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The equations of motion for the two-body problem of classieal electro-
dynamies ean be formulated by substituting the expressions for the field of a
moving charge, calenlated from the Liénard-Wiechert potentials, into the
Lorentz-Abraham force law. In this paper, radiation reaction is omitted and .
the charges are assumed to move along the c-axis.
Due to the finite speed of propagation, ¢, of electrical effects, the differen-
tial equations involve time delays, which depend upon the unkunown trajec-
tories. Thus the equations of motion are not ordinary differential equations, s

and one does not determine a unique solution for ¢ = #; by merely specifying . ,
the positions and velocities of the charges at & .
One specifies rather arbitrary initial trajectories of the two charges over o

. . . . [E™ T 4
some appropriate interval {m, #5], where a < {y . Under suitable conditions, -
one ean then show the existence of a unique extension of these trajectories
which satisfy the equations of motion for all¢ > #, unless and until the charges
collide. Moreover the solution depends continuously on the given initial trajee-
tories. Tt is also shown that two point charges of like sign cannot collide, while
two point charges of opposite signs may or may not collide, depending upon
the initial data. Moreover, in the event of a collision, the veloeities of the
two charges become +¢ and —c¢ at the instant of collision. ”

The effect of an external electric field in the z-direction is also considered.
I. INTRODUCTION
LI 1
The equations of motion for the two-body problem (or the N-body problem) ke,
of elassical electrodynamics can be formulated by substituting the expressions i
for the field of a moving charge, caleulated from the Liénard-Wiechert potentials, Lt -
[0 Pt

into the Lorentz-Abraham force law. Thus the equations for this problem can
be considered to be at least 60 years old.
However, the resulting equations of motion arc not ordinary differential equa-
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A TWO-BODY PROBLEM OF ELECTHODYNAMICS 123

tions. Due to the finite speed of propagation of electrical effects, the differential
equations involve time delays which depend upon the unknown trajectories.
Until recently (1, 2), these systems of delay-ditferential equations had not re-
ceived any systematic treatment. Thus even the simplest two-body problem of
claggical clectrodynamics remained unsolved. In pariicular, the question of
what type of initial data (if any} would determine o unique solution was un-
answered,

The present paper gives a detailed analysis of a special case of the two-body
problem in which radiation reaction is omitted and both charges are assumed
to move along the r-axis. An outline of the existence theorem for the case of
three-dimensional motion has appeared elsewhere (3).

The results presented here are based on my Ph.1). thesis written at the Uni-
versity of Minnesota in 1960 (7). T am Indebted to Professor Lawrence Markus
for directing that work and contributing many valuable ideas. I also want to
thank Professor . (. RRosenbloom for first suggesting the two-body problem of
clectrodynamices to me.

EQUATIONS OF MOTION

Let ax;(t) (7 = 1, 2) be the positions of the two point charges on the x-axis in a
given inertial sy bt-(‘ﬂl at time {, the time of an observer in that system. Let
v {t) = &/ () = 1, 2) be the velocities of the charges. We omit radiation reac-
tion but allow an external eleetrie feld, K., (¢, @), in the e-direction, possibly
due to other charges moving on the x-axis. Then the equation of motion of
charge 7 is

v '(t)

(172 w2(0), i = q. 0L e (0 + oy KU () (z=1,2), (1)

where »t, is the rest mass and g; is the magnitude of charge 4, ¢ is the L‘.pc-(*d of
lght, wnd £ (¢, r) is the electric field at (¢, @) due to the other charge, 7 {7 = 1, 2:
J # ). The magnetie field of charge 7 is not involved in this one-dimensional
case. To avoid writing each equation twice, we will continue to consider the
motion of charge 7 due to the influence of charge 7 with the understanding that
(i, /) = {1, 2y or (2, 1)

The field at time ¢ and at the point x.(2) produced by charge j 18 assumed
to be that computed from the Liénard Wiechert potentials. The expression for
this field involves a retarded time, { — 7, (1), representing the instant at which
a light signal would have had to leave charge j in order to arrive at x:(f) at
the instant {. Mathematically, the delay, 7, ({), must be a solution of the func-
tional cquation

oty = @) — ;0 — () lie (2)
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This equation is not written explicitly in this form in standard treatments in-
volving retarded potentials and fields.

Whenever Eq. (2) has a unique solution, £;{#, 2,{t)) can be expressed in
terms of @ (), v (1), x;{t — 7,06}, and v;(t — 7, {¢)). Before writing out this
expression, let us agree to consider only those trajectories, x;(f), 25 (1), which
are continuous and differentiable with |2, < ¢and |®{t)| < ¢ on appro-
printe intervals. Then one can obtain the following information about the so-
lutions of (2).

LemMa 1. Let two numbers, o, 8, be given with — % = o < 8 < oo, Letx; (1) be
eantinuous on the interval [a, Bl ({0 be considered as (— =, B in case o = — =)
and differentiable with | v;{{)| < c on (o, 8. Then jor any finite { € |a, 8], a so-
lution, 7;;(1), of (2) exists if and only if, for some finite & € [a,

|2, (t) — z;(&)| = c(t — &).
The solution of (2), if 1 exists, ts unique and satisfies the inequalities

‘in(f-) — .Tj(t)|/f2C = T,‘{(lf) =t—a

The following tnequalities characterize ;1) and provide a further mmethod of
esttmalion: For s € [a, 1,

| (t) — x;(s)| < c(t —s) whenever o =5 <t — 7;(t)
() — wy(8)] > e(t — &) wheneper t — 75(f) < 58 = ¢
=z

If, af the tnstant {, x5(t)
(=i () — @l — 70| = e (&) = [2(t) — 2 (1)}/2 2 0.

Proor. Eristence. Whenever Iiq. (2) has a solution, r;;(t), one can immedi-

ately satisty the condition | /(1) — 2;(&) = ¢(t — &) by takinga = ¢ — 7;(t).

Now suppose | 2;(t) — z;{&)| £ ¢(t — &) for some finite & € [a, t]. Consider
the funetion

11 (1) ard a solwtion of (2) exists, then

D) =er — |u:(t) — ;06 — 1),
which iz well-defined and continuous for 0 £ = £ ¢ — &. By use of the mean
value theorem, we observe that
I:I:,;‘(L') — .Lj(t)| = |.’£1‘(£) has :I':,(C_t)| + ‘l‘j(ﬁ!) — .L‘j(t)‘ = Qﬂ(t — &).
We now compute
D[ w:(t) — z;(8)]/2¢)
= |w(t) — ;)12 — fa () —
< |as(ty — o {0]/2— |adt) — ;)] + sup |v;(s)
a5

[ (t) — wilD)]/2c =
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A TWO-BODY PROBLEM OF ELECTRODYNAMICS 125

and
Dt —a) =cll —a) — [xl) — @] z 0.
Thus there is at least one number + such that H{7) = 0 and
ca{l) — a2 £ 7 £ — &

This 7 1% a solution of Eq. (2).

Undqueness and characteristic tnegualities. If the solution of (2) were not
unique there would have to be a positive solution. Let 7,;() be any positive
solution of (2). We will prove nniqueness by showing that there can be no smaller
solution, l'or any & such that ¢t — 7,,(8) < s £ 1, we find that

vy =) 2 ) — gt = O) et = () — sl
> eri(t) —els — t 4+ (0] = el — ).

It follows that the <olution is unique.

Very similur computations prove the characteristic inequalities.

Algebraie sign of 2, (8) — ;¢ — 7;:(¢6)). Now add the condition () = v (£).
Consider (j, 7) = (2, 1). Suppose (for contradiction) that

Ee (” — {_)“ — Ty (f)) > O
Then 7y (#) > 0 and hence

era{t) = () — ot — rul)) S @) — = ra)) <erall),

a contradiction. This, together with a similar computation for {j, ) = (1, 2),
completes the proof of the lemma, €.15.13.

It might appear that, if x;(¢) were continuous on {— =, 8] and differentiable
with 12;(¢)| < con (==, 8), the condition | .«;(t) — r;(@)| £ ¢l — &) would
necessarily be satisficd for some finite @. The following example shows that this
is not the case.

lixamrre (adapted from Havas (4)). Consider the “hyberbolic” trajectories
() = — |0 — 0+ 0 and (O = @ + |7 — )7+ 8] for all ¢,
with s — a; Z ¢'6 — £ 1, b # 0, and by, # 0. Then, at any instant ¢, the as-

sumption that (2) is satisfied for (7, ) = (2, 1) gives
eralt) = —ar 4+ [0 — B0+ @+ [ ) — )BT
> C’tg—tl‘—}*c‘lt— 51\I+Cft— T'gl([f) — tgl = CT:]({),

a contradiction. A similar contradiction is found when {j, 7} = (1, 2). Thus (2)
has no solution for any ¢ even though the trajectories are continuously differ-
entiable with | ¢; ()| < ¢ for all ¢.

When FEq. (2) has no solution we will say that the field £, x.(0)) = 0.
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"This simply means that the past trajectories of the charges have been such that
the field produced by charge j has not yet reached the point z:(f).

With this convention, it can easily be verified by substitution that the trajec-
tories of the above example give a four-parameter family of solutions of Iiq. (1}
with e (£, £) = k, a constant, provided | b, | = —mac’/gE, and | by | = mac®/ o
(ef. Born (5)). In fact, as shown by Schott (6), these trajectories continue to
satisfy the equation of motion when the radiation reaction terms are included
in Eq. (1). In the present example the two-body problem has broken down into
two one-body problems, and the difficulties of retarded arguments are eliminated.
As Havas points out, Milner (7) gave a special case of this example but thought
it was only an approximate solution of the two-body problem.

So long as the charges do not collide, there is no loss of generality in assuming
2:(t) > z:(¢). We make this assumption and also assume | v;{¢)| < ¢, and x;(s)
continuous on [a, ¢] and differentiable with | v;(s)| < ¢ on {a, t). Making use
of the algebraie sign of x; — x;{t — r:(t)) determined in Lemma 1, we can now
write the expression for £;(¢, r;(¢)) in a fairly simple form. Eq. (J) becomes
{in mks units)

O _ (Wae e+ (=1t - 1:t)
(1 — o)/ dreymieiri(t) ¢ — (= 1)t — 75:(0)) (3a)
+ g B (t, i (8)) iy (4,q) = (1,2),(2,1),

when (2) has a solution. If (2) has no solution then the first term on the right
hand side is omitted. These equations are to be considered along with the pair

200 = vty i=1,2 (3b)

If we were considering the case of three-dimensional motion Eq. (3a) would
be much more complicated. In particular, the acceleration of charge j at the
retarded time ¢ — 7;:(t) would oceur on the right hand side, making the existence
and uniqueness problems much harder (3).

III. THE EXISTENCE AND UNIQUENESS THEOREM AND CONTINUOLUS
DEPENDENCE OF THE SOLUTIONS ON THE INITIAL DATA

Before tackling the existence and unigueness theorem for the entire system
of functional and functional-differential equations (2), (3) = (2), (3a), (3b), we
will obtain further properties of the solutions of Fq. (2).

Turorem 1 (Existence and properties of solutions of Eq. (2)). Let x;(t) be
continuous on la, B8], where a < § < =, and differcntiable with |v;(t)| < ¢ on
(a, B). For some &y € (a, B), let z;{t) be continuous on [t, B] and differentiable
with | v,(t)| < con (ty, B8}, and let xa{t) = 1 (t) for all t € [t , B). Suppose Eq. (2)
has o solution at &y .

Then, for all t € [to, B], (i) a unique solution, 7,/(t), of (2) exists, (i) { —
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A TWO-BODY PROBLEM OF ELECTRODYNAMICS 127

ru(t) s sirictly increasing, (1) 7,;(1) 78 continuous, and (iv) (8 = 0 &f
and ondy if o (8) = 0 (8)—a collision. Also, for all t € [ty , 8],

2a(8) — ) < La(y — ()

—orem =W ET o

where a; () and b(1) are any numbers such that —e < a,; (1) £ (—1)r;(s) =
D) = ¢ for all 5 € {o, t). (This estimate can give new information only when
—e¢ < a;(t) or b;(t) < e}

Moreover, of v:2(8) > () on by, 8), v; (1) is continuous on (o, 8}, and v;(t) is
continuous on (o, 8), then, for all ¢ © {4, 8}, r;:(1) 18 continuously differentiable
and satisfies the delay-differential equation

iy = (ZRD = (=Dl = ) (+)
e — (=Dt — 7,0
This also shows that (1) < 1.
Proor: From the existence of a sgolution at ¢, we find, for anyv f ¢ {4, 3],

!.l','(f) - .?",'(fn - Tj.'(tu)” = 1-1';‘{[‘) - -l‘;(ln)| + |-l';‘(fn) - il',‘(l‘n - T[;(l‘n)”
<elt— hy) +eri(l) = ¢t =t + 7506},

The existence and uniqueness of the solution of (2) forall 1 € [, 8] now follows
from Lemma 1 with & = & — 7;:(t).

For ¢ ¢ {4, 8], one could in fact take & = & — 7 (ls) + &, where § is an ap-
propriate small positive number. This shows that £ — 7;(8) > & — 7;(t), or,
using an arbitrary # € [, 8) in place of 4, the same caleulation shows that
{ — 1;;(1) is strictly increasing.

Now, since { — 7,;() 1 monotone and &, — 7;(k) =t — (6 = B for
b = ¢ £ 8, it follows that Tim,.,, [t — 7, (8)] exists for all 4 € |4, 8] (one-sided
limits being understood at £ and 3). Thus

a;: (L) = lim 7;;(2)
tsty

also exists, Due to the continuity of x;{¢) on [a, 8], we can take the limit in {2)
as £ — 4 (ef. Landau (8}, Theorem 77) and find

ajyi(t) = 1-1';(51) — it — “,i;’(fl))!.-""f-

But this equation has the unique solution a; () = 7 (4). Therefore
lim 7;;(t) = 7 (t),
[N

which shows that 75 (1) is continuous.
The conclusion that v;;(8) = 01if and only if 2;(8) = «:(8) now follows from
inspection of (2} together with the knowledge that the solution is unique.
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Now let a;(#) and b;(t) be numbers such that —¢ £ a,(f) = (—1)%;(s) =
b;(1) £ cforalls € (a, ), where ¢ is some number in [t , 8]. By the mean value
theorem, there exists a number £ between ¢ — 7;,(t) and ¢ such that

eriit) = (=)' () — @t — 75(1))]
= (=D — 200 + v, 0]
wa(t) — o (8 — (—U;(8) 7).

Therefore

ity = _w_z(_i—__?}(,t,)ﬁ
" ¢+ (—1),(¢)
The estimates of the theorem follow immediately from this.
In order to show that 7, (f) is continuously differentiable, we consider Eq. (2)
in the form

St 7)) =0,

where (¢, 7] = ¢ — | () — x;(t — )| . Foreach #; € (&, 8}, since x;{f;} #
x:(4), the solution, r;;(#,}, is positive. Hence & < §; — 14 (f)) < trand |z (4) —
xz;(l — 7;(6))] > 0. Due to the continuity of x;({) and x;(f), there is an open
rectangle, K, about the point (¢, 7;;()) such that, for all (¢, 7) € R,

by < t <8, a <t — 7 <t and |u08) — 2,00 — 1) >0
In R, f(t, r) is a differentiable funetion of ¢ and +, and

aftt, ) [wll) — (6 — ) — 7)
Tar ° )~ -]

If #;(1) and v:(f) arc now assumed continuous, f({, =) is continuously differ-
entiable. The differentiability of +;; (¢} and Kq. (4) then follow from the implieit
function theorem (cf. Landau (8), Theorem 315} and Lemma 1. Fquation (4)
itself then shows that 7 (¢} is continuous.

Finally the fact that () < 1 follows from (4) since the right hand side is
increased when (—1)%. () is replaced by ¢. Q.E.D.

In the proof of the existence theorem for the two-body problem, we will
arrange to replace Eq. (2) by Eq. (4). We then consider a system of six first
order delay-differential equations, (3), (4) = {(3a), (3b), (4). If the depend-
ent variables could be considered to be the six quantities (¢}, ».(¢). 7;: (1),
(j,49) = (2, 1), (1, 2}, then we would have a delay-differential system in which
the retarded arguments are explicit (rather than implicit) functions of the
independent variable, ¢, and the dependent variables.
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A TWO-BODY PRORLEM OF ELECTRODYNAMICS 129

The general form of such a system (2) is

g = Sy @), gl g0, -yl g (0, (%)
where y(t) = (), -+, y. ()}, an n-dimensional, vector-valued function,
f= (v, -, ) 18 agiven vector-valued funetion, and the g, (¢, ) (j =2, -+,

m) are given functions with the property that e < g, (¢, ) £ ¢ for all values
of ¢ and y under consideration. By analogy to difference-differential systems,
the problem posed for such a delay -differential system is as follows. One specifies
an initial function y{£) = $(¢) on a segrent [a, &, and then triex to cxtend (8
continuously to values of £ > 420 as to satisfy the delay-differentiol systent there.

With this motivation, we will now define the two-body problem to be con-
sidered, and prove an existence and uniqueness theorem for that problem.

PropLey (One-dimensional, two-body problem). Let Ko (i, ) bhe a given
continuous funetion in a domain D¥ (0 connected open sel) of the f, v plane. Let
whatial trajectories, w1} and (), be given which are continuously differentiable
with | o/ (0], Lo (1) < e onan dnterval |a, b, where — = 2 a < 4 < =, (2 (a)
and &/ (&) are one-sided derivatives.) We seck cxtensions, » (0 and v (D), of the
ortginal trajectories to [a, B), where 8 > &y, such that each v, (1) and v, (1) = ¢,/ (8
ts eantinnous Jor o =L < B, and, for ty < t < gand ¢ = 1,2,

(a) (4, (1)) ¢ 07 and 2200 > (D),

(hy jvi(ty] < e, and

(e} w8 and v (1) satisfy Ioq. Giad, where v,,(8) is defined by Fiq. (23, fn case
Fiq. {2) has wo solution, the first term on the right hand side of T (3a) is mitted.

Remarks. I, for the given initial trajectories, [q. (2) has a solution at 4, for
iy, 71 = (2, Iy and (1,2) (as will be assumed in the next theorem), then, without
loss of generality, one can assume o« > — x. This is justified as follows, In
ease a solution of the ubove-stated problem exists, it follows from Theorem 1
that each { — 7, () 2 b — 7;0) > — = for &y 2 ¢t < 3. Thus, i a solution
of the problem exists when o = — %, & can be inereased without affecting that
solution. On the other hand, if no solution exists when @ = — = then certainly
no solution will exist if o 18 incereased.

The statement. of the problem and of the existence theorem to follow could be
generalized by permitting different ranges of definition for the two initial trajec-
tories. However, this would make the notation more cumbersome.

Turorum 2 (Extended existence and uniqueness theorem for the one-dimen-
sional, two-body problem). Let K. (1, r) be a given continuous function whick is
Lipschilz continious with respect fo r in every compact subset of 1. Let (D)
it = 1,2} be given continuous functions on [a, b, where —x = o < 4 < =,
such that cach v, (6) = /{8y is Lipschitz confinuous on o, tl, and sueh that

(1) each (fy, 2000 = D% and 2y (8) > 2 (t),
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(2) cach | v,()] < c on [a, to], and

(3) Kq. (2) has a solution, 7;;(tk}, at by for (j,¢) = (2, 1) and (1, 2).

Then the one-dimensional, two-body problem has a unique solulion for a = 1 <8,
where etther B = < or else one of the following occurs as t — § — O:

{£, 2;(t)) — the boundary of D jori = 1or2 or
lim 21 () = lim 2. (1) —a collision.

Preliminary Remarks. This theorem gives about as much information about
the trajectories as one could expeet without considering the algebraic sign of
qqz . In particular we observe that, so long as cach (¢, :(f)) stays away from
the boundary of /° and the charges do not collide, the range of validity of the
solution will not he restricted because of speeds approaching ¢ or because of
delays approaching zero.

The eontinuity conditions on E... (¢, ) are automatically satisfied if one thinks
of this field as a solution of Maxwell’s equations. The domain D’ is then deter-
mined by the singularities of that field (e.g. the trajectorics of other charges),
the Jocation of which must be estimated somehow. In the true two-body problem
Ko (¢, x) = 0 and all references to ¥ are omitted.

The Lipschitz condition on 2, (¢) for a £ ¢ £ & eould undoubtedly be weakened,
however it could probably not be simply omitted if the solution is to be unique.
This is suggested by the following simple example of a scalar delay -differential
equation: Consider

gy = =2yt — y()) + 5 for >0,
where the functions 7 and g (¢f. 13q. (5)) are considered in the domain
f—x < f< =, y>0, yldelayed) > 0}.

Clearly f and ¢ are analytic. However if one chooses the continuous {but not.
Lipschitz continuous) initial funetion

gy = ¢(0) = |4 4+1]"+2 on —= <IZ0,
hoth
gty =4 +1¢ for + 290
and

() =4+t —+1 for 0=

1A
X

provide solutions.
It might be possible to give the existence and uniquencss theorem without
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the condition 3 that 13g. (2) have a solution at £ . We have already considered
an example of such trajectories (following Lemma 1)

Proor or Treonem 2: Without loss of generality, we can assume

—x < a< min [ty — 75 ()]
(A= (2,10,01,8)

If this is not the case, o can be inereased or deercased and the initial data ex-
tended, if necessary, so that the given eonditions remain satisfied. We will see
that the manner of extension has no effeet on the solution.

lor simplicity, we will also define 7, () = 7, {t) fore < t £t . This is not
really necessary, but it will make the problem look more like that for difference-
differential equations.

Now ohserve that we have a set of six initial funetions,

l,(i), 1'1'“), TJ'I(” (.], 3) - (-r,, 1)1 (1, -3),

on « = 1 = 4 for the dependent variables of the six delay-differential equations
(3) and (4). This initial data is of the type required for systems like (5). We
will make use of the fact that the initial funetions, particularly »(t), are Lip-
sehitz continuous.

The argument of the function f appearing in this delay-differential system
can be considered to lie in E*, o 9-dimensional Fuclidean space, a typical
point of which is

( Toy Ty 0y e, B, Py B, P )

The lust two components represent the terms 2 (f — 7o (8)) and 2 (f — 72(£1)
respectively.

We will consider the delay-differentinl system in that domuin £ of £ deter-
mined by the conditions

O<m<t—a 0<rm<t—a,
(4, 20), (6w« DY
Xy oy,
| <e, i< e, and
Piveny < ey ol < 6,
together with the requirement that
(fo . 1o (), T2 (&), 00 (Be), wa (f), v (dod, oo (60},
(b — (b)), (6 — T (f))Y O D,

T . . g sy . - & . . .
I'he first group of five conditions defines an open set in £, It this set iz not eon-
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nected (as could be the case if D® is not convex) then the last condition picks
out the one conneeted component of the set to be called D).

Observe that the function f of (5), representing the right hand sides of (3)
and (4), is analytic so long as the argument lies in D. Also the functions g;{t, ¥)
of (5), representing { — 73 and ¢ — 712, are analytic and satisfy the condition
a < gty <t

Now, since we have striet inequalities, { — 7;; < ¢, it is easy to obtain a local
existence and uniqueness theorem for the system (3), (4). One obscrves that in
some neighborhood of the starting point

a<t—7ﬁ<tu.

Thus, for small £ — & > 0, one has the ordinary differential system obtained by
replacing v; (¢t — 7;,(£)) in (3) and (4) by the given initial function. The assumed
continuity and Lipschitz conditions now assure the existence of a unique solution
on some interval [ty , & + k], where A > 0.

The extended existence and uniqueness theorem for the system (3), (4) is
now found by an analysis similar to that used for ordinary differential equa-
tions. The theorem is proved in detail in (2), even for the case of weak in-
equalities ¢;(t, ¥) = t. The conclusion is that a unique golution cxists for @ =
| < 8, where either 8 = + < or else the argument of f of Fq. (5) comes arbi-
trarily close to the boundary of D as t approaches 8.

In our case this means that if 8 < = and ecannot be increased, then at least
one of the following occurs as t — 3 — 0:

(1) lminf [xs(1) — ()] = 0,
(i) (¢, x;(8)) comes arbitrarily close to the boundary of D fori = 1or2
(iii) lim sup - »;{8): = cfori = 1 or 2,
(iv) limsup |2;(t — 7,:())| = efor (j, 0 = (2, 1) or (1, 2},
(v} liminf r;,(t) = Ofor (j,2) = (2, 1) or (1, 2), 0or
(vi} iminf (t — 7;;(1)) = afor (j,7) = (2,1) or (1, 2).

We ean observe at onee that (vi) will not oceur, since for |v;(2)| < ¢ on
a« < 1 < 8(i = 1,2) we have seen that any solution of Eq. (4) has the property
73:(t) < 1.'This also shows that each retarded argument ¢ — 7 ) =t — (k)
on [to, 3). Thus the manner of extension of the initial data to times before

min [ts — 7;i{L)], if this was done, had no effect on the solution.
(F.i)=(2,1},(1,2}
Similarly, the extension of 7;;{{) back to « was immaterial.
We now prove that we have indeed obtained a unique solution of the one-

dimensional, two-body problem for & < ¢ < 8. A rearrangement of Iq. {4) gives

erh () = (=1 sy — vt — 7,0 (1 — 73:(8)]:
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Integrating this from # to ¢ and using the fuct that (2) is satisfied at #, gives
eri(t) = (=D t) — 2500 — 7;:(0))]

forallt € [t , £). This shows that Toq. (2) is satisfied and we thus have a solution
of the two-body problem.

Conversely, if we had a solution of the two-body problem (2), (3), Fq. (4)
would be satisfied according to Theorem 1. Thus we would have a solution of
the system (3), (4) with the given initial data. Since that solution is unique,
the solution of the two-body problem is also unique on [a, 8).

We will next show that conditions (i), (iv}, and (v) cannot oceur unless
(i) or (i1) occurs.

Suppose (for contradiction) that 8 < = and cannot be increased, and yet
neither (i) nor (i) oceurs as ¢t — 8 — 0. This implies that 2, (1) — () =2 8 > 0
and that (¢, 2, (£)) and (¢, x,(f}) remain inside a compact set ¥ < D for &, <
b < B

[t now follows from Lemma 1 or Theorem 1 that each 7,;(t) = 8/2¢ > 0,
which eliminates {v).

Since {v;(s)| < ¢ on the compact set [a, § — 5/2¢] it follows that | v,(s)| =
& < ¢ there. This eliminates (iv).

Using these bounds together with the fact that #..(f, x), being continuous,
18 bounded on F, Eq. (3a) vields

i"‘it(f) .
—H = [717;}'{3(15),/’7&2]“”2 = H, for L <l <38
where 1, and H, are positive constants. Integration (or application of the
mean value theorem) now gives
milt) ‘,lﬂ(tll)

—H\(3 — ) = i

IOV < Ha(8 — )

L e =
for & = t < 8. These upper and lower bounds can only hold if | »;()] = & for
gsome ¢ < e This eliminates (iii). (Note that this argument depends upon the
fact that the exponent on the bracketed quantity in the denominator of the left
hand side of {3a} i1s 43, or at least greater than 1.)

To get the exact statement of the theorem from conditions (i) and (i), we
usce the fact that lim, g 2, (1) exists for 2 = 1, 2. This follows from the Lipschitz
continuity of z,{t) (Lipschitz constant ¢}. Q.K.D.

Having established existence and umiqueness, it 1s natural to ask about the
dependence of the solutions on the initial data and the external field. The follow-
ing theorem asserts that this dependence is continuous and that the solution of a
slightly modified problem exists almost as far as that of the original problem,

TuroreMm 3 (Continuous dependence of the solutions on the initial data and
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the external field). Let 2, (1), 22 (t) on [a, 8) be the unique solution of the two-body
problem assuming the conditions of Theorem 2. Assume that
a < min [tu — ij(ln)].
(riy=(2,1),(1,2)

Then for every B € (L, B) and every ¢ > 0, there exist positive numbers, & ,
82, By, &, und 85, with the following properties. The modified lwo-body problem
formed by using an external field B, x) and initial functions £.(8), £2(t) de-
fined for o S &t < Iy satisfying the requirements of Theoren 2 except conditions
(1}, (2), and (3) together with the eonditions

| B (t, 2) — m(t 0| £ 8 for all (4, ) € D)
f” £ {e, B) with tn = fy — 82,

) — @) Ssforastslh,i=1,2 and
| &/ (t) —xg’(t)f S&fragtLl,i=12

has a unique solution, #(t), £:(t), valid for « £ 1 < B, and | &, (5 — ()] < eand
VB — ol ()] < e whenever L tcla, B)and|f—t; S 8.

Preliminary Remark. Here we have assumed that slightly more initial data is
given than would be necessary for the original problem alone. This is necessary
to permit comparison with the new problem in which the values of fe — 7,006
may be slightly smaller than in the original problem. Of course, as observed in
the proof of Theorem 2, we could always extend the given initial data back
rather arbitrarily. However, the values of 8, 8, and 8, would depend on the
extension.

IProor or HEorEM 3: In the proof of Theorem 2, we showed the existence
and uniqueness of the solution of the two-body problem by considering an
equivalent problem based on the system (3), (4) with appropriate initial data.
A similar technique works here.

Without Toss of generality we again assume e > — . Then there exists a
number & € (0, ¢) such that | v, ()] < fora £ ¢ £ B, ¢ = 1, 2. The number
¢ will serve as a convenient Lipschitz constant for both z,(¢) and #,{f) over
a=t=sf

We will now list some preliminary restrictions, to be imposed on 8, , 8, and
8, , and their consequences:

& <ty — a and 288 < ra{t) — n(h)
imply that z:(t) — & {t) > 0forfy — & = ¢t = {, . Now we can require
28; < inf [x(f) — (0],

ty—B22t Z0
which implies that & (i) — #(&) > 0. 8, < ¢ — & implies that | #:(2)| < ¢ for
o £t < 4,7 =1, 2 Similarly, a further restriction of 8 and & will assure
(fy, #:(8)) € D fori = 1, 2.

fieelly .
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Now, since a < { — (1) for & < ¢ £ B, it follows from Lemma 1 that

(a:(8) —ajle) <elt — ) forty 2128, (j,2) = {2, 1), {1,2).
Add the restriction
268, + 286: < min_ {e(l — @) — max | x:(t) — xi(a) M)
fhst<h CFiiyes (813,01,

Then it follows that, if &, — 6 < & < 4,

clly — ) — [ #ill) — &) 2 el — &) — L 0.00) — vl
- ".I‘;(fu) - .If.,-(lu)| - }J’h:(tu) - .’l‘j(ot)‘ - J;lfj(a) - f,((x”

= —ch+ elty — a) — 8 — 06 — | wilty) — wvila)| — & > 0,
llfld, if l’|) g f[) < ﬁ_,
('(iu - C() - g;ff,;({;)) - f,(a)‘ = (.‘(E{; - a) - |f<(fl}) - :l',‘(z‘g]”

— by — xi(a)] ~ i) — Ei{a)] > 2e8 > 0.

Thus, again using Lemma 1, Fqg. (2) has a unique solution, #,, (), at 4, for the
maodified problem. A similar, but slightly simpler, calculation shows that, under
the same condition on & and 8 , Eq. (2) also has a unique solution, r;; (&), for
the original problem at the instant £, .

Now, using the knowledge of algebraic signs from Lemma 1, we can compute

A

[ [ ‘?,-,-(lfo) - T,’;(fn)| = -’i‘z(f(l) - Jf’_i(fl> - fj,(fn)) - -l','(fn) + l-'_,‘(fn — T (En))|
| #:(0) — x:(l)! + & (0 — 7)) — a0 — 7,000
—+ ‘il.‘j(f{l - ‘?,j;([u)) — -L';,-‘(zu — Tj;‘(fu));

A

26:! + Z ‘ 'Fj-i'(lil,) - Tjt'(EU)J .

A

1A

Therefore,

|2y — mlley | = —-%?3_-
¢c—

By additional restrictions on 8;, 8., 8, and 8 , we can now make the changes
in K. (t, ) and the initial data for the system (3), (4) as small as desired. The
fact that this makes only a small change in the solution, as claimed, now follows
from the corresponding (nontrivial) theorem for system (5). See ref. 2. Q.E.D.

V. COLLISIONS, NONCOLLISIONS, AND OTHER PROPLERTIES OF
THE TRAJECTORILES

In this section we will obtain conditions under which the solutions of the one-
dimensional, two-body problem will or will not terminate in a collision. We will
also obtain conditions under which the speeds of the charges will or will not
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approach the speed of light and conditions under which the distance between
the charges is unbounded.

As one would expeet, the possibility of a collision depends upon the algebraie
signs of the charges, or simply upon the sign of the product g9, . However, we
will use several inequalities which can be stated independently of this sign.

Lemma 2. Let x1(t), 22() be a solution of the one-dimensional, two-body problem
for o £t < B with Eq. (2) sotisfied at to (and hence for b £ 1 < 8).

Then, for to = ¢t < B,

(—1){ ) 0 }
o |1 — 020/ [1—92(50)/0]

Lot (6)
2 _ 0 - Er-x y Ly
41reu m; C? max[ Tt 'r,l(to gimy Jy (s, ils)) ds
(G, = (2,1),(1,2).
[}, tn addition, we assume that | v;(1)] £ é < cwhen a £ ¢t < (i = 1, 2) for
some & € (to, B, then, deﬁning w{f) = 2(8) — (1), we have for &y < ¢ < 4
» o
LW Bl 05 s gy = i1
q1 G2 4areq TH(L) fh 2 i=1,2 (7)
ti EPXb(t7 ‘Ta(t) )/m‘ b]
where K, = (1 — Eﬂf’cg)w(l - c'/c)4 and
T”(t) Kg(mf] + mz i o 2472
= — — v {8y /e
g dareq 27(1) Q'l & "Zl'l (0)/el (8)

gi Boxa(t, 24(2) ) /s,
where Ko = (1 + &/¢)°/ (1 — &/e).

Preliminary Remark. The estimates of this lemma are, admittedly, crude and
could certainly be sharpened. They will, however, serve to show what types of
behavior can occur with respect to collision or noncollision in the one-dimen-
sional, two-body problem. They will also provide information about the limiting
values of the speeds of the charges.

Proor oF LEMma 2. Since — (— 1) *:(8) < ¢, Bq. (4) yields

¢+ (1)t — 75:(0))
e — (=1t — 7;4(8)
for t, < t < 3. Substituting this inequality into I8q. (3a) gives
(—1)%/(1) i [ —r};(t)} (-1)"
b S S 0 NN Btz
Tl = vt/ > Fr—— max | 0, 240 + Py Eou{t,z:1))

for {y < { < 8. An application of the mean value theorem gives (6).

_751(t) <
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Now consider Kq. (3a) on £ <t < 4 under the assumption that | (1)
f<efora £t < {0 = 1,2). Using the estimates for 7,,(¢) from Theorem 1
with —a;(t} = ¢ = b;{f), we find

K (=0 ()T = 0/ Bl et ) Kum,
darey L2(E) = G1 s ¢ g My = dwe, 228

Adding these inequalities for ¢ = 1 to the corresponding inequalities for ¢ = 2
gives (7) and (8). Q.E.D.

Turorem 4 (One-dimensional trajectories of two point charges of like sign).
Lel i and g, have the same sign and leb 0 (8), w2(8) on |a, 8) be a solution of the
ome-dimensional, two-body problem with tiy. (2) satiafi(’rg at ty (8 could be + =),

Let Eoco(t, @.00)) be bounded for &y £ £ < 8 and let f | Foece (8, 2 (1)) dE exvst

ty
{1 =1,2).

Then | mi()] £ ¢ <cfora £t < 8,0 =1,2 and ro(1) — 1{t) 1s bounded
away from zero for b =t < 8.

If BEexi(t, 2) = 0 and 8 = », then limyes [22(t) — 2 ()] = .

CoROLLARY. [f ¢ and g2 have the same sign, the conditions of Theorein 2 are
sattsfied, and .. (¢, £) is bounded in ' = E* (the entire {, x plane), then a unique
solution exists for all t = «, Le. the charges do not eollide in u finite time.

I[f B, 2) = Othen Bmy. [12(8) — 21(8}] = = and [0:(8)| = ¢ < ¢ for all
{2 a

Proor oF Trneorkm 4. We introduce positive constants 3 and N such that

Foalt, 2 () |dt = N

8

| Bextlt,x:(t)) | £ M for 2t <8 anu’[

fo

for7 = 1, 2. (Of course the second condition would he an automatic consequence
of the first if 8 were finite.) Again we let z (£} = & () — 0.

Now, since the right hand side of (6) is bounded from below, it follows that
(—D)'ni(t) 2 —&> —clorty= ¢t < B(i = 1, 2), where ¢ is a constant. Using
the fact that « can be considered finite and [#;(5). < con a < t < 1y, we can,
by increasing ¢ if necessary, assert that (—1)%,(f) = —éfora < ¢ < B,¢{ =
1, 2. Applying this estimate, together with the estimute 7, () = a(f)/2¢ for
b = 1< B, to (3a) gives

(=D%' () - g e +é | (=1 Kot 2d0)

[L— 02(t) /e = megmsaitlc — ¢ m;

(9)

for &y <t < 8,7 = 1, 2. (Note that we could have reduced the hypothesis for
8) to (=137;(t) = —¢if we had defined K: = 4(3 + é/e)/(1 — é/e).)
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We next observe from (3a) that

<ﬂlv{vxw-—gj[‘[1-'ﬁ§”TmEHA&mxw)ds}

is a nondecreasing function for &, < t < 8, i = 1, 2. It is also bounded from
above by ¢ + | ¢. | N/m, . Thus the expression has a limit as ¢ — g — 0. Since
the integral is continuous with respect to its upper limit, it follows that

Hm #;{t)
180
cxists. ‘
Suppose (for contradiction) that lims o (—1)"%;({} = e for { = 1 or 2.

Choose any number ¢, € (¢, ¢). Then there exists a number 8, € {4, #) such
that (—=1)%.({) 2 ¢ for 8 < t < 8. On this interval, 2’ () = (— 1o () +
(—D%;() 2 e — é> 0. Thusa(t) = z(B1) + {a1 — &) {t — B1). Substituting
this into (9) and applying the mean value theorem between 8y and t € (8, 8),
we find

(—1)11"5(3) (._1)’;)‘(’31) < N e+ ¢ 1

— 4+ g | N/m;.

1 — 23/~ [1 — v2(B0)/¢2 = reamic — ¢ (cr —E)z(By)

Since the right hand side is a finite constant, (—1)%:(f) cannot approach ¢
Thus —é < limego (—1)'0:(t) < ¢ for ¢ = 1, 2. This implies that {2 {{)] <
i<efora=t<pB,12=1,2

Tet 2o = x(t) = 2a(te) — &1(f). Since 2 (¢) is continuous, the only way
£{t) can ever become <ux, is for 2’ {f) to be negative on some interval. Assume
() = zoand 2'(2) < 0on an interval & < ¢ < {», where &y = t, <& = 0.
Then, multiplying (7) by qugx’ () we obtain

S0 < Bnkiln £ m)a') ('—f“--ﬂ- + |) Mz (t).

47 i) "y ms

Applying the mean value theorem between 4 and a point ¢ € (4, £) gives

—2¢" £ W(OV/2 — 2" ()2

@ ge Kalmi' 4 ) [1_ 1 ] n (1 @l n | g2 |) M.

Arey 2 r(T) Ty s

1A

Because of the lower bound, there must exist a number & € (0, xo) such that
z(t) > Zforallf £ ¢ < t; and hence forall 4 = ¢ < 8.

Now in the special case Ko (£, x) = 0with 8 = %, 2'({) cannot remain =0 for
all £ > t. For if it did, then z(f) would be bounded and hence, by (7), z” ()

would be positive and bounded away from zero. But as soon as z'({} becomes
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positive for some ¢ > £ it will remain positive (and continue to increase since
" () > 0). Hence x(t) — = as{ — =. Q.E.I.

Next we consider the possible trajectories of two charges of opposite signs.
I'n this we will simplify the conditions and arguments by assuming /... {¢, ©) = 0.

Trrorem 5 (One-dimensional trajectories of two point charges of opposite
signs). Let g and ¢ have opposile signs and lef Eo (6, 2) = 0 on D' = K. Lot
o (l), wx(t) on [, 8} be a solution of the one-dimensional, two-hody problem. with
Vo, (2} satisfied at &, .

ff8 = F=, then 0a(t) — +.(t) — = monotonely as t — =, ie. the charges
“escope”. Also v ()| S e < ecfmallt 2 o, 1 = 1, 2.

I limoinf, s o [ () ~ 21(0)] = 0, then 3 is finite, the charges collide af § = 3,
limegor;i(t) = Ofor (j,0) = (2, 1} and (1,2), and lim.g o0ty = (=1}
Jor i =1, 2, 1e. the two charges are traveling tvward each other at the specd of lght
ot the instant of collision.

Moreover, both of these cases are possible, Le. appropriate initial functions can
be chosen so as o ensure either “escape” or collision.,

Preliminary Remark. In view of the first conclusion of the theorem, the as
sumption liminf,.s [£2(2) — &(f)] = 0 is much stronger than necessary to
conclide that 8 is finite. Tlowever, since we have not assumed that the initial
data satisfies the conditions of Theorem 2 or that the solutions are extended as
far as possible, we need the strong assumption stated in order to get the con-
clusions about the collision.

Proof of Theorem 5, Again we let 2 (1) = () — o (). From (3a), it follows
that #,/(t) > 0 and »'(f) < 0, and hence 2”7 () < Ofor#, < 1 < 8.

Suppose ' {{) > 0for &, < 1 < 4. Then it follows that

ity < o(t) < ma(d) = wt) forty S 8 < gy

But, by the continuity of r,'(¢) and the fact that @ can be considered finite,
P, £ e <efora 2824 (1 =1, 2). These two results together imply

jo () 2 ¢ <e for =t < (i = 1,2).

We will use these conelusions In the four parts of the proof below.

L. Let 8 = + =. Suppose (for contradiction) that for some ¢, = &, " () £ 0.
Choose any number &, > 4. Then forallt = &, 2" (1) £ /(&) < 0. Thus 2 (1)
is bounded for all ¢ > &, and yet &' (6) is negative and bounded away from zero.
This implies that (¢) becomes zero in g finite time—a contradiction. Thus we
conclude that ' (¢) > Oforallf = &, and hence [2;(1)] = ¢ < eforall { = &,
i=1,2

By (7}, we see that. . (1) could not be bounded, or else +” (1) would be negative
and bounded away from zero, implying +'(#) =< 0 after a finite time. Thus we
conclude that r (1) — » monotonely as { — =.
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2. Assume lim inf,,g o 2{t) = 0. Then 8 is finite, and lim,.5 o x:({} exists for
7 = 1,2 beeause | a/ ()| < c. Thus z;{¢) can be extended to [«, 8]. Then Theorem
1 shows that lim,.p s 7;:(¢) = Ofor (j,4) = (2, 1), (1, 2), and inequality (6)
shows that lim,p0 (—1)2:(§} = —efors = 1, 2

3. We exhibit a set of initial data which will lead to “cscape” (z{(f} — = as
{ — =) by requiring that the conditions of Theorem 2 be satisfied and

— 1 g KoGm " + ) }”2, (10)

2wegfa(ty) — 21(te)]
where K, = (1 + é/¢)°/(1 — é/¢) with é = maXaecicr.iz,e | 0: (D] .
Lett, = sup {t € [t, B) i2'(s) > Oforé = s < t}. Suppose (for contradietion)
that ; < 8. Then z'(t) > Oforty = t < hand 2'(h) = 0. Forfy, <t < t, (8)
holds. Multiplying both sides of that inequality by —qgz’(t) (a positive
quantity) and Integrating gives

A0 n [ () _ =g Kol + nz') [ I L:|
3 OO

2 2 - direg

I,(fo) = oy} — 0n(ty) 2 {

for & < ¢ = ¢ . This last inequality together with (10) shows that [/ ()" > ©
for iy £ t £ t—a contradiction. We thus conclude that ¢ = 8.

Now a collision is impossible because 2’ {(f) > 0 for #, = ¢ < B. Thus, since
the conditions of Theorem 2 are satisfied, § = + .

4. Finally, we exhibit a set of initial data which will lead to a collision by
requiring that the conditions of Theorem 2 be satisfied and

' —q g Ko(mT 4 iz N

2 () = wlty) — mit gz 2 2 , i1

e (ta) va(tn) i to) <{ e talty) — 71(to)] (11}
where K, = (1 — /¢ (1 — é/¢)” with € = max,< <y .m12 | 2:(8)] .

Suppese (for contradiction) that 2'(t) > 0 for &y = ¢ < 8, where 8 is as de-
seribed in Theorem 2. Then & (t) is an increasing function and there is no collision.
Hence 8 = =, and (7) holds for all ¢ > # . Multiplying both sides of that in-

equality by qg=x’ (1) (a negative quantity) and integrating gives

W R L e Kl + m?')[ I __l_]
2 2 = d7rey ’E(t) .l‘(to)

for t = #&. But x(t) increases without bound, thus eventually, using (11},
[«'()]° becomes negative—a contradiction.

We have thus shown that =’ (4,) = 0for some t; € [, £). By the same argu-
ment used in the beginning of part 1 of this proof, x(f) becomes zero in a finite
time, LE.D.
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V. DISCUSSION

The theorems of the last two sections give a rather complete qualitative
analysis of the one-dimensional, two-body problem under the assumption that,
for the given initial trajectories, the charges arc already within each others
influence at &, i.c., g, (2) has a solution at ¢ . I'rom Theorems 4 and 5 one
can sec that if K. (¢, #) = 0, the conditions of Theorem 2 are satisfied, and 3 is
as described in Theorem 2, then

{1) there are no bounded solutions for all £ = £,

(2) a bounded solution oceurs only for unlike charges, and in this case 8 < =
and a collision oceurs at ¢ = 3,

{3) both charges reach the speed of light at the instant of a collision, and

(4) if a collision does not occur, then 8 = = and 2.(f) — (1) — = ag
{— x.

Ohserve that the “escape” condition (10) and the collision condition (11)
do not cover all possible initial trajectories. In particular, sinee m (4 — L) <
2¢, the eseape condition (10) is applicable only when w(f) — r () is suffi-
ciently large. This does not necessarily mean that there is no cscape condition
when w2 (6) — @ {0} is small, but rather that the estimates of Lemma 2 are too
crude to produce it.

Apart from the possibility of improving these estimuates, there are two
larger unsolved problems for the system (2), (3): Does o unique solution exist
if, in Theorem 2, one omits assumption 3 that 18q. (2) has a solution uat £ ? The
second question pertains to a different formulation of the problem. Do solutions
of (2), (3) exist for all # < 8, and, it so, what is required to determine them?
I'or example, could one determine a unique solution on — = < { < 8 by speci-
fying appropriate data at one or two points, & or ty and 4 € (— =, 8)? This
latter question has been discussed heuristicatly by Synge (9).

Ruckiven: June 12, 1962
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