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1

Radiation reaction in classical electr¢dynamics is studied using as a simple model
a rotating sphere with rigid surface chargd. Because of the transparent geometric nature
of the problem, we obtain an exact integral expression for the “self-torque”, which
depends causally and linearly on the angular speed. This leads to a linear equation
of motion, which does not have any runaway selutions, as longasno negative mechanical
moment-of-inertia is added to the system. The results are illustrated with a few examples
corresponding to predetermined motiong and external torques,

1, Int*oduction

The reaction of a radiation field on the charges which sustain it,
i.e. radiation reaction [1, 2], has bien studied for a rigid spherical charge
distribution of radius R undergping a translatory motion (Lorentz
Model) and also for its limiting cdse (R —0) of a point charge. For the
extended charge distribution, the s{:lf-force is an infinite sum over higher
derivatives of the velocity [2], whj¢h is not easy to work with. By taking
the R—0 limit, all terms involviﬁlg ¢ and higher derivatives of v dis-
appear, but the electromagnetic mass becomes infinite. When this infinite
mass is replaced by the finite physi#al mass, using either intuitive physical
arguments or Dirac’s method, baged on radiation (retarded minus ad-
vanced) fields {3], one obtains an equation of motion, which has un-
physical “runaway’* solutions (the particle accelerates itself). And when
one avoids these solutions by impasing asymptotic conditions {3, 4], one
ends up with pre-accelerated solutions [1] (acceleration starts before the
force is applied).

It seems therefore worthwhile ko have a simple model of a radiating
system, which is mathematically manageable, so that one can study
radiation reaction for non-trivial | motions, and, in particular, to show
explicitly that the usual retarded fields lead to consistent and causal
solutions. In this article we discugs such a simple model: It is a sphere
which is rigid in a geometric sense, which also carries a rigid surface
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charge and rotates around a fixed axis*. A valid objection is that
the assumption of rigidity violates relativity, since it implies that
a force acting on any part of the sphere will cause all other parts
to move instantaneously. But our assumption is not inconsistent with
electrodynamics and it makes the problem manageable. The present
model does not suffer from infinities, and turns out to be a linear system
and therefore relatively simple to work with, We use retarded fields
throughout and obtain physically reasonable solutions, which conserve
energy and momentum. If a mechanical moment-of-inertia I, is added
to the pure electromagnetic system, the equation of motion will have
no runaway solutions as long as I, =0, and develops runaway solutions
only for Iy, <0, as shown in III [6].

In Sect. 2 the retarded electromagnetic fields are calculated, first for
oscillations, then for constant rotation and finally for arbitrary rotations.
The torque of these fields on the sphere, the self-torque, is calculated in
Sect. 3: It is a convolution integral that depends linearly and causally
on the angular acceleration. In Sect. 4 this torque is used to set up the
equation of motion for the sphere, which has, in addition to the charge,
a mechanical moment of inertia .., and also a restoring force —K¢,
where ¢ is the angular displacement. One obtains an integrodifferential
equation in ¢ (¢). This equation has an infinite number of homogeneous
solutions, whose interesting properties are discussed in Sect. 5. The
inhomogeneous solution is given in Sect. 6: Tt is a convolution integral
of the external torque and a formally-known kernel; the dependence on
the external torque is linear and causal for 7I,,.,=0. In Sect. 7 the
solutions for §-function and step-function external pulses are discussed.
In Sect. 8 our techniques are analysed, and it is concluded that all
rotationally invariant objects, rotating around their axis of symmetry,
will also lead to linear causal systems similar to the specific model in
this paper. Finally, a summary is given in Sect. 9.

2. Radiation Fields
a) Oscillations
Let a sphere of radius R catry a rigid homogeneous surface charge o
and oscillate around a fixed axis with the angular speed **

v, () =U(w) e '**a

* The spherical shell model has a long history (see Erber’s review article, especially
pages 380-381). It turns out for example that already in 1904, Sommerfeld [5] had
calculated the oscillatory eigenmodes of the system. (See Sect. 5 of the present article.)
See also Schott [5]. But as far as we know, the fields for general rotations have not
been calculated explicitly before.

** For convenience, speeds, fields and forces will be written as complex quantities.
The phvsical auantities ara eaual tn the raal narte nf tha snmnlay anee
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(“*" will always be used to denbte unit vectors #=u/[u[). The cor-
responding current*

i, D=p( 4’(?, 1)
=05(r§— R)[u(t)xr]

leads to the following retarded vecqbr potential (in Gaussian units)

@.1)

t—|r—r'|/c)
[ri—r']

A0, =1 1T &y

st.[u (t—|r— r|/c)xr]dﬂ,

e=r

E ) eik|r r|fc ,

["m(fj x7]jikro)hy(krs)

(2.2)

ekR

where
r.=min (7, R), i r,=max(r, R)

; 2.3
e=4nR%’c, @ k=ofc 23)
and

sinx cosx .
Ji(x)= ==z "

cosx  sin|x ) .4)

n(x)=— (ﬂ_?____;_

By () =i hD (%)= —nlkx)+fjl(x)=f "x (”“:E‘)

are the spherical Bessel, Neumannj;md Hankel functions.
In deriving (2.2) we made use of the familiar expansion of
Exp (ik |rr )| r=r|
in terms of the Legendre polynomikils and also of the equality

[# B '“’)ds]Z ( ) 8,y . (2.5)

From (2.2) we calculate the electri¢: and magnetic fields E and B. Their
spherical components, defined by

E=E,7HE,¢+E,0

* With this ansatz one assumes that tHe charges are distinguishable and therefore
1t is mcamngfu] to speak of the rotano of a homogeneously charged rigid shell. A
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where
$=AxF/|AxF[=0xF/sin0

" (2.6)
=@ x¥
are:
The Fields Inside the Sphere (r< R)

E’=E9=B¢=0
E¢=i?§— U(w) wX by (X)j,(x)-sinf e~

B,=2- U@ X hy(X)x™ji(x)-cosfe™'o" 27a)

-y d . . —tw
Bo=-?ez—U(m)th1(X)x 1E‘:—(.u:]l(x))-smﬂe bt

The Fields QOutside the Sphere (r> R)
Ea = B¢ = 0, El' = Tez"‘

E¢=i—;2- U@)wXj (X)h(x)-sinfe 2"

. (2.7h)
B=2— U(@)wXj, (X)x~ 1 hy(x) - cos@e

B,= —?i- U@oXj(X)x™* -E-d;(xhl(x)) csinfe™

where
x=kr and X=kR, _ {2.8)

The fields outside the sphere are pure magnetic dipole radiation
fields. Eq. (2.7b) leads immediately to the interesting result that the
oscillating fields outside the sphere vanish identically at infinitely many
cigenfrequencies w, =X, /t (t= R/c), where X, are the zeros of the Bessel
function j, (X,)=0, or

tanX,=X,, n=123, ... (2.9)

This is a famous equation first found by Sommerfeld [5]. For these
, the fields inside the sphere need not vanish. Therefore a sphere os-
cillating with these frequencies could theoretically store electromagnetic
energy without any dissipation. Further discussion of these and other
maodes is given in Sect. 5.
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b) Cansttint Rotation

The fields for a constant (or sta'ic) rotation u,, follow from Egs. (2.7)
by taking the limit @ 0. The electric field will be just the Coulomb

field outside the sphere, E=(e/r*)7| and the magnetic field will have the

form:
%;1'— _ for r<R (2.102)
ﬂ-"-’-—'g—'i—"'— for r>R (2.10b)
where |
i p2
mE_T:;RT u,. (2.11)

The above magnetic field is cqlnstant inside the sphere and outside
the sphere it corresponds to thatéof a static magnetic dipole m. It is
useful for later remarks to give the total magnetic field energy U2 and
the angular momentum L, of thesé static fields

U;:=.8.1.n_ [B @ rém? R, 2.12)
Ly=—1_ | [rx‘[ExB]]d3r=zem @2.13)
* 4nc ,Jg ! 3¢cR° )

One may check explicitly that 2/: of the total energy UZ is contained
inside the sphere and only 1/3 of it is outside. Defining an electromagnetic
moment-of-inertia I, by the relatign

Lst ?Iel L (214)
gives 5
i2¢*

For constant e, I,; vanishes asf R — 0, which reflects the fact that a
rotating point charge does not radiate. I, will play an important role
later, also for oscillating fields. U#ing (2.12), we can immediately check
that :

Us?%%leluszt' (216)
i
¢) Arbitrgry Rotations
Since the vector potential dep#nds linearly on the current and since

marn Arrmnnmt damandes Haanalsr an $ha ancnlas cmasad tha wontae smatantinl
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A(r, t) for an arbitrary motion

u(y=du(f)=a j'o Ul{w)e “'dw .17

is a superposition of the vector potentials for different oscillatory
motions:

A(r, )= }0 A, (r,)dw. (2.18)

We shall now calculate A (r, #) explicitly for r > R. Substituting (2.2) into
(2.18) gives

ACr, t)=%1§_ [#x7] -F wj (@R[¢) hy(wr/a)U(w)e ' do

w (2.19)
=¢sing | U(r, Du(t—1t)dr
where
eRo —ilwt
A(r, t)—— j —2—j1(ﬂJR/C)h (orfcye ***dw for r>R. (2.20)

Evaluating this integral using contour integration gives

2
A, =2k [1+-—1-(1—- )] for t_<it<t, @2.21)

0 otherwise
where
7=R/e
(2.22)
1 =1;("=(r£ R)/c.
Substituting (2.21) in (2.17) gives
2t
Ag(r,)=sin8 | A(r,t_+)u{t—1_—1)dt. (2.23)
0

‘We see that the potential at position r is only affected by the motion of
the sphere at the earlier time interval r-1,<t'<t—1_, where the
retardation times 7, and 7_ are the times required for a signal to reach
the observation point r from the farthest and the nearest point on the
sphere.

- Y T gF}
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Using (2.23) and Ap,=4,=0, v{{e calculate the fields for r> R for an
arbitrary rotation u(f):

E',=—ri—, E9=B¢=0

4 2t I
Ey(r )= _%A¢(;)= _sing [ AL, -+ alt—r_—1)dr

c 9
1 ¥sinf4y) 2
Br(l', t) = Y eing 70 —-';:“ q0t9A¢ (224)
_1(r4y) _ 2'3[11 r R
Be("’f = r ar =. Slnag “"""" ar r (r,?""’?—i-t)

. u(z-«;_—t’)—%m(r,i’r_ +tYu(t—1- —t')] dr

2t :
=sinf | ?15—(4t'—t’2/‘c)u(t—'r_ —t)ydt' —E,
0

where in calculating B,, the total {ierivative with respect to r was taken.
Since

e [—»1— (1—i) ' —z—c (t—i)] 0<t<2
wr,r_+n={"12r ' "7/ T 27 2c /1 Foa2s)
0 ! otherwise

the fields emitted at time ¢ fall off radially like 1/r and faster, as they
propagate in space. Only E,(r, t+"[r_) and B,(r, t+7,) have terms which
fall off like 1/r, and these depend only on & but not on u. These and
only these terms are responsible for the irreversible radiation, since
their Poynting vector drops off like 1/r%, so that a/f the energy entering
a spherical shell must leave it agdin. Since these terms in E, and B, are
equal, except for a sign, they contribute a nop-negative term to the
Poynting vector which is always girected radially outwards. The rest of
the Poynting vector has terms tHat drop like r~* and stronger. These
have non-vanishing divergence and thus carry energy that is deposited
in space as reversible field energy.

A quantitative account of thei above remarks leads to the following
expression for the irreversible radiation 9 (¢) emitted by the sphere at
time £:
R(O)=lim { S, (r, t4 (r— R)fc}r* dQ

r—a

=4—‘;— Jirn [ (Rg Eg (7, t+7)) r* d 22 (2.26)

< [7 (145 Re(ﬁ(r—t’))dt’r
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where S,(r, #+1_) is the radial component of the Poynting vector at
position r and time £47_.

Since
2t
j' (1-t'jrydr =0. 2.27)
1}

Eq. (2.26) leads to the following interesting result: the sphere does not
emit irreversible radiation if it rotates with constant angular acceleration.
With the help of the relation

2t ’
f (1-7’;) € It = —21i %), (ro0) 2.28)

0
we can easily calculate the irreversible radiation for an oscillatory motion
u(@)=ug e '

R(t)= ( 2‘;2:2 ) 43 02 2 (o) cos® [(— )], (2.29)

Note that R(r) ~ w* for small w and oscillates like sin? 1w for w — 0.
R(¢) vanishes indentically for the eigenfrequencies w, given by Eq. (2.9),
as expected.

3. Self-Torque

The electromagnetic field radiated by the sphere acts back on the
sphere with the usual Lorentz force. It can be shown that for a surface
charge distribution such as ours, this force depends on the average of
the fields on both sides of, and immediately outside, the charged surface

(for example, E,, (R =-;- ier FHE,R) $) :

Four= By, (R)+—- [[u() x R] x By (R)]. @
This force exerts a total torque on the sphere, which, because of the
symmetry of the problem, must be in the direction of the rotation axis:
d, ()= daelf(t) ft
with _
dstslr(t)'_"‘z . dnelf=ja * [R X Fulf] de‘Q
=oR*{[AxR]-E, dQ

=R i xﬁjzda-zjrﬂl(R Da@-tydd  (3.2)
4nc 0 ’ .

=—1, :[tD(t') u(t—r)dr

rwy
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where

3§y 2yn.2
D(t)=3c—em(x,¢)= ﬁ(_l £2)(27%) for O<t<2rt

0 otherwise.

(3.3)

The contribution of the magne.tic field vanishes, since
[#x R] - [ir x R]x R]=0.
This insures that the self-torque |is linear in #, since E is linear in u.
A detailed discussion of linearity is given in Sect. 8,
Eq. (3.3) is an important result. Unlike in the Lorentz model of an

extended electron, the self-torque|here is (exactly?) linear in # and it is
given by a simple integral exprcirion instead of an infinite series. The

integral also has a simple intuitive interpretation: the self-torque at
time ¢ depends only on the angular acceleration of the sphere during
the time interval 27 prior to ¢; 2t is the maximum time required for a
signal to travel between any two points on the sphere.

d,.e can be written as a sum over higher derivatives of u, by expanding
u(t—1t") in powers of ¢’ under the|integral (3.2):

= dhult
duelf(t)= _Iel ZJ%"‘?{SIL
" , (3.4)
=—1 (ul——ztzu+1———'u'+
s 9
where
3 (=D 21n 2y g

.3(n—1)(2t)"
n+DI(n+3)

It is important to note however that the above series expansion is
not equivalent to the original integral expression, unless the Taylor
expansion of u(z—1t') has a radi is of convergence not smaller than 27.
Therefore this expansion can ngt be used for suddenly changing (dis-
continuous) motions or external torques (see Sect. 7a).

Note that the ii term vanishes in our case. In contrast, the correspond-

26 ., ! . e
ing Schott term 3—i2— o is the on?y term responsible for radiation in the

—(_1ytl |
=(=1"" 4

non-relativistic equation of motici)n of the point electron.
We need for later use the Fourier transform of d,.i:

Pon(@)=— [ doug(de®ldi=—LpGa)(-ioU@) (.6
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where
Y(X)=3Xj,(X) hy(X)

3i , 3.7
=g X+ +(X* +1))
has the property that (X)—1 as X - 0.
Note that
Do) e™" " = Ly (ze0)] i (2) (3.8

is the self-torque for the oscillatory motion u(t)=U(w) e ?*'. Thus
I ¥ (rw) is the effective moment of inertia for this motion, which for
@ — 0 goes to 1,5, D,.(w) can be calculated directly using the fields (2.7)
for the oscillatory motions. And since d,. (2) is linear in u{¢), one could
have obtained d,.(r) by integrating D, (w) e~!** over all o, without
first calculating the general fields (2.25) for arbitrary motions u(t).

4. Equation of Motion

We now write down and solve formally the equation of motion for
the general case, where the charged sphere has a mechanical moment of
inertia f,., in addition to I,,, and also a mechanical restoring force
—x ¢, where ¢ is the angular displacement. The special cases I, =0

and/or k=0 are then obtained by considering the limits 7,,.., — 0 and/or
k=0,

The equation of motion for our general system is
Imech & (t) - dself (t) +x ¢ (t) = dext (t) (4 1)
where d,,, is the external torque. Eq. (4.1) becomes an integro-differential
equation in ¢ on substituting for d,(¢) its integral expression (3.2):

. 3 2t tr 2 . , ,
lnen O Ha g | (1-50} $6-1dr 410(0=dund. @2)
We solve this equation by taking the Fourier transform of both sides:

J (@) ¢(@0) =D () (4.3)
with
f(m)E _(Imech'i'Iellp(Tw)) (")2 +K (4'4)

where we used expression (3.6) for Dy (w). Dividing formally by f(w)
gives ¢(w) and hence the formal solution ¢(¢) of (4.2), by taking the
inverse Fourier transform

_1 w+id D,,,(cu)e—i”" dCO 3 v
0= | Tihitaner—s T 08" (49

waw PEY " " ¥ i 3 B}
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The i indicates that the integration path should be above and parallel
to the real axis. This insures causality, since then all the zeros of f(w)
(for Iecn 20) will be below the int#gration path,

“h.s.” stands for homogeneous solutions, i.e. solutions of (4.2) for
the d,,(£)=0. We shall see in Sect. 5 that (4.2) has infinite number of
homogeneous solutions, and we cah take in (4.5) any linear ¢combination
of them, as needed for describing|the motion of the spherc before the
external torque starts to act. The| necessity of including homogeneous
solutions in (4.5) is clearly seen by|noting that Dy (w)=0 for do, (#)=0.
Hence the integral in (4.5) vanishe# indentically for zero external torque,
so that in this case ¢(¢) can be equal to any linear combination of the
homogeneous solutions, as expecied. This freedom of adding homo-
geneous solutions follows, since ih obtaining ¢(w) we devided by the
function f(w), which has infinite Eumber of zeros. Each of these zeros
corresponds to a homogeneous splution, as we shall see immediately
in Sect. 5. _

In Sect. 6 the integral in (4.5) will be transformed into a convolution
integral involving d..(t) and the Green function G(7) of Eq. (4.2).

5. Homogeneous Solqltions or Forceless Modes

The homogeneous solutions correspond to possible motions {modes)
of the sphere when there is no external torque acting on it. Consequently,
they are called forceiess or torquele#s modes. In looking for these solutions,
the restoring force —x ¢ will be trdated as part of the system. Besides the
forceless modes, there are also ¥ radiationless modes”, for which the
system does not radiate energy. THese two types of modes are not always
identical: there are forceless modes which radiate energy, and radiation-
less modes which require an external force to maintain it (see Erber [1]) x,
Qur system provides interesting e*amples of these modes, We shall first
derive the formal expressions fot the general homogeneous solutions,
and then discuss in details the three cases defined by different values of
the parameters e and . :

Tf ¢, (¢) is a homogeneous solution of (4.2), then its Fourier transform
¢, (w) must satisfy Eq. (4.3) with Dey (w)=0, i.e.

F(@) (@ = [~ (Ipeen I 310 1y G@)js (r0)} 0" +1] $(@) =0 (5.1)
where we have written out ¥ (zfw) explicitely. Therefore ¢;(w) must
vanish identically, except at the ijolated (complex) zeros @ =7, of flw),
where we may formally write i

e, 6(0—7,) if 7y, is a simple zero _
$alc) —{c,, S(w—y)—ic,d{w—y,) if y,isa double zero G2

g . a- - LEatcee mm A ilin sernvls fraa madas caa Frhar and Practain [R]
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where ¢, and ¢, are constants—and so on, if y, is a zero of higher order.
Taking formally the Fourier transform, one gets the homogeneous
solutions

—irnt

c,e if 7, is a simple zero

5.3
(catc,e™ ™ if v isa double zero. (53

¢,.(t)={

This result can be directly verified and intuitively understood by
noting the physical meaning of f(w): substituting $°(t)=e"*** (w may
be complex) in Eq. (4.2) gives the external torque necessary for main-
taining the exponential motion ¢°(z):

deu()=f(@)e™*"
which shows that the external torque vanishes for w=7, The external
torque corresponding to ¢"(t)ste“’”‘=iz% e~!®' can be obtained

directly from d5,(¢) by noting that d,,, given in (4.2), is equal to a
linear operator applied onto ¢(¢). This operator commutes with the

. . d .
differential operator { Ta where w acts here just as a parameter. Hence

@ )=iZ d@)=[f@ i @), (53

This equation shows that ¢ (¢)=re *** can not be a solution, unless
¢(t)=e"""* s also a solution, since in order for di% to vanish identically,
both f(y,) and f” (y,) must vanish, and consequently 42, must also vanish.

We shall now discuss the following three cases separately:

a) The Pure Electromagnetic System (I, = Kk=0)
For this case, we seek the zeros of
Jo(w)= "*Ieﬂb(fw)wz = "Ie13ﬂ°3 hy(tw)j, (tw)=0. (5.6)
We see immediately that w=0 is a double zero, and (5.3) gives the
expected homogeneous solution
So()=do+uyt (5.7)

where ¢, and u, are constant angular displacement and speed. The

constant rotation u(#) =u, is a trivial example of a forceless and radiation-
less mode.

Next we find that
Jo(wp)=0 n=1,2,..,00 (5.8)

W WY 7
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where , are the zeros of the Bes#el function j, (tw). They correspond
to the non-decaying oscillatory moges,

bu(D=cye o (5.9)

which were aiready mentioned in Bect. 2. They are forceless and radia-
tionless modes, since the oscillating fields vanish identically outside the
sphere for these eigenfrequencies. !

Finaily, the most interesting m?de corresponds to

fo(mif)=0 (5.10)

where w= —i/t is the zero of the Hianke} function k, (zw). It is a decaying
non-oscillatory mode:

_1(t)4_=c_1e e, (5.11)

Although this mode is torquelegs, it is nevertheless a radiating mode.
Where does the energy come from? Since for the distant past t— —c0
the angular speed is infinite, the initial conditions at any negative and
large ¢ correspond to non-zero fields and consequently to an electro-
magnetic field energy stored initially in the space surrounding the sphere.
In fact the total energy over all space is infinite at any time #, since the
fields at far-away regions > R arg determined by the retarded angular

|

r - n: - L]
speed at t,,p_-'t——c—, and since thlb speed increases exponentially as .,

decreases. Because of radiation, th{: energy density at any fixed position r
decreases exponentially and withiit the speed decreases toco. But one
wonders how the sphere “knows” [that it has to slow down, even though
it does not “feel” any torque? In this mode the sphere acts, through its
motion, simply as a transducer ar’ian expedition agent” for transferring
locally-stored energy to infinity. This transducer effect does not con-
tradict any generaily accepted priliciples {compare Synge [9]).

b) Sphere with Mechanqcal Mass Ien 0, but k=0
Here f(w) reduces to

f1(@)= =+ o Jr0 by Ga)js )] @? =0, (5.12)

Clearly (5.7) remains a hompgeneous solution, also in this case.

However, the non-decaying oscillEtory modes become decaying modes,

as the zeros w, of f; (w) move in the lower half of the w-plane and become

complex zeros

Lop—yd= £ 0, i1, (5.13)

so that '
F VPR 1 NS 1LY 8 14N
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where the damping factor or width I, is positive, as shown in the Appen-
dix of paper II. These modes are still torqueless, by definition, but they
radiate energy to infinity. The radiated energy are again taken from the
energy stored at 1= — co.

As I.cn >0 increases, the zero y_, = —ij1 moves downwards along
the negative imaginary axis, giving rise to a larger decay constant of
original non-oscillatory decaying mode.

¢) Harmonic Oscillator (x +0)

In this case we look for the zeros of the general f(w), which is given
in Eq. (5.1). Clearly, for the harmonic oscillator, the solution ()=
$o+uyt is no longer possible. The double zero at w=0, corresponding
to this solution for k=0, now becomes two complex zeros YE=4+Q,—

i%1,.
Let us estimate Q, and I, for 2,7<1, i.e. fora small spring con-
stant «. Near the origin f(w) can be approximated by
f(m): — [Imech+Iel(1 + 1(1.'(0)3/3)] a)z +K
= lui(wz - K/Itot'l' i(Iel/Itot) 1'-3 w5/3)
Where Ito!E mech+Iel'

We used ¥ (x)=~1+ix?(3, taking only the first leading term of the real

and the imaginary parts of  into account., Near the zeros 73, f(w) must
have the form

S(w)=const[w—(Qy—i 1)) [0~ (—Qy~i11H)]

(5.15)

5.16
=const ((w” — 25— 31I$) + i, w). (5.16)
Comparing (5.15) and (5.16) and using that Iy <, we get
Qoﬁ'( K )*={(K/Iel)* for Imech=0 (517)
Ipeon+1o Do —%(IellImech) wo for Tneen® 1o,
3 2
5 z (_x_) for I,..u=0
Iel T 4 3 Iel
FOEI—"TQO’Z I T3 (518)
. T el N '"'"j_ 608 for Imech >Iel
where
@0 =(k/Imeen)t (5.19)

is the eigenfrequency of the pure mechanical oscillator. Because of
radiation, the system will behave for I,; €I, like a damped harmonic
oscillator with a damping coefficient I, which is proportional to wg and
have a negative level shift Am=0Q. —m.<0

EE FED] I
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6. Inhomogelzleous Solutions

The formal solution (4.4) gives ¢(¢) as the Fourier transform of a
product of two functions 1/f{w) pnd D (w). Therefore ¢(¢) can be
written as the convolution of the Houncr transforms of these functions,
ie. ;

b ()= uf G(t_:'j dey ()1 +“h.s.” (6.1)

where the “Kernel™ G(¢) is given lj)y
1 w+id e—iwt -1 ¢o+id imtdm
[ ydo=—ar ]
2TC —w+is f(w),ij . .2“‘1: |oo+i§ (Imech+IeI'l/(Tm))m _K

By comparing (4.4) and (6.2) we seq that G(¢) corresponds to the angular
displacement ¢ () for D (w)=1 dr to the external torque

G(f)=

(6.2)

ext(t)—_ J| _ia”dw 5(‘)

Hence, G is the Green function of Eq (4.2), i.e. G is the solution of the
following equation:

Lneen G(D) + 1,,?1)(:’) (;(: —)dt +x G(1)=5(2). (6.3)

Since for G(¢) the external torque d,,,(#) vanishes everywhere except for
t=0, we expect G(t)to be a partichlar linear combination of the homo-
geneous solutions. The coefficients |of this linear combination are deter-
mined by the residues of the poIch of I/f(w), when the integral (6.2) is
evaluated by contour integration.

For ¢<0 we close the path co*Pc+i6 (—p<x<p)by a semi-circle in
the upper haif-plane and get G(¢)=0, whereas for #>0 we close it by a
semi-circle in the lower half plane hnd get the sum of the residues. One
can show that the contribution of these semi-circle vanishes for infinite
radii. And aithough 1/f(w) has infinite number of poles extending to
|w[— oo, the contour integration poses no difficulties, since the sum of
the residues for all poles outside the semi-circle approaches zero as its
radius p goes to infinity. For the t ree cases, we get

G Upesn=16=0; )=0() 7 [— ﬂ‘-”-‘+-§-e-tff+t], (6.43)

I, 1' w

G(Ipeen+0,x=0;1)

© i * 6.4b)"
=6(t)[2os,.sin(ﬂum,.t)e‘*fr"‘+a-1e“”"+%1 (649
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and

G+0; H=0(1) Lila,', sin(f,+02,1) P T

(6.4¢)
+al; e gy sin (B + 2 t)e'*r‘"]
where 0(¢) is the usual step function
1 for t>0
G(t)={0 for t<0. (6.5)

The residues for I, =x=0 can be evaluated analytically, whereas
for I,...+0 only the coefficient of the linear term can be obtained
analytically; to calculate the constants «, and f, and the poles’ positions
{+Q,—itl,), one needs numerical calculation. The same is true for the
primed constants.

For 0<t<27 and I, =%=0, G(¢) has the analytic form

Cllpeen=x=0; )=6(1) 37— (e"'+e"”)

(6.6)
—B(t) cosh(t/t) for 0<t<21.
This follows from (6.4a) by using the equality
®
Feér=2y SnDE L for 0<r<2r. 6.7
n=1 n
This equality follows by rewriting G(¢) as follows:
—tdn
G()=
1 e—tm(lrﬂ) )
= e d 6.8
2% fae o
1 e—lwt‘
=——[——do
J g{@)
and noting that the function f{w) has a special structure
f(CO) =- (Imech+Iel 'I’(Tw))wz +K
69

= Ly +1.) 2(3—;)5 (€3 o+ +Gw) + D)o +x

wew *EY - T
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5o that g(w) and f{w) obey similay estimates for |w|— co. This enables
us to close the integration path byl a semi-circle in the upper half-plane
for t<0 and simultaneously in thJ; lower half plane for ¢'>0, that is,
for £:> —21. The first case gives zero and the second gives the r.h.s. of
Egs. (6.4), but without the B-funcFon. This in turn leads to Eq. (6.7)
by substituting ¢t — —¢. :

For O0<t<t, Eq.(6.7) follows also from the so-called Fourier-
Bessel expansion [10] of the function €"%/]/t. One can check by explicit
integration, that the expression (6.4) satisfies the integrodifferential equa-
tion (4.2) for G(¢) in the whole inferval 0< <21, but fails to do so for
£>21, showing that the equality {6.1) is invalid outside the indicated
interval.

Because of the @(¢)-function in |G, we can rewrite (6.1) in a form that
exhibits causality explicitely.

(D= f G(t—t')idm(t')dt'+“h.s.”

o : 6.10)
= [G(t)dey(t—1)dt' +“h.s.7,
) ;
Differentiating with respect to ¢ giwifes
u(=[G(") d,,t(t- ) d t' +time derivatives
0 ; {6.11)

of the homogenecj)us solutions of Eq. (4.2).

7. Motion under Pulse
a) Sharp 6(t)— Pulse and the Green Function

We saw that the Green function G(t) can be interpreted as the
angular displacement ¢{z) for the sharp external pulse d.(t)=8(r).
This interpretation allows us to understand some interesting properties
of G(¢) from general physical arguments.

Eq. (6.6) shows that G(z) for I},..,=x=0 jumps from 0 to 27/3Z; at
t=0, which means that the angular displacement experiences a jump!
This seems strange at first: we are familiar with jumps in velocity (e.g. a
reflected ball from a wall) for a sharp J(z)—type force, but a jump in
distance never happens in ordinary mechanical systems. The reason is
that for mechanical systems, we dlways have doq=Ine: %. But in our
case things are more complicatefl: We do have the similar relation

Tt ot 2200l 3 il Llnhan dadaradivrnn vrnmminkh  TTAne
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ever, shortly after a sudden acceleration

. |0 for t<0
"‘{=|=0 for +>0 (7.4)
i.e. for 0<t <27, we get using (3.2) and (3.3)
27
—dyy(t) =1, | D(*)u(t—1)dt
0
t
=I,{D(t)a(t—1)dr 7.2)
o

8I, i, ) )
27 oju(t f)di =52 [u@®-u(07)] 0st<2r.

So that for d,,,(¢)=45(¢), u(z) has a 5(¢) term and hence ¢ (¢) has a jump!

One can understand this jump in ¢ (z) even more clearly from angular
momentum conservation, which follows by integrating the above for-
mulae, A §(f) external torque imparts to the system a finite angular
momentum, namely {8{¢)dt=1. Since L cn="Lneey ¢ is assumed to hold
by definition (rigid body), # can only have a finite jump for mechanical
systems, i.e. for I,..p +0. On the other hand, (7.1) gives

La~@I,29)¢(1) for 0<t<2t (1.3)

for ¢ (¢)=0 for 1<0. Hence, ¢ must jump with L, (), if J,..a=0.
According to the above arguments we expect no jump in G(¢) if
I #0. This is indeed the case: In a way similar to that which led to
Eq. (6.7) one can show that lim G ([, =0, t)=0.
t—0+

By the way, we would not obtain a jump in ¢(¢), if instead of the
integral expression (3.2) for d,.y;, we would use its series expansion (3.4)
and breaks it off after a finite number of terms: For

N du
dsell'= Z an""T and dext=5(t)’
n=1 d t
only the highest derivative d”u/d¢™ will be proportional to §(¢) and the

d"u

other — (n<N) will be smoother,

Angular momentum conservation also determines the final constant
speed u,. This asymptotic speed appears as the coefficient of the linear
term in ¢ in the expressions (6.4a) and (6.4b) for G(r): u, is equal to
1jI;, and 1/(I+ I,.cn) respectively. This value is expected from angular
momentum conservation. since the annlied external taraue must shaw

T - " w T



Radiation Reaction for a Rotatinb Sphere with Rigid Surface Charge 473

up as mechanical and electromagnétic angular momentum, so that
L= mech+Lel=(Imech +Iel) u_r=Itot Uy (74)

The relation L, = I, u, follows for two reasons: a) no angular momentum
is carried away by the irreversible radiation, and b) although for Iep =0
the oscillating modes survive for §— oo, they nevertheless do not con-
tribute to L,; these modes can| not carry electromagnetic angular
momentum, since otherwise their|angular momentum would also os-
cillate, which is impossible withou{ an external torque.

Finally, for x +0, u, must be zero, since eventually ¢ () has to come
back to the origin. Therefore, the final mechanical and electromagnetic
angular momenta vanish for #—o0. And since the system does not
radiate angular momentum to infinity, it follows that the external
angular momentum must go into the “spring” which is responsible for
the restoring torque —x¢. This leads to the following **sum rule”

}quﬁ(t)dt=xIG(rc=i=0, nde=1. (1.5
0 H

b) Step-Piunction Pulse
We now apply an external torcjue of the form

LIT for 0<t<T

A, () =(LTH[O() -0+ T)]—{ otherwise (7.6)
to the case I .., +0, k=0 Substitlhtmg '
Ao (=T[5~ 5(t~T)] (.7
in Eq. (6.11), gives i
u()=u;+(LITH[GH—-G(t—T)] (7.8)

where the homogeneous solution u(f)=u; for 1<0 was chosen. For
fixed L and T—0, Eq. (7.8) redukes to u(¢)= u;+LG(2), which is the
speed for a d-function pulse, as ex[pected

Let us write (7.8) explicitely

U for t<0
'(u +i-t—) +£(§ o, sin (8, + 2,0 e " 4o e“”-l‘)
: Itot T T n=1 " " i -t
: for 0<t<T
= - : . 7.9
u() (u;-i— L )+% ( ¥ o,[sin[(8, + @, —sin (5,+Q,(1— T)) (19)
lot n=1
. e‘}r"T]e—*r"'%-l-m_l(l—e*r"T)e_*r"')
: for t>T.
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We see that while the constant torque is acting, the speed has a term
which increases linearly with ¢. For r—co the asymptotic speed is
u,=u+(L/l), again in accordance with angular momentum conser-
vation. By the way, this conservation supports the idea that static electric
and magnetic fields do carry angular momentum in accordance with the
Poynting theory, i.e. there is an energy current flowing all the time
around the axis of the sphere, even though the fields are static.

Let us use the above example to demonstrate how the external work

done on the sphere goes partly into irreversible radiation and partly into
reversible change in kinetic energy:

T
W= [do (@) dt=W,g+ W, (7.10)
0
where
L 27T
W;ld=(T) ’r(za"Sin(6n+ﬂn‘)e—*r"‘+a—1e-*r-l‘)dt
0 n
W "if(u +—£‘—-i) dt—L(u Gl )
kin= To i Itm T = i 2_["“
-l — .1 2 _ g2
=31 (L, L;)(L,+L,).-2—1;-([,‘r 3.

The term W,,4 is quadratic in L and is always positive. It goes into irre-
versible radiation to infinity, and can not be recovered. In contrast,
Wiis goes partly in the mechanical kinetic energy and the rest is stored
in the form of static magnetic field energy. W,,, has a term which is
linear in L and u,, so Wy, can be positive or negative. If, for example,
we apply a second pulse which is opposite but otherwise identical to the
first, at a much later time 7 T (so that enough time has lapsed for the
speed to reach its asymptotic constant value), it will do the work W,,,—
Wyin; We have to do the same amount of work for radiation, but we
gain back the work spent by the first puise into kinetic energy, as the
static magnetic field collapses back with the angular speed to its original
value at =0,

8. Other Simple Linear Models

Our model has two important properties that simplified setting up
and solving the equation of motion:

a) the possibility of expressing the fields, and thus the self-torque as
simple convolution integrals with known kernels and

b) The linearity of the system,

v www wvawyY " ¥ WY L X B
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We discuss below the origin of| these two features to understand our
model better and to find out othqr models, for which the same mathe-
matical techniques are applicable.

a) The Com%olution Integral
The main mathematical step, which enabled us to get a simple closed
expression for the potential A i3 essentially the transformation of a
retarded integral over 3-space. '

A,(l‘, t)=l' P("’)ai(?')u(t-l'—"l/c) dsrr (91)

Nr=7]

into a convolution integral over time
t i
Ar, = § Ylr,1—t)u(t)dr. 9.2)

This was done by taking the Fourjer-transform of u(t—|r—r'|/c), which
allows us to separate out the retardation time jr—r'|/c as an exponential
factor exp (iw|r—r'|/c). This separates time and space into two factors,
s0 we can carry out the integration over space and obtain a function of
r and @ only™*: ;

Ailr, 0= (I o) mtl(:’_)jol) a @ r’) Ulw)e ' dow

= U (r, 0) Ulw)d ™" do,
|

9.3

The last form is easily transfor hed into a convolution integral, since
the integral is a product of two functions of . Furthermore, the con-
volution integral must have the causal form (9.2), since

A(r, 1)=j££|:%§f—)_ glelr—riic g3, gmiet g,

- ©9.4)
= LEYHED 50|yl dr

lr—r'

vanishes for #<0, because of the 8-function.

The above analysis shows that the fields can always be written as
convolution integrals, if the current can be decomposed into two factors,
one that depends only on space #nd the other only on {ime:

Jilr, ‘)l* a;(r) by(2). 9.5)
* This nrocedure was first utilized by Schott [11].
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Such decomposition is possible for all rotationally invariant objects,
rotating around their axis of symmetry.

b} Linearity of the System

Our equation of motion in ¢(r) is linear, because of the following
three reasons:

1. The charges are rigid and rotate around a fixed axis, Because of
this, the magnetic field does not contribute to the component of the
torque in the direction of the rotation axis:

D-a=(a-[rxF(@)]d*r
=_[p(r)[ﬁxr]-(E(r)+[[u><r]xB(r)])d3r (9.6)
=(p(N[axr]-E@dr.

Note that this result is true for any charge distribution p(r) and not
just for rotationally invariant p(¥). It is also true for any magnetic field
and not just the self-field. In systems where the term plvx B, con-
tributes, the self force must have at least quadratic terms in » and its
derivatives, since B, itself depends on the velocity.

2. The electric field £, is linear in u(t), since p(r) is time-independent
in our model, which makes the current J linear in u(z).

3. By using non-relativistic dynamics, one automatically neglects
non-linear effects in v, such as Lorentz contraction or the relativistic
change of the moment of inertia due to the increase of the mass by the
factor (1 —(v/c)?) 7%, etc.

We conclude that all rotationally invariant objects, rotating around
their axis of symmetry, must have the two simplifying properties (a)
and (b) of our model, and can therefore serve similarly as simple models
for studying radiation reaction or more generally as examples of linear

systems. These objects include spheres, cylinders, and toroids with rigid
surface- or space-charges.

9. Summary

We have presented a simple model based on assuming a) rigid charge
distribution b) the validity of Maxwell’s equations ¢} that the self-force
is due to the retarded fields and d) non-relativistic dynamics.

The self-torque is a convolution integral, which depends linearly on
the previous motion. It can be written as an infinite series over the
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acceleration and higher derivatives, but this series expansion is useful
for calculations only for smooth motions, as discussed in Sections 3 and 7.

Our model led to a linear systam, where the response ¢(¢) depends
linearly on the external torque. By the way, this means that one can
theoretically reach speeds greaterithan that of light by choosing dey
large enough; this fact reflects our|use of non-relativistic dynamics.

QOur system is causal for I,,,,chg'To. But for I, <0 it has a runaway
solution, as discussed in III,

Similar results are expected fr¢m all rotationally invariant objects,
rotating around their axis of symmetry, as was shown in Sect. 8.

Some of the interesting peculiarities of our system are: a) it has
infinite number of homogeneous so|1uuons (Sect. 5), b) it does not radiate
irreversibly for constant acceleration (Sect. 2), and ¢) for d.(1)=5()
the angular displacement ¢ (1) has h jump {Sect. 7).

The present and the following two articles grew out of my Master’s Thesis, which
I wrote in 1963 under the supervision of Prof. Jensen. I am grateful to Prof. Jensen
and Prof. Stech for having invited me to Heidelberg last summer. This fortunate
opportunity enabled me to discuss with |Prof Jensen the problems dealt with in the
first two articles. He read only the rougﬁ draft of this article and the first part of the
second article.

1 would like to thank Prof. T. Erber, who encouraged me to pursue the problems
dealt with in this thesis and was kind epough to read the articles and make useful
suggestions.
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