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| Abstract. The relationship between negative mechanical mass and runaway solutions

is studied using the model of aicharged spherical shell. The model yields unexpected results:
for example, for —1I,, <1 ., «0 a runaway solution appears, but it disappears again for
Lneen< —Iy, where I, and [, are the electromagnetic and mechanical moments of
inertia of the shell. The runaway solutions of this shell are contrasted with those of the

quasi-stationary electron. The standard interpretation proposed by Wildermuth of how
the negative mass causes runaway solutions is shown to be incorrect. However, an alter-
native interpretation, based on regarding mass renormalization as if it were an “external

L
* Introduction

i For many years no progress was made towards the
understanding of the relationship between mass re-
ormalization and runaway solutions in classical ﬁeld
. theories. Such solutions appear, for example, for the
. Lorentz-Dirac equation of motion [1] of the point
lectron and in its non-relativistic limit, the Abraham-
| Lorentz equation [2]. In particular, it was not clear
vhether these solutions are caused by the infinity of
ﬂ;e mass renormalization; for the point electron masg
enormalization is necessary to bring the infinitely
ﬁoosntlve electromagnetic mass down to the observed:l
" mass of the electron.
Wlldermuth [3] made an important contribution to-
. wards understanding the role of negative mechanical
, mass by illustrating that runaway solutions are noft
| necessarily connected to infinities, and that any nega-
: :tve mass renormalization could lead to such solutions.
: He considered the quasi-stationary limit of the equar
ﬁlon of motion of the Lorentz electron, which is
dbtalned by neglecting the non-linear powers in the
veloc1ty and its derivatives:

; ﬁ;xt(r) TREg (¥ —%(t—2R/e)] =0. (1.1)

hidden force® is capable of explaining the above runaway solutions.

This equation does not have runaway solutions, but
by adding to it a mechanical mass term (renormalizing
its mass), one obtains the equation

2

Fou 3z O =X = 2R/)] = My % (1) (1.2)
which has an infinite number of runaway solutions
for m_,.., <0. Wildermuth interpreted the effect of the
negative mass as follows: “An electromagnetic braking
force {Bremskraft), e.g., the self-force, accelerates the
electron more and more, since force and acceleration
have opposite directions for a negative mechanical
mass”. Wildermuth’s example has been much quoted
[4, 5] and his interpretation is apparently accepted
in the literature [5].

Now, Wildermuth's example is based on Eq.(I.1),
which is an approximation of the equation of motion
of a physical system and it is very unlikely (see Sect. 4)
that Eq. (1.1) can describe exactly the motion of any
localized charged distribution, which need not be
rigid, spherical, or homogeneous. Hence, one can not
examine the conservation of energy and momentum
in Wildermuth’s example. Therefore, it is important
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to have a similar example which is based on a model
which has a simple and exact equation of motion
and for which energy and momentum conservation
is well understood. Such a model was described earlier
[6], and is based on a rigid charged spherical shell,
which can rotate around a fixed axis.

In this paper, we examine the runaway solutions which
appear when a negative mechanical moment of inertia
I,..n is added to the charged shell. We obtain interest-
ing and rather unexpected results: for — I, <1, <0,
where I,, is the electromagnetic moment of inertia,
the equation of motion has only one runaway solution,
which disappears when I, is made more negative.
Thus, in contrast to the quasi-stationary approxima-
tion, not only the infinite number of radiationless
modes fail to become runaway solutions for I, <0,
but also the single exponential runaway solution is
present only for special negative values of I, ,,. More-
over, if we attach the sphere to a spring, which provides
a restoring torque, we find that the single runaway
solution persists for all negative values of I,. These
results could not be understood on the basis of Wilder-
muth’s interpretation. And, in fact, a closer look at
this interpretation showed it to be wrong. The above
results can, however, be understood in terms of the
hidden force interpretation [7].

In the next section the runaway solutions for the
spherical shell are discussed, in Section 3 Wildermuth’s
interpretation is examined and in Section 4 the results
are explained by the hidden-force interpretation.

2. Runaway Solutions of the Spherical Shell

The equation of motion for the spherical shell of
radius R is given by Eq. (4.2) of paper { [6]:

dext(t) = Imech é (t)

3 2 (1_ (t)

[,
+'1216[ 212

) $it—1)dr +k () 1)

where ¢(f) is the angular displacement and t=R/c,
and  is the spring constant. In this equation, the ex-
ternal torque d,,, is balanced by the mechanical
inertia term, by the electromagnetic inertia term due
to radiation reaction, and finally by the restoring
torque of the spring.

The runaway solution of (2.1) are the solutions for
d,,,(t)=0, which become unbounded as the time t goes
to infinity. In paper I we showed that any solution of
the homogeneous equation must have the form:

) =(Po+ Pyt + 3+ 4 e 2.2)

or a linear combination of such exponential forms,
where o is a complex number. We also showed that
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for any v the solutions which involve powers of ¢
cannot exist uniess the pure exponential solution

P(t)=gpoe ' (2.3)

exists. We shall therefore first investigate these latter
solutions and then show that the others do not exist in
our case.

Substituting (2.3) into (2.1) and setting d,,, =0 gives [6]
flen= —pean+ Lo Y t0)]0* +x=0 (24)
where

o 3i

YX)=3X ;0 h(X) =575

where j,(X) and h,(X)=ih{'!(X) are the spherical
Bessel and Hankel functions for /=1. Note that
I, yr(tw) can be interpreted as the effective electro-
magnetic moment of inertia for the oscillatory motion
(2.3)[6].

The solutions of the homogenous equation correspond
therefore to the zeros of Eq.(2.4). In particular, the
exponential solutions (2.3) correspond to simple zeros
of (2.4) while solutions of the type ¢, t"e~*®* correspond
to zeros of order n. Since we are only interested in
solutions of the form (2.2) which become unbounded
for t— oo, we need only consider the zeros of (2.4) for
Im >0. I shall first consider the zeros which lie on
the positive imaginary axis, and then prove that no
other zeros exist in the upper half-plane.

These pure imaginary zeros are the zeros of the
following relation, which follows from (2.4) by sub-
stituting tew=1iy:

Ly (iy)= —Lpen —(x/7%)y 2 (2.3)

One can show that (i y) has its maximum value, +1,
for y=0 and decreases monotonically as y— oo, so that

O<y{iny<l for y>0. (2.6)

For the case k=0, Egs.(2.5) and (2.6) immediately
give us a condition for the existence of runaway
solutions, namely

_Imech=|1mech|=1el '*II(Iy)<Iel for y>0 (27)

(EF X+ +X2+1)

For the case x >0, Eq. (2.5) for y >0 has a single simple
zero for any I, ., <0, and hence the system will always
have a runaway solution when there is a restoring
spring.

It is interesting to follow the pure imaginary zero as
1., decreases from 0 to —oo. As soon as I, be-
comes negalive, a new zero appears in the complex
plane from w=ioc and moves downwards along the
imaginary axis as [, decreases. For the case k=0,
this zero reaches the origin for I, ., = —I and there
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it meets a decaying-mode zero, which for I__, =0 is
i located at w= —i/r and which moves upwards along
¢ imaginary axis as I_.., decreases from 0 to -1,

i For I, < —1, these two zeros become two comp]ei&

| Zeros oy =ta—if (>0) in the lower half-plane.
For k>0, the runaway and the decay-mode zerop
- move towards each other as J__, decreases to — oo,
but they never meet.

: ﬂn potential scattering one encounters a similar be-

~ havior to that for x =0, where a bound-state zero
meety an anti-bound-state zero to become two com-

' plex resonance zeros as the potential becomes less
4ttract1ve In fact, it turns out that f{w) for k=0 i$
" proportional to the Jost function [8] of the P partlaﬂ
. wave for the scattering off a -function potential (2.9);

The Jost function D (k) is given in general by

J?,(k) 1+ k‘+1 j h(kr) V() d,(k, ryrdr. (2.8)

. Substltutlng for the potential
.W) 78 —R) (29)

mnd noting that the regular solution ¢,(k,r) for th1$
dvotentlal is given by

N iR~ for SR 210
Vife get for the §-potential

Dz(k 1+— y R?k j,(kR) b, (kR) (2.11)
: ‘#hich for I=1 and the following choice of

}’=2—; U/ Tpee) <O for I <0 (212)

P
comes proportional to our function f{w) defined in
(

4). Note that the coupling constant y becomes less
.a}tractlve as I .., becomes more negative. The Jost
fqnctlon for a Hermitian potential does not have zerosg
m the upper-half of the k-plane, except for bound-state
. zeros which lie on the imaginary axis. This fact is a
i proof that for x=0 our system does not have any
roscillatory runaway solutions for I, ., <0.
Hor k>0, it is possible to prove the same result by
u@mg a generalized version of Levinson theorem which
.15‘ applicable to functions f{w) which do not have
;constant asymptotic behavior for |w|—co. In fact,
i1 prlgmally used Levinson theorem to prove the non-
‘existence of oscillatory runaway solutions for k=0
bq:fore discovering the analogy to the scattering from
‘a| d-potential. 1 shall not give more mathematical
d¢talls about the case x>0, since I shall show in
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Section 4 that such oscillatory runaway solutions can
not appear on physical grounds.

3. Wildermuth’s Interpretation

As mentioned earlier, Wildermuth’s interpretation,
quoted in the introduction, of how the negative
mechanical mass causes runaway solutions, has been
the standard interpretation for many years. However,
this interpretation cannot explain, e.g., why the run-
away solution disappears for I, < -1, nor why
there are oscillatory runaway solutions for the quasi-
stationary electron and none for the sphere.

Although the above interpretation sounds mtultlvely
reasonable, since as shown below, a braking force in
the usual sense would in fact accelerate an object in-
stead of decelerating it, if the mechanical mass were
negative, it contains two errors: For a braking force
the conclusion would hold, but not for the reason
given. However, the self-force is not a braking force,
and hence also the conclusion is not always true:

1. In general, whether force and acceleration have
parallel or opposite directions is irrelevant, since
whether there is acceleration or deceleration (d| v|/d¢ >0
or <) does not depend on &, but only on ¥ - i:

div| 1 div-v)  dv
a0 N dr - a Cllva -G

However, in the Spemﬁc case of the usual braking free,

Forac= —bv, F,, is determined by ¥, and we would
indeed have an acceleration,

d|v|
dt

—b
=e.a=e.(m v )>0 for m. <0, (32)

mech

as intuitively expected.

2. The electromagnetic self-force cannot be considered
a braking force: A braking force, such as F= —by,
tries to slow down the motion (making |v| smaller),
and in the absence of other external forces, it brings
the system to a complete standstill, where it no longer
has to lose energy into friction. The electromagnetic
self-force, on the other hand, tries to bring the system
to a constant speed or more generally to radiationless
modes, where the system no longer has to lose energy
into radiation. In fact, the self-force sometimes in-
creases the speed of the object, in order to bring it to a
radiationless mode. We may therefore call the self-
force an inertial force or some other appropriate
name, but it is certainly misleading to call it a braking
force. '

To conclude, the direction of the self-force F, , is
usually not determined by ¥, and hence no statement
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can be made on acceleration or deceleration on the
basis of the sign of m,,,., alone.

4. Explaining the Results by the Hidden-Force
Interpretation

Elsewhere [7] I show that if we have two equations of
motion '

Fext = Fireac(¥) (4.1)
Fext': 2reac(v) (42)
where F,,, represent the external force and F,,,. and
F, ,.q ar€ reaction forces (see an example below), and

assuming that we understand how energy and momen-
tum are conserved for the system described by Eq. (4.1),
then it is often advantageous to rewrite (4.2) in the form

-
Kt - | B =9 (43)
with
FhE Fl reag F2 reac (44)

and look upon system (2) as if it were system (1), but
with additional “external hidden force” F,.

We now apply the above idea to our problem. Re-
writting Eq. (2.1) in a form similar to (4.3) gives

3 3 2t (t )2
doul) + a0 =L - (1=305) it 0)de 4590
4.5)
where
k(t) - mech u(t) (46}

From now on we shall treat the mechanical mass term
as an “external” (hidden) torque, which is acting on
the reduced system of the charged sphere with spring
but without mechanical mass. This enables us to
explain the runaway solutions in terms of energy con-
servation for the reduced system. We know that the
reduced system will not leave its state of rest ¢(t}=0,
unless it is acted upon by an external torque which
could do positive work on the system, since the total
energy of the system (the energy of the field plus the
energy of the spring) has its lowest possible value for
the rest state. But in Eq.(4.5), even for d_,=0, the
effective torque in non zero, being equal to —1_ ., i
This hidden torque could do positive work on the
system for a runaway motion

e'”"“‘“") 4.7)
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where we write ¢, =iuy/w and choose u, to be real
for convenience:

M(t = .f( ‘{mech u(t )u(t')dtj

=_% mech[u (I)—‘u (_OO)]

11 . uicos*ate?’. 4.8)

2 mech

This equation explains why runaway solutions of the
form (4.7) can only exist for I, <0. :

The hidden-force interpretation also enables us to
understand why the exponential runaway solution
disappears for I, < —I, when x=0: For an ex-
ponential motion

u(ty=uye?’  f>0, (4.9)

the hidden force, with [, < —I,;, would supply the
sphere with more power than it can radiate away into
reversible and irreversible radiation:

Rndden(t) mech u(t) u( )
=u0|Imechl|Bezm>u01el w(lrﬁ)ﬁezm
= dself u (t) = Eadiatian (t) (410)

where we used the inequality (2.6), and that the self-
torque d,,, for the motion (4.9) is equal to

Ing Gt pya(ty=1, v (ithu, B

However, for x>0, the extra power supplied by the
hidden force could be absorbed by the spring and
stored as potential energy, and the runaway solution
does not disappear for this case.

Finally, we show that the hidden force interpretation
can also explain why no escillatory runaway solutions
of the form (4.7) with « %0 appear. For such solutions
the work (4.8) vanishes periodically with time. And
since the reduced system emits irreversible radiation
for such oscillatory modes (see Eq.(2.26) of I), it
follows that for every t, for which W,(t;)=0 the
irreversible radiation emitted for —oo <t <t, would
have to come either from the reversible electromagnetic
energy of the velocity fields (which for the particle at
rest is equal to the electrostatic Coulomb field energy)
or from the potential energy of the spring. This is im-
possible, since for the solution of the form (2.3) the
system is initially at rest, ¢(—c0)=0, and has there-
fore its lowest possible energy. Hence, there cannot be
any oscillatory runaway solutions. Note that this
argument does not apply to a monotonically in-
creasing runaway solution (4.9), since the work W(t)
in this case never vanishes for a finite t.
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It is interesting to note, that since the equation of
motlon for the electron in the quasi-stationary ap-
| proximation does have oscillatory runaway solution
fcpr Mpecn <0, We have a good indication that thlj
approx1mate equation cannot describe exactly the
motion of any stable charge distribution, since every
:charge distribution is expected to radiate irreversibly
hen it is forced to leave its lowest energy state, the
,;Tst state v{r)=0.

o conclude: By using a model, for which energy and
IIﬁmnt:ntum conservation is well understood, I was
| | able to illustrate and confirm Wildermuth’s main con-
i clusion that adding any finite negative mechanical
imass to a physical system could lead to unphysical
i runaway solutions. I illustrated that such addition is
nﬁ't a sufficient condition for the appearance of run-
laway solutions, and explained why this is so,
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