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ABSTRACT
A Lorentz-covariant model of a classical stable
particle is presented. The model consists of a point-like

charged superluminal 'object' interacting with itself on the
light-cone through a Fokker-type direct interaction. The total
system (i.e. 'object' + tself-interaction') has the characteristics
of a classical particle. It has a positive rest mass, a time-

like constant linear momentum and a conserved angular momentum
which is composed of Torbital' and Tinternal' parts. No arbitrary
agent is introduced to explain the stabiiity of the particle

and no radiation is associated with the free system. All physical

quantities are finite without renormalisation.

% Partially supported by the National Research Council of

Canada, grant number A2232.



1., Introduction

Fokker-type action principles for describing elementary
particle self-interactions have recently been proposed by the
late A. Schild(l).

In this paper, we construct a Lorentz-covariant
model for a classical one-particle system with an action-at-a-
distance-type self-interaction. The precise meaning of these
words becomes clear below.

The motivation for this work was to construct a model
which could describe the existence of stable charged particles on
a classical 1eve1.%

Tt is well known that if onertries to imagine a classical
model for a charged particle one runs into difficulties of infinite
self-fields and self-energies as long as the particle is assumed
to be point-like. For a model with a finite extension of charge
and mass one has difficulties in explaining the stability of the
object unless arbitrary assumptions are made about the internal
properties of the charge distribution. All this is well known

(2)

and documented .

* We do not propose to defend here the relevance and the

usefulness of a classical model. This has been done very persuasivel

(2)

and often enough in the past .
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The model suggested here avoids these difficulties
and shows some attractive and novel features éven in the simple
approximation which is used below.

The basic ideas of the model are as follows.

Consider a point-like object interacting with itself.
The interaction does not involve any field but is described by
a dynamical action-at—a—disfance principle, From the variation
of the action, one obtains equations of motion for the object.
The invariance of the action determines conserved quantities
for the whole system. Poincaré invariance in particular deter-
mines the conservation of a momentum four-vector and an angular
momentum antisymmetric tensor. These conservation laws refer to
the total system of the 'object' plus the Tself-interaction!.

We refer to the total system as particle and distinguish it
from the self-interacting object.

One can now ask the question whether a reasonable model
could be found for the above-described dynamical situation such
that the following simple demands are met: {a) The conserved
gquantities should behave like the blassical momentum and angular
momentum of a frée particle. That is, the four momentum be a
time~like constant four-vector. The system should have a positive
rest-mass and possess an angular momentum which has an orbital
and an internal part, and which is conserved. (b) There should

be no radiation associated with the motion of the free particle.
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(¢) The stability of the charged particle should be a coﬁsequence
of the electromagnetic self-interaction only. (d) There should
not be infinite self-energies and/or selfufields associated with
the particie.

It is shown below that one can construct a simple
model of a particle as a self-interacting system satisfying the
above requirements.

The essentially new idea here is that one may account
for all the above features of a classical particle if the 'object!?
is allowed to have unorthodox properties. This does not contradict
ordinary physics as long as the object is not directly observable.
This is in fact the case with the model described below.

There are two unorthodox properties associated with
our object. Both are needed to satisfy (c) above. If the self-
interaction is to be electromagnetic in nature, it must propagate
on the null-cone. Simpie geometry shows that an object may
interact with itself on the null-cone if the orbit of the
object is at least partly space-like. Special relativity
demands then that the object always moves on a space-like orbit,
i.e. it always moves faster than the speed of light. Our solution
as given below yields for the orbit a space-like circle with a
time-like axis.

The second unorthodox property associated with the object
is needed for the requirement that the orbit and hence the system

be stationary. An object which interacts with itself via
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electromagnetic action must experience an attractive action

from itself from different times (i.e. from its past and

future) in order to have a stable non-expanding orbit. This

can happen, as shown below, only if a certain parameter intrinsic
to the object and having the dimension of mass is negative

(the object obviously cannot have a rest-mass).

The time-symmetric character of the self-interaction
assures that there is no radiation, Moreover the time-symmetric
interaction makes the system stationary.

There are no infinite energies or fie}ds associated
with the particle. The point-like character of the object
produces an infinite constant in the action only. This constant
plays no role in the physics of the situation. The model also
provides an invariant finite size for the particle.

Section IT describes and discusses the self-action-—-at-
a~distance principle. Section III contains the form of the

conserved quantities, Section IV shows that the model as described

above solves the dynamical problem.
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2. The self-action-at-a-distance principle

Consider a point-like object in Minkowski spacew whose
dynamics are governed by the following variational principle

expressing 'self-action-at-a-distance!’

1 £i =
(1) im } GS(TZ,Tl) 0
72; ’Tl w©
with
Ty ]
. 1 1 .t
S(1yomy) = 3f fdrdria(X - X 5, X, X, 7 = T1)
T.
i
¥ Throughout this paper tensor indices will be completely

omitted. A symbol will represent a scalar, a vector, or more
generally a tensor acéording to its definition. Thus a vector x'"
will be denoted by x, a tensor Auv by A, etc. Scalar products

like a“bu will be indicated by a‘b , squares a-a will be denoted
by az and antisymmetric tensor products aubv—avbu by aj,b. In
products like A-a, where A is.a tensor of rank 2, and a 1is a
vector, a saturates the index that is closer to it, i.e. A-a

is the vector A“va\J while a-A stands for avAvu. Since through—.
out this paper we do not use tensors of rank higher than 2,
this notation will not give rise to any ambiguity. The metric

tensor is taken with signature -2, the speed of light is set

equal to unity.
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m0 here is a real constant with the dimension of a mass, while

q is the interaction constant. It is to be noted that, since

1
both X and X describe the same trajectory, the variation &

acts on both variables;,; namely § = éx + 6X'. Due to the symmetry

of A with respect to X, X', and their time derivatives, it
follows that GX = éx' 3 and consequently, 5 = ZGX.

Consider now a point X on the object's trajectory,
and the null-cone generated at that point. The cone will inter-
sect the object's orbit, both in the future and in the past of X,
an odd number of times; in the simplest case just once, as
shown in figure 1. If we fix X +then the values of the other

variable which make A non-zero are the points of intersection

1
and X. In other words, the argument of the delta function
in the self-interaction term is either a null-vector or is identi-

cally zero., This suggests that we split the self-interaction

part of the action

.
.1 2.2 . coet 1.2
S.(Tm) =5 @[ [ drdrr XX s[(X - X )“],
T
1

into two parts,

The first part we define as

T

2 THAT

- 2 2 - - 1 1.2

S1ocallTe? ™) =@ [ dr [ TdrX-x s[(x - X )7]
Ty T-ATl
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where ATl and AT2 are positive constants such that in the time
intervals given by the above limits (X - X')z_% 0 for X # x.”
The other part is then thé'difference between Sl(Tz,Tl) and

Slocal(Tz’Tl)' Slocal thus defined contains one zero of the argument

1
of the delta function, namely the one where X=X . This is a part

of the action which generates an infinite term. It is easy to see

however, that S ,Tl) is merely an infinite constant and as

1oca1(T2

& =0 it does not contribute to the equations of motion or to

S1ocal

the particle energy momentum.

Consider S ,72) after the integration with

local(Tl

respect to 7! has been performed

r
2
1 2 * 2 1 1
s (r,5m) = 7 a"[ dr £im  X7(; -—)
local® '27 '1 4 Ty AT = O X.(_:+ X e
+ .
e— = X(r + A7) - X(7).

The limit is taken along the trajectory; hence we can define

a scalar ¢ such that X'ei = + eXz, and write

3+ One notices that this term never occurs in the usual
formulation of action-at-a-distance theories. These terms are
excluded by the very definition of the action-at-distance

treatment of a many body system. In this model of self-interaction

we have to include it.



T
1 2,2 1
Tl e - O

The integral is clearly path-independent. Consequently,
Slocal(T ,T ) is not affected by an infinitesimal variation of
the path of integration while keeping the limits of integration
fixed, i.e. 55 (7.5 T,) = O. The local self-action does neot

local 1

play any role at all in the equations of motion which are
divergence-free,.

The interaction part of the action principle then reads

1 ik 1.9
(3) 8,(rys7) =35 q ff drdrt XX s[(X - X )°]
T

where the star signifies that the above discussed 'local! term

need not further be considered in the integral.

From eq. (1) we obtain the equations of motion

4+
fd'r'(%%~'&% 2hy = o
—w oX

or

(1) - FeX
9. .o 1 =9 -
od'r(_XZ)2

with
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- 4 2
(5) Fo=+ xrA
where again
e 121
(6) A=gqFdr s[(x-Xx)"Ix

— o

and
1
F= 2(Fret + Fadv) ?
with
(7) F ret = +qI| - 1 71X, (X 20K (X, -X) -
adv itrx. - (x.-x)] 1 i1
i i
-+ 2 i - }
S0X o X (X X0 XA (X -X) ) et
The summation in the definition of F (F ) is extended to all
ret ' adv

the intersections of the trajectory with the past {(future) light-

cone generated at X
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3. Conserved quantities

The action S(T ,Tl) is invariant under transformations

2
of the Poincaré group. As a result, the following ten conserva-

(3)

tion laws follow

® t - "1
(8) P = fdrt ZAX-X', X, X, 7e7') 4
—@ oX

4 1t

1 T Too 3 . . cy e
+_(ff - j‘j‘) drtdrs A(X =X , X, X , 7'-7" )= const
2

T ~ooT 3 (X =X )

[+ ]
1 .« vt
J = de'XA—Q_“ AX-X , X,X 5 7=7') +

—_c ax

1.7 T ' 3 <13 1 Mot -

+§(ff - fPdrrdrn [X A ——— +X A —JAX -X X, X, r1-7!)=const
T—e —eoT (X -x ) 3xX

The substitution of the expression (2) for A dinto P yields

nX e t,2
(9) P =( _2)%+q Fdrr X s[(x-x )71 +
-X —

2mT T t 1. e 1 * 11 1 n o2
+q " (ff - ff)drrdry (X X )X -X 6'[(x =X )71,

T—® =—-ofT

t " T mno2 .
where 61 (X -X )2 means the derivative of §{(X -X )7] with

1 d t 1.9
respect to its argument, and equals - arn sL(X -X )7].

« 1 11 1
2X (X -X )

Consequently (9) reads
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moi 1,2
(10) P~ 5{2)% fdwx s[(X-X )71 +
) o T Teo . " }’('-X”
+2a (Ff - fPldrrdr(X -X )S5——— '“*';1:,, s[(x'-x")?7.
T—® ~oT X - (x -X)
Integration by parts then gives
m X 2% ' : "
(11) P =25 7 34 fdrr'[x +(x -2 E psrx-x")?] -
(-x X- (X=X )
l ©oT T .I it! ' " 2
-74 (33 = ff)drrarn —,,[(x -x' ) —1s[ (X -x )“].
T-® —of L(x'-x)

By using the same procedure, we obtain for the angular momentum

J the following expression

m X )-( @ oot
(12) J = ‘_’ZA; + qudrrrx,\[ic'+ ;(— 3_['—}(——,—]5[()(—)(')23 +
(—x°)= - X (X=X )
Te %' 1t
(fj’ - Pharar 5 %", pox" K gar o)
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4. The description of the solution

We assume that the orbit of the object is a cylindrical
helix with a time-like axis. Any vector X on this helix may be

split into two components

(13) x(1, 1) = x(1) + p(1)

where x(1) is time-like and assumed to be parametized by what

is called the ordinary !proper time' T which is defined as
2 2

dt” = dx~. Consequently

(14) 2 =1

and, as seen below, a solution exists for which

(15) X = 0.

p in general is parametized by some other parameter ; .
We may, however, express the total motion in terms of ¢ only.
Consider the point x{(r) and the hyperplane which passes through
it and is orthogonal to Xx(1). The hyperplane intersects the
curve X at only one point, because the motion is a
helix with axis parallel to Xx. Therefore, we can establish

~

a one-to-one correspondence T(71) between T and T and
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write X and p din terms of the proper time only

X[1, #(1)1 5 plr) = plr(r)]

i

X(71)

and hence

(16) X(7) = x(r) + p(T).

The vector p thus defined lies on the hyperplane and,

therefore, obeys the equation

(17) (1) - o(r) =0 .

Since the orbit X(r) is a helix p{(7) describes

a plane circular orbit. It, therefore, satisfies the following

equations

. 2
(18) B +w p=0
(19) p- p=0.

In (18) W, is the frequency of the rotation. As the motion

is circular w, may be expressed by the invariants r, and v,
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(20) rw =V
0o o o
(21) v %= —bz
o
and
2 2
(22) r " =-p
the invariant constant system radius. In our approximation
2 . y
v, T const and so is X
v - . . 2
(23) X2 =1+ 2p * x + p2 =1 - Ve

It is convenient to redefine the 'mass parameter!

characteristic to the object

2 mo

m = mo/ -X 7[;§rI-

and this parameter is used below.

We show now that the kinematics described above

constitutes a solution to the dynamical problem.

The following exact expressions are used to connect

x' and p' at 7' with their values at 7:



~16-

{(24) x'" = x + (7r'-7)x

pt = p coslw (r'-71)] + %* p sin Lo (7'-7)] .
o

Substituting (16) and (24) into (7) and (7) into (4), we obtain

using eqs. (17)-(19)

2
kS 2 q.
= {-mw “ + - ?f(si)} p
o i
where
Sy T T §i = sin w s, mn, = cos w, S, -

One notes that vo is not an independent variable here as the

si’s determine it from the equation

2
s; = 2r_ (1—ni)
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which in turn expresses that the interaction is on the light-cone,

1
i.e. that (X-X )2 = 0. From eq. (25) it follows that

: 2
(26) m=d of(s. ).
2 1
r w i
o o

As defined above, the summation in this equation
{
extends to all the intersections of the trajectory with the past
and future light-cones.
The simplest is the case when the trajectory intersects
each light-cone only once. The next simplest one is when the

intersection occurs at three points and so on. For the first two

cases, one obtains by explicit calculation that~
(27) m< O .

One notices that eq. (26) establishes a connection

between m, ro and vo. Also from eq. (26) m = const as the si's

are constants by construction
Egs. (24) and (26) are sufficient to calculate the

conserved momentum and angular momentum of the particle using

3% The calculations become rather involved for the terms
with more intersections. We believe, however, that (27) will

be valid for all the terms.
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expressions (10) and (11). Substituting into them the expressions

for x' and p' from eq. (24) one obtains for the momentum
(28) P=fm-v 29— (s )} x+

2
+ { m—g—*—"z'if(si)} P

r w
o 0

The expression for the mass as derived from the

equations of motion in eq. (26) now yields the desired results

in (28)

(29) P = Mx

where

(30) M= m(l-v_?) >0

is the positive rest-mass of the particle. The conserved

momentum is a time-like constant as required.
Similarly one obtains for the angular momentum after

some algebra

(31) J =X, P +xn pap+ {m- 14— Ef(si)}(xab + pax),
1
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where
2
(32) =m0 T oals))
O 1
with
(33) e(s.) = [2(1+2n,~3m.2) -v &5, (1+n. ) +
i 2 Mg =2y 0°iSi Ty

' 1. 2 2 3 3
+ (Lony + 58, )v S 7/ (syor v BT
The use of eq. (26) in the expression (31) again

yields the desired result for the angular momentum
(34) J =xaAP +uoap

where xn is a constant and the orbital and !'spin' angular
momenta are conserved separately.

Thigs is then the 1§st step in proving that the model
solves the dynamical problem and the particle has all the
properties which are listed in the first section.

To finish this note we may consider some numerical
examples. We emphasize again that in our opinion.it would be
ndive to consider this very simple free-particle model as
trealistic!. Numerical examples nevertheless may give some

feeling about the physical nature of this model.
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Eq. (26) gives a connection between m, s Vo,
Egs. (28) and {(31) connect these with the observable or
'dressed! mass M and with the 'spin!' angular momentum
S = upap. The simplest approach to obtain numbers is to

take M and g to be the electron mass and charge. We

and q.

may then

calculate T, Vo S and p the magnetic moment of the particle

due to the object. Some examples are given below.

For the state where the object'!'s orbit intersects the

light ~cone once

12

m=-299m_, r_=3.5x10 ~ “cm., v =1.002¢c, $=-0.091h p=0.091p,

13

m=-0,050m_, r0=6.9x10‘ em., v _=4.6c, s=1.0x10‘3h, p=0.082pB

and for three intersections

13

m=-0.017m_, r0=1.0x10_ em., v _=7.7c, S=6.0x10" 4n, w=0.21p,

where the minus sign in S indicates that the gyrogmagnetic

ratio is negative.
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FIGURE 1




—6-

where X = X(7), X‘ = X(7') and T is some suitable invariant
parameter. To be varied are the vectors X and X' and it is
assumed that_the variations are zero at and outside of the

boundaries. The limits with respect to and ., are taken

T 2

. after the variation has been performed., Here

(2) A=Ay + D
with
A= —om (%X sl(r - )]
(o] O
2. sl

py = ek elx - XD

called tinertial! and 'self-interaction' terms. The first term
is clearly identical to the ordinary inertial term in relativistic
dynamics. It is, however, preferable to write it as above when
establishing invariance properties, conservation laws, etc.%

The action is then invariant under the change of the parameter.

Another symmetric way to write the integrand is

: +1 with G = 2 m, sL{(T - T')(—i'k')l/zj + q2

- s[ (X - x')zj.



