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Abstract:

A soluble model for an interacting oscillator-field
system discussed previously is rcconsidered with Minkowski
space replaced by a Lorentzian static manifold with topologically
closed space-sections. It is shown that the general solution to
the dynamical equations is - in the technical sense - almost
periodic in time. In the case of the Einstein universe a more
detailed discussion is presented, containing especially a study
of the '"thermodynamic 1imit' in which the radius of the universe

tends to infinity.

I. Introductiocn

This work concerns itself with the dynamics of a system
in which a harmonic one-dimensional oscillator interacts
linearly with a scalar massless field in 3+1 - dimensicnal
spacetime. It grew out of a study of an analogous system in
Minkowsk1 space (1). There it was shown that, provided the
Cauchy data have finite energy, the system, though reversible,
has a certain "dissipative" property. The energy of the
oscillator vanishes in the limit as time |[t]-» oo .

The finite-energy solutions may hence be described by saying that
they correspond to an incident wave which cxcites an initially
(with t =» - oo ) quiescent oscillator which then reradiates the
energy thus acquired to infinity (2).

If in this set-up one replaces Minkowski space by a
spacetime with topologically closed (in particular compact)
space-slices, a new situation arises. Firstly, the total energy
1s now always finite. Secondly, related to firstly, energy
cannot '"escape to infinity'. It 1s hence to be expected, that the
dissipative behaviour in the sense mentioned ahove will strictly

be absent here.
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Preliminary attempts to integrate the equations in special
cases by a rather "brute force' method, as outlined in the
appendix, suggested (but failed to prove) that the system might
behave quite analogously to a quantum system in a finite volume
the wave function of which, due to the discreteness of the energy
spectrum, 1is an almost periodic function of time. (This is, of
course, the quantum analogue of Poincaré recurrence) (see e.g. (3)).
Since that is a typical Hilbert space result, it seemed

natural to tackle the presenf problem in a Hilbert space

formulation which is introduced in Sec.II. Sec.IIT contains
the proof of almost periodicity. In Sec. IV the solution to

the Cauchy problem is written down more explicitly. To obtain
more concrete information, we specialise the underlying manifold

to be the Einstein universe in Sec V. We show that, lettine the
radius R of the universe tend to infinity, one recovers the time
evolution in Minkowski space (provided an obvious identification
between the fields in the two models is made). Considering the
asymptotic behaviour of the oscillator in the two cases, this
especially implies non-interchangeability of the limits

t =00 | W-=>o00 , a fact familiar from non-equilibrium
statistical mechanics, From local causality arguments it is
clear that the closed topology, though decisive for the asymptotic
behaviour, cannot have any impact on the oscillator for times

t € R . It is shown that its motion 1s (again with suitable
modifications) in fact, equal to the one in flat space. This is
not unexpected on grounds of the local conformal flatness of

the Einstein universe, from which the absence of tails in the
radiation follow. In an appendix aheuristic argument is

given which should serve to show that the almost periodic motion
of the oscillator is turned into damping if the universe contains

(4)

matter which absorbs radiation. In view of the results in






it seems likely that incorporation of the cosmic expansion in

the model Has a similar effect.

II. The Model

We consider as spacetime M a smooth manifold of the form
M = R*x N, where N is a closed, orientable 3-manifold. M is
endowed with a line-element ¢ of Lorentzian signature and a
global timelike Killing vector field ;b?t . In terms of
the set of equations to be described shortly one can without loss

of generality assume g to be conformally rescaled such that
P /' ’
(2.1) aé"eﬁp,,efr’“«cﬁ'y: d(2~y?‘ﬁ/'9fl’ clrd
({u,r O . ,,3 ti—- .3)

w—d
where J"?' f)() 1s a Riemannian metric on N. The model
consists of a one-dimensional harmonic oscillator Q(t) coupled to
- - 1 "
a scalar massless field é{Xft) . the equations are

(c=m=1) ¢
(2.20) 25 QU Q)= G’ Qle)= A JalV )G 15,2)
.o (O R )P -ar BIpEYA0)  (vp=1)

L
Here 4¢b’= ﬁﬂé%bxj)z'fgf%x 1s the invariant volume element
on N. D:y’"’?,u Vy, A"—’J(J V(' % / R is the scalar

curvature on M, cu} the spring constant, A a coupling
constant, ?f)?} a prescribed scalar eC""(N/ . We
further assume the 3- SLdldf curvature 3 R on N to be positive;
R= BR >0 (%) . The equations are invariant under

conformal transformations which do not involve time.

By (Cauchy, initial ) data to the system (2.2 a,b) we
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mean a quadruple IZ)-‘-‘-‘ /Q, C.;:-'P, ¢(;), ¢(f):ﬂff)) p
where },JTG CM(N} and which, for latcr convenience, is
allowed to attain complex values.

Use will be made of the following (Sobolevs) spacess
H°(N}=]_2(N) ,» consisting of complex-valued square

integrable functions 1({)-(‘} on N: (QIU)ﬁV/H[\"‘/ﬂ(OO, HI//V/

(i =1, 2) of functions whose weak derivatives up i-th order are

in LZ[N). The following known properties of the positive operator

L::—-A-f- § will be used in a crucial way (see e.g.
(5) .

A) L with the domain D{L )= HZ./”} is self-adjoint in HO(N)
B} L"1 is a compact operator which implies that the spectrum of

L consists of isolated eigenvalues v with KV, <V, <, ,
of finite multiplicity.
To introduce a norm into the space H of Cauchy data

I—f) :’/Q,P, ¢ ,JT) , the total conserved energy seems to

be a good candidate:

2.3y ECR)=2 [w2 11+ 1P1F]+2 [($IL $)+(TT(TT)]-
“M[Q(51$)+3 (/)]

Let g.f-,\Q qu . Assume that wpz, /\, fﬁ}

are arranged in such a way that

(2.4) W2=ws - A2 (pILPp) >0

(For given A, pIX) ) this cun always be achieved by making

the "bare" spring constant @  sufficiently large). E can

now be written

2.5) EGQ)= 2 [@*1QP+1P1*]+ £ [ ($1L §) + (T T)]

and is hence 2 0 and = if and only if}t)= 0. Henceforth we
1
write E2(f) = fI £ 1f . /f // constitutes a norm in Il which

1s obviously induced by
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.0 Al )= 20 R ERIL(S ILE )+ (7, IT,)] -
'5\[61 (19/552)1*02, @1 /f)]

The completion of H in the norm ] I{ is given by

R°@ HY(N) @1 Y(N) which will be also denoted by H.

We now write (2.2 a,b) in "first order form"

(2.7) 24 _ jaf
ot

where (in obvious notation)

(2:8) 6 © © |

)\If) o,

Energy conservation implies that A is symmetric with respect to

-L O

< > in D(A) = RZ @ HZ(N) & lll(N). (Contrary to quantum
mechanics which (2.7) reminds of, A has nothing to do with
the energy of the system. It would rather bhe appropriate to

call it the "frequency operator").

ITTI. Dynamics
Theorem 1: A is self-adjoint.
Proof: Define for ﬂmzato the following quantities

3.1)  [p2)=(2-L) [p) .
5.2y Dlafezi-wl - N (plule))=2'- %~ 12° (ple)iulz)

3.3 Bz Di&) (1) + /\2/‘0/2))((;727/

A straightforward calculation gives for the resolvent

R(z)=(A-2)"7 of a:
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2+Df) (2 - ALpl) Az (e
D) ApE)  eBl) B
2y t2) */\/"z/(xle)fz‘Bé)fﬁ&/ 1zB/z)
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Using self-adjointness of [ with D(L) = HZ{N) in HO(N),
inspection of the structure of R(z) shows that it maps I into
D{A) = Rz@ HZ{N) &)l[l(N) tor ImzsO which implies(”
that A is self-adjoint.
q.e.df

Self-adjointness implics that A generates a strongly

continuous on%é?arameter group ot unltary transformations
1At

Uit) = e . The unique solution {(in Hilbert space) to the

Cauchy problem is therefore given by

(3.5) ]f(t)} =@ Mtlf(o))
{8)

This can also be written us an inversce Lapluce transform
’
EHC
o st
(3.6) /{ft));‘ﬁ'm;— e /‘?ch)/,f’/o» (t>0,e>0)
coroo 477
E-ic
which will be useful later on.
It 1s still to be seen thut the time cvolution maps
C€%® -data into themselves. However, a result of that sort is
known for the inhomogenecous wave cquation with more general
. { .
source y(X,‘é) (¥) . In our case f(;,f)écw(/v}
for all t. Also, as a conscquence of the strong continuity of th
evolution, j?()?/t): f(x}Q(:‘:) 15 1tself continuous in t.

(9)

Under these conditions the assumptions of are valid.

Theorem 2: The spectrum of A consists of isolated eigenvalues

of finite multiplicity and is symmetric with respect to the origin

".w.2<w,1<o<wj< a;‘z( with w__-."“_"'a'}(. -

OJ‘; (
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Proof: Consider R{0Q) = A"l. TFor what follows 1t 1s convenient

to set A = 0 in the inner product (2.6) and observe that this
yields an equivalent norm on H (though, of course, A 1s now no
longer symmetric). We now write ATl in the form
X X o | 6!
~A1 |
(3.7) A "= S [ —

It 1s easily seen that both tcrms in (3.7) are bounded operators
in the "A = 0 - norm" and hence in the eneregy norm., The first
term in (3.5) 1s of finite vank and therefore compact. The
second term reads

O O
(3.8) dagvﬂ e + finite-rank

O

One has to worry only about the (irst term in (3.8). [t is

bounded since

(L TILLTT)+ (1)), (T ClP L 4 )<
“DgiL$)+(IT)]

It is also self~adjoint. Furthermore 1ts square 1is

oJo

(N
Q)o) O [ L'ﬂ O
o !
which 1s compact by statement B} in Sec. [T, By a well-known

theorem this implies compactness ot this operator itself. IHence
Ail, as a sum of compact opcrators, is compact, and the spectrum
of A is purely discrete and ol finite multiplicity. The

symmetry of the spectrum with respect to the origin 1s a reflectior






of the equations (2.2 a,b) being real and follows from inspection
of the resolvent(3.4) or elsc from the cigenvalue equations to be

investigated later,

From this theorem it follows that the general solution to (2.3 a,b)

is of the form

2wt )
s.10) | {H)) =‘Z ' a; /1((> ; e, C

f{ﬂa) being the complete sct of eilgenfunctions. The sum
(3.10) converges uniformiy in t in the norm ” ” . This
implies uniform convergence of the corresponding sum in the
expression fof Q(t), é (t) contuined in (3.10) and, in the C*-
case, for the ones for %(i,t) , é()?atf) almost
‘ U9 aoy, ace)
and, almost everywhere in N, il;(;,f),gﬁ()‘?,{_) are almost

everywhere in N. Thus, by u general theoren

periodic functions of time.

This result exhibits the fact that the system - strictly
speaking - does not have any tendency to rcach a "state of
equilibrium" for arbitrary large times where all the energy has
been dissipated into the field degrees of freedonm. We say:
"strictly speaking", becausc it is physically obvious and will be
shown in Sec. V in the case of the Einstein universe that there
are means of escaping the implications of thut result. Either one
performs a limit, where the ”radius"@Qtaf the universe (defined
suitably) tends to infinity, hefore the limit t—> co . Or,

more generally, one proves that, confining the support of

é, 25 at t = 0 to a region of length £ &K (R which

Pl R N I Y- PR S
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the system does come to equilibrium in the above sense if only
observed on a time scale t < @n‘
As a preparation we need more information on the spectral

properties of A.

IV Eigenvalues and vectors of A

Writing down the eigenvalue equation for A implies two
equations which can be immediately arrived at by formally

f
inserting an exponential ansatz into (2.2 a,b): Qft)= em'ea)w P

é(xm‘;: !Wﬁéw(x}

1.1 (~w e ) Qe = A (f/¢w )
(4.2) (—wz-f[.)/é@): A (e /f)

and noting that

(4.3) /*fw>z/Q-ﬁJi (L)th ?gw(f)/"W§w ()?)>

Due to compactness of L_1 one can apply Fredholm theory to

(4.2). Let j\,’ be the subspuace of HO(N] spanned by the
eigenvectors L /V“;,)-"-‘ v, /rg;) . Then the following
cases (listed in increasing generality) have to be considered:

A) KP) is orthogonal to {ﬁ[ for some 1i:

. 2, .
This implies that (4. may he solved for@ =¥, to give

(4.4) /ér.) ’\;Wi (r{{i’)/l’ ¥ ot /V,-)

g f

(We assume ﬂ“?b{} - to be uan orthonormal svstem in HO(N)]‘

Eq. (4.1) now gives

(v;/
(4.5) 'y? fCU -v*‘ﬁ-ggt / y’ 192/ ‘/7(;n;n

21 J(Y V) i‘/.
J#(
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{4.5) is clearly solved by C%VE; =0 . 1£, by accident,

the term in brackets in (4.5) vanishes for the considered i, then

Q N7 may be # 0, and hence the eigenspaces/{if C'// for
14
elgenvalues W=7 Vﬁ’ have a degeneracy in addition to

the one present in _/\;

B) Aﬁ) is orthogonal to a proper subset of VAV

Now ﬂ;' appears as an eigenvalue of A as well hut
1 - : = . o -~ et g
necessarily C%ﬂa f?vz‘ .(D 'his can be described

by saying that the modes of the frece field do not couple to the
oscillator, They will, howcver, not occur at all in the coupled
system in the general case where
C) /f}jﬁ not orthogonal to:uuffv?,}
d
: re .
Now we have to take W™ #rz . In this case (4.2) has the

unique solution

-1
0 1$u)=AQu (L-a?) " [p)
which, inserted into (4.1), gives

o [@ =N Pl (L0 p) Q0= - PIW)Q, =0

. i 2 .
Hence the eigenvalues with W #’V? are given by the

solutions to the equation

.o Dlw)=w’ &)P{r)\zwé(f/fi—w"fjo): O

D(W) is real analytic in the open intervals (I VV?;'tVMg, )

2 sm— .
and has poles at & =y . Furthermore one notes that

@9 & Pla)= |+ N (pl(L-af)7p) >0

A simple graphical argument hence shows that there is exactly
one zero_j'a%( of lDﬂQh} in cach of the intervals
(-hr(. ,-\](F_I) respectively (\/;‘:;, Yv; / with

1 =1, 2, cieeen. and ¥y = (. ALl of these are simple
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Zeros.

This result is important because it savs that perturbations
of the given metric in N such as distortion of symmetry or
increase of the volume of N which will incrcase the density of
eigenvalues of the operator L, will do the same to the coupled
system. These perturbations will thus, roughly speaking,
tend to increase the recurrcnce time of the system, ‘Tthis is
expected on intuitive grounds, since the dlmost periodic
behaviour of, say, the oscillutor is due to the fact that waves,
after emission, agitate the oscillator again after having

""travelled round the universe'. Perturbations will, of course, in
general decrease the efficicncy of this process of "self-
interaction via topology"™ and make it negligihle for the actual
universe (if it turned out to be closed). From the point of view o
physical effects the situation is less ridiculous in the case of,
for example, a radiating body enclosed between ideal reflecting
walls, a problem which may casily be modelled by making minor
changes in the present worlk.

Despite the fact that some more progress in the study of
our system might perhaps be attuainable on grounds of general
theorems, we now prefer to make 1ile much casler by specifying

the manifold N to be f;B

V. The Einstein Universe

Now the Lorentz metric is given hy

(5.1) o’ = Ad?~ R [ ex? + sintax A2 ]
Here OSXET / -'dﬂl'; fd?rgl'f‘ ’)t:hl”l/g d‘faz is the line

element on the 2 -sphere. There ure coordinate singularities
at CX149 ='C% m .
For J? we take lor simplicity a point distribution at
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R

According to (2.4), the singular nature of j’ demands a
. . 2

"renormalisation" (g —p o0 . Thercfore, to be completely
rigorous, one would have to take an extended f = J?g
with i = / 8/ d take the limi

1 - = - - ; an ake tne limit

€O € ST R3S sigcx
£ — O in the f{inal recsults. Such a procedure has

‘ i N .
been described in detail in for Minkowski space and will be

simply omitted here since it does not add to the insight into the

problem.

For 83 the eigenfunctions of I are the well-known
hyperspherical harmonics ) which we denote by [Jn 1 m)
with n = 1,2, ....... ;Oééhf:ﬂ-"f“’fc_mée . One has

(5.3 ~L [ £ m)= 2 I € m)

-t
In X - space we have

/ P
(5.4 |n 0oO) 3(27710?3}5 Wt

which is all of /H ,€ }?l) which will be needed.

jD may be expanded in the distributional sense as
So one is in case B) of Sec. V. By eipenfunction summation we
obtain

wR(TT - 5
(5.6) 9Bu£%L'(Z' Cdj) /ygj) fk & [77 4) (&};LiQSJ

?/@omx St O

Since attention will- be restricted to the motion of the
oscillator, we only have to consider the elrenvalues of A
which are ¢ X £ . These are the solutions @/ (U-,') to

the equation
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GPIT N — /*2’
5.7 Plw)= w*-w 'ZFwdju +(-—7—f——o (2f7—— -_/:/ﬂ

The associated normalized eipenvectors are

(5.8) l‘fm,): c: 11, (“U;’ ’ ﬁfgwi g /mi Sbw(->

where
) ¢ ¢ QR
o [wtd ) 1 ,;? R AT
(5.9) C( L:[IEZLD@)]%"W; “,CU‘-»- C()‘ @” ‘f",—.a)‘ - lw.@;r
=ITH M1 Ly

Using (5.7) this gives
20

(5.10) ¢, %L (b +w/+__~ R p+(w,f~w 4 o )Z.J

and (5.6) may be written

(5.11) . (&)=

-2, 20

- — W o
i . Ra— %% W’ R 4100 &’oc]
{ glfkdf

G @:«.o{
(At
Spectrally decomposin;, ‘é{{:)> = e f(@)) vields

(5.12) /_fﬁ)) Z (W t{faﬂ /_’Q(O)> /'ﬁu

(== 00

This means for Q(t)

ca fwt.

o9 Q)5 S e Q- e Qi (B, 19) i B, /gB)]

where Q,Q, é, § are the Cauchy data,

Next we ask the question what hapnens to (5.13)

in the limit f2-) Qo . Consider tor the moment only the
Q,é - terms in LEq. (5.13). From the peneral discussion of
the zeros of D(w ) and (5.10) one observes that the sums qet
replaced by integrals. The surviving terms are

a0 Q)= GH)Q + GIE)Q
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where + 0O lw‘t'

(5.15) 6(‘&)=7,_”2—L1f HACAS
-0

T (=0

The integrand in (5.15) has a typical Lorentzian shape which is

characteristic for resonance scatterinpg of light in the prescnce
. (12,13)
of damping (see
Performing the integration by contour-closing gives
- ¥
- ‘ 2 2
Gltj=e I pulu-r) e
=2 2
(CG “[7%)1
ok 7 wek
Therefore, if %(x,-ﬂ): QS{XIf)‘—‘O at t=0, the

oscillator suffers exponential damping in both time directions.

(5.16)

To perform the limit in the é, é ~terms in (5.13),
one has to combine @—‘? Q0 with o — Q such that

i Roie x = b Rex = 4 . lHereby the metric (5.1)
B> R—oo .
approaches the Minkowski-mctric in polar coordinates (-6, r, 7}5, (F

5
4

Defining, as in (1),
s yi=r [E2 367 )= [42 § )

one gets for the remaining terms

‘é .
(5.18) /\fdn[efﬁ‘r)‘f’/f)f 6(‘&‘)’))1’//’)]

The Eqs. (5.14,15,18) are in full accordance with @ . An

analogous statement may be shown to be true for é(}?,‘t)
in the limit R~ 0o

The result just obtaincd is, however, just a special case
of the next one. (We treuat them scparately, because the methods
of proof are different and interesting in themselves).

For reasons described in the introduction, there is to he
expected a close similarity of the motion of the oscillator for

-&(Q?T with the one in flat space (R=00 ). More
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specifically, this will - for causality rcasons - hold for the
Q, Q - terms in {5.13) for t < 2R7 and for
the é, % - terms only for € < @®R7

In order to check this, it is convenient to work in the

representation (3.6). Using (3.4, 6} and (5.7) we get for the
Q, Q - term ¢ oo St
. ~ [
5.19 = : ; — sQ+ Q]
(519 Qt)= Zvcf S"+2f"s¢0%69775+w—~-—-
€—/o0

Now the denominator in the integrand in (5.19) may be split up

/ /

) )__7"" . B + rest
S 2Mscof L R s 12— TS% s ript 20
RIT RT

(5.20

~2RTSs -4 RIS

where the rest consists of & multiplied

’
by terms which ure regular aul vanish with |1S] —» oo in the
half plane Reg 20 . Thevelore, for O<t€ 2R we ure left with

€/ SE .

/ 2 [~

(5.21) Qft)= =~ [ e sQ + Q]
@ 21 S*+ 2 gt 20
€-joo 2
2 _~2_ 2 —~
Here (J = - &;“7}' nlavs the role of (,()L in the
2

flat case. We assume that >0 . Then (5.21) may he

integrated to give

(5.22) fo:):/-;lff}O 7 H(t)é

where ) 1

_ T onilu= 1Y%
(s.25) H{t)J=e = S
Defining

(5.24) yz(O‘) Rrna 477' ?(/,r/ /T/of} a))ma(fim?/x/
% % -terms hecome lor O € €& < W
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(5.25) )\fda[/-/fﬁ cx)y/(x)fy(f oc))f@()]

It should be noted that the process just described may be used
to calculate the explicit solution in every interval
h@?<t<{h‘f’)m . Essentially the expression corresponding
to H(t) will pick up terms € £ (ken ).

From the Eqs. (5.22, 23, 25) the statcment made at the end

of Sec. 111 may easily be inferred.

Appendix

The formalism described in this work to deal with the
Cauchy problem for a specific field-particle system relies
heavily upon energy conservation and the related self-adjointness
of the operator which generates the time evolution. This means,
for example, that the prescnce of absorbing matter is discarded.
This will not be very relevant for the asvmptotic motion of the
oscillator in the case of open space-sections, but will be
critical in the closed case. To see this we use the following
heuristic argument:

Consider, again, the wave equation

o (O B) )= -2 S Gy

TR
in the Einsteiln universe. A "retuarded' solution of (AL1) is
given by 00
{)(x,t) [Q/f &ﬁ/i[@/’t‘@o{—2y@7f}_
‘HNR “
(A.2)

- Qe Rx-2v B) [}

-k .
It is retarded in the sense that %(X,f}:@ for “6<0?0f it

Q =0 for t < O. (The sum in (A.2) will not in general
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converge. This does not matter for the present purpose.

we just sum up the occurring series! formally. For the pair
(Q,é } one arrives at finally one can always check that it is
in fact a solution to (A.1) together with (2.2a)) Inserting

(A.2) into (2.2a) leads, after renormalisation, to

(A.3) 5(&)+2f’é(ﬂ+‘fﬁfé (ﬁ-Zy&?p/.f(uZ@{t):o
v=1

which may be viewed as an analogue to the lLorentz-lirac equation

of electradynamics in the prescnt circumstances. It looks

time-asymmetric, but it is not. Using {A.3) at time € - 4IT R

and subtracting from (A.3) vields un ecquation which is manifestiy

time-symmetric with respect to € =27 &R . Hence, for any

Q(t), which solves (A.3) for all times, (O(-t) is also a solution.

For this to be the case it is crucial that the factor in front

of the infinite sum in (A.3) is twice the cocfficient of é(t).

Inserting the ansatz Q(t) = Eﬁ“Ut into {(A.3) and summing

up the series formally, onc arrives at the "characteristic

equation" D(w): O , which is familiar (rom Secs. III, V.

Its having only real solutions 1s, of course, guaranteed in the

preceding treatment by sell-adjointness of the operator A,
Imagine now an absorbing medium unitormly distributed 1in

the universe. We model the presence of absorption primitively

by replacing (A.3) by

(A.4) 5&)+2Fé(t)+§‘/—’§ﬂ: rﬁifﬁ—-ZV&’F/-f/Afof):O f‘-a?//

It is not difficult to convince onescll that the zeros of
the corresponding characteristic equation now move to the upper
half of the complex @ -nlane.

One should, of course, also try to incorporate the expansion



SN

e

oo e



- 18 -

of the universe R= &ﬂ:) into the model. Then

Eq. (A.3) (absorption is discarded now) hecomes

5.5 Qe+ 2P G QY 20+ Of) =0

1=
el
where f(ﬁ):%
. : . :
In view of the results obtained in 1t secems likely that
the cosmic expansion (1€fﬁj‘< O) also turns
the periodic solutions of (A.3) into damped ones. However,

we have been unable to prove this.
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