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Introduction
Differential equations which express z'(f) as a function of present and past
values of x and past values of ¥’ have been called functional-differential equations
of neutral type or differential equations with deviating argument of neutral type.
For brevity we shall refer to them simply as neutral-differential equations.

The equation, or system of equations, which we shall consider is
A= x@), 2@ ®). .. 2{ga ), X {I@), . K (R B)) for >4,

where x=(%,, ..., x,) is the unknown function, f=(f, .., /) &1 .-\ Em: and
hy, ..., h, are given functions such that, for some a<<7,, « =g =t (j=1,...,m)
and e <k ()<t (k=1,...,p) for all £ =¢;, and where x'(A, (#)) represents d x(s)/ds
evaluated at s=4,(f). In case a = — oo all intervals of the form [, ... should be
interpreted as (—oo, ... .

The problem, briefly stated, is as follows: Let x (f)=g({), a given function, on
[, £,], then seek a continuous extension of x(f) which satisfies the differential
equation for £>>1,.

To shorten the notation further, we introduce g{t}y=(g (), ..., & (#)) and
h{ty=(my(#), ..., h,()) and represent the differential equation by

(1) x’{t):f(t,x(t},x(g(t)},x’(k(i))) for ¢>1f, with x{)=¢() on [ f].

Neutral-differential equations have been discussed by many authors. Among
the more recent have been E. M. WriGHT [23, 24, 25] and BeLLMAN & COOKE [1]
in the case of constant delays (Le., g;({) =t —7; and &; () =t —0}) and E1’scoL’Ts
[6, 7], KamENnskm [14, 12], and DRIVER [3, 4] in the case of variable delays.
References to other works can be found in [1], [6], [23], [24], [25], in MysHKs'
classical paper [75], and in the comprehensive surveys by HAHN [8] and by
ZVvERKIN, KamENskI, NorkIN, and EL’scoL’Ts [26].

In this introduction we shall review the simplest method of attack on these
problems and attempt to justify the more sophisticated approach which will be
used in this paper.

Let us assume that f, g, and A are continuous functions of their arguments in
appropriate domains, each g, (f)<:¢ (a strict inequality), ¢ is continuous on [u, %],
and ¢/(t) is continuous on [, {,) — a one-sided derivative being implied at the
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closed end of the interval. Then a local existence theorem is readily found as
follows (¢f. EL’sGoL’ts [6], Chapter 5, §12, or Kamensku [11]).

Let ¢, >4, be the largest number such that o =g,(s) =<f, (j=1,...,m) and
w =Ry (s)<fy (B=1,...,p) for all sc[ty, ) (possibly 4, =o0). On the interval
[ty, &) the problem reduces to the solution of the ordinary differential equation

X (ty=f{t, (), plg®), ¢'(R®)) with x{t}—g ().

The continuity of f assures the existence of a solution in some sufficiently small
interval. Tf, in addition, we assume that f satisfies a Lipschitz condition with
respect to x then this solution is unique.

In spite of all these continuity assumptions, we observe that, in general, x'(t)
is not defined (let alone continuous) at ¢,. This results from the fact that, in gen-
eral, ¢'(6) 1 (to. ¢ &), # g t), @' (R ())) .

Now if the procedure described above happened to provide a solution on the
entire interval [¢,, {,), we would naturally hope to extend the solution further by
repeating the procedure, with x(f) on [e, ¢;) regarded as the initial function. How-
ever, difficulty would certainly arise if it happened, for example, that %, (f) =¢, for
some k=1, ..., or p on some interval to the right of £,, because for such ¢ the right
hand side of equation (1) would be undefined. We rule out this possibility by
requiring that each equation of the form #, () =c, a constant, have at most a finite
number of solutions on any finite sub-interval of [£,, oo).

We can now take #, > ¢, to be the largest number such that

gish=t forall self, 8], 5=1,...,m,
and

his)==4, or t; for se(f,i), E=1,...,p.

Then (1) is again equivalent to a well-behaved ordinary differential equation on
[4, £y} with initial condition at ¢,.

Proceeding in this manner, we can extend the solution of (1) as far as the
successive ordinary differential equations can be solved. The solution will be
unique if, say, f satisfies a Lipschitz condition with respect to x(f).

In general, x'() will be only piecewise continuous (discontinuities occurring
atfy, £, £, ...). Thus we might as well have generalized the problem slightly by
allowing ¢’(f) to be piecewise continuous. By this we mean that ¢’(f) is continucus
on any compact interval except at a finite number of points at which ¢'(f) may
have discontinuities of the first kind,

A procedure similar to the above can even be performed in the more compli-
cated case in which g and % are functions of both ¢ and % (¢) (see DRIVER [£]).

If we were to use the existence and uniqueness theorems for delay-differential
equations (see MysHKIS [15], EL'sGOL'Ts [6], or DRIVER [§]) instead of those for
ordinary differential equations, we could relax the condition a= g;{)<¢ to
a=glf) =t for j=1,..., m.

Now, in order to discuss continuous dependence or stability of the solutions of
{1) with respect to changes in any of the given functions, it is of primary impor-
tance to select an appropriate metric. One quickly discovers that if a “‘small”
change in @ is to produce only a “small”’ change in the solution, x, then the measure
of smallness must involve the derivatives as well as the values of the functions.
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Recent authors have used metrics which compared two solutions x and % by

measuring pointwise the magnitude of their difference and the difference of their
derivatives, ¢.g. on an interval [«, §]

|%— &= sup |x(s)—%(s)| + sup |«x'(s) —&(s)[, where |x|= max 1%].
aSsEp a=sEA i=1,..,7

See for example Kamensku [12], Ev'scoL'ts [7], and Berman & Cooke [1].

This gives results in certain cases when one varies ¢ Cl, provided one does not
allow {, to change. However, as soon as one permits pertubations of ¢, or of £ {¢),
it becomes impossible, due to the unavoidable discontinuities of x'(#), to obtain a
reasonable regularity theorem using such a metric.

To overcome this difficulty, in this paper we shall use a metric of the form

|¥—%|= sup |x(s) —Z(s)] +Jﬁi #'(s) = #(s)| ds,
azs=p %
or the simpler equivalent metric,

I — 2150 |2 (o) — 2 (o] +  2(5) — ¥(5)| ds.

(c/. DrivER [3].) This choice of metric is, perhaps, the most crucial point of the
paper. This metric permits two solutions to be considered close even though
their derivatives may differ by large amounts, provided these large differences
occur only for brief time intervals.

Note that |x(s) — Z(s)] <lx— #|®? for all sc{x, f].

Now if this is the correct type of metric for neutral-differential equations,
then it appears that instead of requiring x’ to be piecewise continuous we should
only require that it be Lebesgue integrable. We shall, therefore, use the Carathéo-
dory existence theory (¢/. CoppingTON & LEVINsoN [£2], Chapter 2) and require a
solution, x, to be an absolutely continuous function which satisfies {1) almost
everywhere.

It should be noted that earlier authors, H. R, Prt [18, 19] and E. M. WRIGHT
[23, 24], considering linear integro-differential and difference-differential equa-
tions, allowed x'(f) to be integrable and independently obtained estimates for

3
S 1%'(s)| 45 {[19], Theorem 8, and [23], Theorem 3). Thus the metric chosen here

is not without precedent.

Note. If, for some ¢, the arguments of f; do not involve any of the terms
«' (hy, (), then xi(f) will be continuous for i>¢. This situation occurs, for
example, when the first order system (1) is obtained from a higher order equa-
tion in the natural manner. Such cases may suggest simple modifications of
the metric.
I. Extended Existence and Uniqueness
In stating the problem precisely we shall use the following.

Notation. Let
¢ % X, 2)

=(E Ky, s X Higsoees Fproves Bty ooos Xuns Zyys ceor Blgn v oos Bply ooes Sp)
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denote a typical vector in E't***m¥#¢ Eyclidean space of 1 +n+nm +u p
dimensions. Let D= D'"*"*" he 3 domain (a connected open set) in E'*#+#n
the ¢, x, X-space, and let f(¢, x, X, Z)=(}, (¢, x, X, Z), ..., f.(t, x, X, Z)) be areal,
n-vector-valued function over D x E™”. Thus f is defined over a domain in
E't#inmin? whose boundary puts no restriction on the values of the z,
(E=1,....5n, k=1, ..., p).

Let D' be the projection of D onto the f-axis. This will be an open interval
(possibly the entire #-axis or half of it). Let g{f) :(g,@l @, ..., 8m(8)) and A(t) =
(A (t), ..., ks (1)) be defined over DY, Let y = sup {te DY),

In terms of this notation we can now state:

Problem P. Let ¢ (¢} be an absolutely continuous #-vector-valued function on
(@, {y] where w<C#,. We seek an absolutely continuous extension, x(f), of ¢(f) to
[et, B) where § > ¢, such that

{a) (£ x(8), x(g®))eD for ty=t<p,
and

(b} #'(®)=F(t, x(2), x{g(®), ' (h{#))) for almost all fc(ty, §),

In the existence theorems we shall make use of some hypotheses which have
not yet been mentioned. To justify these, we consider the following examples.

Example 1. Let x'{ty={x'(t—1)]% on (0, 1). Then the absolutely continuous
initial function @{t) = Vi —+¢ on [—1, 0] gives rise to a problem which has no
solution for any £>> 0.

We can eliminate this example in either of two ways. In Theorem 1 we shall
require that ¢'(f) be essentially bounded, as it would be if it were piecewise
continuous. In Theorem2 we shall require that x’(%(f)) enter the equation
linearly. The required linearity actually occurs in the more complicated equa-
tions of a two-body problem of classical electrodynamics [4].

Example 2. Let ¢'{t) be a bounded measurable function on [—1, 0] and % (f)
a continuous strictly increasing function mapping [0, 1] into [—1, 0] with the
property that ¢'(/(f)) is not measurable (see HaLmos [9], p. 83). Then the equa-
tion x'(f}='(A(t}) on (0,1) with x()=¢(#) on [ 1, 0] has no absolutely con-
tinuous solution.

We shall eliminate this example by requiring that each 4, () be continuous and
positive on [¢,,9). In particular this makes #4;'(s) absolutely continuous on
(% (fo), 24 () so that a measurable function of A, () will be measurable {cf. vox
NEUMANN [16], p. 81). An analog of the condition % (f) > 0 is actually satisfied
in the electrodynamics problem [4].

One might object, at this point, that the assumptions that f be linear in
#'(h(t)) and that %;(¢) >0 are mot necessary when one only admits piecewise
continuously differentiable solutions. By way of further justification, therefore,
we present two more examples. These show that, if one agrees on the choice of
metric given in the introduction, then without these additional assumptions the
solution will not depend continuously on the initial data, even in the case of piece-
wise continuously differentiable solutions.

Example 3. Let &'(t)=[«'(t —1)]% on {0, 1). Then @(f)=0 on [—1, 0] gives
the solution x(f) =0 on [—1, 1]. However, for any § > 0, the initial function @
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such that ¢ (—1)=0 and

ol o e
0 on [—1-448,0),

gives

1 .
- on [0, 8%
() =9 [0, 9%
0 on [d%1).
Thus, while |p— & [["%%=4§ is being made small, |x — Z[~"" =4 + ; becomes
large. ‘
Example 4. Let &'(fj=x'(#—1) on (0,1). Again x(4)=0 on [—1,1] is a
solution. However, with the initial function ¢ such that ¢(—1}=0 and

gyl om 11
0 on [—1-F6%0),

we again find that [ —@ ™29 =6 while |x — &|"4Y =6 + :) In this example
B (f)=0.

Theorem 1 (Extended Existence for System (1)). Lef f{i, », X, Z), g(t), and
R(f) be contimuous on D X E*?, [ty y), and [ty, y) respectively, and let @(t) be abso-
lutely continuous on (o, fy). Let a=<g(t)=t (j=1,...,m) and o =k (l)<!
k=1, ..., p) for all tc[ty, v} and let hy(t) be continuous and pasitive on (£, y) for
B=1,...,p. Let'(t) be bounded for almost allte [w, &), andlet {ty, @ &), (g ) c D

Then there exists a solution, x(£), of problem P on [u, B}, where {,<f =y and
for each compact set F CD there ts a sequence of numbers ty<C E < Ey<o =P such
that

( 2 X (E), x(g(E;)))E'D*F for 4=1,2,....

Remark. Actually, instead of the condition that each /(i) >0, all we usc [or
this existence theorem is that each &, (f) is increasing and each ;1 (s} is absolutely
continuous on [/ {f,), #,(¥}). Note however that example 4 shows that continuous
dependence can fail even though B (f) is absolutely continuous.

Proof of Theorem 1. We shall carry out the proof in detail for the case when
o Zg;(t)<<t for each j, and then point out the modifications necessary in casc of
the weak inequalities.

Even though we are now allowing an integrable derivative rather than requir-
ing piecewise continuity, it will still be convenient to give a step-by-step existence
proof similar to that outlined in the introduction. The proof is broken down into
three parts.

1. Construction and properties of a sequence byl <lly - —y

By induction, we construct a sequence fy<lf<lp< ‘- {possibly finite) as
follows. Fory=1, 2, ..., let
= sup {c (fy, ¥): g;{s) =t,—y forall selh, €, 7=1,...,m, and
by (s) =y by, oo, 0T by for seld, 4. 8), E=1,.... 0%

and if ever, for some ¥, {,=¥, then terminate the sequence at that point.
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Since each g, (#) << ¢, each &, (f) < ¢, and each A, () is strictly increasing on [¢,, ¥),
it follows that this sequence is well defined and {,<#<f,<¢ -+ <y. Whenever
te(t,—y,4,), each g;(f)e[x, £,_,] and each &, (£} («, &), (g, £,), --., OF (£,_4, £,_4).

Furthermore we shall now show that for any B¢ (4, ) there can be at most a
finite number of the points ¢,¢[#,, 8]. Since each t—g;(f) >0and eacht — A, () >0
on the compact set [y, §], there exists a constant v=1(f} > 0 such that

tzg: )+t for fH=t=h, j=1,...,m
and
EZh(f) v for 4=<E<8, k=1,...,p.

Now for any =0, 1, 2, ... consider all the t,’s such that £,<t, <, +7. At each
of these instants we have g;({) <f,— v<(t, for each j and 4,(;,) <¢,— T<t, for
each & Therefore it follows, from the definition of t,, that for each such »

hk(tv):tg;tl,--., or i

But, since 4, (#) can take on a given value at most once, this condition can occur
at most pu times. Thus

L, =l,+7 whenever vZ=Zu+put+1=14p+1)u.

By applying this estimate inductively for u=0,1,1-(p+1),1+(p+1)+
(#+1)% ..., one finds that for any integer o =0

L Zl-totr whenever »=14(pH1)}+(p + 12+ +(p+1)"1.

From the last condition it follows that for any Se{f,,y) there can be at most a
finite number of points ,[4,, #]. Consequently the sequence {t,} converges to y.

u—1 forsome k=1,..., or 5.

2. Reduction to an ordinary differential equation

Let us assume now that a solution x (f) = x,,,(f) has been found on [«, ¢,) where
t,<y,and x,(f) is essentially bounded on [a, ,). These conditions are certainly
satisfied for »==0. By the essential boundedness of %, (£) we extend x,,(f) con-
tinuously to [a, £,].

Now consider equation (1) on (¢, #,.,). Without loss of generality we can as-
sume ¢, ,,<Cy, for in the case £, ; =y we could replace £, by a number less than
v but arbitrarily close to it (or arbitrarily large if y= o0}, Also we can assume
o>~ oo, since each of the continuous functions g; () and A, (f) must remain
bounded in the compact set [4,, {,,,].

Since each A (t) is continuous and positive on {£9, t,11], it follows that there
is a number p=7{{,,,) such that

B(f) 2 >0 on [fy,t,,,] for k—=1,.., 5.
This means that each function 4;*(s) is absolutely continuous, and hence {ef.
voN NEUMANN [16], p. 81} each x{,(k,(f)) is measurable and essentially bounded
on{f,, ¢, ,]. Now, from the continuity of , it follows that, in any compact subset
of the set {{¢, x) 1 {, <t<<t,.q, (¢, %, 2,y (g () < D},
He %, 2,y (8), 24y (R 1))

is a measurable function of ¢ for each fixed x (cf. McSnanE [14], p. 123), a con-
tinuous function of x for almost every fixed f, and is an essentially bounded
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function of £ and x. We can assume without loss of generality that the function is
continuous in x for every fixed ¢, since setting the function equal to zero on a set
of ¢ of measure zero will only affect it on a set of measure zero in the £, x-space.
It then follows, from Carathéodory’s existence theorem (¢f. CODDINGTON & LEVIN-
sox [2], p- 43) applied to the ordinary differential equation

(=1t 20, x,(g®), x(h(®0)) on [h, fa),

that x,(f) can be extended absolutely continuously to a solution x(f) of (1) on
[a’ ﬁv) where t‘.v<ﬁv é‘tv 1

Suppose that $, is maximal, 7.e. the solution of the ordinary differential
equation is extended as far as possible on [#,, ¢, ). If g, fulfills the requirements
for B in the statement of the theorem, then the proof is complete, Otherwise
there exists a compact set FF <D such that (¢, x(f), x,(g(#))eF for all £¢[4, B,)
and thence for all t€[¢,, 8,]. Now if §, were less than £, 1, it would follow that the
function f(t, x, x4y (g(), %y (A (D)) would satisfy the Carathéodory conditions on
a rectangle {(¢, 2): 8, ¢ <pB, +a,|x—x(f,)] =b}. Thus the solution could be
extended to the right of §,. This shows that if §, is maximal but is not the 5 of
the theorem, then B,=t,,; and f,,,<"y. Moreover {Z, x{f), x(g ) eF <D for
to=t=t,,,, and the procedure can be repeated on the interval [£, 1, £, o)

3. Conttnuation fo 3

All that remains is to show that if x{f) is a solution for a (< <y and if
(£, x(®), (g @#))cF, some compact subset of D, for £y << t< B, then the solution can
be continued beyond . The compactness of F again implies that f<y. Thus
if,, B contains only a finite number of points of the sequence defined in part 1 of
the proof, say
byl b byt LB

(f may be ¢,,,). The same argument as was applied to theinterval [t,,§,]in part 2
of the proof can now be applied to the interval [£,, £ to show that the solution
can be extended beyond §.

In order to replace the condition that each g;{¢)<Cf, on [4, v} with the weaker
condition g;(f) =<f, one requires a more general basic existence theorem than
Carathéodory’s. One needs an existence theorem for delay-dilferential equations
in which the function f is allowed to be merely measurable with respect to £. As
has been pointed out by SansoNE [27], such a theorem can be proved in a manner
exactly analogous to the proof of Carathéodory’s theorem. With this available
one need consider only the effect of the A;'s when defining the sequence < h<
t,< -++—>y in part 1 of the proof of the present theorem. Q.ED.

Remarks. This existence proof is easily modified to cover the case of piecewisc
continuously differentiable functions. In that case one can replace the hypo-
thesis that each %, (f) > 0 on [£,, y) by the weaker requirement that each equation
of the form A, (f)=¢, a constant, has at most a finite number of solutions on any
compact subinterval of [#, ). This then necessitates a slight modification in the
estimates in part 1 of the proof.

The hypothesis that ¢/(£) be essentially bounded on [z, fy] seems unnatural in
the definition and study of continuous dependence of a solution on the initial
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conditions. It turns out that we can avoid this difficulty by restricting ourselves
to an equation in which %’ (4(f)) enters linearly,

{2) x'(t):ﬂl)(t,x(t),x(g(t)))+f<2>(t,x(t),x(g(t))) x'(h{t)) for t>¢,
with x{f)=¢(f) on [a, f].

Here f@ is an u-vector-valued function over D ¢ EX+#+nm 4nd 2 is an »n x np-
matrix-valued function over D. We shall still sometimes use the notation HitxX,2Z)
to stand for fV{t, x, X) + /(¢ x, X) Z. Here, %'(h(f)) and Z are regarded as
np-dimensional column vectors,

For a matrix, 4, the norm ]A| will be the maximum of the absolute values of
the elements of A.

Theorem 2 (Extended Existence for System {2)). For system (2), Theorem 1
holds without the condition that ¢'(t) be essentially bounded, provided fV {8, x, X) and
1@, x, X) are continuous on D,

Proof. The proof is the same as that of Theorem 1 except for the application
of the local Carathéodory-type theorem in part 2.

In the proof of Theorem 1, we concluded that /(2 x, x,, (g (&), x4y (R () was
essentially bounded from the fact that =, (A{t)) was essentially bounded. We
now let MV be the maximum of |fV(¢, x, x,, (g®))] and M® be the maxi-
mum of | f® (¢, x, x,,(2(#)))| on a compact subset of the set (it %) 8, it
(8, %, x4y(g (£)})e D}. Then, on that subset,

(8 2, 20 (84)) +12(1, 2, 26, (20} x0a(h(8)]
SMP 4np MP |xf, () =m ().
We now use the fact that each /() =% >0 on [}, 1] (rather than the mere

absolute continuity of /#;') to assert that each |%yi (M (£)}] is integrable there.
This is verified as follows:

fut Fpty

JIE IR 0 J st iy s

iy

1kk(tv_+:) 1 v
=, [1E@ldo =L [ s, 0 do
i (ty) o

{¢f. McSHANE [14], p. 214). We shall use an estimate of this type, where x,,; is
replaced by some other integrable function, in the proof of Lemma 2.

Thus, in a suitable rectangle containing the point (¢, %y {8,)}, m (£) serves as the
integrable function required in Carathéodory’s theorem. Q.E.D.

Remarks. Other conditions, weaker than linearity in x'{A{#), could of course
be imposed upon the function f of equation (1) to assure the integrability of the
associated Carathéodory equations. However, the linearity indicated in equation
(2) seems the most natural, and, as mentioned earlier, it actually occurs in the
more complicated equation arising in electrodynamics.

We could allow /¥ and f® to be measurable with respect to ¢ provided |f
is majorized by an integrable function of £ and [/?] is bounded.
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For ordinary differential equations, a well-known condition due to WINTNER [22]
assures the existence of the solution on the entire z-interval under consideration.
The following exampile is due to a suggestion by T.T". BRIDGLAND that such a
result should also be possible for neutral-differential equations,

Example 5 (Global E xistence). Let the conditions of Theorem 2 be satisfied with
D=L, %, X) s ty—a<<t<<y, |¥|<o, |X|<0},

with constants a: (0, oo], ¥ (¢, oo, and g¢ (0, o], Suppose also that there exists
a continuous positive function L {#) on 0 =#<g such that, in D,

[0, %, X)| = L{max {|x|, |X|}) and {f®(, 2, X)| = L {max {|x|, [ X|})
and fgdr,‘L (ry=o0. Then every solution of (2) exists on the entire interval
¢
=iy,

Proof. Suppose (for contradiction) that f<Cy, wherefis as described inTheorem1.
Then it must follow that litm sup |%(f)} =p. This implies that for some ¢ (¢, f],

o

| %]

while iz |[*® < o for ¢<[2,,

i} :
't):|¢(60)|+1f1x1(3)| ds=g,

Now, almost everywherce on the interval {4, #),

). N
OIS L(x ) +np L{ (™) |k @B)],

or

I‘Jx\axwi%if Sl—tofnp f (R | dt.

1+

Changing variables in the intcgrals and letting © > 0 and % > 0 be constants such
that each A, (f) =¢—v and each 7 (f) =n on [4, #], one obtains, for arbitrary

e*< (ot o),

*

o T

JarLgizt P [Vl drss—t 52 (gl o)

[ (8

This contradicts the divergence of f dr|L (r) since L{y) is bounded away from zero
on [0, [ (t}]1-

Definition. We shall say that the solution, x (£}, of (1) or (2} is unigue if every
solution agrees with x(f) as far as both are defined.

Definition. We shall say that a function f{¢, x, X) defined over D satisfies a
local Lipschitz condition with respect to x (or with respect to x and X) in D if for
each compact set F ¢ D there exists a (Lipschitz) constant L such that

|Fit, x, X) —f(t,%, X)| <L |x—%| whenever (% X) and (4% X)¢F

(or |flt, %, X)—F{1% 5&|§Lmax{|x~x|,\X~—X|} whenever (¢, z, X)
and (1, %, X)cF).
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Theorem 3 (Uniqueness for System (1)), Let the conditionsof Theorem 1 be
satisfied, but with each g;(t)<Ct, and for every Zc E*? let f(¢, x, X, Z) satisfy a local
Lipschitz condition with respect fo x in D with Lipschitz constant L{Z) where L{Z)
is a continuous function of Z for any given compact subset of . Then the solution
of (1) 7s unique.

Proof. On each of the intervals (¢, 4,,,), the right hand side of the ordinary
differential equation considered in part 2 of the proof of Theorem 1 will (almost
everywhere) satisfy a local Lipschitz condition with respect to x. The Lipschitz
constant, in a given compact set, can be taken to be

Liypy=max {L({Z}:|Z]| < ess st:p [ %0 ()1}
a=l=ly

Uniqueness now follows successively on each of theintervals [¢4,, ¢, ,), =0, 1, 2, ...
{c¢f. CopDINGTON & LEVINSON [2], pp. 49—51).

Theorem 4 (Uniqueness for System (2}). Let the conditions of Theorem 2 be
satisfied, but with each g;(¢)<Ct, and let fV(t, x, X} and f®{t, x, X) satisfy a local
Lipschitz condition with respect to x in D. Then the solution of (2) is unigue.

Proof. In a compact set, as considered for a typical interval (,, 4,.,) in the
proof of Theorem 2, let L, and L, be Lipschitz constants for /) and #® respectively.
Then

et 0, X, 2)—f(t.% X, Z)| < (L +np Ly | x4 (R{0)]) |x— Z|,

and the function L, ({)=L;+np L,|x,(h()}| is integrable on [¢,,4,.,]. The
only non-negative solution of the scalar equation #'(f) =L, (£) #(¢) on [t,,4,.,)

with #(2,) =0 is u (¢} =0. Tor, if ever u(¢) became positive, the divergence of the
a0

integral fdu/u would contradict the integrability of L,y (#). (This is similar to a
L]

condition of Osgood, c¢f. KaMKE [13], p. 100.) Hence again uniqueness follows on
the successive intervals [¢,,£,,,), »=0, 1, 2, ... (¢f. CoDDINGTON & LEVINSON [2],
PP- 49—51).

Remarks. The basic uniqueness theorem for ordinary differential equations,
used in the proofs of Theorems 3 and 4, holds for conditions weaker than Lipschitz,
hence weaker conditions could have been used here.

If the condition g;(f) < ¢ is weakened to g, (¢} = ¢ in Theorem 3 or 4, then for uni-
queness one needs, in general, some condition on the behavior of f(¢, x, X, Z)
with respect to x and X, e.g. a local Lipschitz condition with respect to x and X.
As a matter of fact the resulting uniqueness theorem for system (2) in this case
will follow from Theorem §.

I1. Continuous Dependence
In this section we shall show that if, in addition to the hypothesis of Theorem 2,
fV, x, X) and f@ (¢, x, X) satisfy local Lipschitz conditions with respect to x
and X, then the solution depends continuously on the functions /0, /@, g, %, and ¢.
Moreover, we obtain quantitative estimates in the course of the proof.
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The proof of Theorem 5 — the main result of the paper — uses two lemmas.

Lemma 1. Letv () be a non-negative continuous function of t for ty— v <t=fi<C o0
such that

ri= +f1? sYds +FK () rit—1) for f=t=p,

where F(i) and K(f) are non-negative, non-decveasing, continuouns functions on
(4, B), ?{E) s a non-negative integrable function on each finite subinterval of [, ),
and v is a positive constant. Then, letting vo= max {7 (s) 1 {y — 1= s 4}, we have
on [ty, B) ‘
POSIF@O) +E @ r] 14K ed 7

Remarks. In case K(#)=0 this reduces to a well-known inequality used in
ordinary differential equations, originally due to W.T. REID [20]. Simpler forms
of that result date back at least to Pravo [17]. In case #{f) is bounded, the
present result can be found qualitatively as special cases of theorems given by
Prrr ([19], Theorem 8) and WRiGHT ([23], Theorem 3), in order to justify use of
the Laplace transform. In this paper, however, we wish to allow # to be merely
integrable.

Proof of Lemma 1. It is sufficient to prove the lemma for the case F{f}=F
and K (t)=K, constants. Then, to get the result stated for non-decreasing
functions, one merely inserts into the estimate the largest values of F {s) and K (s)
up to the instant ¢, namely F (¢) and K ().

We can now assume, without loss of generality, that #{{) is non-decreasing.
This follows from the fact that the non-decreasing function #*(f) = sup {7 (s
ty— 7= s =t} will also satisfy the assumed inequality, and if the stated result holds
for #* (¢} then it certainly holds for r(f).

We shall actually prove that the stated result is a consequence of the following
inequality (weaker than the given one):

r{t) <F+fﬁ ds—1—1{2 (t—tg—vT)7{lg+r 1),

where

0 for s<C0

(s) = {

1 for s=0.
From this point of view the result is similar to alemma announced recently by G. 5.
JonEgs [10]. However, we shall give an independent proof, making repeated use
of the same type of calculation which one usesin proving REID’s Lemma (for K'=0).

For any given #*<[#,, 8) let n be theintegersuchthatf, +-# < * <y 4 (n 4-1)7.

Then, on each interval {, +iv=t<fg+{E+1) 7 {=0,1,...,7) , with the under-
standing that ¢, - (# +1) 7 is to be replaced by £*, we obtain the inequality

r{f) ~RO<ZF+K i ¥ty v 1),

where R (¢ fﬁ s) ds. Let us define @ () = exp{— J2(s) ds] and multiply
the last mequahty through by () O (f). Integrating the result from to+iT to
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by +{i +1)7 gives

R(lo+(E4+10) 1) O+ E+1) 1) — Rty +i 1) Ofg +7 7)
SF[Oy+it)— O, +E+1 1))+

+K§Dr(t0+v D) [Ol,+i1) — Oty + G4+1)7)].

In case ¢ =1, 2, ..., #n we modify this inequality by adding to it the inequality

i-1
— KRG +Hin O +in) s K| F+K 2 vy +r )| O, +i 1)
v=0
—Kr{ty+it) O, +i1),

which results from the continuity of » (¢} and R(¢) at £, ¢ 7.
Thus, for =20,

Rt +0) O+ 0=F1 -0, +1)] +Kr[1 -0, +1)],

and, fori=1, ..., n

]

Rity+(i+1)7) Oty + i +1) 1) —(1 +K) Rty +1i7) Ol +17)
SU+R)FOUl+in)—F O +iE+1)7 )+

i—1
KU +EK) X vty +v7) Ol i) KZ 7{ty+v %) O (t, + (i +1) 7).

Multiplying each of these inequalities by (1 + K)~" and summing from {=0 to »,

we obtain

L L K 5

(iF &y (1 K)»

Combining this with the inequality
VSR 1 F 4K 3 rlty+v 1)

p=0

RO <F—

gives
P S(F+Kr) (1 +K)” (t*) = F+Kr) 1+K) Wbz Jolas

The second lemma which we shall use may also be known, but the proof is

included here for completeness.

Lemma 2. Let }(¢) be Lebesgue inlegrable on an interval (o, 8. Then for each

% >>0 and e>> 0 there exists a number 6 > 0 such that

b .
J19R0)—0R®)| dt<e

whenever h(t) and b {ty are absolulely comtinuous functions from [a, b] into [o, §]

satisfying the following conditions:

W)=y and I;'(t} =1 (almost everywhere) on  [a, b],
and

|hit) — k()| <8 forall tc[a,b].

O +Kry— o > 7l +r7) @ (14,

Q.E.D.
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Proof. Choose a continuous function z(#) on [, f] such that
{190 —20] ar<ine
o
{¢f. McSHANE [I4], p. 229). Then choose é > 0 such that

| z(f) — |< whenever ¢, ic[a, f] with itmﬂ<6.

3(b h - a)

Then, letting & (f) and i (¢) satisfy the conditions of the lemma with the chosen

8, we have
b

18Ry =0 k) dtgfw(k(t)}—z(h(t))[ di +

b - 3 ~ ~
+ [z @) —2(h@®)| dt+ [ |2 () —F RO} di.

The first and third integrals on the right hand side are each shown to be less than
1 & by an estimate like that used at the end of the proof of Theorem 2. The second
integral on the right is less than %& by the uniform smallness of its integrand.
Q.ED.

Remarks. This lemma could easily be generalized to functions #cL, (p =1)
with the L, metric, instead of Z;. M.L. StaTER has pointed out that by making
the function z(f} a polynomial and applying the mean value theorem to estimate

the second integral, one could reduce the requirement that | 4(f) —];(t)| be small
b

to one that [ | () —k(¢)] d¢ be small.

Theorem 5 {Continuous Dependence of Solutions on the Initial Data and
on the Right Hand Sides of the Equations). Let (¢, x, X), /¢, x, X), g(¢),
B(2), and @{t) satisfy the conditions of Theorem 2 where the interval [y, y) is veplaced
by the larger interval DV. Let fV and [ satisfy a local Lipschitz condition with
respect to x and X in D. Let x () on a =t< f, where >4y, be a solution (which will
turn oub to be unique).

Let anv Belty, B), any 5> 0, and any &3>0 be given. Then there exist pasztwe
numbers by, 8s, 8y, Oy, 85, and 8y with the following property. If fu, f(z’ i, and

@ on |u, t,)] are new functions satisfying the conditions of Theovem 2 (with to in place
of t, and D in place of [4,,y)), and if

|70, %, X)— [V, x, X)| <8 in D,
|72, x, X) — f<2>( X)|=é, in D,
| () léﬁ on Dt
| ) —h{t)] =6, cmd Bl =y (k=1,...,p) on D\,
t0—55§t0<ﬁ,
and ;
¢ — x|t[°“"’<5

then awy sobution, % (f), of the new problem, P, can be extended to a<t= f and

[£—x] B o g
Arch, Rational Mech. Anal, Vol 19 11a
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Remarks. The solution of P may not be unique,
The uniqueness of the solution of P — which does not follow from Theorem 4
in the case g;(f)=<{ — is an immediate corollary of the present theorem.

Proof of Theorem 5. The proof is broken down into four parts,

1. Preliminary conventions
Let us assume, without loss of generality, that & is so small that the point
(¢, % X) lies in D whenever | (I, x, X) — (s, x(s), x(g(s))}| < & for some s¢ [t,, B].
Then we can also assume, without loss of generality, that «>>—oo. This
follows from the fact that each of the functions g;(#} and A, (¢) is continuous, and

therefore bounded, on the compact set [f, — &, 8], while each §;(¢) and B () will
be close to the respective values of g;(#) and 4,(f).

Since each % (f) is continuous and positive on the compact set [£,— &, E], each
is bounded away from zero there. Thus we can further assume, without loss of

generality, that 9 >> 01is so small that each Ay () Z» as well as i;,; (#) =non[t,—e, B].

2. Definition of 6y, 8;, 8y, 8,, 85, and &,
Choose any numbers ¢, and &, such that 0<< g,<< £;<C . Then the set

Di={{t, =, X):| (¢, », X) — (s, %(s), x(g(s)))| =e for some sc[f, ﬁ]}

is a bounded domain, and its closure, 51, is a compact subset of . We shall also
use a set D, defined in the same way as D, except that e, is replaced by &,. This

gives D, CD,.
By the compactness of D, there exist constants B,, B,, L, and L, such that

|, x, X)) < B,, |2 (¢, x, X)| = B,,

|/, %, X)— O, % X)| <L, max {|x—%|,| X — X[},
and
[, x, X) — P, %, X)| < L, max {r—2|, | X--X}

whenever (£, x, X), (¢, %, X )eDy; and, by the compactness of [f,— &, E] there
exists a constant 7 >> 0 such that

B <t—2v for ty—ey=t<f, k=1,..., 5.

Now choose positive numbers é,, d,, &, 4, 4,, and A, such that

S= {[(1 +2E (Bat 80)) (ot i)+ (But- ) Ay [1+ 2 (B, 1 6| +
_ I
o (But &) Aot (ot Ly A) (B —to) + 27 (334 Ly 4) [ |v(0)] da}x

_ _ I
x[14 22 (B, 4 8 exp [Ll(ﬁmto)+ "L f lx’(c)lda]< g2 — s,
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Then choose d,, §,, and d; such that

64§Tl
8 < min (4, &),

kin,m,pkk( — &) —d, =,

ﬂrp’(a)| do<</, whenever aa<<b=<t
" with (b —a)<< max (3, | A(ty) — A (fy— ds)| +20,),
jp(d) —@la)} <A, whenever a=a<b=f
with (b—e)=d,+ max  [g()—g()],
|x(6) —x(2)| =4, whenever a<a< b<f
) with {(b—a)=4d,, and
jﬂ|x'(h"(s)) —x'(h(s)] ds=A, whenever (for k=1, ..., ) k(s)
’ and I?zk (s) are absolutely continuous mappings of [tO,B] into [« E],
h(s) =, A (s) 20, and | A(s) —Rpls) | =8, for all sty B].

This last requirement can be achieved by Lemma 2.

3. Existence of a solution of Din D,

Let fm, fN(Z), g ;» E(,, and § satisfy the conditions stated in the theorem using the

8,...., 8, defined above. We shall show that (f, @ (f), & (2(fs))) < Dy <D, and
thence the existence of a solution, %, in I}.

In case togt:,<;3_,
| (o, @ (B0), @ (2 () — (fo» %(E), @@M
< max {8, |# {2 () — * (F )| +1% (2 k) — x(e @)1}
Ly +A< &,
In case fy— §,= t~0<to,
| (o, 3 ), § @ )) = (ta, 9 t). @ (2 1)
< max {5, 6 -+ max (|qa el | E (te)) — w2}
<< max {05, 0 + 1} < 5.
It follows from Theorem 2, with D, play:mg the role of D, that a solution,
%(t), of the new problem exists on a={<C ﬁ where ﬁ >1,. Moreover, to each com-

pact set I’ (D there corresponds an infinite sequence t0< £ < §2< —e—ﬁ such

that(i,x(g) F(EE) NyeD —F fori=1,2,
11*
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4. Proof that B and |2 x|=P<e
It will suffice to prove that |¥ — x| < ¢, and (2, (), 2({F (1)) ¢D,, a compact
subset of Dy, for tOSt< min (ﬁ B). This will then rule out the possibility that
B<p and also lead to e A< e <,
Letting t,= max (b, to) we must now consider the two cases t = {< min (4, ﬁ)
and tOSt< min (,8 ﬁ)
In case t0£t< min {£,, 5}, we find

!
[ —x[=0=p—pl= + [12(5)— ' (5)] ds
5 b
< 5 + f[Bl+al+np(Bz+az)|ﬁ'(h(s))|+|w'(s)|]ds
ta—B¢
}Tk(tn)

=05+ (B +dy) (55'5‘%52 (B +05) kf}a.‘.).{p o)| do + 4,

Fa (e — 63

= (0 + ) + (B, +6) dgt-

ta i {t) + 6,
+22(B 2+62)[f (0) =/ (o) do+ max [ lw'(a)fda]

o ki (fo—85) — &,

S (1427 Byt ) o+ A)+ (B 8) 4, S <oy,
In case t_ogt< min ﬁ_g

7 - x ]l = [ —

x'(s)| ds

&

=[F— x|+ f_ftlﬁ”(s,%(s),%@(s)))~f‘”(s x(s), 2(g(s))] ds +
+f|f“"( E(s), B () B (h(s) —/® (s, 2(5), x(g(s))) 2 (h(s))] ds
= fix—xl\f“""’ +;f [8i+ Ly max (|2(s) — x(s)|, |2( () — % (g ()|)] 45 -+
+npt_f [(By +"az> |# (k(9)) — ='(())] +
+(62°+L2max () — (9], |RE ) —x(g)])) [+ (h(s))|] s
S A [ B L A ds
p (B0 [ [#(319) = ()] 1350 (i) 85 +

]
np [ [y + Ly |F— 29 + Ly A,] |4 (h(s))] ds.
by
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Now, using the fact that each }Zk ()= h () +v=t—7 on [%, f], we obtain
17— x o |7— 2 =0 4 (8 Ly A)) (E— b} +
+ 7P By s — 1| np (Bt 8) At

i—1 .
-+ ﬁnp (62+L2A1)fﬂx’ (0') “dﬂ'—l— f (LlJr anzlx’(k(s))l) ":?— x“[a.s)ds_
" %

Thercfore, by Lemma 1 with # () = |& — = {*?,

e — «[=" = {nfc [ (1 2P (Bt 0)) b p (But 8) Aot
v
F (04 LA (E— b+ f”‘f- (84 Ls Ay) j |%"(e))] do} X

) f—1
t—Tuifr - .
x[1+ ”?}?Z (Bﬁ—é.a)r BT axp | Ly (t— Bo) -+ ’?ﬁ?szfix(a)lda .

Applying the estimate for | — » |t® obtained in the first case and the defining
condition for 8,, 8;, &, A, Ay, and A,, we find

|7 — x| < S< e.

Thus (¢, #(£), 2@ @) cDy. QED.
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