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~ Sec:hom ON@
- Lex M be a compaot Riemannian mqm%o\c} o Jimensial
e uin\ﬂoo# boundary and ler X= (X1, e, Xm) & a system Q-}}
“scal Coordmates on N The Mmerric Tenser is giVanS
651: g'.;, 8)(;3)(_; (UUE‘, St,?mno\)e,r re,pea'i‘ea w&:’cwf
“dhere he Natrix i IS posttive dedinite and symmerric. Lex
. g= (dex(gy))"* |
The Riemannian <lement of UO\UMQ/ {5 given b,‘:j
- {dvel] = 93X - AXn. |
We se e Notation | dvd| o empngsizethat i3 is a measure,
~and Nt anm-Sorms OXi - X, s j;;e ora‘im;j Lebesque meaie
an R™. (duell s ivtomsic 5 o only depends an the metric and is
" independens Q% the coardiNate System Chosen.
The Laplacian, 4, is a%%i,”’ga bys
ACS) == @ 3l 1199 ghx; (§)3
B = ~gufRlax 2 (§) wm 1 25(ax,§
The Lqplqoiqw 5 INTFNSIC I 15 & PAsHHive Selg*qc)goin}
-~ ellip—riu operator. Note thaz due,i/m e m/mu e oppaste
sign Srom +he LaPlaciay used in ;;5235}05. Since A 'is seld
T adjeny,we CcaN take a Speé:h‘ol resolotion of A into
a complete orthonarma| seit of eigen Sunctions i and
GOT(Q,Spcnair}g Q:#_SQ{)UQ ves O= Ro<>\:£—7lzm % (b(?O y
_ any %u\\iglo%om g\, we Can expand
= LA,
_ﬂ\ﬁ, R SmooﬂjngL!NCTiONS C)g X5 Cb s a Cw SUNGT“IOM
1S he coedNicients Qi decay rapidls enoygh,
- We, Nostrave Wis phenaum with +he o(low}fg
exqmp/ez Let N\=S' be the purr circle N ‘]‘lﬂe PlaNt,
~ amd lex ©bearc lqu-r[’z o S' We candeding local
coordinates an M by restricting +he domgin 0:9 O+t
any ‘mewa o& len_gjq less ‘\Jnm\s 2T. The LGP‘QQQM (5

.
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Given by A(D = - S ¥/af . ‘Dije, €19 eN TUNCTIONS oS O\

are e -trignometiic polyvomials 1€ with eigenvalue -

N> as ne Z. The expansion described above is just the, .
Samiliar expansiov of a Sonction in termy of Fouier

" Sedes and she Qi are just +|ne, Faurier coe Sicien:lm -
IS M= S'%S" is the 16 dimensional Horus ,ler G, +B2 be
ate length on each Suctor, Then AlS) = - 35367 ~35s3 and +
he eigen Suvctions of A arethe Sonctioys | @M@ gl
With corT espan ding eigemvalues NT+NE. |5 Spec (M) denott s

e seto¥ eigentalues , courted with multiplicity, then,

Spec (8 ={n*pez= {0, 1,/,94,9,9,16,16,. -3 :

. SPQC (S‘isl): Eﬂffﬁfl = {OJ ‘) ‘J IJIJZIZIZ‘IZJ 9, V,({)S',S,S,S)...}?

The eigenSunctrions gud corresponéigg eigeAualuey GE Me twa
dimensiad] spbere, S% con be determined usingspheical
harmonics. |

The Que_vﬁocd-\xmf we shall be c)ﬁous.rirgg N ’rlne,- Nexs 3
loctures i the Sollowing § o what extens is ‘I%egeomen‘
os M redlected b ﬂ?e,specm‘uwx of M, or putting the.

JestioN s\jg\m,\_g i?&ermﬂg, Can we ooTqQin NSa/matiar .
QLout '\lf)e. Spectium of M Srom 115 geomerry, In gener|,

e Spectium o5 o Mandd is Quite Ji 919 alt o Campyte and has
been worked out %‘r relatively Sew examples. One midht
i?n)e.cwfe-\%av e Specttum compl ety c\e:rfmines

%Sme){;‘j o‘g “\lﬂ@ N\anigdlc) but alas i{ iS‘:Fa e. T;)ere/
is ay ?ﬁ‘qmp e ,dueto Vilnor, of +wo maniSelds oS dimensian 17 _
With e Same Spectrum wiich afe nut isameric: To a,

Certain extrent; kouueuof, s example, is mis eaéh%?, SiNCe T

N\er_‘-j Semne'\‘ﬁou\ pioperties qre regtec:rta ,123 LSPQUTYUWtr.
The N\:ﬁjr Fool in smﬁgigg-ijmspeo‘h‘um of o Riemamiai.

Mo S s +he hear eQuation. Letr DX be a distribution
oS hear on the wani$ld M. The cquation 6@:rermmi/n_9



“he evolutian oY the syStem 5 gilen bgé’ |-3
g_.:‘%(x,j) + ACKDIO  with wrtial Condition V(X 0) =K.

(Note '\\\O{\" kUHr\\ QuUr SIgN G;onv errtion *Sor ‘&\ﬂe Lap‘a(;tavt,

'So\\)fﬂlm

b=

e eQuation is Obx +A and ner 9dx-0). Wecan
eQUuTION Qs g’@“@tusg CXPress _

Tolidi  where ofi = Im ®-b; {dvol |

are the Fourer co %g&’ (cients. Thew
OX, %) = T &M diX)- ofi
is '\lne, SO\U‘\"i an 6GSc,r'| bir)g ‘fhe €U0(U+i0fb og'(‘hw (; 5}001471&1) Systent.

Lex

Then

K(xx4)= 4 e"ﬂ:'cbm &;i (4),
q L= e C’Pié)(\%’ _

= e () S &ilY) [duel [(4)
= SKEXD dito) [dval [(9)-

K(EX9) is the Sonoam errtal solution of H’)e heat eQaticn,
T sa smooth Sunction 68 (3%4) Sor +v0. Ws I~ 0,

i+ Tends

+0 ‘\'\ne consStant 1. q; T->0, 13 ﬂ’elodj To ‘f‘/?xz/

elta Nunctidn. For AX.Y) =C, 1T is smoath and expo:’)em/q/f'j

small as

I=> 0. '

AN our qumple) ’lg \\[\=S\, 'Qnew
k(:\',)(,:)) - Z e—:mf em(xmﬂ)
0 :

(e Ccan recover mgorN\cmGQ Q\OOUT 1\1@, S eo‘h'u\v\‘o% \\ gmm
"t\ﬂe kemel og 13% \’lecrr eQUatioN ds 5:6{)-)0(038 le.T

S®H=Te ™V
S the spectrum (5 known, $(3) is determined. Conversly
S S(3) i known, we can Fecaver the Spectrum. Since

Shidp:=1

S k(0 lvol| =5 €72 S di) = SE.
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W\ great Seal 1s known about the asy pl?ﬂc behauior o |
‘!lﬁ kernel Sunction as 3=>0. One cgl o carliest FQSUITS
153% So\\ow'mgé’ | (=2
k(3,%X) = (4ra) ™=+ o(x MR
s ‘\Mp\'\es o
SG = Gird) ™ volume (W + o) a5 350t
e can~translaze his estimate o abfain inTormation .-
alodut e grousth o§+Lwe, eigenvalues: let spec(i =
Jo=hoc & AT Thenw Mg n#- Cias n— eo,
Cm 5 @ unive ol Constant Luht(;la o:g_fj o)epeﬂdj on T‘I’JQ/ |
ééN\enS‘tqn og the, man: gdl&."\'h\m Sor example, 1§ m=/, dn 5
ix M2, Anvn and So an.
Ix s Ncrtum\ 10 QSg‘,{ (§ +lnere« are guﬁ‘nef Termy N Th@a
QS,BmpTGT{G expansion, o (5 ) The answer is yes

) as ot ..

KX ~ (437" T Qi) +' -

N

ves Sor any N, (HT™ ] KGX0S= LadF = OFH)

Qs ¥ >0, - |
The Siest chggic;i enT In ""f)iS' asymptotic expaniidn }51"}7& -
Qonstant 2 5 Cle()=L. The other terms are [ocal .
wvariants_oS+the geometty o2 M and Can be Camputed
(N Fe(ms of Cuature gnd 11 Cavariant de/ivariver.
- Sald g(%w S (" 2,0
ONSEeCU en e NumbRees G Gfe invafiants o
Spectum ?’? M. T shadld be notedthar we Canpot
recover  S() Qné*l‘%tafelp' Spec(lm gmm | Py

| ime, Qo) =4 dBj(w\\:uol( ). “This mﬁm at
both the Jdimension of N\ and i1s yo yme Qe Specthval
nvafients. Tn othe words, 1 (N6 o (M, G e two

R



Qie teyiected by

| \-5
compact Riemannian, mqn'ngo\as, ‘\‘1’1@\} Spec (N\)Q <spectif, G)
wies Dipn = Dim N and ol () =vel () We w'j be,
Wwterestes in tuha&o‘rlﬁer geomeithq) propertes ¢t
the spectum. |

_ The Gaussian .SCQ\QH Cufvature I8 #\wemmp\es-r
\oca) Geom etrniG Wanany. U\)e ,S_a“ FeStrCtT 1o the Qase m=4
Sov ﬂomﬁonq\ ¥ QODO&DTUQ\? Simp\icl't'y~ Let x \oe G (QC-Q‘ Systen
oS coordinates. Let Gk = 2%k (35, Ginrae = A ORKe(gg) ect
We deive

/<: (19)... £ ( g;g:mﬁﬂn fh,z./',)/‘ + (lg‘:gf';:‘ "Sugun“ﬂugu_/_l)lz‘s

This Ccmbe Shown, o \oe INtrINSIC Qnd T be }Maepmaen'r og‘r}le ardingte.
System hosens. For example, S N =S* with T})e Standard merrie,
K=o 1§ M=S'xS" with e “Slar product mettic, K=Q. 15 we
LmoR Qn@,‘tows N RB-, -r\ne, cunatuie b PISITVE On -&m outy hol‘g Qn)
NE&yaTwe on ‘k\/m nner holg‘ - QuadITtic
?\\9@&&'\0&\\3 )Ud\ne.m we;expa@ K,y will Corrain e teimy
e g\m‘" dervatives o ‘\lhe, METRG and linear terms v -1Jne,
Second desvaves ob de mernc. Such v vanant wil be Said tebe
og S@,oonﬁ,on\qr irr!JnL AQ/i\scrriuesc'g -rh@mmm. dn a simiahqr way,
Ve deSine \home:)mib of arbi—rrag orc} . rar exomple, ova A~
élmen.j;ooa/ 'rnomgolé) Gny mJanant Gg gourﬁn arA el Cam
be written as o [iNear ¢ombn\n’a‘r‘i0/b oS ”’r)ne, nvariarty
K* and AK. |
One can pmde,j:a*r- Qu(X) lr)omog ehNeous o’go/c\v min
‘(lﬂe.bwiuu‘ﬁ\)w og the metvic. (33 Uﬁ!;lg compites Hme
SQNQXO\JSL‘_'] Supplieé b IBT, we haue CO;V)erI"eB a

—




_ Ler Dim()=2 thewns ~6
Theorem Qo= [

Q= ETB-{ZK}

Q2 = 73 [9AKT 4K75 L

Qs = 535, 160K+ SAKD T12&- A+ K3

Qu = z3h5 [BOKF 285K+ 4 A (K-6K)T SLR-AK) ..

~16 K- 28K+ 40 AK)1 T2 KAR1I8KY ]

Q.= 27"3_“(,%*') 12n &k + lower order +erms §

We can érouu -'tl(\e go“owi\\)g CONSeQUENCes grolv\ *\lﬂese
Colcolations §

vol (M), Sw K {dual ) SN\ kztauol\
are all spectral invarignts. We Say -\lnm- M has constant .
Scalar cuniature (S there exists @ Constant C suchthat kic.
This 5 eauivlent =10 '\Jne, conditions | '
O =3 (k- (dvell = S K (dual| “chm;.kHw” + c=vol (M), |
Conseauantly, 1§ spec(,9) =spec (M,9) awd M has <onstant &
Scalor curvature, So does M\, The anly 2-dimensional manifeld
with sealar curvature 4 and volang, ST is e 2-sphere N "
with We Standard merric. This ,gieléi +l% r‘so:pecfrq‘i resuft? X
THEOREM Let M= S* with the Standard merric. [£
ﬁQC(N\)’%\:S{)QO(N\\JS‘) thenw (W19) Ir isometric o
the Standard sphere. Wit Hhe standasd mewic. )
There are Many oﬂ?;ev simliar tesolts concerning
geometrie praperies e ‘e(":reé ,b_g 2 Spectrium in
higher dimensions. UnSortunately +ite doss ot permit a
Setailed discussion So we, refv'éﬁr -the m*rerij:ea reqéer TO
“he fekerences iythy bibliography . T +he vext+Section. '
we Shall discouss 'ﬁne Gauss-"Bonnet - Vo Dyck +hearem.

E‘or ‘Qﬂe Edler C‘nqraCT(’,ri.S‘Hc USi'hB hecn" eQuathon
‘me\)ﬂoé&
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