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This paper is motivated by the two-body problem of claszical
electrodynamics. The equations for the three-dimensional motion
of two charged particles {(ignoring radiation reactlon) can be
written as a delay differential system of neutral type, with
delays depending on the unknown trajectories.

The formulation of a well-posed problem for a system of
neutral type 1s directly connected with the choice of tonology
for the space of solutions. Indeed, the topology selected
determines which neutral equations can be considered, and what
type of existence, continuous dependence, and stability theorems
one might hope to prove. By consideration of examples, the papcr
discusses the implications of using each of the following norms

on solutlons:

IIXIIcl = SUD, gy 1K)+ U 1K1 (B,

]

Il = Ix@)] + 22 x o)) at,

ilxllcc = WP, .pcp [ x(t)] .
After concluding that neither thsa Cl norm nor the Cozncrm
is appropriate for the equations of the two-body problem, we

prove an existence and uniqueness theorem for this system v

congsistent with use of the AC norm.
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1. Motivation

The interactlion of two charged particles under the laws
of classical electrodynamics cah'be described as follows.

Aflﬁime t! let the two particles, a and b, be at posltions
Xa(t) and xb(t) in n3., Here time and position are measured
in some'given inertial referencé frame. .For t > 0, each
particle 1s assumed to be subject only to the influence of the
other.

Since electromagnetic interactions propagate at the speed

of light, ¢, the influence on

particle a at time t > 0 C

. xb(t)

must have been "emitted" by

particle b at an earlier _
Xb(t Tba(t))

instant, t~1ba(t), where
Tba(t) = |xa(t) - xb(t—Tba(t))|/c, o | (la)

with || being the Buclidean norm in r3. Similarly, the
influence on particle b at time t was emitted by particle a

at time t—Tab(t), where

1. (8) = |x (8) - x_ (t-1_, (£))]/c. (1)
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Let m, and m, be the rest masses of the two particles,
and let a, and Qy be the magnitudes of thelr charges. Now
assume for the moment that Eqs. (1) have unigue solutlons for the

1
two delays, T,,(t) and ., (t), and that !xa(t)l < ¢ and

|x3(t)] < c. Then the equations of motion can be written in the

form

x) (t) va(t), (23)

xgp(t) = v (%), (2

b

Q.4
- 8 -b
vé(t) T Tm L

- e (x_ (1)-x, (61, , (83,7, (8) vy (=1, (£)))

(3)
+ 2020 (x, (6)xy (5=mp (60,7, (8) vy (b= (£)))v) (Bt (6))],  °

and a similar equation (3b) with a and b interchanged. The

exact form of the functions f(l) and f(e), which can be found

in { 2], will not concern us here. It suffices to note that both

f(l)(g)na,nb) and f(z)(a;na,nb) are continuously differentiable
(in fact analytic) as long as

E# 0, Ina[ < ¢ and ]nbl < c.

Some authors would include additional "radiation reaction"

terms in Egs. (3), representing the force of each particle upon

" 4tself [3]. Such terms are omitted here bhecause they lead to

paradoxical behavior of solutions [12].
The functional equations (1), for tba(t) and Tab(t), can
be replaced by delay differential equatlons which appear more

tractable. Specifically, the following has been proved {41, [3].



Lemma 1. Let X, and Xy, pe given continuously differ-
entiable functions, with v = xé and 4y = xg, satisfying

x, (t) # x, (£), |va(t)] < ¢, and [vb(t)l < ¢ on (a,B).

If Eg. (la) has a solution Tba(to}, at some t, € (o0,8),
then Eq. (1a) has a unique solution, Tba(t)9 for each tév[togﬁ)

and

(0 (BT (8)) 5 v, (8D (8o (8)))
csza(t) - <xa(t)_xb(t-rba(t)),, vb(t—rba(t))}/

Tba(t) (La)

where <°,°, indicates the usual inner product in RS,
Conversely, if Tba(t) satisfies‘Eq,’(Ga) on [to,ﬂ) and
satisfies (1) at t = %, then it satisfies (1) on all of [tg.8).

gimilar assertions and an Eq. (hb) are obtalned by Inter-

changing a and b.‘

So we can replace the original system of Egs. (1), (2), and
(3) with Egs. (2), (3), and (#).
Let us generalize thils for the moment, to a system of

functional differential equations of neutral type of the form
x'(6) = F(t, x(t), x(t-g(t,x(t))), x'(t-h(t,x(£)))), (5)

where =x 1s the unknown function, taking values 1n Rn, and
F, g, and h are given functions. There may be many delays,
g = (g1,°°°,gm) and h = (h1,°°°,hp) in (5), 1n which case
x(t-g(t,x(t))) stands for

X(t“’gl(tlx(t)))g sos ., X(t"gm(t ’X(t)))

and x'(t-h(t,x(t))) stands for
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Each gj 1s assumed %o be a non-negative-~valued funotion, and

each hk is assumed to be positive valued.

We should like to be able to solve system (5) for t > t,

subject to glven initial data

x(t) = ¢(t) on [a,t,l. (6)

It might be remarked here that in the special case of two
charged particles moving on the X4 axls, f(z) in Egs. (3)
vanishes and the system (2), (3), (4) becomes a delay differential
system with state-dependent delay. This simpler problem has been

treated quite thoroughly in (21, [41, (5], {71, ana [15].

2. The Choice of Topology for a Well-Posed Problem

Many of the difficulties encountered in trying to formulate

a well-posed problem for Egq. (5) can be illustrated with the much

simpler equation of neutral type

x'(t) = F(t, x(t), x(t-g(t)), x'(t-h(t))), (7

where the delays are known functions of t. Let the given

functions F, g, h, and ¢ be continuous, with ¢' also

continuous, and let a < t = gJ(t) <tanda<t - hk(t) < t for

each J=1l,*<+. 1 and k=l,*+*, p when ¢t > to. Then it is easy

to prove the exi~tence of a continuous solution, x, of (7) and (6)

-

on [a, tl) for some sufficlently small bty > %,. (Anong other

thinss when choosing tl* we nale sure that each t -~ hk(t) < to

for t, <t <t

0 1.) T, in addition, ¥ satisfles an approorilate

Tipschitz condition, then this solution is unique.

ro%
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However, any attempt to continue the solution leads at
once to dlfficulty because x'(t) 1s not, in general, defined

at t = ¢ Thus 1if tmhk(t)

It

0 0 on some interval to the right

of ty, the right hand side of Eg. (7) becomes undefined there. o

avoid this difficulty, we shall agssume that each equation

£ - hk(t) = a constant
has'no more -than a finite humber'df solutions in any interval.
Then the solution cf (7) can be continued, say by a method of
steps, ylelding a continuous and plecewise~continuously differen-
tiable z on [a,B) - which satisfiles Eq. (7} for 0 <t < B
except at certain_isolated pointé.

The next questioﬁ which must be asked concerns the effect
on solutions of small changes in F, g; h, to, and 4. This
questioﬁ forces one to carefuliy define the solution space and
to select a topology for that space.

Considér a funcfion, x, defined on [a, b] » R™. (The
interval [a; b] will actually be some appropriate subinterval
of [u,B).j Let || be any norm in R,

Several authors have used the Cl norm,

IIXIICl = sup |x(t)| + sup [x' (£},

where the first supremum is taken over [a, bl and the second 1s
taken over those points in [a, bl where x'(t) is defined.

But this norm is quite unsatisfactory because an arbitrarily small
change in tO or h will, in general, shift the points where
x'(t) is undefined. This will cause a large change In the

solution as measured by |l-1] 1;
C
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This difficulty was avoided in [6] by 'use of the norm
b
[xl e = Ixtad] + 2 [x'(s)] ds

instead. If this norm is adopted, then one is naturally led to
seek, as a solution of (7) and (6), an absolutely continuous

. function which satisfies (7) only almost everywheré (when t > to).
This suggests that one should also pefmit ¢é to be merely

‘ . absoiutely continuous. TFour simple examples given in [€] showed

% that, in order to use the AC norm for solutions of Egs. (7) and
(6), one should have |
(1) F linear with'respéct to x'(t-h(t)) (or at least

- growing no faster than linearly with respect to

these terms), and

ik

(11) h continuously differentiable with each hk(t) <1
— for ¢ > t,.
These restrictions might seem too severe 1f it were not for the
fact (as we shall see in Section 3) that similar conditions are
actually satlsfled in the electrodynamies equatlons. Under these

hypotheses, and using the AC norm, the exlstence and uniqueness

of solutions and theilr continuous dependence Jjolntly on to, ¢, F,

. ik

g, and h was proved in [6].

The assumption of linearity of F with respect to
x' (t-hn{t)) could be avoided if we assumed ¢' to be essentlally
bounded. Buft this appears to be an unnecessary and unnatural
assumption for the equations encountered thus far in applications.

Moreover, if one then used the norm

[1x]] = sup }x(£)| + ess sup {x'(t)],

the same difficulties would be encountered as with the C1 norm.
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Hale and others (see [13, [101, [11], [13], and further

references gliven there) have been motivated by some systems of

neutral type arising 1n tpansmission line problems. These systems

have the form

m .
x'(t) = I qjx'(t—TJ) + £(t, x(t), x(t-1)), (8}
C3=1

where each qj and T is constant, 0O < T4 < T, < o200 < T

m!

J

and x{t-1) represents

x(t--l'l)9 oo, x{t=T ).

Such a system is consldered for t > t, with initial condition
(6) on [a, tO] = [to—rm, tO]. Equation -(8) then yilelds the

integral delay system,

m M
x(t) = I q,x(t-1,) + ¢(ty) - Z q b (ta=Ts)
g O (9)

£
v
s

The special form of Eq. (9) now makes it possible to consider ¢

f(s,x(s), x(s~-1)) ds for t > tg.

merely continuous, and to seek a merely continuous solution, X,
of (9) and (6). Then one can deflne xt(s) = x(t+s) for

-t <8 2 0 when t > t,, and use the ¢® norm

| x =  sup Jx.(s8)].
| tllC0 —TmisiO ©

The authors cited above (Hale, Cruz, Henry, and Lopes) and
others have developed an eifensive theory of existence, uniqueness,
continuous dependence, stability, and oscillation of solutlons
using the C0 norm. They treat equations more general than (8)

or (9). In fact 1t is not at all obvious that the 0

norm 1is
unsuitable for KEq. (7), provided the equation 1s linear with

prespect to x'(t-h{(t)) and provided each hB(t) < 1.
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The following two examples will show that the CO norm is not

suitable for such equations.

Example 1 (Linear). For each ¢ & (0,1) there is a

continuously-differentiable function h on [0,1] such that

-1 < t-h(t) < 0, |[n(t)-1] < e, and |n'(t)] < e,

. and yet the (absolutely continuous) solution of the linear scalar

equation
x'(t) = x'(t-h(t)) for 0 <t <1 (10)

does not depend continuously on the (absolutely contilnuous) initial

function ¢ on [-1, 0] when the c® norm 1s used.

Proof. Let e & (0, 1) be given.

Define w: [-1, 01 » [0, 1] by
-0 for ¢ = -1,
= £ 572 T - < - L
w{c) =¢(1 + o + 10(1*0) oS T35 for -1 < o 5‘ 3

< o < 0.

l1+ag+ %%(%)1/2(0+302) for -

Lof

Then 1 1s continuously differentiable, and

1l for ¢ = -1,

o+ %(1+c)3/zcos f%a + %%(1+0}1/231n f%E

for -1.< g < - %,
1+ £52)Y2(1460)  for -1/3 < o < O.
. 103 -
From these we find, for -1 <0 <0,

1+ 0 = <w(0)<1+0’+-§-and 1-%<W'(U)<1+%_‘

oo
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Now define h(t) = t ~'w"1(t) on [0, 1]. Then 1t follow
that 1 :
-1 < t-h(t) =w “(t) <1 for 0 <t <1,
and
1 1 1 €
e <l - eni®)=1 e <l-Tgrz 2

From the latter and the fact that h(0) = 1, we have

1 ~-€ <h(t) <1+ for 0 < t < 1.

ram

s

Thus all the asserted estimates for h and h' are fulfilled.

Now for each integer n > 2, define ¢~ on {-1, 0] by

setting ¢n(~1) = ( and

0 for 0 < s+l < and < g+l < 1,
2né+l 2n-1
' - 3/2 Y
@n(s) k for =y < s+l < =
k=2n, ntl, ..., 1 .
3/2 ,2k-1 1 1
-k U5 for gy < s*L < gy

Since ¢£ is integrable on [-1, 0], it follows that ¢, is
absolutely continuous.
By straightforward calculationsa one finds

|6, ()] < u/ﬂ for all s€l[-1, 01,

while for the corresponding absolutely continuous solution, X

of x'(t) = x'{t~h(t)) a.e.,

n
NORN 0372 [ (e 2gk) = W (=Tgy) ]

372 2k-1 1 1 . 1
5> __E Ez 1, _€

L »
T 40/3 yxen £ 40OVE
v 2 1 L o T

Rog n.

8]

n

2
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Example 2 (Autonomous). Let f be analytic on R and let

4 be absolutely continuous on [-1, 0]. Then the (absolutely
continuous) solution of the autonomous scalar equation

x'(t) = 1 + £(x(£))x"(t-1) for 0 <t <1, (11)
with x(t) = ¢(t) on [-1, 0], does not depend continuously on £

and ¢ Jointly when the c® norm is used for x and 4.

Proof (developed with M.L. Slater).

For each positive even integer n, define ’
_n log (vn + ;/n--l)2
n ’ .
n-1 .
-y . =1/b
£,(8) = n sin w §, and define ¢  on [-1, 0] by setting

¢n(—l) = 0 and

n3/u for -1 + .g.lﬁ <t < -1 + _2_1’211'.

n n .

¢l (t) = \ |
-n3/ for -1 + g%ii <t < -1+ 2%:2

fOI‘ k = 0, 1’ oao’ %"‘ 1- )
Then fn is analytie, ¢n 1s absolutely continuous with
¢n(0) = 0,

1,801 < n”/"

on R and |le || < a4
C
Clearly a unique absolutely continuous x exists on [-1, 1)

such that \

x, (t) = ¢ (¢} on ([-1, 0],

and

xﬁ(t) 1+ fn(xn(t))x;ﬁt—l) a.e. on [0, 1).



-]l

On the interval [0, 1/n)

¥ = : 1 =
xn(t) 1 + vn sin unxn(t) with xn(O) Q.

This yilelds
tan[mnxq(t)/Q].+ /n - /n-1

log
tan[wnxq(t)/Ej + v/n + /n-1

= u /n-1 % - log(vn + Vnﬂlje,

and hence xn(t) > w/wn ‘as t -+ 1/n. Thus xn(l/n) = n/wn.

Next, considering the interval [1/n, 2/n}, one finds
xn(2/n) = 2w/wn. Similarly =x{(k/n) = kw/wn for k = 1,2,°~°, n/2.
Thus

nw _ M V-1

1y o nm _ +
x(3) 2w, 5 log(/n + vn-1)

On the other hand, if either £ = 0 or ¢ = 0, the

©  as n - ®,

solution of (11) yields x(t) =t on [0, 1). So again,

0

continuous dependence fails when uslng the c norm. E

Going beyond continuous dependence to the study of stabllity,
W. R. Melvin has recently noted a problem which even plagues

Eq. (8).

Example 3 (Melvin [147). Choose real numbers 2 and b
gsuch that
. a > 0, -1 <b < -a°/4, and la| + |o| > 1.
Then every solution of the equation
Xt (£) = ax' (t-1) + bx' (t-2) (12)

tends exponentially to a constant as t + o,
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But, for every positive even integer n, no matter how large,

the perturbed equation

x'(t) = ax'(t-1) + bx'(t-2-1/n) (13)
has unbounded solutions. This is the case regardless of which

norm used. .

Proof. To show that every solution of (12) tends
exponentially to a constant we use arguments from [14] and [1].
Observe, first, that the roots of the algebraic equation

p2 -ap-b=20 (14)

. are a pair of complex conjugates, o, p = (a + i/Lézéﬂb)/g with

lol = [pl = /= < 1,
In particular, this shows that 1 - a - b # 0.
Now note that Eq. (12) for t > 0, with absolutely

contlnuous initial data

x(t) = ¢(t) on ["2: O]s

can be rewrltten as

x(t) = ax{t-1} + bx(t-2) + [$(0) - ad(-1) - bod(-2)]
with the same initlal condition. Clearly, by the method of steps,
there 1s a unique continuous solutlon of the latter problem on
{-2, ») even if ¢ 1s merely continuous. Since 1 ~a - b # 0,

we can define

$(0)-a¢(-1)-b¢(~2)

y(t) = x(t) - ¢ where c¢ = T - a—b .

Then y satisfies

y(t) = ay(t-1) + by(t-2) for t > 0O
with

Py I N T - PR ] n7
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Next defilne

y{t)
z(t) = for t > -1,
(t-1)

and one finds that

- a bl
z(t) = Az(t-1) for t > 0 where A =[ ] .
1 0

For this equation the initlal condition ls

¢(t) - ¢
z(t) = ‘ on [-1, 0].
$(t-1) - ¢

Hence, for each k =0, 1, ...

p(€) - ¢
z(t) = Ak+l for k < £ < k + 1.
¢(t-1) - ¢

Now the eigenvalues of A are the roots of Eq. (14), and so each

has modulus = v-b . Thus

A1 VE o /el as k-,

where |°| is the norm on A 1induced by any norm for vectors

4n R2. Tt follows that z(t) - 0 exponentlally, and hence

x{t) + ¢ exponentlally as t - =«.

Turning now to Eq. (13), we shall prove the exlstence of

soiutions elt where A = u + inm with w > 0. Substituting

e)lt with A =y + inm 1into (13) we find the requlrement

AGw) = o(241/mu ae(1¥1/n)u +b = 0.
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Now A(u) depends continuously on the real variable u and

A(0) = 1 -a+b=1~la}l - |b] <0
while
A(u) > 4 . gs oy > +eo,
- Hence there does exist u > 0 stuech that A{u) = 0. Using this

value of u we need only to set

x(t) = oMt sin(nnt) on [-2-1/n, 0]

to obtain the same form for the solution of Eq. (13) on

. [-2-1/n, =). This solution is unbounded.{]

e

The difficulty 1llustrated by Example 3 wlll not occur

if |laj+|pl< 1. For further information and generalizations see
— (147 and .[9].

i
o el

1

3. The Two-Body Problem of Electrodynamics

- The two-body problem of classical electrodynamics, as
o represented by the functlional differentlial equations in Sectlon 1,
f“ was studied by Driver in [3]. However the analysis glven there
o was based on the premise that solutlons of an equation of neutral

j type should be plecewise continuously differentiable.

In view of the discussion in Section 2, 1t now appears that

b

one should only requlre that solutions be absolutely continuous

ffi and satisfy the neutral differentlial equatlons almost everywhere.



But this type of definition 1s not easily applied to Eq. (5).
e can demand that x' (t-h(t,x(t))) enter F only linearly.
But how can we expect that, whenever Xx 1s a solution,

%Ehk(t,g(t)) <12
This derivative will probably not even exlst everywhere if X
is not differentiable.everywhere; But suppose wve could somehow
- overcome that difficulty; and let us also assume for simplicity
that each gj is positive valued, as well as each hk‘ Then
the method of steps applied to Zg. (5) would yleld an ordinary
differential system, x'(t) = £(t,x(t)), where f(t,&) 1s
discontinuous with respect to both t and £. This type of
system has been studied by Filippov [8]. But
gifficulties are encountered when one tries to apply Fllippov's
definition and methods tgzgrdinary differentiai equétions arising
from a system of neutral equatlons. For exafnplé9 it would appear
that one should requlre x' to be essentially bounded. And even
1f that restriction is imposed, the appropriaté conditions for
uniqueness remain elusive.

But a satisfactory analysis will become .possible in our
case, thanks to certain special features of the equations of
motion for two charged particles which are not present in
general in Eq. (5).

‘Let initial data for the two-body problem, rgs. (2), (3),
(4), be specified,
x (£) = ¢,(t), v, (£}

H
=
™)
~~
ot
S
—

J» on [a, 07, (15)

I
-
£5
—
ct
~—

xb(t) = ¢b(t), vb(t) =
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where ¢a’ ¢b’ ¢a’ and ¢b are absolutely continuous,

$,(0) # ¢,(0), and |wa(t)| < ¢, |¢b(t)| <¢ on [a, 01,
and Eqs. (1) have solutions Tba(O) and Tab(O) at t = 0.

Generally one can expect that wa = ¢é and wb = ¢6; but this

will not matter. Note.that we do not assume any Lipschitz-type
conditions whatever on ¢_, 3., V_, $b.

Now observe that we can proceed by the method of steps.
For Eqs. (Ea), (Ba), and (ﬂa) become a system of seven ordinary

differentlal equations for X 5 ygo and Ty in some sufficlently

a
small neighbofhood of the point (O, ¢a(0), wa(o), rba(o)),gs R8.
Moreover, theée equations are "decoupled" from the seven analogous
equations for Xps Vo and Tan®

If we introduce two vector unknowns

~ - - 1 by
X Xal Val
X- X v

X = 2| = a2 and v = v, = a2 s
%3 *a3 Va3
Xuf | "bal

then Egs. (2a), (3a), and (Ha), with the 1nitial conditlons

(15) substituted, can be ‘considered as a speclal case of
xt{t) = £(t-g(x(t)), x(t), v(t))
R _ »¢(1)
vi(t) = £/ (t-g(x(t)), x(t), v(t)) (16)

+ BB (eog(x(6)), x(6), v(EDY (t-g(x(t)),

Here £, §(1), and §(2)" are known continuous functions on a

neighﬁorhood N of (-g(¢a(0);1ba(0)),¢a(0),Tba(O),wa(O))GE Rs,
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each is locally Lipschitzian on N with respect to all arguments

but the first, ' = ¥} 1s integrable, g 1is a scalar-valued

~ continuously-differentiable function, and

Bféi) £y(s,€,n) < 1. (17)

1¢]

<fgrad g)(E), f(s,g,n))

(Note that f is a U4-vector-valued function, 5(1) is

~(2)

3-vector-valued, and f 15 3%3-matrix valued.)
We seek an absolutely continuous solution of (16) for

t >0 (a.e.) subject to the initlal conditions

-¢a1(0r Fﬁal(or
$.,(0) ‘ :
x(0) = x. =] 22 . w(0) = v, = |u_,(0)] . (18)
0 1o ,(0) 0. |72
a3
7 (0] 4,500

TQ treat this system we shall make a change of variables
which was used previously by Travis [15] and Winston [161].

Assume, for the moment, that system (16) has a solutlon on

an interval [0, tl) satisfying (18) at t = 0. Of course, this

implies that tl is small enough so that

(t-g(x(t)), x(£), v(t)) &N for 0 <t < %,.
It follows from {17) that

_%? [t - g(x(£))] >0 on [0, t),

and this derivative is continuous. Thus, 1f we define

o(t) = o (6) =t - g(x(8)) on [0, ty), (19)
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then c'l is uniquely defined on of0, tl) = [—g(xo), sl) and
-is continuously differentlable with

i -1 1
ds o' (a™H(s))

Let us now define

i

y(s) = x(a"1(s)) and w(s) = v(o™*(s)) (20)
on {-g(xo), Sl)' The absolute continuity of y and w follows
from the absolute continuity of x anq v, plus the contlnulty

and positivity of dc_l(s)/ds. One then finds

' = f(s.y(s).w(s))
y'(s)
1 - {(grad g)(y(s)), £(s,y(s),w(s)))
o~ ~ (21)
ey = E ey u(s)) + 8 (s,y(a) i (s))0 (5)
1 - {(grad g)(y(s)), £(s,5(s)w(s)))
with
y(-2(x4)) ='x0 and w(-g{x4)) = vg,. (22)

Note that system (21) contains no reference to the particular

solution x, v of (16) or to the function o . Moreover, by

virtue of the hypotheses on the given functions f, §(1), f(z),
g, and ', system (21) satisfles all the requirements of the
Carathéodory theory for existence and uniqueness. Thus there 1s
one and only one absolutely continuous solution y, W of (21)
and (22) on [-g(xo), §1) for some §1 > —g(xo).

It remains to reverse the process and uniquely recover X

and v as the solution. of (16) and (18)., So let y and w be
soclution

the uniqug\of (21) and (22) on [—g(xl), %1). And consider the

equatlon
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Now,

%;-[o -t + glylo))]

1
= S O’

1 - {(grad 8)(y(0)), £(0,y(c),u(0)))

and Eq. (23) has a solution, o = -g(xy), at t = 0. Thus it
follows, from the implicit function theorem, that Eq. (23)
defines a function o(t) uniquely on an interval [0, %1),
Moreover, o'(t) 1s continuous and positive there. On fo, %l)

let us define
x(t) = y(o(t)) and v(t) 2 wlo(t)). (24)

Then x and v are absoluteiy continuous and, from

x'(t) = y'(c(t))o'(t) and v'(t) = w'(c(t))ot(t), one readily
discovers that x and v satisfy Eqs. (16) a.e. Hence Egs. (24)
define the unique absolutely continuous solutlon of (16) and (18)
on [0, El).

The above, with an analogous argument for particle b,
establishes local existence and uniqueness for the two-body
problem represented by Egs. (2}, (3), (4), and (15). The
solutlon can be extended by a method of steps, as in [6] and [3]

to yileld the following.

Theorem. Equations (1), (2), and (3) together with the

initial conditions (15) have a unique solutlon on an

xa’ xb

interval [o,B) such that v, = x; and vy = x; ~are absolutely

continuous, wlth Eqs. (2) perhaps only satigfied a.e. on [0,8),

and with

x (8) # x (8). v (&)l < e, v ()| <ec.
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And either B8 = » or, as t - B8, one of the following occurs:
) (1) 1im x_(t) = lim x, (¢t) - a collision, or

(11) 1im sup Iva(t)| = ¢ or lim sup Ivb(t)l = c.

Actually a stronger theorem is true. Namely, in the above
the final conelusion is that either f = = or limt+B xa(t)
= 11mt+B xb(t) w—e a collision. See [47 or [3]. However, the
. proof of this assertlon requires more detalled knowledge of the

functions f(l) and f(z) in Eqs. (3) than was given here.

-t Remark. Unfortunately, the existence and uniqueness

proof given here falls to work for the three-body problem. - For

ﬁ then each decoupled set of ordinary differential equations -
ﬁ‘-l containg two. different delays™ . an? the chanre of varinbhles.
(1$) and (20), does not help.
ot
*a
et
1
=l
-

e
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