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1. Introduction

In this paper we consider quasilinear elliptic ojuations of the form
—Di(aij(x,u)l)}.u) =f inQ
4o { ueH;(Q)
(the summation convention over repeated indices is adopted) where £ is a bounded open sub-
set of R®, fe H-1(0) is given, and the coefficients 3;j{(x,5) satisfy the standard ellipticity and

boundedness condition
2
12 { Mz* s aij(x.s)zizj © )
lax8) < A

for aimost all xe (2, se R, ze RN,

Existence results for problem (1.1) are well-known in the literature (see for instance [6],
[7]1) when the cocfficients a.-j(x,s) are functions of Caraﬂ)éodory type (i.e., measurable in x

and continuous in g), However, equations of the form (1.1) with discontinuous (with respect

(1.1) governs the heat conduction in Q, and the aij(x.s) are the conductivity coefficients which
may depend discontinuously on the temperature (for instance, in liquid-solid phage transition),
A simple case of discontinuous coefficients for which the existence of a solution of pro-
blem (1.1) holds, is when (sec [3])
gjjlx,5) = ;i{x) b(s)
where at;;(x) and b(s) are measurable functions satisfying (1.2). In fact, setting

[ ]
B(s) = Ib(l) dr ,
0

and recalling the chain-ruke for derivation (see [8),[10])
D(B(v)) = B'u)Du
itis enough o take usB~(v), where v is the solution of the linear clliptic problem
—Di(nu(x)Djv) =f inQ
{ ve Hy(Q) .

for every ue HY(q),

Unfortunateiy, this simple argument cannot be applied to generzi equations of the form
(1.1); thus, our approach is based on two steps: the first one consists in (Section 2) proving
that, under some mild assumptions on a;;(x,5), the operator

u - Dl-(aij(x,u)Dju)

is weakly continuous between H1(Q) and H~1(Q), and the second consists in (Section 3)
proving that this weak continuity implies the surjectivity.

In the last section, we give a simple one-dimensional example to show that the sole
hypothesis (1.2) is not sufficient to get the existence result for problem (1.1),



2, Weak continuity of quasilinear operators

In this settion we consider operators A:HHQ)~L() of the form
2.1y Au= a(x,u)Dju
where £2 is a bounded open subset of RM, je {1,...,n} is an integer, and 2:(2xR—R is a func-
tion. We denote by 8y and £ the Borel and Lebesgue o-algebras in R respectively; if
Ee £y we denote by |E| the Lebesgue measure of E, Otunninrunhisﬂnfollowing.

THEOREM 2.1, Assiwmne that:

(2.2) the funcrion a(x,s) is bounded and L"&{.l-mea.mmble;

(2.3} for every £50 there exists a compacr'm KeCR2 such thay ID-Kelce, and for every R>0
the family of functions {a(-..s)},lisll iy equicontinuous on K.

Then, the operator A defined in (2.1) is sequensially weakly continuous bemween H(Q) and

L2,

Proof, Argufng as in {2] we may assume that a(x,s) is a Borel function, s that the operator A
is well-defined between Hl(ﬂ) and LZ(Q). It remains to show that for every ve LZ(Q)

J.J!\u1I vdx - IAuvdx whenever u,—u inH'(Q) .
a Q

Since a(x,s} is bounded, we may restrict ourselves to the case ve 5(0); moreover, changing
(x,5) into -a(x,s), it is enough to prove that for cvery ve 8{12) the functional

F(u,02) = Iv(x) a(x.u)DJn dx
a

is sequentially weakly lower semicontinuous on Hl(ﬂ). Fix ve £(Q) and set for every m>0

falx82) = {v(x)a(x5)z) v (-m)

Fm(u,ﬂ) = Ifm(x.u,Du)dx .
Q

By Theorem 4.15 of [ 1] the functionals F arc sequentially weakly lower ucmiomliuuous_ on

Hl(ﬂ); moreover, if up—u in H1(Q) we have denoting bf ¢ an arbitrary constant

2.4) Fulu,@) < Flu,A L) < Flo, €) + cﬁvr IDu,fdx $

. mh

122
< Flu, Q) + c[ﬁDuhr’dx] S Fu, Q) +cl0-A 1"
Q—Am"l

where Am'h={xeﬂ T v(x) a(x.uh(x))Djuh(x) 2-m}. We have

Al % el a0l > m] < Sfiumyiax s £
0

so that, by (2.4)

Fu. ) < F 0.0) < liminf F_(u,.) < liminf F(s, Q) + ¢ m™
h— h—p

13

and this achieves the proof. n

REMARK 2.2 Note that hypothesis (2.3) is satisfied for instance in the following cases:
(i) afx,s)is measurable in x and continuous in s;
(i) a(x,5)=a(x)b(s) with & and b measurable functions.

REMARK 2.3, By Theorem 2.1 every operator of the form

Au= —Di(aij(x.u)Dju)
is sequentially weakly continuous between HY(Q) and H-1¢ provided that the coefficient:
aij(x,s) satisfy hypotheses (2.2) and (2.3).

REMARK 2.4, If a(x,5) is only measurable in s and continuous in x, the operator A in (2.1
may be not sequentially weakly continuous. For a Counterexample we refer to 1], Section 5

Example 6.



3. A surjectivity resuit 6

In this section X denotes a Hilbert space and T:X—X is a mapping. Our surjectivity re- Sct Bp={xe X : [ixl|<R}; by hypothesis (i) the mapping 5:Bz—Bp is weakly continuous, s¢
sult is the following.

that by the Schauder-Tychonoff fixed point theorem (see [4], page 74} it admits a fixed poin

L.

5 xg€ Bp which is a solution of equation (3.1}. »
THEOREM 1, Assume that 1

) Tis sequentially weakly continuous (i.c., x,—x = T(xp)—=T(x); BEMARK 3.2, A resuit similar to Theorem 3.1 holds for mappings T:X—X' where X is the

(1)  there exist a50 and b20 such thar dual space of X. In fact, if :XX—X' denotes the Riesz isomorphism, it is enough to appl:

(T(x)x) 2 alfxl|2 - b Jor every xe X ; Theorem 3.1 o the mapping J-T.
(1) there exsts ¢} such that
ITGlE < c(+lialy for every xe X . !
Then T is surjective. :
Proof, We use an idea of Stampacchia (see [9]). Let Y€ X; we want 10 solve the equation 4. The existence result
T(x)=y or, equivalently, the equation i
. !
(3.1) x+ty~T@E) = x I Let 2 be a bounded open subsct of R and let fe H-1(Q); consider the problem
for some t>0. Denote by $:X—X the mapping ] { ~Dfa(xw)Du)=f inQ
4.1 tE
S(x) = x+uy-T). ue H:I(Q) .

. , )
Then, we are looking for a fixed point of 5. We have for every xe X On the coefficients a;;(x,5) we assume that:
J >

SOOI = 112 + 2y + TEoR? + 21¢xy) - 2, T(x)) - 2y, T(x)) S

{4.2) cvery ajj(x,s) is measurable in (x,5) and satisfies property (2.3);
S IIP0+2e-2at) + K1+

(4.3) the ellipticity and boundedness condition (1.2) is satisfied.
where K(1) i i i .
(1) is a suitable constant depending on t Taking t=/.2 we et By using Theorem 2.1, Theorem 3.1 and Remark 3.2, we obtain immediately the fl

lowing existence result.

2
IS’ < iei® (1 - %5) + Keare® (1 + g
c

so that
’ THEQREM 4.1, Assume (4.2} and (43). Then, for every fe H-1(Q2) problem (4.1) admits o

least a solution.

(3.2) IS S eqllxli + ¢

for suitable constants €} and ¢y with ¢)<l. By (3.2). there exists R>0 such that

lix] SR = ISy <R . REMARK 4.2, Problems with lower order terms and non-zero boundary condition, like

——— iy o y—




"Di(ati("'“)Diu) + Di(ai(x,u)) + bi(x.u)Diu +a(xn)=0 inQ
{ u-0 HfK2)

(with b€ K1), can be treated in a similar way provided the cocfficients b;(x,5) arc measura-

ble in (x,5) and satisfy property (2.3), a;(x,5) and a(x,s) are Carathéodory functions, and the

usual bounds on b;,a;,a are satisfied (see for instance [61).

REMARK 4.3, In {5] it is proved that the quasilinear structure —Di(aij(x,n)Dju) is a necessary
condition for the sequential weak continuity of Leray-Lions operators.

When condition (2.3) is not satisfied, in general the cxistence for problem (4.1) may

fail, as the following example shows.

EXAMPLE 4.4, Let n=1, Q=]0,1(, and

T+x  ifs=x
a(x,s) = )
1 if s#x .

The function a(x,s) 4 a Borel function which does not satisfy property {2.3). Consider the

problemn

(a(x,uuy) = 0
“h { u(0)=0 u(1)=1
and assume by contradiction that a solution u exists. Setting

A={xeQ:u{x)=2},

by (4.4} we obtain
(4.5) ()14 00 + I atwix)=c ac. in2
where ¢ is a suitable constant and 15 , 1 arc the characteristic functions of A, (-A res-
pectively. By (4.5) we have

l+x = ¢ ac. in A,

so that A js negligeable, and so

u{x)=c ae. inf{l.
The boundary conditions in {4.4) then imply that u(x)=x, which contradicts the fact that A i
negligeable,

If instead of equations we deal with elliptic systems, the existence result of Theorem 4.

may fail, even if the coefficients do not depend on the x variable. In fact, the
ple holds.

following exam

EXAMPLE 4.5, Let n=1, N=2, 0=]0,1{. Consider the problem
(a(u,v) v') = 0
{(b(u:v) u)=0
with the boundary conditions

u(0)=0, u()=1, w0)<0, w(I)=I.
Take

b{u,v) = 1

{ 1+  ifv=y
a(u,v) =
1 if vty .

Then we have u(x)=x, and v must satisfy the equation

(a(xv)vY =0 with v(0)=0, v(1)=1 ,
which, by Example 4.4 has no solution.
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