since w—- 1w in I, (£2), we have w,—> u in .:,:.bv.
From:the assumpiion i), ii) it follows that e JI%7r and
thus 7 is a compact map. Therefore, from Schaunder fixed point,

it fullowd that T has a fixed point v Le. w= Ta.and hence
(2.3" bolds. This proves theoren 5.2. .

We now veturn to the general problem posed Dbefore (heorem

5.2:
WE Tl () Lo = Max [ Ly, 0] 0 (n — )
*H E Rl |}
wliere 6 {x) = m ~

o s>o)

Letiing 0, be as defined above, we kuow by the theorem 5.2 that
there is a solution ui™ of

M bﬁc_ TO.n s L = JMax Tﬁ_:u c“ 0, A:n:. —p

-

We n_n._.rs that: w™ =y, Tn fact we have : o

L™ — Ly = Max [Ly, 0], () — ) — L.

For coniradivtion, we assume there is an x, € 2 such that w=H
< yir). Then there is an open set A such that u {ry < i
A with @ =y on 8A. Considering L{u™ — y)= L™ — }

A, we have am— g =0 on &4.

Moreover, since ™ <y on 4,6, —yj=1 and, !
if Lyp=0 we have L i e gy 2= 0 and if 1 w0 we
L ety — yy= — Ly 2= 0. Therefore, by the maximum priv
(0 — ) (o = Min (- pi(p)iy€dd} =0, for all red.
refore, ¥™ (&) = p (2} on .l eontrnudicting the assumption a®
< yix,)h Therefore w™ {x) = ytz) on 2. . ,

Now since [ia™ [, o, o= C, there is a subseqnence [#™)
that

ul? —» y strongly in C.* cle=1-
uhY ey 1 strongly in JIPP

Clearly . u =y since & ==y for all n. Therefore, we yect
show 1hat . .
L = Max (L, 0) 0 (1 — )

in the variational sense; that is

r

—Max(Ly, 03 0 (n. — ) o] 4

for all r€ (). .

We first show that the above operator I is monetone
Since L is monotene we have (Lu — Le,uw — ¢) == 0.

Since 8 is increasing .

) =00t —t") =0
for all t', ¢, Therefore,
{Lu — Max (Ly, 0)0 (a4 — y) — Lr -+ Max (Ly, 0) 0 (r — vy, 2 -

= (fou — Lr,n — J — (Max (L, N[0 (26— ) — 0 {0 — y] 2w -

= ui\. Max (L, )0y — ) — 0 (v — )] (0 — ) dx = 0
0



‘Hmm GUIDO STAMPACCHIA

gince Max (Fyp, 0)2= 0. Tt follows that all of the npproximating’

operators are menotone. But, since, for each =n, 6, is Lipschitz
continuous, there is a solution '™ of :

{#3 ?m&ﬁ.? — .:Ma.gau. — ﬁ:ﬂ (Lop, 0) 0, Tm.; — y) (0 — W™} dr =0,
for all v€ H, (£). Since the operafors jnvolved are monotone, from
lemma 2.2 we have : R :

\.T.:u. Yz, (vt — aﬁ“w,.vk.‘, — Max Ahﬁ..u zv 0, ?. — ﬁ_v ?.,I 2:;: dx =10 .

for all v H, (2.

Suppose v >y, then clearly 8, (¢ — y)— 0 a8 51— co and,
from the dominated convergence theorem since & a i
Max (Ly, 0)€ LP() and v, ut € I1) (©)
we have ,‘ . . - :
lim | Max (L, 0) 0, (¢ — ) {2 — u™) dor = 0. .
N — DO )

. f

Since we no longer permit all mm.ﬁf_ {£) we thus have

.__w.nwo a5 g (v — :?,ua.q. dr "\\a.u. LN {(p— 1), dr =0,
2

2

ri s
Thus, applying lemma 2.2 again, we have

]

a1y, (0 - “;& dr = 0,

For any v 2y we let {v,] Le a scquence of Il {2

— Am\ ! V ! yo 3
HH— 1 ﬁ._ ._.Bﬁ.m Hu-llY voin .MMO Mhu gmpﬁc we .—.—-pfﬁw

i Uz (T — .cu... dr =
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for all a. Thus, again we gct
. ) @ Uz (v — 5& de =,
2 . Therefore, . - -

ST iy g, (2 — 5& de = c. . ?_.. all vk

... § 6. An abstract theorem of regnlarity.

4. In this section let us delfine the fallowing:

V a real reflexive Banach space.

o ¥/ the daal of V.

_A a wonotone, hemicontinuons operator with AV — 7,

.. S e ’ ©* it a closed convex smbsel of V.

(-,-) the paiving between 77 and V. .

We have already proved the following ihenrem :
. © Let f€F’ and assume TR is bounded. Then there is a w €T

such that | .
: (Av—fie—) =0 fer all rETR.

_ In this section we shall be coneerned with the foliowing guestioi:
- I W is a dense subset of ¥ with | I+ =< Ci fjn-y when does

o o | e W imply that Auwe W where u is a solution of the variationul

inequality %
° = B - - .
It is elear that if w€dk the variational inegualily  implies

C ~ Au=f and the question mm“:_ms.ﬁ.ma.u.::wu;E:.Em”wccun»:p:u.
’ reduces to the case when n€gH. )
ot : . We formally note : -
W a dense subset of V7 owith ] fy =S €y Jor some
S . constaul &,
: : . W’ {he set of all lincar functionals on W

’ ©OW, W are reflexive Banhch spaces whicl ure strictly conves.
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s 7 {r) a strictly inereasing funetion of Iy into K% with - oD S DErINITION 6.1, .H__o Triplet fu, 4, Tk} #wﬁm n is a solution
. . . of the variational inequality and 4 and TR are as given above, is

{0 = oy . S . :

=10 and ¢ ) - 4L oo ‘ A5 = oo, ‘ § J-compalible i Tor tach £> 0 we have )

N : : . S : i} There exist mups .
The following theorem will be used. - : % ! :

— N ) . o o o . et V— 3V R T .
.H:m.\awwm./m .m \N\QN::.\ ﬁﬁ B aned A b& 24 QnQﬁﬁ. H..bﬁzu Ns._vm.u.m.. ) o . B .N n‘ V— ! : A N L ..JIY : - L.
is ¢ duality maep J: :Irﬂz. . 3 S o e TR o . .
& 3\1:.& :w g ﬁw .:M*; that | S , e . such that || B, elin, € m:.,MM C for all ve _ g
. = 4 i . . : ; - : . .

e ¢ ?_ i : R Jor all we . - : . ii)-The solution wu, of : B

~.; /e i = g (1 ar ) o Jerallwew, IR ‘ : I -

It is ¢lear that i) implies that J is one {a-one amd, therefore, - IR R - el {dw, 4+ B, )= u 4 ¢C ,=~. ~
‘there is dn ins Crse mapping J-10 W o I, : ‘ . : : o . X3
What micht thisg mapping o look like? : ] ' L satisties w, € T2 and ue € 1 R S c
EXAMILE ). Suppose IV = I, a 1lilbert space, Then we can L . . H_,m,wc::s.:_w. 19 oue of the desired result of this mmﬁ_ozn

tuke 9 (r) = r and define J by - : “ ) . R . | ,.
: : : ’ E - Turoney 6.2, Assume i is vE::?i and f€ W, Let ne TR be
‘ {Jw, v =(w, o)y , C BRI LT « solntion of the rariationadl inegnelily
forw € H and r€ H. Tere {(,”is the pairing of 1J* a . . o . : : S -
o y .:zb«u:;A. . - TR . — i — ) - ¥
. 15 the inner prodnet in I ; , /) T e o R . (du—fi v zvNoﬁ g Jor all a..mb..
- Then, Qm.z,wu.,. S o S . - N A I NI J-compatible, then Awe W, B
o (i 10) = (1e, ur) = A : . e R © Let us recall the following lemma: ° - 7 o
stp (T, e) = sup (e . o ‘
[feii=1 ’ :n:_ulA o=l ::. LEMMA 6.1 Lef w,€ V and wssume w;— 2 TQ&.?«S in V. Assume
o U : - . N lim ::: Y— ui) =0 where A is a monntone apevator. Then
ExavreLe b). Suppose W = Lr,p =2 Lt g (1) = pr— e . o i-oo :
define . I . Au;— Aw (iwceakly) in V7,
by ) . L o o Proo¥. Let ve V' oand let 1 =(1 — Nu-1fr for 0<<t<1.
o= fawjr=2ar, g T R - From the monotonicity we have

FFor then

/iy w) I,.\ 7|7~ 1) ._qm.nl\.:._??. || 1 _Hﬂ e o b= {dw— A, — ) =

Also, | ‘ o u L L - = ?_»:: My — U) — u.?_ Moy et} — (A (u + ¢ (v—u)), ~:.|l w4 t(n nlevv
1T F M Joed e 10 qr .maﬂ HF::_W ﬂlvoo ‘we gee that ::. weak nccqeﬁmuoc Amplies
.\ ! 1 : ?::.Ta?.l.ﬁv..x..|=+2=.!_.:l:h?;llnlzz.z|3.
1 1 - A . pelrde ' '~ fjee _Mﬂﬂ_ | : . o Fherefore, assuming ¢ > 0,
../.rmm_mmu_umyl“f, | - | ‘ tlim sup (Au,v-—u)< (A =+:~.|=M ¢ — uj.

- oo



SESE . T e B R e e e

162 B GUDO STAMPACCIHIA VARIATIONAL INEGUALITIES

Dividing by ¢ and then letting ¢ — 0, we get ging terms, we get
AaN.Wn umb m H.H .m.~ * H«v- T, l_l-\_.v IT H\Q.. H, , wn._.. - ~w~ M, I.b.

1—~ oo

i sup (Adug, v — w) < (Adu, v —

R . A . T NI " Therefore, since | B,w, |, €, w. | << €, we lLave
Since this is true for all », it is also true for v= 2w — 2. S -

Then, since o — v == v — u, we have - o S T el Mallsefiendritot+cdii+Cc+1r
i _sup — (e —1) = T sip (s, ©— 1) < S SRR o edlahisl-ey=c,
, ) < (A, v — w) = — (b, 0 — . ‘ . - We wish to show that {2, ___E nuiformly .rc:.:;..a. If & =<
and, hence, . : ‘ : , . o o then we huve done. If not, then
(Au, 2 — ) << lim inf (dw;, v — u). . ' . L

Therefore, ’ - “ S S

lim Tf._...et..zuﬁﬁm:qulri ) . - . , - . %;mu w:mﬁ‘«u. -

§ oo , : . : ) ‘ o -
and, thus - ‘ ‘ . : -

Tim (Awg, 2) = (Au, 2) . for all ze V. SR o

Clearty, as || & || — oo, ¢ {}| & {l)— C; <C oc. This contradiet
property of ¢ and, therefore, there is a coustant ¢y suek that

Proor or Tueored 6.2, By lemma 2.2 n is u solution of
the variational inequality. . , g _ : : A
Y& =< Gy, C, independent «

HEWR, (du—fiv —uwy=0 for all Hum It o Jut ::.._.: for all £ > 0,

i and only if .
‘ B ) o | Aw iR B =0+ 0.
HEW, (v —fiv—w) >0 for all ve k. . ,
\ . . e Therefore, there is u constunt L, independent of ¢ sucl: that
Therefore, assuming the J-compatibility, Tet us take v == u , Theun,

since u, — u = ¢ C, u, — &J (An, + B, w,), we sce that o | o A, i< L.
O (du, ~f, Coue —J(du, + B, u)) = ‘ | o , wa.cﬁ since JJ mups bounded sets into bounded sels, we see
={du, +D,ou,,Cou, — (4w, + I, nyj— | ‘ g, u = {Cou,— Ay, B =01, .
—{Bew. + £,C v, — J (4, + P Ue)) . where 8, maps bounded sets into Lounded sets. ...H.:ﬁ.mb:.c.

4

Let &, = Au, + B, .. Then . .r
w,—r wistrongly) in W7

C m - n..u..... ..L« .w..?. r+. ﬁwnm ] ﬁ..n r.__v - nw.w. 2n +-w.u ﬁ,.h .:n..ylml A.wwn e +.\., -wm...r

)
™ a1 - * » . v

Now, we wish to show Ju€ W, Siwee v, € TR, o bounded subse

st -



it follows that there is a subsequence which converges weakly
to some [ € 1 ; u,-— & (weakly) in 1. Therefore

{2, — {1 for all z e V',
But
(U, 7) = (i, 2) tor all z € W,

Therefore, since Wa ¥/

%

gy 2) = (1, =) for all z¢ W,

[

Since W is a dense subspace of V7, we have & = n. Since 9, -t 3

177

(weakly)y in V77 for some subscquence, we have -
w-— u {weakly) in T,
Now we have shown thal

has, there is a subsegnence Aw,r and an 7€ W osuch that

nw = L.

Aupe— {weakly} in 1.
Rut

[l cee— i< || An g e, — 0 _:—.m Litw, —ully: =0 as m.lrc
Therelore
Yim (Ao, u,— u) = 0.

£—0
.,1 etr.ﬁ._‘.fU i .
Siuce the #,€ ¥ and wa-b 2 in ¥V, we have from lemma 6.1 that
A, Aw (wenklyd in 177,
Theretore, mr=—r—nt—mmd since 1 is dense in VY, Ay =
Thus,
A, — Aun {weakly) in .

Sinee W is reflexive and since (e € W[ e |y < L) is bounde
{ere ) .l 1 - 2 H ‘
e & Wil e = L) iy weakly sequentially compact and, therefore,
since v, — Aw in W owe huve

.

Adue :

Let us now prove a result analogous to theorem 6.2 in the
ase where TR is not bounded.

THEOREM 6.5, Assume there is a vy € T such that

Aryr—r
Alar.ij:..[wilv o as _T. ~3p - co, €T,

ST
Ir fewW and if et is a .Sr::.c.hﬁ. of the rarviational inequality
(Aw —f,v—w) =0 fer all veTR,
then [u, A, W} is J-compatible implies Auwe W.

Prooy, The argument is the same ag in theorem 6.2 up through

thie fact that w,— w (strengly) in W7,
To show || n llyr << Iy, we consider the equality

(A, u,— vy == {dug, 1,— w) - (Au,, w— )

But (Adwg, %, — #) — 0 as g¢— 0. Moreover, {du,, v — vy} is bonnded
ag & -3 0. Therefore, (Au,, v, — ry) is bounded as &£ - 0. Thus, we
must have || 2]l is Dounded as - 0; that is, there is an L, such
:_._ﬁ | ]| << Ty . Therefore, there is a ball Iy, such that v, € TR N 27,
Sinee u€ RO Xy for some 1Y, we have that w,—+u (weakly)

in ¥ where v, u€fz, R=MhaX T (X 22,0 Ty, is bounded bull).

Also it is clear from the mi::::: that {he triplet ju. .\f..mE
is J-compatible. Therefore, from theorem 4.2 we have

‘ Awg W,

DEFINITION 6.2, The operator .z IF'-m(Qy— I-0¢ will be
alied Tomonotoire if for all v, 1, € Hyrigl)y with vy < v, on e, we
have

(dr, — Ay, 1) =0
where w = Mux (ry, — q_l 0y and (,) denotes the pairing hetween
H=1? and Hhr,

NotE: The above pairing will also be written as

‘.«LJ — Ar)-lry —v)de = {Ar) — Ar, , w)

o
Iryzr)
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-~ This notation has no meaning in general other than a notation
for the pairing on the right.
We now adopt the following assumpiions :

K={pelly? () v ==y

A HVF) — LY generally non-linear, p > 1 E

TR i T=f, 4 .4H.|S where fy, fi€ L7,
=1

Lryna 6.2, .Q. A NP (Q)— H-1 1 s T-monotone, then A:

- 0370 — ;7Y iy monotone,

Proor. Suppose v,z s € 0P (Q). Then v, <v, and z, Me
1 8£. Thus, we can apply the definition of HEQSS_F in the
: E.ai.m vy — »..N and #, — v, ; that is

(Av, = ..f,u ) Mux (z, llem ,onN 0 and (4v, — Lf y Max (v, — v, 0))=>

But
Ty ==ty = Max (p, —

25 0} — Max (r,— 2, , 0),
Thercfore S B

.

{do, — Advy, vy —v,)) =

- ho\h ~.u - bu..ug Max A.za - ﬁm ] A: - Ak.» &.,u — ~..w¢ Max ?,N -— w.»“ GV

= (Ar; — dr,, Max {r; — ty, 01) 4 (Ar, — Ar,, Max {tg—nr,, 0)) =0,

THEORENM 6. 4. Let A SV IQ)— H=2Y be Tmonotone with
A rnszmczrzzozm on Eu B, Suppose there :.. a v R such ::;

{(dr, v — v,)

foefhy

— -+ oo xm__e___.elrv..m.oo for veTh,

For q so lavge that Lec H=v" gssums JELN(D) and Ay 13 a mea-
sure such that Max{Adw, 0)€ L7(2), Then Auce L7 (£2). ,

P'ROOF. According to a previens theorem we need only Lc::r
J in such a way that {u, A, 1R is hocE_::Ec where w€f; is a
solution of the «‘E...:cu.; lnequality {du— 7, ~,I|3Nc for all
Hm-_mr.

e -SSR . W g, 8 it 11 e oy - ki
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. Let W= L7(0Q) and define J,1 10 (Q) s L7 (& by

g _—
o o= 1,
-
S , .
Now since A is ecercive and hemicontinnous on E_ (4, there is
/ /s
/.a solution u€ =f of the 4.:._,:6:: inequality
A . r,:.lx. P—w) 20 o forall tE K

mw ar?:ua B, and €, for each mV 0, we will show that the
solntion u, of
w4 el (A, ty=mu-eCu,

gatisfies w, €M and Aw € W= L7 (). Let us define

= Boay=Max (A, 0)= k€ L7{Q),  C.n, = 0.

Then clearly bﬂ and €, satisfy the r:uoz.rmcm 2 QL mo_:r_:r::d
Now we consider.

u - efo {Au, — Ty = u,
Note that ..wﬁl_ =.J,. Then we can write this ‘ma_:_:.:: 18

H— 1,

= 0.

Attg— bk —J, p

TFor each fived », since Jyp is monotone and since A is coervive,
this operator is coercive. Thercfore, there is a solution wu, of the
: vartational inequality

¥ — )

g s — )= 0 dor all ve 17 :

Aw, — k —Jg
13

that is, a solntion », of

v — =~J

m\|

Au, — E—d, A

n—u,

where u, € I/} Y LY . But 2 ¢ T 705 19 implies ELY.

Siuce J,

€
L7 —» L7 we have

Arwg— k=J, (=2 e 1000,
. £
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Since Y€ L1(4, we have Aw, €L7(Q). R
Now we must show v € {; that is, #,> . Define

Em=ire 2 u(x) <y A.w:..

For contradiction, assume m (E) > 0. Since u € TR, we ‘tlhen _::_m
w,w=u on F in {he sense of H1?P. Since the operalos LGu.f.

{0 — e,y . e s
B d rifrm}l 13 coercive, it is T-monotone. Letting z, == Max {p —

u,,0), we harve -

n —y, :
Av,— k.7, - {y —w)dxr =0
[y, ]
and, hence,
. . ,\.w,.
A — k=, (= : M- (e — y) d = 0.
(w2} , : . - . ) ; .
.udrmﬂmwe.m»
B T—y ’
o”‘\ \p:..lbflmn\».ﬁihlr.w . ?.lcf?.

fwau,]

.I\. rr!mi ? —yyda

= V..: n

+%T€l B} (ue— o) iv -

[y ]

X , U — w, e
.+\. T == Me—y)de

[y= :L

Since A is T-mouotone,

qkm:-ll h:_c_._ _..:~II c:\. da = c
[wazu,)

Bince Ap <<k and w, < ¥

‘\T» okl — yydr >0

. vzl
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Therefore
H— % ’
.\Q. |m|~ “(u,—— y)dr < 0.

fwzu,l

¥rom our definition of W7, we have .

| w,—u

I

Tpzn,]

Vi u, —u\ fu,—y

o 1

dr m 0. T

ut v <Tw <« implies either w,==u or w,=1# in the sense om
JI'-?. But this implies #,== y in the sensc of 14?2, ence, m(E)=
and we have the desired contradiction, Thercfore, {u, A, ]} is %.
compatible and, henee, Aw € W = L1(2) from the theoren 6.3,

2. This theorem can ba applied in the following f..dm,.«
Let us consider 4 defined for w€ 11} (Q) by

An=— ?c :u.wh b biag, + en

aL_oE a .m. Lizald _M &> 0 and d:&wV.N for 2 m::::c::u‘ _.:.nm
Then A 15 clearly T"monotone,
A second example would e to define A on 1. ;.@ to JI-1¥ by

=2 :
N - LN 1 | 2 "
o u oF - [
Ar= I 14+ X > | ! -
—.ﬂﬂ -1 — Q.nu‘“ oy

If t==2, this ::.:an to r.::.ﬂnmm equation. If £ =1, this is the
equation of minimal surfuces. We would solve the variational ine- -
quality relative to A for 1 <7t <25 that i3, for 1 <1< 2, there
is weMas el "} r =y such that

(v, e —w)y=>0 for all vE T,

It is clear, ?E.ﬁ.mu. that A is TF-monotene from I/ 1¢(£) and hemi.
continnous from H, (0 2. Sinee it is xlso coercive, we know there
is such a soluiion.

Let us now consider a problem :._:a: places more restrictions
on the solutions. We denote the following: o (¥), v, () defined on
O with y. € Hb7 (2 such that =<, on £2in the sense of 111 (42,
Y, <0 <<, on &L in the sense of M4 r{0),

Ty = [r€ )72y (1) =S v (1) <y, L))
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A m_.aﬁbumlraalm.s. is T-monotone with
A(v 4+ R=4d1() for all constants I,
A hemicontinnons on Hy¥(£2), and
A coercive; that is, there is ry € K, such ﬁz;\

{Ar, . — o)

il o, »

—s oo us [rih,—> oo with r€TR,.

TaEoREM 6.5, Let p be so lavge that L1y« M4, If fel1(£),
then Au€ L1{Q) where w€TR, is the solution of the rvariational ine-
quality 2 a

(Au—fyv—u}=0 Jor all vt .

4 -
IIRMARN - wﬁ.ch.m proving this theorem we must w::,. “the fol-
Jowing restrictions ou the functions w: ’

Max (A, , 0) € L7(2), Min (dyy, 0)€ L2 (D),

and Aw; is a measure in the sense that

(A, 3".?.?;2.5 gELT ()

where the integral exists in the nsual sense,

Proor. Let ug define cﬂ? L ! hs.vhs.. () by setting p () = ya=1.
Then J, r=|clt=2r. Note that J, ' exists and J7 =1, where
1 ]

-~ 4 <=1
q q

It is clear from the previous theorem that if {u, A, is J,-

compatible we will have Aw€ L2 ({2 Tlere we will tuke {x, 4, .mfw

to Le Jocompatible if, for each &> 0, there is an ocE.:Nc_.

B H)F () — LT (£2) such that
W B, v, <@ forall vel 107 (82,

and there is a solution », €T}, with 4, € L7 of the equatlion
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- Thus. to show that {w. 4, Tt is J, -compatible, we must exibit B,.
Assume £>>0 is fixed. Tet us arm:r for each a the functions

m_—:,. ﬂhw Q.:. : v

, 1 .
-~ for mel..ul A 10 for x=<I0
H .
TH2 H ) o, . ‘ . 1
R x) == — nx Tfor ||A.uA= 0, (ry="' ax lor o.n.hu.mlzl.
for =0 . 1 for 2= -
Then ::. eauch » we cousider ’
ta e d, (den— B Ve — B e =

where
B r=Max 2 wyy 01877 (v — )

B} e = Min (Awy, s 05" (6 — ).

We ean rewrite this equations as ‘ _

ry, — U

LR FANE
._#e_z - Hwﬁ iy, — .Nw... Cu + g

.y .
Note :r; this operator is coercive on Iy ¥ ({2) sinee
. . 1,
A is ecoercive on Iy 7 (&2},
— I3 is monotone since 6, is decreasing and Max (dyp, , 0) = 0,

— B, is Eo:opo:m since B, is incrensing and Min{dy,,0)<0,

g, 18 monofone.

Since this operator is lhemicontinuous, there is a solufion
rLp \
v € 10T (4
Moreover,
]
M mﬂ -.-—r:“.m.b,mmﬁhv
[\ .

i ginpe

6% <= 1 and Max (A, , 03, Min (Avy, 0)€ L1 (2], Therefore
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there is a subsequence |r,] for which

. T, =2, {weakly) in ARt e)

t . - T )
v, — u, (strougly} in L7({, s <p*= i
ny

It foilows that
T ?.dif:; in e ¥ (52,
£, —> u, (strongly) in L (), s<p*

We wish to ghow thol v, €T, and Aw, € L7(2) where J3, is appro-
priately defined. We first show the latter

We are going to show that there is an operator L,: 1@
— L1(2) suel ihat

(6.1) A, —Bow, + 9, (== =0,
. &
Now for each r€ £, we have . .
0 00 (vn (1) — yu (1) < 1, =1,y

and, bence, there is a subsequence {n’] such that

C O e — ) By =1

In view of this, let us define
Bou, = Max {Ay,, 0) 8, (&) -+ Min Ay, , 0) 0, ().

“We must first show that B, satisfies the cquation (6.1} above. Now
we have ‘

[ETH}
Ar, — B e — I

Hlence, we have

(Av,, wi— (I e B v oy [T [ 2=, 0] =0

wS, all wc € & m_ﬁww By lemma 2.2 this dmroﬁmw

(A, e —w)— 9_.._;_+ B e v — eyt =) e ww 0
for all v€ 7T (). We now lel n—ca. In the first and last terms
we clearly have ’ '
(Ar, v — ) —> (A, v — 2}
and . ] : B
v — co v— ’

Jye — . e O )T

Moreover, since B, is nuiformly in L7¢2) and sinee ¢ — r —>
— v—w, in L7 if ¢ in Jarge envugh, we Iave

{n) K ’
Q. Mo, — B e, o — v —> (Bew,, vu)
Hence,

T . ‘ . v—n .
.hh..yq:l_&nwlnww--,a.l...bcT .?.IIII.uI.?Nc

for all ¢ € H,'?(Q) (bence = 0) and, by Minty,’ o :

. e, —
(Aw,, 0 — uy— (D, Uey ©— ) 4 1/, ﬁ%MII ,o—u =1

for. all €T ().
© Now since {6.1) holds, we see that

W, —

J

v €L {Q and Bou € F1() implies Aw.E L2 (2.
3

. 1 1
Now we prove that for each n we have: y, — T < Uy Y.+ -
Sinee 1, -—> ¢, in Ecra (Q), it will follow that wy, < w, = 4% and
Lence, w €3, . Note that v, is a solution of the equat{icn

»H (E7
ra e d, e, — B, — DB v =u.

1
¥

We first wish to show v,z 4y — —3 the other imeguality will fol
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low similuily, Suppose there is a set E of positive measnre such
1

:.xﬁe:.ﬂful w o:.h.mmbnme._we.uczmb:‘m:sﬂm.@ﬂ\‘.l.nb.

- : H '
Now let Min {v, — vy, +|_ 0] be a test _.g_:o:o: ».S..s_m above

1 .
equation. Since p.:m W, — o on E, we F:.m b, — q_ << — 1 and,
hence, ?.?. — ﬁ.ﬁ| 0 on FE. Hence,

0 ={Av,, Min {r ! " i !
= Uny ML B, = ..T.ﬂuc —| B, r,, Min h.zﬁ_n*n.ﬂ.o +
v, — % .. .
- Ay y Min fv, — 4, + |ulu ¢ .
£ n )
Noti 1
Noting :_..; Aby, — )= A (), we subtract and add S:m :.::
?05 :,m first and second terms, respectively, ﬁo get
_ 1 . 1
».m_.qs.l Ay s = Minfr, — g4 w5 0 —
(g, o
5) ca:l.b_}_ Min ~.=|€_+I»_c -+
n
t, — H . 1 .
+ .ﬁ..‘ ———1  Minle, — v, + —, 0l =0

z F
N ) 1 oY ' : )

Note that v, =y, — . implies 0, (r,— vy,) =1 and, ' hence,

.3 ‘ .
By’ vy = Max (dy,, 0). Thus, Ay, — Max (dy, , 0) << 0. Therefore,

~..: - .Nv..z _.-'u H::,- ", — #,..» + .W'
. n

0 vN?

1
|:/ \ﬁ.l.f!m..l

)2

Since u 2= v, , .Hx ; <, / and hence
v, — .
S { = -Min { e, — v, lu.l_ 0>
£ 12
. 1
S LR 1
= ) Alin by — 0 L 01~

C O Sl —a@E— §) =0 for a1 SR
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Therefore, it follows that

1 . 1y
Arg— Ly = =, Min o=y 0 0 vm 0.
: o 1 .
Thus, 7. ==y, - Therefore, I/ has zero measure.

3. In I, (&) let v, denote ?.H__ e s Ury) and define the aperator

X 8
Av=— 5 fa(rp)
i=1 O

P

where the a;{f), 4 =1, .., X, define a map .

21

&: R — R

: T . . . : - AT
whieh is monotone and continuous and locally Lipschitzian; here
monotone means

Define the closed, convex set T, by

Th,==le € ) ()] |eradv]=1 a. e in O}

Then A |, — =135 in faet, A:WRy— H 1, Tovever we will
use J—h2, Since a is monotone, A is monotone. Morcover, A is
continuons on finite dimentional subspuees of ._xu. Sinee TR, iy @
closed, convex, bounded set in )2, we know from our theory

that for any f€ H—1? we have a solution u € Tk, such that

{Au—J, r—u)y=0 for all s €710,

We wisl to show the following property of u:

Turore 6.6, Assume £ is convex. If FEL? (S, then Anc Lr(£2
Jor p > 1. .

- Proor. Let £>>0 be arbitrarily chosen. As in the previouns
wases let J,: L2 {£y— LY (£2) be the canonieal map delined by



76 . GUIDO STAMPACCHIA

[

e look for a solution w, €M, of the equation
H

u, -+ F, Au,

where dw, € Lr{2). Clewly, if w,eTR,, then u, is bounded in 0
~and, hence, Awn, € L*(£) since A is continuons. Tut then we have
Aw, € L7 {2y, Nence, we need only show that n £M,. However
instead of looking at the above equation, we consider

'
-,
r =

€

w—, (¥ gy — o,

Aun,
£ £

We will slhow this by :.ﬁ:.z:u. considering a more nE:;...:.,
problem. Let §: M — W' be strietly inercasing with 0(0) = 0. We

wish to lock for a solution » £ 77} (O} of

{6.2) . .Aqnmﬂm.le:... -

that is, we wish to show:
There is a solntion of (4.2 , s .

2. If Fe,, then vE, .

We first prove the following lemma :

LuMya 6.3, Let F,F, e L= .\:& o, mk_ * {82y be such
that .

A, =0(F, — w0, Adu,=0{F, — gl

Ain {i : (i, — 44 EDH — I} =<y — 1, <<
== Max [sup (i, — u), sup(F,— F,).
&n o

Proor. We will only show

w, — 1, =2 Max ﬁ._ Py — ) suplF, — Fi=T,

c 2 1

the other incquality would be proved similariv. Lel

T
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.$m ﬁ_mr 8 show ‘that the measnre c, F is zero. Now

a, M)y dr Hx\»c (Fy—u)ndre for all gl (2,
92 o a ; oL

O {iay} oy, dl —_ \a {(Fy—wyydr for all 73 E hﬂ
@ R

Subiracting we get,

?m.?...i — ag(n)] g de = [[0{F, — @ — B (F, — )]y dr,
7] o S : o

for all 5 € 11} (2). Hence, in particular we hmve by setting
/) 3 ¥ o

u. o—u, —T ‘on K ~
N = J._._A?..l! w,, w.w..l M. Lo

oy
on b.iw.;;

0= \\»? {tag) — ot; (1t1+}] {ttas; —_ Upp ) e =

v

".—.ﬁc (F, = 15} o= O (F, — u,)} (2, ~— 2w, — T) da.
Since sup (F,— F,)=<< T, we have ¥, — F, << 7. But on £ we have
2@
u, —u, > T, Thus,on E, F, — F,<u,—u, ,or, Fy— 10, <{ F, —u,,
Since P is Increasing we lhave ;

OF, —uy)=8(F, — :Q.

_ﬁ:_m.., 0(F, — u) — @ {F, —u) << 0. Since w, — 4, — T =0 on E,

1] b} i

[0(F, —wy) — O(F, ~ w)] (s, =0y, — T)=1 e on E.

Thns, either #w,—n, =1, or O(F,— uv) = 0{(F, —n) in which
' 2 1 2 2 1 t

ase we have F,— v, =F —u, ae on E, Ienee F, —F =

=y —u, = T, Thas, in either ease, we have w, —iu, =T & ¢. o

E oand, Lenve, F Liss measure zery,
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Y¥e now return te the proof of theoiem 6,6, We now wish to
ghow 2, assuming that the solution ¥ exists. Assume .w.m,_ﬂu. Then
jgrad ae. en . Note thut Fe I (€. Now since 2 is
conves, for ry €cf2, there is a «lineur» funetion z{r) such that

7t (xr,} =0, ] S .
- =ay < Flo) << a{x) x € i4,
and ,

fgrad e (r)] = 1.

We wishi to show that we then have — a2 {x) < v (2} < 2 (2. Sinee

mis linear, we have dn=0(z —a}. Now let Fy=F, u,=v¢, F, ==z,

and w = ga in the lemma. Then F, — F, = F—m=0on 2. Mo
reover, siice v =0 on 72 and, on 682, U= F< s, we have w, —
—u, =v—a=<C0 on £, it follows that

¢ — 7z <g Max [sup (v — @), sup (F — a)j << 0.
20 2 o

Similarly, by counsidering = § ((— 7} — {— @)}, we olLtain

0 =v-4
Heuce . .
. —x ()= vir)p=afe), x £ b.

Now suppose a €L and x €50, Since v(x))=n ?.oul. ¢ and
since |gradz | =1, we lhave

_ﬁah.]e?o:m_m@u_mjuaﬁl.u?.c:m:‘|acm.

Now let &y, xr, €. We wish to show

_i.ﬂ.&|i§:m“&mlﬁ .

RP2

Fig, 3

VARIATIONAL INEQUALITIES . 1"

Let % ”.WM_W.H. and detine
A:bﬂgnyl»?mé,
Ty ¥ {0) = v{x -L A},
Ty Fla)=F{x—+ ).

We wish to consider the region 9n 1, Q.
Now if 2N, 2, then x4 & € Q aud, henee

defr + =0 (F(e 4+ h)— v{xr-4 hy;
that is,

Ar_, v =0{z_s FF—1_; rl, on £n 7 12,
Applying the lemma 6.3 we get

Tox?— v Max| sup (i, v—z), .sop ?l... F—Fy
. . 2t . g 0

Suppose x €3 (L0 7, 23 Then either 2 €30 and z held or red

aud x4 A €602 Since either 2€6Q or 2+ Jie asd,
| v {x -+ hy —v(x)l < ik
Moreover, since FET,,|pgrad F | =< 1. Thus
Px ) — Pl < |
for all €00 1, £2. Therefore,
ulﬁ.n;.JIw ry< |k, refing, 2,
that is
eT.rTS.Ieﬁ.vm:T x, x4l € £,

Since 2, €Q and x, + h=12,€0,

t{r) —e{r) < k] =], — 2, I

Similurly we get the lower bound. This completes the preof of 2

We now wish fo prove 1. Since ~mb.,__:: rovanishes in
neighborhood of ¢Q. From what we have shown we hLave

o] =< dinm £2,

.
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trictly monotone and bounded.

Let «: MY — Y Le' moncione. Let v ard g be defined on W' by

X

’ 0=t <3
w{fy= "1 smooth 0 <<t A oo - yit)= ‘ smooth 0 <1 < oo couvex,

0 <t=2 5

|

\ 3=t ) linear (slope=a > 0) 3 =

Deifine

A=y (|SPa®+ k([P E

We wish Lo show « is monotone. Let & 5 €Y, and, without Joss
of generality, asswme [ &< |nl

Q. If |n]<1, then «(&)=al&) and ()= a (s and it is

obvious @ is wmenotone.

. Ir jf _N 3. then a(f) = ka & and a{y) = wzm. and it is

ohvieus ¢ i mouotene,

. o). If T <{i=|n|=2then :Amv v+:_ {3 .::?.:.I
Hmﬁ_i.:.i_i?.

Thus,

A== _.Ml.r...ﬁ —a (i — ) = [a: (&) — @ (PVHE — 3) +

JE—g iy B W& =) 2k (3R S =g

7 %) (& — )

gl T . r y N NEN RED
== kg L5 E — e G — o R (G E T — ¢ U ) etfi— ),
But
£ 2 . 1n 1
. < a5 iy s - _n_ _ £
- P e T S e e — —_— =y —_— — e —
Ay oz TR /i 1 3 ST __ 5 _ 7 m
! & b
_.M:I..q.rmwm.;, lences g — i = 00 But [E <2
1 il “ 1

. ..ﬂ.“a_ .Ecrmm b :n wm.\ (1n*. Thus,

M=k (i) s — ﬁﬁ_rz.ie_MTE_E_M

a It 2 (P<iyP<3, then

Gy =y ERa@)+ ([P

Cand m=w Uy e+ (|7 P

llence

A = [a(d) — @ G—yd =1 (|3 a.H— y(|n ?&: 18— .T

kU ERE— g (Dl & =)=

=] _N:a..alie Ei— )+ [w (] tli_%: a:m_.la

+ry (e E—g PH g (1ERY— ¢ (1) T
. N?:m_uvli?3?;&@!:..Tm.u..m.\:m_m:.mla

from case ¢). From g’ (|2 _&NaoVo for .vm_f*wmw
Also,

M.m 2 2 1 —_— ) !
snp [wieP—w i Te:: %) K <eo
1S |3ps g rs3 fE—nl® |
e
since yw is smooth. Therelore, for ¥ > l.rl. we lave
G,

Mz —K[E—gF+ (i [E—f =0
e). Let & and 5 be any two points in MY with || <T}s
It 1=y, then the previons arguments apply. There exists
most six point 3 on the line juining & aud 5 intersecting t
circles |z|=1,2,3.
Then

M = {actd) — ailp) (Gi— ) =
= ({7 () — @ (] + [reld) — T (E) + @) — @) +
+ J (8 — @ )+ @ 3 — @ (3] @ E) — @l

+ {0 (9 — @ El)iEi— 7.
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Put there exist constants ¢7 € (0, :, i=1,2,...,N;i=¢1,2..,60

Yy

G

suclh that .un... - M— - ‘ ﬁl-..l.. ﬁvm .u- - m- m Af-..' i v» ery S d—

=t (& — #:) These t} are clearly << 1 and cun be taken > 0.

Then
R ot T U S N P 1 1 oy e r“,p 2
M= 0 ﬂz.?utm.?.zac.[mblwl ﬂﬁm.? vfla..hr : (& — h..v+....
1
o o gy () — a () (57 =0,

H.SE what we have already shown.

ﬁ e now ;i..:m the operator .% Hy ﬁ.\.:...vbl by

o~

Then A is monotone and hemicontinuous. For small positive »
consider tbe equation . o -

—vd v+ Avr = 0(F— )
where Fef,. Since — & and A are monotone, Lhe orerator given
by ,

—yd v 4+ A — B (F— 1)

is coercive and hemicontinuons on ;) (). ence, there is a solu-

tion ¢ € I7) (2. Moreover, since m_m.__J» we have 1" € R, and,
hence, | grad o |=<1.

Since | grad v*| < 1, the set [¢*] are uniformly Lounded.
Hence, as v — 0, v — v (weakly) and, moreover,

—~

Av=6(F —u).

Thus, |grad v}=C1. But sipce ¥, r€T,, we huve A=A and

~

= {. Therefore, _.
. , Av=0{F — v}

et R = it e ke

A S A e A e T w7 B kUSIE B T S T T e LT e e T

VARIATIONAL INEQUALITIES i

This completes the proof of 1. ilence, the E“oo», of the theore
is complete and Ang hioh.

4. We now consider a _:oze_: related to the previeus theore
As cmwcwo let

.=n.w" ?mh (Qllgrad 2{=<1 a. e. on O

Define the operator 4 by

fum— 5 aglo)— 3_+::%+A
— aglr £ c{xin
. w= i j=1 / £ ..L.H..w ia=] oL
where 7 . T - )
e a; () 5= EF a.c. iu Q for all SEMY,

ag(x)E Gt {2

b, CE L=(D).

We also assume £ to De smooth {in a sense to be defined lat

The questions we usk are
Is there » € Ty, such SE» (Auw — fyv— )= 0 for all rel
If fe Lr(£2), do we have Aue Lr{h?
The first question is easily handled and will be tuken eare
immediately. The second, bowever, will be more diflicnlt.
Note that Aw-- in is coercive if 1 is chosen large enou
For each w € 3, {£2) we know there is a solution e, of

(dn + du— (fF Jw), v — )= 0 for all ve,.

Thus, this defines a map T given by

= Tu.

It Lins been shown that this mup is continnons and compact ¥

T .Qu_ Q) — I, c{ut LA || u e (dinm oy e

Hemnce, there is a fived poiut 1w €M, ; that is
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e mow. Aﬂm: to answer the mmncﬁa armmsou. Hm» us mwmﬁ jook at

tue operator 1 defined by

Te=— % @ +M\m_ L

i j=1 i1 O

where A is chosen large enough. We will :rr::.w show s_,;.\m beﬁuv.

rplies Auelr (£2). Since, howerer,

~ i ~ = K
Au— A= 3 (i— )L e — )€ Lo (D),

i=1 ckri

this will imply Ax € L7 {2), Therefore, we need o:? mro:. du € bﬁbv :

Tor ease of uofcou we just write

b &t N o~ pu

+ X e.ﬂll -+ An,

i, = oy & i=1 Oy

) ‘,
“These b; -will be appropriately chosen soon.

We note that to show Aue Ly (£), it ix only w_oommmpnu. to E.cﬁ..

the J-compalitiiily condition; that is, for each £2> 0, there is

a solution u, €, of v, - ,. Au, = .
Let us define

6 () == dist [z, 22, : x€ld

We assume that 682 is swooth in such a way that there is » g..V 0
such that
O {xye a= ()
where 2, = [x]d(x) << r]. Moreover, since ‘
ferad )< 1

with 2 =0 iz 2 neighborhood of ¢02, we see that

— M= i) < d )

[E

that is &(r) is a barrier.

LEMMA 6.4. Theve is a function B (2} € H2°2({0) such that Bx)=
=& for €02 and flry= o) in £2,.

———

PRIPEURAIIY S AR

VARIALIUNAL LvoQuALll i . . FRvIS)

YROOF: Let us define ¥ (f) by -
. LY r i
th=i=t for 0 <t = diam £

S [ diam @ for Tt @am 2.
Then let fx) == N.E (). Qm.:n?.. By=é(r)for xe 2., and _w. ?VN
= d(x} in 2,. Moreover, since Z is smooth with ¥ (5 {x)) = diam 2
for €80 — ..O..;: S0~ 09, Thus, glr)e I =(0),

We wisli to show : .

1t — ¥,

du, = «Nu_. e Er (.. .
. £ . - *
We will do this by looking at N
. . A= .q:mﬁl.:. E _.,..Ham.__r:

where 0 i8 nn 3.1315".:.5 to o, ; prove ibat Ar€Lr, show
that ¢ —n, and that 0 — J, . .

Deline 6 =0( so ithat 0 is slrictly increasing, 6(0)=
0 € L/°(— oo, oo} and 0 € L*{— oo, vol

Note now that Ar — 0 (F —r} is a coercive operator since 6
monotone and A s coercive. Moreover, it is hemicontinuous if the

Pt

Py
b; are smooth enough, Since we will tuke b= M Jz; where

25
M= Max{sap Sa; —"_
ox; ?J

, 0,

this c:.mu.snca is hemicontinuous. Thus, there is a solution ~.mb¢ Hb,

81
We wish to show that Jgrad ri =<1 a.c. on Q.

20
LeMMA 6.5 Assuming 2 > —— where A and r arve q:.az alove,

then A3 = 0.
Proor. If r€£2,,, then, since |grad §} =| grad § | =
R

-\u:nw = — L.I..J ﬁ.-..m ‘.‘wﬂs\.n.‘ + .“.—hwmh..—. uhm Im.a M.aw N — .JN + ...:. + o E=S

' i j=1

- - e v v gy T P agen o Tt it v 3 "
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186
If x€2— £,., then 18> 16 ( HVN V M. Thus

<

+ M|grad 2427 ..ngﬂ + a1 :..:.._.‘;...T M=o

k,»..\w =— X _:mu J

==]1
Now since A is a lineur operator, we have .. . B
Afe— )+ Ap=0(F — ),

Ap—fl=0(I"—v)
and integrate. We get

Maltiply by Max(v— 8,
g _=,lh_wa.«.mu\...:cl B-lv— i de<< |0(F — r)fov— B do

rzf =f g
Since  Fe T, we have |grad Fi<1 and, thus, ¥ << 8. Hence, on
the set where 2>=8 we have F-f<» Since F—rp=<0, we
bave 8 (F — v) << 0. Therefore, . . -

o fle—gF :_MR ~..IS C,nl_mftummc

L=
¢ = — . There-
1. We now wish

z=fl

and it follows that v << 8. Similarly we can show
fore, in a neighborhood of 342, me have |grade}=g

to show lgradr|=C1 in £.
Let
N f oa\2
y=|gmde|Z= 3 HmW " on £
ka1 \CX%
Now since 6¢ L= we lave v €12 4(£2; for all £. Moreover, since
6’ € L~ we have ve€M>*(£) for all . Thus, since o€ CH{Q), we

Jiave
&y g W

b el ~ bal ja)

=1 o CLx oL

-

o o Fil ...mﬁ .
r o 'Y M o~ ol
& ..n.k... m.y.» mh.».

63y =
o éx;
B -2
x Falal s o—C

mme,
2 ey x O
§ Gd Ol ﬁ.nu «\.H.w

’ 9 by
. + .:Ckl -
k ?& I ldy EX

VARIATIONAL INEQUALITIES

Now take lml of Ax,
mu.k
R . &3 ~ av
= —-— 2 b — 4 v = —
Ar >y o n..d.nT - o&..uT v O (F —v),

£

Qz r
. We get

n::,m 5:—: a Ly
piy wy m N
a2p m:f _

: ~3p S 5
: ot oF ot o
64) —2ay————— T o— —— —+
: Wi cXLi Ly ey ob Bj O o ol oxy
L , poar 22, 2l
- . + v,. @ F0 g /J\@J o H .uﬁﬁldg _
.= —. "1 =
CL . LT mu.ﬁ oli OL% ' dLp o Od% WCTg
’ n e ) [
: ¢F cry é&r
. : == ms AN_H - ~.v PO - - . *
&X'k ox] oy
e

in {6.1) over k and wuse {6.3) to obtain

Sum the expressions
1 .2 L + X day g sy 8% O\ & g
— o = % T - rysnliy-yeunrasl Ba-wadie o

i ij mk..... Qk.- i,J, k \CLj OX; 5l cX: 0T ok ol
s & nw; v a*r &v

~ o -

S e e L T B

L X0 oty ?? ...  \oxr ¢y T oap cry) oo

G jgrad e P=08"(F —r) T:.._.; Fograde —1or
We rewrite this as

O {F— ) grad F-grade

1 8 cy R -

~
- &:

21503 oL
" where
' s fa2e\1 0 a7 A
o g C ot
B= 5 u5{— [ = _rl., — |+
ik T_.h.._. VeaL ) ey \ ol
- ~ & - -2 iy
<« (fas  &r o §tv \ dv
e - - USSR S By
LiE\NCL) aFi oYk ol ¢oFi o.ﬁ.,v ex

o -2 .
ah,. ov av or at
) _ M - * ”4 - + »_w
Lk oXi oy Ol i, u oLk ¢y cXy

grad vy



for 4, == Cir} + m_ﬁl L. Thus,

1 5 £y . .
- X h f:..“, ~ H +(A—i)y =0 (F— v igra

Now clearly 8" (F—1v) =0 and n_.a; m grid v =< ! T4
Thus
BRI P 24 PP 1) o' (I 1
T3S eE ey r—nli—y)
We now take 22> 1. Sinee y =0, we E:_.Z._.:.. by
Max (y, 1) — 1 (€ ) ()
and integrate to get -
\P,._, Pr T doe 20— 1) f yiy — Lde =<
rzn =3}
. -y .
sy [ = = Al — 1) e
HESF,

Sinee the lelt lund side is non negative and the right hand sile

16 non positive. we must have y <7 1 on £2: that is

i

Pgrad v i< 1 in £2.

e
=y
(¢
%]

(‘D

o,
Hﬂ:n = 4\3. IIV .

d F.grade —{grad ¢ 2.

on —

Let ._..mL rm a sequence of cozumo; nU._n:w. increasing functions
such that

0.0 (1) —>

_ t P2/t
ul# n—3 o9,
)

— " as
|

2 dinm F=mt = 2 .::: 0, doﬁ each #u there iz o solution
u, € .=£ of
: Au, = 0, (v — u,) for all n € 7R,.
Since f{w,] is u._nmﬁo:_:u. bounited by (diam £), there is a weukly
convergent subsequence for which w, — 2, in R,. :
Thus |
n—u,

Au, = J,
£ » £

from previons arguments.

. We have shown in these last sections that, if the close
convex set is either .=, or Tk,, the solntion w of the variuliona
inequality . o

(Av—fiv—u) =0 for all reTi
matinfies 1€ P bui, in general, :m:u
We considered the operator An = lagug] by W ranm :cﬁ.muwim
and the convex sct

=f{ee " (Q}r=0 on m._.u_‘
_.vu. locking for a solution u € TR, of the variational inequality
for all ve7

(Adu —fe—u} =0

Note that there is no restriction on u in £2, only on &£, Thu
Au=fin Q. We can decompose 30 =5,2U3,82 so that &, Q

" Né, 2= & where

w=0 on & &
u=0_on J,%.

L
On &, £ we must then require —-

that is the derivative of
mz

= = - - e - A ey
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taken normal to 6£2. Hence our boundary requirement becomes

w-— =10 on g : .

. . 2 .
Fig, 4

This, of conrse, leaves the question : what doss (x| # = 0] Jook like?
‘We mentioned that if f€ L2(Q), then wn¢ J{?(Q). This was shown

by Lions. To generalize this, we ask if € L7 (2) implics u € 1127 (Q)

h)

for all p. 1. Shamir has shown the answer to be no. He hag given
a counter- mA:E.F in the case where p = 4.

6. Now define

M= {ee I |} ol 1.

Since .n?. is a closed, couvex set, :_.E.n is a welk, such :E_»
{(Au —fie— W)= 0 for all veTR,

Noting that, for any convex set  and € i,

Wo=le=c(w—u)]e>0ref}

we have that

(Au— fiuey=0 for all 2 € (T, .
If fuilea <1, then ue ._“on_ and, hence, Au = .
If Julle.= H then (u, 10y =< 0 ?:. all w € (TR - , ’
Tor, . .
ta, 10) = & [(u, v) — (u, )

elifulliet—1u]
. =e[frlm—1]0. -
Since re ik,

VARIATIONAL INEQUALTYIDS
Thus there exists a number A > 0 such that

A — = —Ju
or
Au 4w =1,

The solution of the variationa! inequality related to the con
TR, is thus solution of a differential equation.

We can apply the ilicory of reguluvity for solutions of di
rential equations and thus H__m solution is smooth i {he data
smooth.

Notes for references.

_

The first theorem of existence and uniqueness ol the solat
of variational inequalities was proved in [12]). The firat proof
theorern 2.1 is coutained in {12}, The secound prooi of the sa

“theorem is contained in [8]

The statement of :_oo_.m:_ 2.2 iy contained in [6] the proot
in [1]. Theorems 2.3 and .37 arve in [6] and {3l Lemma 2.2
proved by Minty, Theorem 2.5 is stndied in [6] and [S8L Theor
3.1 is proved in [8], while theorem 3.2 is in [5]. Tor the relutic
between variational inequalities and npon expansive operators s
for references, |11} Theorem 4.1 is part of |[8]. Theorem 4.2
proved by Mosco [10[.7§ 5 is part of results of [7]
tained in {2). - : o

while 5 6 is ¢
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