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Electromagnetic scattering is treated |as 2 dynamical problem, by equating the
external torque exerted by the incident wayve on the sphere to the self torque due to the
radiated (scattered) wave. For I, ., =0, scattering amplitude is equal to the usual
P-wave amplitude of the electromagnetic scattering on an infinitely conducting sphere.
The poles of the scattering amplitude, in particular their dependence on I, .4, are
studied, For example, a pole on the positive imaginary axis, which usually corresponds
to a bound state, corresponds to a runaway solation in our case. Non-decaying resonan-

ces are also discussed. i

1. Intripduction

Electromagnetic scatteringis us

lly calculated by solving the Maxwell

Equations with given boundary conditions at the surface of the scatterer.

For this, it is not necessary to use
or the velocity of the charges nor w
the radiation reaction force is impl
boundary conditions.

Here we study the scattering of
sphere to show explicitly how ra

scattering phenomena. For f,.,=

phase shift for the scattering on an

In Sect. 2 we calculate the phasd
In Sect. 3 the poles of the scattes

Appendix we prove that the distan
half of the k-plane and that their w

echanical concepts such as the mass
brry about the forces acting on them;
citly taken into account, through the

a plane electromagnetic wave on the
diation reaction enters into play in
:(0, we reproduce the usual P-wave
infinitely conducting sphere.

shift and the scattering cross-section.
ing amplitude are discussed. In the
t complex poles must lie in the lower
idths I', grow logarithmically with n.

2. Scatterin, : Cross Section
Let the incident electromagnetic plane wave move in the z-direction,

and be linearly polarized in x-di

* Tiarcaacad

Einc= §¢0 ei(kz—'mr).

ion, i.e.

(2.1}
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We take the center of the sphere as the origin, and its axis of oscillation
is constrained to be the y-axis (=)

The torque exerted by this wave on the sphere, is due to its magnetic
dipole component only:

de(D=0R*[§ - [Rx E;, (R, 1)]dQ
=0R®Ey(Jcos 8 &R0 4y it (2.2)
=ieEqRj (kR)e "

where we used y- [RxX]=Rcosf. The torque (2.2) vanishes for all
eigenfrequencies w,, which means that the sphere does not “feel” the
incident wave at all, and therefore the cross section vanishes at these
frequencies, as we shall see below. The external torque (2.2) forces the
sphere to oscillate with the frequency of the incident wave, but with a
phase shift é(w). The amplitude and the phase of this oscillation folow
by substituting (2.2) in Eq. (4.5) of paper I [1]:

u(f)=U(w)e ' '=Uy(w)e® "

_ —eEyRj (kR) (2.3)
- IjoD(k)
where
D(k)=|D(k)| e *® = A+ (kR)—(k/I ) 0~
= [ImechlIel -3 kRJl (kR) ny (kR) - x/(Iel 62 kz)] (2-4)
+1i3kRj2(kR).
From
sinéd=—ImD/|D| 2.5
we get the useful relation
_ 3¢E, .
Uy(w)= 7eRR?7, (RR) sind. (2.6)
We also need the expression
tand=— Im D
ReD @.7)
- —3kRj3(kR) :

" Unear/l)— ekRj, (kR) ny (kR) = ]I K7
Note that 6 is independent of I,; when I, =x=0.

Since the sphere is forced to oscillate, it therefore radiates a magnetic
dipole wave, which is the scattered wave. And since the sphere does not
absorb nor create energy, the average energy radiated by it must be
equal to the average work 4 done on it by the incident plane wave.

-y o

BEYF WY T T FWr T LA 83 WY ST ' ' F

Y

TTTW W T



Electromagnetic Scattering as b Radiation Reaction Problem 481

1 T
A= [Re[do(D)] Re [u(n] dt
0 H

— eEy R}, (kR) Up() (}fjsinwrcos(a—m)dt)

= e Eq Rj; (kR) Up(e)(3Kin 5)
_3cE;} ;

. 2
=17 sin” &

where T is the period (T=2r/w). I obtaining (2.8) we made use of the
relation (2.6). :

(2.8)

The total cross section is equallto the average scattered energy per
unit time, A, divided by the averaée incident energy per unit time and
unit area, (¢/8n) E¢: |

A 6 .
Ciot =m—=? sin? 8(w). (2.9)

This expression is consistent with the general one for the total Cross
section of electromagnetic scattering [2]:
2n & '

Cior = ?1;1

(214/t)[sin” &, +sin? &;] (2.10)
when all the electric and magnetic :hase shifts, §; and Jj, are set to zero
except for the magnetic dipole phasf shift 87, which corresponds to our 4.

Moreover, in the limit [, =x+0, we have

tan & -» j, (kR)/n, (kR) (2.11)

so that our phase* 3 is exactly equa] to the magnetic dipole phase shift of
the familiar scattering of an electromagnetic wave on a perfectly conduct-
ing sphere [2]. This is expected, since in both cases there is no mechanical
inertia to overcome, and hence the only force which counteracts the
external force of the incident wave fis the radiation reaction force. How-
ever, whereas for a perfectly conduycting sphere currents corresponding
to all partial waves are created by the incident wave, our assumption of
a rigid homogeneous charge distribution and a fixed axis of rotation
restricts our current to that of a magnetic dipole radiation and thus serves
as an effective projection operator |of magnetic P-waves only.

The angular distribution of t}j scattered wave can be obtained by

using the Poynting vector for the [radiation. One can show easily that
the angular distribution is proporticnal to sin? 8, where B is the angle
between the rotation axis and thla direction of the scattered wave k

* This phase also appears in non-relativisjtic quantum mechanics, in the scattering on
a ricid snhare. '
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(cosp=§ - k). This leads to the differential cross section

do _ <20 3 —in2 2
70 =Cw g5 Sin =0, 7 (1 —sin“ @ sin” ¢) (2.12)
where § is the scattering angle and ¢ is the azimuthal angle

(k=(sin 6 cos ¢, sin 0 sin ¢, cos 9)).

3. Singularities of the Scattering Amplitude

Since there is no absorption, the partial wave scattering amplitude
A(k) is determined on the real axis by the known phase shift & (k):

A(k)=k"" sin 5(k) ®
= —Im D(k)/(kD(k))

where we used Eqs. (2.4) and (2.5). Since D(—k*)=D*(k), we can re-
place {(—Im D(k))/k in (3.1) by the analytic function

3.1)

N(k)=[D(—k)—D(k))j2ik=—3R ji(kR) (3.2)
and obtain an analytic expression for 4 (k) for the whole k-plane:
A(ky=N(k)/D(k)
= —3Rj{(kR)/[A+¥ (kR)—x[(I4c* k*)] (3.3)
a=x=s—J1(kR){(kh, (kR)).

Except for some peculiarities, A4 (k) has the usual properties of a partial

scattering amplitude: It satisfies unitarity, Im A(k)=k|A(k)|?, by

construction. It has the usual threshold behavior 4,;(k)~k?*’ for k =0, but

goes as k* instead of k* for x 0. It satisfies the relation A4 (—k*)=A* (%),

so that A4 (k?) is real analytic (as a function of k2). It can be written in the

usual N over D form (3.3), with D satisfying the dispersion relation
®pr2 s ¢ ’

D(k)=A—x/(I,,c? k2)+—6§- jﬂki—(,’%}ﬁ‘— for Imk>0, (3.4)

J _

but N(k*) having no left-hand cut.

D was chosen such that lim D(k)— const for k— oo and A +40. Therefore,
D(k) has a double pole at k=0 for k0.

Finally, D(k) may be identified with the Jost function J(k) by the
relation J(—k)=D(k). In the following we discuss and interpret the zeros
of D(k) which are the poles of A(k).
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Radiationless Modes as Non-Decaying Resonances

For I,..s+0, A(k) has infinite| number of poles yf=+Q,+i4T,
(n=1, 2, ...), which lie below the real axis, as shown in an Appendix of
paper 111. Such poles usually correspond to resonances. This is true also
in our case, where these poles cofrespond for I..+0 to oscillating
decaying modes, which radiate energy to infinity.

It is interesting to see what happens to the above decaying resonances
as | Ly.on|—0. As |1, | decreases, the zeros of D(k) approach the real
axis and they all lie exactly on it for] [,,.., =0. The residues of the corre-
sponding poles of 4 (k) become smgller and vanish exactly in this limit.
Therefore, looking at A4 (k) for I,./=0, one would observe no poles on
the real axis. This is expected, since gtherwise unitarity would be violated.
Here we have a rare example of resonances that can not be detected as
poles of the scattering amplitude, Inor by the §=(n+3)n criterion, as
discussed further below. :

It seems physically reasonable tp interpret such real zeros as corre-
sponding to non-decaying resonandes. In our case they correspond to
radiationless modes, for which th# sphere can store energy inside it
for indefinite time without any dissipation. However, the amount
of the stored energy depends on the iamph'tude of the oscillation, which is
arbitrary in our case, since our syktem is classical and not quantized.
Therefore, one can not associate a physwal mass to such resonances, as
one does to resonances in quantum| mechanics.

However, we could associate mgsses to our resonances, if we “quan-
tize” the sphere as follows: If the s-th eigenmode decays, it is expected
to emit radiation with frequencies concentrated around v,. If one assumes
that when such an excited resonance decays, it emits all its stored energy
by a single photon of frequency v,,|then the excitation energies #w, are
completely determined, if the radius R is given.

As an illustration, let R=nr,=n(e*/m,c?), where r, is the classical
electron radius and n some numbelr Then the excitation energy of the
first resonance is

_hexy _x, {hc %2__ 4.494 2., 9 2
hoy = R n (?-) m,J%; BT A TT (3:3)

where x, is the first zero of j, (x). Taking n=3(!!) gives
hw,=205.27m,c? (3.6)

which is very close to the exmtatmlp energy of the muon relative to “its
ground state”, the electron.

fmr w3 a2 K TTALO NI 1 o2 17
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This observation has been made by many authors before [3]! Besides
all the usual problems associated with a classical model for the electron,
a radius of 3r,~7.4 fermis seems too large for what is believed to be a
point particle. However, R=3r, is self-consistent (more so than, say,

2
R=1r)), since it leads to positive mechanical mass mm,ch=m,—%=
4m,>0 (see paper III).

The d=(n+1%) Criterion

Weak resonances, like the Roper resonance in #—N scattering, are
usually discovered by phase shift analysis, by looking for the phase
increasing through values of (n+1)=. Clearly, the far-away resonances
can not be detected by the above é=(n+14)n criterion. Qur amplitude
illustrates this and the less expected fact that non-decaying resonances
can not be detected by the above criterion either: For §=(n+4)r we
have tané= co and this corresponds to solutions of the following equa-
tion (see Eq. (2.7)):

A=3xj, (x)nl(x)+x/(1elx2)

(L 1N 2 2
=5 [(;——--5‘-3) sin2x ?cosh] +x/(Tyx*) (3.8)

zi sin2x  for x»1.
2x

For |A]<1 this equation has solutions near the zeros of j, (x) and
n, (x), but only the zeros of j, (x) correspond to resonances, as only at
these zeros & grows as it passes the values (n+4)7n. For A=0, these zeros
of j, are canceled by the double zeros of ;£ in the numerator of (2.7) and
the § becomes monotorically decreasing function of &, and hence & can
not lead to the detection of the non-decaying resonances. By the way, for
A=0 the definition D=]D|e"? forces & to have infinite number of dis-
continuities (at the zeros of D on the real axis), and should be relaxed to
D= 1[D|e" "% to get a continuous phase §..

For fixed A, Eq. (3.8) has only a finite number of solutions, corre-
sponding to x <4 A. The larger A the smaller is this number, and for large
enough A there is no solution at all. This reflects the fact that as | A|
increases, the poles move downwards in the complex plane (see Appendix)
and the distant poles can no fonger be detected by the above d=(n+1%)
criterion.

Runaway Solutions as Bound States

In III it is shown that D(k) has a zero on the negative imaginary axis
for I,..n>—1I, and another zero on the positive imaginary axis for
0>1...>—L. (For I....< —1I, these two zeros hecome twn comnlex
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Electromagnetic Scattering as # Radiation Reaction Problem 485

zeros in the lower half of the k-plang). Such zeros on the imaginary axis
are usually interpreted as belonging fo an antibound state and to a bound
state, respectively. In our case they e{:orrespond to non-oscillatory decay-
ing- and growing (runaway) modes, respectively.

The (non-Coulomb) fields corresponding to the runaway solution fall
off exponentially with the radius as ¥ —co, as can be seen immediately by
substituting w=i|w| in Egs. (2.7b) 0of paper I. Therefore, for any fixed
time ¢ these fields are normalizable ‘and thus have a finite total energy

1 :
-s—nj (E?+B*)d*r< 0. In this sense, a runaway solution may be re-

garded as a bound state!

Let us further compare our runaway solution with the solution of an
ordinary bound state of massive |particle. Mathematically, both are
“stationary solutions” of the form

Y =€ Y (r, 0) (39)
with normalizable y(z, 0), i.e. { [ (r, 0)|2d*r < co. The difference lies in
the time factor e ‘E, which is usually just a phase and thus harmless
whereas it is exponentially increasing in our case, and therefore it causes
troubles. The reason for this differefce is easy to understand mathemati-
cally: For ordinary wave equations [that are linear in §/0¢, E is an eigen-
value of the equation

Hy(r,0)=EY(r,0) (3.10)
and hence it must be real, since H is|Hermitian and ¥ (r, 0) normalizable.
However, the corresponding equatipn in our case is the inhomogeneous
Maxwell Equation, which, when wtitten in a form similar to (3.10) [4],
shows an additional source term, due to the electromagnetic current j,:

Hyy=Ej+4n), (3.11)

where H=—cs- p=ihkcs-F with s, being 3x3 Hermitian matrices
(s);x=—1i2,, and ¥, =E;—iB; (j=1,2,3) where E and B are real
quantities corresponding to the physical fields. Clearly Eq. (3.11) can
have non-real eigenvalues, as the existence of our runaway solution proves.

App:bndix

Here we prove that for I, +0|the distant zeros y;° =+ 2,+i4T, of
D(w)=A+§(zw)—Kk/(I, oY)

ko2 (A1)

=A+§3;lg(e“’(z+ii)2+z2+1)-— 7 =0,
N el

{(z=1w) are given by :
s ~Tntl_leien{ NIr forlarce n (A
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and
tl,~In{%|4]7Q,]>0 forlarge n. (A3
Proof. Keeping only the leading terms in Eq. (A.1) for large z=x+iy
gives
—32—iAz= - +1) (A.4)
so that
§l4z| x| 4 1[=]e? e P4 1) x| 6”2 (A.5)
and hence
vy~ —%In|Az|<0. (A.6)

Therefore, y is large and negative for large | z|. Since |y| <In |y| for large
|»l, it follows from (A.6) that |y| <|x|, so that

y=—3In#|Ax| (AT
which is (A.7). To determine x, consider the real part of (A.4):
cos2xx —(Ay+1)e??~A|y|e” 2 ~0. (A.8)
Therefore
|x|=sign{A)}= mod(nn), - (A9)

since x=(n+4)n for A=0 and since the poles are expected to move
continuously. This leads to (A.2).
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