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INTRODUCTION

We are here concernad by a method of homogenization

The crigine of this word is related to the question of a .

replacement of the heterogeneous medium by an "eguivalent” homogeneous

one.
1f we have to resolve a boundary value problem, homogeniza-

fLion means, replacement of the corresponding differential operator with:

T

variable coefficients, by an "eguivalent” one with constant coeffi-=
cisnts such that the solutions respectively obtained with the two
operators are as near as passible. The constants coefficients can then
be considered as a new kind of "edfective modulus”™ because they are

correspanding at the formulation of the same houndary value problem
for an homogenecus madium.

It seems that very few papers were yet written in this dirsc-
tion ; the following list of authors, of course non extantive, is that
of ouUr OwWn SQUICes.

A. BENSOUSSAN - J.L. LIONS - G. PAPANICOLAOU [2] [3] [B6] and
L. TARTAR [8], of Paris and New-York, are the people than we are repre-
sentating here : they are specialized in functional and numerical
analysis. .

I. 8ABUSKA [ 1] (institute for fluid dynamics and applied '
mathematics - University of Maryland) seems to work exactly in the sa-
me way, but we have not yet obtained the detailed papers about his
results.

E. SANCHEZ-PALENCIA [9] (Institut de Mécanlgue Théorigue et
Appliquée de l1'Unlversité Paris VI) using some asymptotic approach, N
with the help of physical interpretations, obtained the same

"homogenized” coefficients : he applied them to some boundary value

M. 3

problems in porous media, in slectromagnetism and acoustic.

G. DUVAUT {5] [ 6] {(same institut as Sanchez-Palencia) applied .
recently the method for some problém nf composites plates which leads '
to differential operator of 4th opder ; furthermore, he also obtain
the homogenized coefficients for general three dimensional elasticity
problems. .

It is lastly indispeneable to mention E. DE GIORGI and
S. SPAGNOLO [ 4] of Pisa (7taly) whose were probably the 1st mathematif
ciensto give (in 1967) the thecrems of convergence Necessary to the

following theory : the si-all paramstor being here the size of the roaor-.



I - DEFINITION OF A PERIODIC HETEROGENEOUS MEDIUM :

Lat consider an heterogenecus medium made of a relatively re-
gular distribution of several companents ; then we can idealize this
medium, admitting a kind of space periodicity ; in this way, if C tx)
iz a variable coefficient characterizing the (mechanical, thermical,
clectromagn®tical,) comportment of the material, and 1if § is the boun-
ded domain of RN (N = 1, 2,....3) occupied by it, the space periodici-

ty is definied bv :

V k. M- integer and V¥ X € Q such that x + ke EQ ;

being the period in the xi direction

Im

(81,.--,€N] H Ei

e =(klel,...hNEN}

Then we can, for instance, introduce:

X, [

{2) E = max € » V., = — and p; = —
£ E

i i

1 <1€N
in such a way that :

cix} = cleyl = aly)

and

aly +xp)= aly)

&, defined on “he rectangular parallelepiped.

P = 00,p Ix.....x [0,p,] € RN

is sald P periodi¢. P is the image of the representative cell of the

medium.
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Examgﬂe : for a composite materiasl with 2 components we shall have

. on p. {image of the reenforced part of the cell)

alyl) =
C_ on P (image of the matrix part of the cell)

The constanté Cr and Cm being respectively ths values of the

considered coefficlient for the reenforcement and the matrix.

It is important to point out that the basic cell of the modium

i3 not necessarily simple ; in the case of an hexagonal array. the

representatived cell has ths shape shown below

/N

A re———

\

ITI - BOUNDARY VALUE PROBPLEM

Suppose now that we formulat: a boundary problem for a perio-
dic heterogeneous mediur 3 we havz a partial differential eguation (eor
system)] with variable‘cnafficients and, some boundary (eventually
initial} conditions . Even 1f we can prove "existence and unigueness”’

of the saolution, we are generally unable to obtain it by num=zrical

A



coefficients ; we are then loecking for an approached solution and
that is the topic of %he present theory.

To be clearer, let us choose, as example, a simple mathemati-
cal model obtained by the formulation of several physical situations

after having given a quick description of this model, we shall expli-

cite o mechanical corresponding problem.

1. Mathematical model :

Let consider the differential operator

(3) A€ = - 2 [a.. (X —3—9]
e Ax |

i~

“TE ay 4, P. perniodic bounded coefficients, are such that

(4) AB >0 ;  a (yl £6> 8 fEl2 vEER and vy =F

1]

(The a are not necessarily symmetrical in i and j)

1]

Suppose now that we have to resolv the following Dirichlet

problem

Problem (Fe) : Find Ygsuch that

(5) <
' 0 on 39

[
H

Q, bounded domain in RN B

f oadven <in L2{0) : {that {45 %o say | f]2dx <)

Q

Wa know by the general theory of partial differential eguati--s

that, thanks tc tha praoperty of cgsrecivity, there exists Ues unigue

solution of (5). (5(: Lax m:Pgacm 1Afoqrm "N.Jmu /hy‘fw éj/j)

If € is small by comparaison wilith the size of §, 1t-is imposcei-
ble to compute Uegs 80 it iIs natural to wonder if Uy tends toward o
limit u when ¢ 9°°‘ fo Q and theQ,iF u can be considered as a

good approximation of OE As soon as € is sufficiently small,
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2. Torsion of fibers reenforced bars

If we formulate the standard problem of torsirn for a cylin-

drical fibers reenforced bars, 1t is known (cf tcdwrm molen $3-25 p 35) thel

The stress tensor is such that

( cij = 0 exept
r
' (186) 013 = —-8-2-— ®= Ji31 and
, \ 3x2
6
' t Og3 = = E—— = O3z
; ¥xy

' 8, called "stress function” baing

defined on the cross saction O of

- S
.7 PN h the bar and verifying the followi..”
A;:>4i;,«”)<:;\\hb value problem
{ . } L 39 -J+ 2o = O an 9
axi, uix) axi
(7]
6 =0 . on 30

Where : p is the shear modulus. [u6 on the Fibcrs,um on the matrix)

@ the torsien angle imposed at the terminal section

We shall suppose here than the distribution of fibers 1is in

such a way that the pericd € is the same in the 2 directions ox1,oxﬁt

In thie case, if n is the number of fibers Dy unity of area (easy to
count) it is not difficult te show that roughly

L

Then, with the same changs of coordinate as above ;

xX.

_ 1

y, = —
[

We have

ué on P6

=
%
—
L
1
<
i



Tnis problem is actuslly a(IF;) one with:

. 8
a, (y) = .= {6 ,, kronecker symbol)
J aly) +J

1 1

g = = {iﬂ as it is reallstlcj u6>um)

sup afly) “5
p

Pemank 1 : What means here the fact to make £ tend toward 0 ?

It implies that we consider a sequence of cylinders of same

shape, same components,with an increasing number of fibers but a

constant degree of pegenforcement: that is to say : if Vﬁ is the total
A

volume of fibers an+ V that of the cylender

Y4
+ = gconstant
vV

This condition is very logic on a physical point of view a:

very comfortable for the mathematics, bccause it ensures the fixity

of PS and P when ¢ 1g5 discreasing
[

Remank 72 : A lot of others problems are entering in the fGDJ scaope
after an eventual translatiocn of the splution ; for example, the
diffusion eqguation in steady cases

.f can be 0 and ug = g# o given on the boundary (problem
submitted by D. VAN DEN ASSEM) it is sufficient then to choose the

new unkpnown function

(whare gx is an arbitrary, sufficiently regular, given function equal

0
to g an 30) to obtain & (5 g problem with

) Ed
PR =*§“(“~1j(‘>‘<‘) 3g ]
8xi > Bxd

. f can be periodic (problsm submitted by B. SCHULZ durid:

the colloquium) when every inclusion can be considered a5 a sourc:

of heat, we have still a {@je) problem at the condition tao replace in

the second mainber ¥ by

Fo= [ £ly) dy



III - THEORETICAL RESULTS

1. Statement

With the above mentioned hypothesis about aij and ¥, we can

prove than

If u_1s the unigue solution of

€
‘@3 ) . ASL u_ =0 anof,

€ £ £

I
_h
e
o)
D

then {im U = u {in a more or less strong sensel,
e-+0

where ¢ 1is the unigue solution of

[@l:ﬁu=f inf ; u

0 on Of

and 5t the differential operator defined by

T AL

i3 Bxiaxj

qij being here constant coefficients defined by the way mentioned in

the following paragraphe.

In fact, u is the first term of an asymptotic development,

1 L)
{9) Ue (x} = ulx) = Et,xi (E') du + ?G(X}J + 0(e*),

€/ 3x

i

whosa the first order term can be also compute without tco much
difficulties.

2. Determination of the operqtor(f%: *

We have, first of all, to define an admissible functional

space to work on ; in this way, let remind the definition of the first

Sobolev space relatively to a domain L ( Sec foo mor pecinions Pectuss nofea

\
@) =V ez € L2, A ¢ thmj
( Bxi

where

L2 (9)

H(Q) = i o/ ol 2dx < w}



Than the admissiblz space can be introduce
1
(10) W= % W/ € W(P) and ¥ "P- periodicable”;

The locution "P- periodiceble” means that the funcoions of W
must be capable of prolongetion, in a P-periodic way, to the whole
physical space RV they have for that to take equal values on tuo
cpposite faces of P.

Because, no values are imposed on 8P for the functions of W.
they can be definmed only at a constant, more ar less,and than, we neec

to Introduce the quotient space.
F w 1] ]
{(11) W o= T o 1 & "W module constants
The norm
2 2
(12) gl = |grad Y| dx
W
F)
makes of W an Hilbert space : that 1is tn say, a complete metric space

with the scalar product

(133 <Py, grady grady dx
W

Let us s8till introduce the hilinear form

[14) a ( » ] = . y
ple-v g, 2y, 3y
p i 3
the trivial ineguality
(.u) > 8 il VY oe W
) - . (o4
“n W v

insures then the existencz and unigueness of the solution X5 nf
15 B C . y = X d

(15} Xy € W 3p[xl Yy ) 0 Vv ¢ € U

and now qij is obtained by

{16} q, =

1j Vet D

%o IXgYyoxgTYy)
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Remark 3 : It is clear, right-now, that the q;; can be interpreted like

some "homogenized" or "effective” coefficients for the considered

(mechanical, thermical, electrical...) problem. These constant coeff: -

cients are in fact independant on the shape of § and on the boundary

conditions ; they are essentially dependant on

The representative cell of the heterogeneous medium

The differentiél cperator

Remarkh 4 : It is instructive to have 2 look on what are xi and qij in

the above mentioned broblem of torsion

. is the solution of the following transmission problam
Xl E

t
)

A X4 in Pﬁ

1l
o)

A Xy © in Pm

ngl DBP6 =0

X .
>
ﬂ-l —_ ]} =[{l] n£ 3y n, outward unitary normal toBP,
WoAn A Ml 5p :
§ §

Xl taking egual vaﬁues on two opposites sides aof P.

)
(«Il¢]r meansﬂjump of the quantity ¢ accross the curve or surface T
\

(wg have not yet intsrbretad the physical meaning of xl )
. Then, the "homogenized coefficients” arc given by

- 1 I3
1 Ve V-Ve 1. '

q = —— ——

i]

2y
m
Pe P

1
ij
UF v um V- ZUF

We notice that the first part of this coefficient representd
exactly the law of miXtures ; the second part being a corrective term

daependine on ud, um. the respective shapes and voiumes of P and Pw

and also on the differential operator by the intermediary of ¥

_ _ 1
% Xg, 37Xy, 100y (X1, 34X5,179Y

-
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3. Advantages of the homogenization :

They are almost obvious

a) While the solution U of ({?L) is generally impossible to compute

@4s soonh as g is small, u can be obtained by the successive resolutions

of several simple problems independant of §

The .x; are solutions of elliptic squations on the very simpl:

domain P

The qij are obtained by 1ntegraticn on the same domain P

Lastly, u is given by a Dirichlet problem ondl but now with

constant coefficients.

bl The qij have to be compute only once for a2 whole family of problems

corresponding to the same differential operator.

c) Th~ approximation u is available as soon as £ is small and we are

able to compute the corrective term

-
U _(x) = ulx) *ely. f s Wix)f + 0(e?)
: 1 J

In fapt ths partially corrected sclution

A .
U (x) = ulx) = ExiKi)au .

£J9x%,
1

is already much better than ulx) and, in numerous cases whare P posses-

Le "
ses some characters of symmetry, Wix) = 0

= |

IV NUMERICAL RESULTS OBTAINED BY J.F. BOURGAT

1. Oescription of the worked out ecomputings

We suppose that we oare looking for the stresses in & cylin-
drical fibers reenforced bar B, subjected tc a torgue, the data faor

this problem being choosen as following.

. 2, sguare cross sectlion of B with sides of unit lengh

. fibers of glass [p6= 4.10% psi) or Boron [u£= 2,5.107 pei)

with souarc cross section such that.

L



., Mmatrix epoxy : um= 2,2.10°% psi

Wae obitained

. The direct computing of OE for €=; , €=% and €=% with more and moro

difficulties in a such way that we cannet hope to obtain directly
1
£ Y-
Ge for )B

. . o
The solution ® of the associated () problem

. The corrected sclutions

~ { x| du "
ﬁs(x) - 00+ ey Xi<EB » . W(x)}
1

with W1ED here because the symetries of the basic cell P.

4+ =

15

The following given curves ares the respective sections of thse
surfaces 8€[x3, B{x) and 3€[x1 ny a disgonal plane f{or a "parralleles to

the sides” one) perpendiculaire to the domain. @ (cf figure 1 page 13]

2. Some co%%nts about the following results

2.1. For_the_rglass-epoxy” composite

a)l The homogenized coefficient obtained is U = 2,668,108 psi

while the law of mixture would have given U = 2,46.10%psi

b} For E=%, which is nnt small {(cf figures 2 and 5] the

difference betwe=an 86 and © is relatively big, particularily in ths
neighbourhood of the fibers ; however, the corrected term BE is
already much better if we remambor that, in fact, the stress tensor

is given by the components of grad 06

c) When e is becoming smaller (cF firures 3,4,6,7) the
resylts are better and better. specially for the slopes of Ga and BE

L]

2.2. For the "Boron-fpoxy” composite

a]l The homogenized coafficient is u = 2,75.10% in place of

W = 2,47.10% by the law of mixtures.

1
b) We cannot present the curves for =5 bhecause the taps

reached by the solution GE on the fibers are too much high, but, for

e=% (cf Tlgures 8,10) which is not yet so small, the solutions 8

and GE give already very good approachs of 6E and still better

of grad Gg, For E=%, 66 is very difficult ta reach directly but the

homogenized results ssem to be satisfiying.
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EHBE;Q& : DistribUtion_éf*hatarugeneities in the different treated cases . : 1

diagunal'sections

N
\

2 B Y B

parallel sections

0o Boo0oOoon
0 0000 OO0

0 O 00000

| 0o o DO D O
"B S—E—8—0 O—5—h
oDoD oo o o

0 0o oo 0

. O
O
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Remark 5 : The scale of the curves in ordinate is not significant

because, 1in fact, BE, 6 and BE are proportional to o ; we have here

choaosen aum=5 to obtain curves of sufficient size.

Remark & : To be able to compare cur results to the experimental ones

given in the book [7}) p. 61, we made again the same computing for

v
—= 0,70 and we obtained
v .

H o= 9,85.105 for the Glass-Fpoxy in place of U = 6,5.105 by
the mixtures law.

o= 1,2.10% for the Boron-Epoxy in place of u = 7,2.10° by

the mixtures law.

Remark ? : The "parallele sccticns” (cf fipures 4.,5,6,9 and 10) allow

to determine directly O = - 98 which is nothing else in each point,

32 Ax
1 .
as the slope of the curves obtained. Because the symmetries of the

domain choosen, its possible to deduct of that, 04 L at the sym-
metric pcints with respect to the diagonales of ﬂ‘axz



FIGURE 2 : € = % COMPOSITE "GLASS-EPOXY". {diagcnal sscticns)
- 6
pé 4,10 Vé .
U= 2,68,10° for =—= = —
- - 5 Y g
um 2,2.10

8 continue lins

96 dotted line
102 |

@E dashed line
100 —
0.8 F
06 |
Ot |
0.2 |

’ abscisse along the diagonalé

Ouo | 1 H i ! t i i

0a0 Oz4 08

15




FIGURE 3 :

€

1
T

. "GLASS-EPOXY". {diagonal sections)

1.0
f:QuB -~
0.6 }

0a6

0.2

16




€ = — . "GLASS EPOXY".

FIGURE 4 g (diagonal sections])
1.2 | '€
e Tt
1.0
Ou8 -~
RN
/ \

0eb +

| 4
Oad |
On2 I~

-
0a0 ! 1 | 1 i i L L 1 1

0.0

17




adl

1
S

Ve

1,2

1.0

0.8

0.6

Ond

0a2

0s0

FIGURE 5

i E

"GLASS-EPOXY” . (parallele sections)

18

0.2 (ad 0ab 0.8



"IGURE B

lo2

1.0

Jo8

Jub

PYA

)al

>

. % . "BLASSE-EPUXY” (parallale sectiong)

19




"'EIGURE 7
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FIGURE 10 : ¢ =
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Vi SOME ELEMENTS ABOUT THE MATHEMATICAL TECHNIQUES EMPLOYED TO
OBTAIN THE PRECEDING RESULTS

1) Multiple scales method

The solution UE has no reasons to be periodic itsceclf because
8 1s bounded and 32 is no neccssarely coineciding with the boundary of

some basic cells. Howsver, u  is obviously depending

sl

of the periode
€
of distributicn of the hsteroganeitiss : for these reasons we are

going to look for a solution of the form

(17) Uglx) = W [x.y) + € W (x,y) + e?W, (x,y) + ole?)
xl
where v, = — and X,y £€ 8 x P
€
3

If we set generally : plx.y) = 97 (x}, we have

CLAL » 130 and thsn
ax Bxi £ By
5 ! X
ATu_ = - 2 a, .y} 2 (W + EWX 4+ E%dx)} = F
£ ij = a] 1 2
A, Ax
1 ]
can be wri tten
-2 -1 2
(18) (e A +e "A_ + A ) (W_ + €W, + g%W_...) = f
1 2 3 2
with A, = = “a" {a.. 2 ]
1 5 1]
yi . (iy_
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By identification in (18) for the different orders of € we

obtain successively

{13) e 2 AW =0
1 O

(20) el i AW + AW =0
1 1 2 0O

(z21) e° AW + AW + AW = f
1 2 2 1 3 O

The relation {19} implies

(22) Wolx.y) = u{x)

The raiation (20) shows that W4ﬁ,¥] is necessarily of the

form
(23) W (x.y) = - (xj[ia 2 W )
ax
3
Where xj is the solution in W of
{24) A xj = - daij

Byi

B ) 'y R :
whom the variational formulation i1s [15)/and W (x) definite by
ulterior identification.

At the end, (21) needs, to have a solution, of a compatibi-

lity condition which, after some transformation, can be written

324

(251 f = - q,
13 axiax

J
where Ay is given by (18).

Replacing in (17) wo andW, by (22} and (23) and, taking

1
into account-(25) we obtain the statement of the section III.
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2) Energy method

We considerhere a more ganeral problem with mixted boundary

conditions

4. = 3 nn T

| e 70

/
(28}

i au

! fxy T T2

; au ..‘ij - n, = 8 on T

| oo——— iile » i 2

{ avAE N
with TN T - ¢ and T UT = 30

1 2 1 2
In this case, the convenient funsctional space 1is
_f 1 - 1
(27) V=iv/ventiy v=0 an T g
| 1

"'1

For sake of simplieity, we suppeose in this paper that 1

is of non zero measure in order that

(28)

Jup®

[ | grad v|?dx

Q

defines a norm on V.

(291

If we introduce on V the bilinear form,

a (¢.9) a..[i)agﬂ EE— dx
£ tite Ix. IAx.
& J i

it is easy to show that the variational! formulation of 132} is

whaere

(f,v) Y A E vy

)
™
—
ot
<
-
[

(f,v) = T{x) vlx) dx

2
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of & to compute O
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Then wa obtain successively by non trivial way that :

. W_ is bounded in V thanks to (3) and therefore, u

£ €
converges weakly towards an u € V.
s auF €
. a..‘ﬁj —= = ¥ convarges weakly toward &, € L?(Q)
ijt i i
Vel dx,
3
. Finally, Ei = ay du_ whare thez constant coafficients q. .
J ox, +J
are the same as abave. . J

Remarl & : The multipfe scafes method is practice bscause naturally

egnstructive ; it allows in particular to obtain the first corrector.
However, this method asks a great regularity for the ccefficients, In
the other hand, the eneagy method needs only of bounded coefficients
but leeds tec a weaker convergence and does not introduce naturally the
corrector. So we can judge the very complementary character of these

two mathematical Techniqgues,

YI. ELEMENTS ABOUT NUMERICAL TECHNIQUES

Fror sclving the boundary vaelue problems introduced in this
pap2r, we use the finite elements moethod.
The domains P and € are divided into triangles and the spaceas

H1(R) and H'(P) are approched by

Vp o= iv/v £ C°{%), or v € C°(P) polynomes sf degree 1 an

each triangls }

The functions 9 and BE are approchaad in the space

- dvew, /v=0 on 20 )

Voh h

and the function Xi in the space

Vh = { v E V. /v Wip - mﬂriodic=ﬁla“; Y=es at the four corners o€'P}

h

The triaﬂgulation of ﬁ tn gompute xi,and the trianpulation

g Are such as the discontinuities of the coefficients

a.. colncide with the sides -7 the triangle.
- - o Ed

4§
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Generally a few hundred triangles are sufficient to compute
X4 because the geometry of P is very simple while, ¢, compute 8
several thousands are necessary 1n order to approximate the numerous
discontinuities of aéj
For € which is solution cf =2n operator whith constant coeffi-
cients, a few number of triangles is sufficient but ?orrﬁjg . which
9x.,
i
appears in the first corrective tsrm, we nzed about a thousand trian-
gles.

For the slzstic torsion exampla mentioned above, we took
288 triangles for computing X4

1152 triangles for computing 6

4608 triangles for computing BE

The linear systems cbtained after approximation of the boun-
dary value problems a2re sclved by the overrslaxation method with
optimal parameter.

The computing times obtained with a IBM 370188 are

1.55 to compute the coefficients of the homogenized
nperatar

4 5 toc compute 0

30 s to computbts Og

On order toc compute the fTirst corrective {gpm we APProximatsz

30 "
b Y P T
Sxi \\\\
a 9 \:‘.— t' D e ﬁE ]h \“n., ' - }
1 P | o—— ~ =
Pt = ——— , : ¢ |
3 M N -{;—--v— . () ' Jx . ) | R ;’<:{
Xi V[MJ T 3 v (s : l'. T [ //" '—-\“‘ ’
M is a nnde nf the triusngulation \\\\K o
vi{M) is the set nf triangles whese M is a corner
N iz the number of trianslos af v(H)
v (M)
;a6 7 . \ , .
i——1 1is the value of the derivatqyeg of 0 on the triangle T
REN.
~ LT

We can use this formulz because 8 is very regular as a sci.

tion of a problem with zonstant coefficicnts and constant second
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VII. CONCLUSIONS

This method of homogenization, described here on a simple

example, can be extended te numerous directlons

Neumann problem : for instance

Vg

£ ¢ X
Au_ + a t=ju_ = f on f
BRRE o %) ue
4 (cf figure 11)
BuE
= 0 on 30
av c
I

Variational inequalities : that is to say, when the solutiar

has to be found in a convex subset of a vectorial space for instancu
K ={os6 e H ), @0 in Q}

that 1s the case of U= -GE when GE is a absoluts temperature (cf

figure 12)

it is interesting to note, on the figure 12, that the free

boundary {(unknown of thz praoblem] between

1"

Qz 5 x / x €08 s.t. u_ = U} and

- { 1

’x / x €0 s.t. u_ X< ﬂj )

=2
H

is given with a good precision by the homegenized solution u.

()pe‘:*f.aio.&l-.’a 0f highen ondens of C. DBUVAUT [5})

Evolution problems

Systems ol panrtiel did{crnential equafions : for instance In
e¢lasticity (cf G. DUVAUT [8)) or alectromagnetism.

Openatons with coefficients depending morne generally on e

X X X , .
aij (x,=) n,,[(x,=, ===)}suvsral nhysical examples 2ra cnrraspondine ta

€ 137 en
thesas casas.

Porous media
Mechanics of fLuld suspensions.
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Media with bubbles....etc

This list is. af courso, houndless but, already now, ws need
of the help of Physicicts to interpret the results and the different
steps of the method, and alsec to Stgrest us the realistie problems

in this way.

Some meae Azcin}t mewa ?

P W W P, N W S

tem 1a € sa th }wtnch'n? tor'mu/U: o/ foriem and fm/«r:urJ St .
e e a}/«o»rl\ af 52, - & intfeined Af/cw* ¢ 4&\/}5’14‘7, /l,c (.//l_‘,‘.‘_

- J.F 130-‘11;&" ;‘L’u compwted . The Aecend (cqaac/cm/ e/ w© 7o or.y /At

Aeon & l fi'- Tk f 7} b 1“ -'J.i jp:cz'a A‘iﬂ-u" fAM /*\-3 L(‘W\ .

= DoClonanmc and J. %cins Jepn l"’a,./fﬂ /L’ﬂwl/\,'twf/c;r Pasi Vs )'fuuvc .

U‘—“ﬁ;ﬂld +;\£ Cat‘j‘f;c;nlf /‘:—L I‘J} ’I’A,_ K {‘5““"3&”4\‘6&;} c_y {'.‘\0166! A ccAteh onﬂ/ﬁ;vg)
‘f“ fit /fu‘:‘“ftn;t o/ cha-'on../ e = le.;\%‘. }'}l‘t‘u\(cd ﬂi Mo Ak A h (? 5N nrnd.
cfwv-Tfea_ 01 AL “"l"'“&“ﬂ’“ ['9“ Jn«n/ﬂon.a : ;r\ {e 'S PR Maﬁ: ‘if.%.é_S' }A\AT,-/,/L._,

v .4 ) thie  Avsndtt o, i? ﬁ}}m, daton -

- J. L.L;On'.') Wy o\'}}-‘)“d it" Q;JV': . J\"‘ —/ec lf"\ffl S !X*| ;ﬂ/a‘c_ ‘f\ﬂ.a' )

e L
/

*Q‘; ‘l-“ Jw“}) ttw\ *( Roan i € ra el fﬁ. Iy /4’4)4. (Jt r/\;,c.nu

I‘M Pﬂ'\l/\

;r\ W’\;J\ & i-f va Otf\ev\ Arcent ’!t.ann v ,Mncn.f;dfvwcl'

4. L Anierte A4 44, 1376
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