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HARMONIC MAPS AND THE GAUSS~BONNET FORMULA

JOHN Q. WOOD M
ABSTRACT., Iet f£:M->N be a don—constant harmonic map between compact
Riemarnm surfaces M,N, N oriesntable and equipped with &« chosen real-anal; tic
Riemann metric. We prove: {total curvature of f(h‘e)} > 2W{Euler characteristic
of f(MI}. We give this result for a slightly larger class of mapuings, and
we give some related results showing that if the codomein N has negative
curvature, then such a mapping cannot exhibit certain types of 'redundant"

folding.

1 e .
(') This research comprises part of the author's thesis and was supported
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1-INTRODUCTION AND STATEVENT OF MAIN KISULTS

Iet M,N be Cchonnected Riemannian manifolds without boundary whose
c™ metrics are denoted by g,h respectively. A ¢* napping f:M->N is
sald to be harmonic  if its tension field Z(r) L1} satisfies:

(1) () =

In loeal ¢% coordinates (x1,~.,xm) for H, (u1,..,un) for N (1) reads:

(2) [;u1; gijgdﬂ?ugbufa =0 @=1,u,n)

Here, L4AF denotes the Christoffel symbols on N, & denotes the Laplaciap on M

and uFL = Bu“V)xl .

If dim{M)} = d@im(N) and Mand N are orientable, then we may consider tne

larger class of ¢ mappings f£:M>N which satisfy:

(3) T(f) =Dv(t) .

Here,D is a prezcribed Coovector field on N and v(f) = volume magnification
factor of f with + or -~ sign according to whether f is orientation
preserving or reveréing with respect to fixed chosen orientations on M and N,
In local oriented coordinates (x1,,.,xm) on M, (u1,..,un) on N,

(4) vie) sffiet(ctd) - det (g )faet (u,®)

If din(M) = dim(N) = 2, we may regard M and N as Riemann surfaces, For
every choice of Riemann metriecs g,h on My N we may discu<s harnmonic "aps MaN
or maps satisfying (3). It is easily shown that the property of being
harmonic or satisfying (%) is independent of the particular choice of Riemann

metric g; indeed, in isothermal coordinates (x1,x2) on M,-(3) becomes :

2o 2 e
(5) Sb-i‘-;? SL; + I’ncp {u d‘uf#u uﬂ = 6 et(h ) det(u%)
x

If f£:M-N is harmonic with respect to a real-analytie Rienann metrie
on N or sutisfies (3) with D a prescribed real-anulytic vector field on W,

T is real-analytic.
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Jur main resuli is:
PHACK-M 1. Let 1,N¥ be compacthiemann surfzces, N with chosen resl-analytic
Riemann metric. Iet f:M-»N be a non-constant mapping which is either

harmonic or satisfies (3) for some real-analytic vector field D on N.

Then the total curvature K(f(M)) of £(i) is related to the Ruler characteri.stic

X(£(M)) of £(M) by the inequalgity:

(6) K(2(i))p 2wy(z(n))
!
CORCLLARTIES: |
With hypotheses as in theorem 1:

COROLLARY 1. If f£(M) is coniiractible, then K(£{M))2 2w
COROLLARY 2. If N = the kiemann sphere with its standard metrie, then if
£ (k) is contractible, f (M) ust cover ut least half the surface aiea of N.
COROLLARY %. If the metric on N has non-positive curvature, then f£{1)
caimot be contractible. |
COROLLARY 4. If the metric on N has strictly negative curvature on a dense
subset of N, then if f{M) lies in a tubular neighhbourhood V of a closed
geodesic ¥ Of N with V diffeomorphic via the exponential map to Yx{-ryr}
for some r, 0<r<e, f{M) must be contained in ¥ .
NOTES. (1) Some of these results have similarites with resulis proved by
convex funciion methods Bl]kﬂl

(2) Theoreu 1 does not hold in gencral.if M and N are not compact
for take M= N = a Riemann surface with kiemann metric which satisfies the
Cohn-¥ossen inequality: K(N)<521X(N), and take f:M-N to be any onto mapping
(e.g. tuke M=N ,fsidentity wap), then inequality (6) does not hold as it is
in contradiction to the Cohn-Vossen inequality.

The proof of theorem 1 cdnsists of three stages: Pirstly, in Sz,we show
that if f£:2/ N is a C°Umap between counected compact ¢ gurfaces wnose Jacs
obian is not identically zero, then f£(}M) can be described as a subcomplex in
some ftriangulation of N; then,.in.€3, we show how to apply the Gauss-Bonnet
formula to £{M) using this description; lastly,asswuiing now that f is

harmonic or satisfies (3) we use the Maximum Principle[é]to convert the
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Gauss-Bonnet formule into the inequality (6).

DESCRIPTION OF #M) FOR A C*uAP

Let M be a connected C“ surface. A subset A of ¥ is called semi-analvtic

[5—] if for every point pféA, there exists a neighbourhood U of p and real-
analytie functions TyyweyT, OD U such that AnU is a finite union of
finite intersections of sets of the form:

{qeu: ri(a)> o} ,{acu: r (q)=0}

We say that a point p of a semi-analytic set AcM is regular of dimension k

[g:] if for some neighbourhood U of p, AnU is an analytic submanifold of M
of dimension k. The dimension of a semi-anslytic set is the maximum dimension
of its regular points.

Fow suppose that M is second countable. A locally finite (resp, finite)

analytic triangulation of M [4] is a locally finite (resp. Finite)

simplicial complex K together with a homeomorphism 7T: |K|799§°>M such that:

(7) for any ¢eK, T]U_:c'—>T(0') is an analytic isomorphism onto an
analytic submanifold of M.

If » = M) where & is a simplex of K of dimension ry we shall ecallpy o

gimplex of K of dimension r.

Now let {A.,,_} be & locally iinite collection of semi-analytic sub:ets.
Then an analytie triangulation T:le - M is said to pe compatible with the
{aaf 12 |
(8) for any 6¢K and for any Ay, . T{o) € Ay or T(o) € M-A, .
TLojasiewicz [‘I-] proves that for any such collection {Ad,} there exists a
locally finite analytic triangulation of M compatible with the Age - If M
is compact, such a triangulation must be finite. Using this:
LEMMA 1. Tet !,N be connected real-analytic surfaces, N second countable,
and let f:M->N be a real-analytic map. Then there exists a locally rinite
analytic triangulation of M such that
(9) for each simplex v of I, f,v has constant ranx.
PEOOK. Tet Z. = {pe M ¢ dim ker ar(p) = 1 ,(i=0,1,2), let T =Ty z,,

note that 2 is the set of singular points of f; let ZH z{pez1 : p is

.

YT
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regular of dimension 1 and Vv:lf(p) = 0 for w tangent to '21 et p .

Then it is easy to show EQI that M~-Z , 2-1-2.” ’ Z” y 22 sre semi-
analytic sets, further they are mutually disjoint and have union M.By [4}
there exists a locally finité analytic triangulation of I éompatible with
this collection of subsets;hy a case-by-case study it is easy to show

that this triangulation has fhe regquired property.

LEMMA 2. 1et M,N be connectéd real-analytic surfaces, ¥ second ceuntahle,
and let f£:¥>N be a proPerIreal-analytic map whose Jacobian is not
identically zero on M. Then if M is given a locally finite analytic
triangulation having property (9) above, then for each simplex ¥ of I,
£(p) is a semi-analytic subseét of N.

PROOF. Case-by-case study (see [9])).

LEMIZA 3. *ith hypotheses 45 'in lemma 2, T(M) is a semi-anzlytic set of
dimension 2 and its tOpologi&al boundary, 9 (M) is empty or semi-analytie
of dimension < 1.

PROCF. The set f(M) = the union of tne semi-analytic sets f() ,
varying over all simplexes of M. By properness of f, this union is locally
finite and therefore([}ﬁh{?}bf(M) is semi-analytic and clearly has
dimension 2. By [5] it foll&ws that af(M) is empty or semi-analytic of
dimension £ 1.

PROPOSITION 1 (DESCRIPTION OF £(M)). ILet M,N be connected compact C%
surfaces and let f:M-»N be a real-analytic mapping whose Jacobian is not
identically Zzerc on M. Then ﬁhere exists a finite analytic triangulation

of N compatible with '{f(NU, bf(M)} . In any such triamyulation f£(M) is

a pure subcomplex of dimensidn 24 Bf(M) is empty or is a pure subcomplex of
dimension 1. Further any O—Simplex of Of(M) is the face of & non-zerc even
number of l1-simplexes of BfCM). Any 1-simplex of OF (i) is the common Tuce
of & 2-simplex of int(f(i)) and a 2-simplex of N-f(M). In particular, =t anv

O-sirplex v of Jf(M), the 1-simplexes of df(M) with face v divide a
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neighbourhood of v like a pie into an even number of sectors slternately
in int(£(M)) , N-r(M), (see FIG.1).
PROOF., The triangulation exists by Eojasiewicz, the rest of the proposition

follows by simple topological considerations [q] .

3~APFLYING THE GAUSS-BONNET RORMULA TO £(M)

Iet M,N be compact real-analytie surfaces, N orientable, und let N
be equipped with a real-analytic Riemann metric. Let f:M-»N be a real-
analytic map whose Jacobian is not identically zero on M. Triangulate N as
indicated in proposition 1, then f(N) is a subcomplex of dimension 2 as
described in that proposition. We wish to apply the Gauas-Bonnet formula
to the region f£{¥), however £ (M) iz not necessarily bounded by & set of
disjoint closed Jordan curves - for example Of (i) might be in the form of
a figure 8 - thus the Gauss-Bonnet formule cannot be applied imrediately.
However, we proceed as follows:

Fiistly, orient N and orient each simplex of f£(N) and of (M)
accordingly. Next, partition the 1-simplexes of Bf(l\'T) into subsets
forming piecewise-analytic closed Jordan curves as follows: let ol be a
1-simplex of Bf(M). The orientation of'o\c determines one of its O-faces as
its initial point and the other as its final point and also determines a
- positive tangent direction at each point of o . Let v denote the final point
of e, . e define a 1-simplex St of SFf (M) with initisl point v , called
the successor of e as follows; for each T-simplex f3 of df (M) which has
initial point v, let & (&,3) denote the signed angle through which we must
turn the positive tangent toel at v to bring it into coinci{_ience with the
positive tangent of f3, -W<@a,)S . The successor Secofal is defined to
be the 1—simplexﬂ for which this angle is algebraically least. Note that
the sector‘between' o and Sa. lies in N-f£(M) (see FIG.2). Now for any two
1-simplexes &b, of Or(M), write do~ve if there is = sequence oy fy ey, W

With B=5u,d=F3 we =S¢ O P=Suy w. ,B=5T,a=3B. It is easy to see tnat mv is
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an equivalence relation which Lthua partitions the 1-simplexes of Jf(M) into
subsets which form piecewise-apalytic closed Jordan curves. Now although
these are not necessarily disjioint, we can apply the Gauss-Bonnet formula
as follows:
PHOPOSITION 2. (GAUSS-BOHNET FORMULA FOR £(M))} Tet ¥,N be compact‘ connected
real-analytic surfaces, N orieinted, and let N be given a real-analytic
Riemannian metric. ILet f:M-}N’? be a real-analytic map whose Jacobian is
not identically zero on M. Then:
(10)  (e() = 22 ) = [ds -5 B,

- [
where the summations extend ovér all 1-simplexes ol of Bf(M).
Here, k is tne signed geodesic: curvature of & at a point of e& , and O («,Sa)
is the signed "corner'" angle aé defined earlier.
PRCOF. Partition the 1-simplejixes of OFf(M) into subrets forming piecewise
analytic closed Jordan curves ?01""’01' as described above. We now.apply
a construction of Kreysig [%] | to deform these into C1—smooth closed Jordan
curves c1E ,...,c:ra - specifically, at each O-simplex v of bf(M), Tor
each pair of t1-simplexes (alySay) of of (M), replace the corner =t v by a
geodegic arc G&=AB of small radius  whose tangents at the endpoints A and
B coincide with those ofel and S respectively (see FIG. 3). The curves cf,
,.,gf 80 defined are disjoint end bound a region £(:)< slightly larger

than £(M). For this region:

k(£ (M)E) = zn-y(f(m)‘i") -Z[: ds
Tk

Wow f£(M) 1is a strong deformaj;ion retract of f(m)eand thus has equal Fuler

characteristic, Purther it is easy to see that :

lika is = j ds + Z(d.,sed where we sum over all j-simplexes o

of c,. The desired result follows by letting E->O.
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4-OBTAINING THE INEQUALITY FROM THE GAUSS-BONNET FORMULA BY USE OF THE

MAXIMUM PRINCIPLE

THEOREM 2 (MAXIMUM PRINCIPLE) (Sempson). Iet M,N be connected Riemann
surface_s, N equipped with & smooth Riemann metric. Iet S<N be a@
submanifold of dimension ! with non-zero geodesic curvature at b=r(p).
where pe M. If f£:Mi2N is a Cdomap which is harmonic or satisfies (3), then
no neighbourhood of p is mapped entirely to the concave side of S.

PROOF. SEE [6] and [8] 4]

¥e now apply the maximum prineiple to give the _

FROCF OF THEOREM 1., Firstly we dispose of the case that the J.acobia.n of T
is identically zero on M. In this case,[éCL Ui] f£(M) is a closed geodesic
of N. Thus k(£(i)) = 0, ¥(£(M))<O0 and thus(6) holds.

I hus we may assume that the Jacob.ia.n of £ 1s not identically zero on M
and we may apply the Gauss-Bonnet formula as in Proposition 2 equaticn {(10).
We now $how that the last two terms of (10) are non-positive.

(1) Let b be a point on a 1-simplex ol of Jf(M). By the Maximua Principle
(%) must 1ie to the convex side of && . Thus
(11) k<0

(2) Let b=f{(p) be a O-simplex of Jf(M), and let o« be a 1-simplex
with final point b. As remarked in § 3, the sector between e and its
successor Sl lies in N-f(M). Now if O (a,S&.)> 0, then we could construct
a t-submanifold S such that f£(M) lies to the concave side of S (see FIG.4).
Then some neighbourhood of p would map to the concave side of § contradicting
the meximum principle. Thus
(12) O (e,5)<0

Equations {11) and{12) show that the last two terms of (10) are

non-positive and theorem 1 follows immediately.
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5— REDUNDANT FOLDS

¥e now present another application of the Gauss~Bonnet formula
and the Maximim Principle to harmonic maps between surfaces. Our first
result shows that for a hermonic map mapping into a codomain with negative
curvature, a pair of "opposite'' folds which could be "vulled out" cannot
occur.

Tet M be a (°°surfeace.
DEFINITION. A handle of M is a ¢ submanifold-with-boundary,H,of M which
is C1—diffeomorphic to S1XI, i,e. there exists a C1~diffeomorphism, C1 up
to the boundary: (S1xI,S1#bI)—)(H,BH). (Here $'= unit cirele, I = closed
unit ini;.erval.)

DEFINITION. let f£:M3N be a ("®map between C°° surfaces-

The singular set of f =] peM : Jf(p) = Oiwhere J, denotes the Jacobian
determinant of f. A fold lime of £ may be defined as & C*° 1-submanifold
F of M such that at cach point peF, there exist ¢®%smooth coordinates
(x,y) centred on p, (u,v) centred on f£(p) such that,in a neighbourhood of
py, £ has the form: u=x2,v=y.

Fold lines can and do occur for harmonic maps [8} ['1_] .
TEEORZM 3. Tet f:M-N be a (“’map which restricts to a map
f]:(H,aH)-‘a (K,dK) between handles of M and N. Suppose that this map is such
that there exist 01-diffeomorphisms, C1 up to the boundary:

o+ (s'%1,5%d1) 5 (HPH) ,T:(S%1,5%d31) > (K,K)

such that the singular set of f'H consists of two 6losed fold lines o-A,oB
where A = S1x{a}, B = S1xfb} , O<a<b<!, whose images are two closed o' —smooth
curves T.C,rD respectively, where C = S1x{c}, D = S1x{d}, Ogd<cgl.

Then, if N hks a Riemann metrit?hf strictly negative curvature on a
dense subset of N, f cannot be harmonic or satisfy equation (3).(See PIG.&)
FACC®.  We apply the Gauss-Bonnet formula to the region T = t(s1x[d,c]):

JTHK*1 = -ﬁcds - ‘(;;;S

cC

Suppose f is harmonic. Then by the Maximum Principle,

k%0 on rC and rD. But by hypothesis, r K 1 0 ,thus we have a contradiction.

s
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NOTE. the result is not true if we remove the curvature restriction on N.
For example, E,T. Smith [7] gonstructs meps from the torus to the sphere
exhibiting any number of pairs of 'opposité' folds.

Our second result concerns & harmonic map f:M—-N which restricts
to a map fl:(H,aH) - (K,0K) ' of handles with a single fold. We show that
if ¥ has negative curvature, folding cannot occur "pa:t'" a closed
geodesic "around" K.

THEOREM 4. TIet f£:M-PN be a ¢ map which restricts to a map

fI :(H,0H) -9 (K,0K) where H anfl K are handles. Suppose thatN has a Riemann

metric of strictly negative cﬁrvature on a dense subset of N and suppose

that £ is such that there exiist 01-diffeomorphisms, C1 up to the boundary:
o+ (S'%T,5%d1) 5 (£,9H) , T:(s%1,5%1) -> (K,3K)

such that: (1) fQH) cr(s1x['o}) i.e. both ends of H map to the smne oni

of K; (2) the singular set of f'H is a closed fold line oA where A

i

S1X{a} , 0<a<1, and f{EA) =LC where C = 313:{0_(, 0<c<1.

Then if f is harmonic or satisfies (%), int(f(H), cannot contain a
simple closed geodesic homotopic to TC, (see F1G.6).
FROOF. Suppose that int(f(H)) does contain a simple closed geodesic '6,
homotopic to € C. Then let T be the region of K bounded by f and <
applying the Gausg-Bonnet to T we get a contradiction in a similar way to
theorem 3.

ILLUSTRATIVE EXAMPLE OF THEOREMS 3 AND 4

Let M = infinite c¢ireular cylinder, C, = {(x,y,z)e B_Z): y2+22=1}‘,
let N = hyperboloid of revolution, B , = {(u,v,w)el-{'_z‘: v2+w2=1+u2}; give
C and B the Riemann structures induced from _3_3, note that N then has a
metric of strictly negative curvature except on the central geocdesic u=0,
Parametrise the cylinder by cylindrical coordinates (x,iﬂ) where tanff = z/y
and parametrise the hyperboloid by (u,V{) where ta.nq) = w/v.

Let f:C2B be a c® "axially sy‘rumetric"map i.e. a map of the form:
u=U{x) , q,v_—.p’, where U:RPR is C*. Then:

(1) if U(x)30 as x9 and U(x)}? -o0a9 x7 -oD then U must be monotonic

incressing with v/ (x) >0 Vx€(-c0,00);
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(2) if U(x)?-c0 as x»+aD then there exists ¥e(-00,00) such
that U’(x) >, = ,< 0 for x< s = 5> & respectively, further .
U(x)S£0 Yx€ («00,00). '
This is easily seen from theorems 3 and 4 - note the result generalises

to any surface of revolution N whose metric has strictly negativé

curvature on a dense subset.

In conelusion, I should like to thank J.Eells for help and encourasgement, ™
K .D.Elworthy for constructive criticism of my thesis and J.H.Sampson for

his valuable results contained in [6]
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