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1. Introduction

We consider the bifurcation of solutions for
equations having the form,

Su - F(u) = Au 1.1}

where S is a self-adjoint operator and F isg the
gradient of a real-valued function defined on a dense
subset of a real Hilbert space H. Supposing that
F{0} = 0 and that F 1is of order higher than linear
near u = 0 , there is a line of trivial solutions
{(A,0)erxH : A € R}. In this setting the main
result gives conditions on F implying that 0 is a
bifurcation peoint for {1.1) and that the bifurcation
1s towards negative values of J) . These conditions
require S to be positive with 0 = inf ¢(S) where
g(S8) is the spectrum of S. However, 0 is not
necessarily an eigenvalue of S and in fact the
primary object is to deal with situations where S
may have no eigenvalues, 5 - A I being injective but
not surjective for all 3 € R. This kind of problem
arises in the L' - theory of semi-linear elliptic
equations on unbounded domains.
Earller results in this direction (1-4) deal
with cases where F satisfies a compactness condition
as a mapping from the graph space of s" into its

-dual. More recently this compactness has been relaxed

to the requirement that the natural energy associated
with (1.1) on spheres in H can be increased by
making a compact perturbation of F.

The basic definitions and hypotheses are set out
in section 2, followed by the main result and an
indication of its proof in section 3. The application
of this result to semi-linear elliptic equations on
RV ' is described in section 4.



2. Definitions and hypothesas

Let H denote a real Hilbert space with scalar
product {( , ) andnorm | .

(H1) S:D{SICH —>» H 1is a positive self-adjoint
operator with 0 = inf d(S).

In this case -4 has a unique positive
self-adjoint square-root S]’ whose domain n(s")
equipped with its graph norm:

lul, = ( lult + |stue ¥

18 a Hilbert space denoted by “1 .

(H2) fEC'(HT.RI with f{0) =0 and <£'(0) = 0.

Identifying H with its dual and using ( , ) to
denote both the duality between H and its dual as
well as that between ll1 and its dual, we have that
chm:.l-l]'. Furthermore S has a unique extension to
a bounded linear operator L H, e H]'
such that (Lu,v) = '(Sl’u,s"v) for all u.véHI. In
this setting the gradient of f is denoted by

F: H -—» H1" where (F{u},v} = f£'(u)v for u,v
€H, and F(0) = 0.

of
Lu - F{u) = Au or, equivalently

(s%u,5%) - (F(ul.v} = Niu,v) for all vEH, (2.1)

constitutes a generalised solution of (1.1).

Under these hypotheses a solution (J'u.v.ueltxl-!1

Let E= {{A,u)ERxH,: u$ 0and Lu - Flu) = Au).
There is bifurcation to the left' for (2.1) at X €R
if there is a sequence { (% _,u }}CE such that
an<o. A 0 and lu 1, — 0 (2.2}.

In this definition of bifurcation we have used the
norm of H' - A different notion of bifurcation would be
obtainad by replacing Iul,‘l1 by Iunl in (2.2). It
is one consequence of the following hypotheses that,
for 2\< 0 , these two notions of bifurcation point are
equivalent.

(H3) There exist constants m€N, K>0, a, € [0,2) ana
by > 2-a; such that for all ué€H, '

m
a b
0 < 22(u) € (Flu),u) < "E (s%ap Logu 1,

(H4) l=':l»l1 —_ H1" is demi-continuous in the sense
that Flun) -—3 F{u} weakly in H,‘ whenever
u, —>u weakly in H,.

It follows from (HI) to (K4} that F'(0) = 0 and
that F takes bounded sets in HI to bounded sets in

*
H'l'



3. Main result

Under the hypotheses (H1) and {H2), we introduce

the following notation:

S(r) = (uEH‘ s lul =) where r > 0,
Jelu) = isls"ul' - f{u) where uwEH,,

Mg(r) = inf [Jrlu] : u€s(r)} where r > 0.

Lemma 3.1 let S and ¢ satisfy the conditions
(H1) to (H4)}. Suppose that there exists u€S(r) with
Jg(u) < 0. Then there exist sequences {u }Cs(r) ana
{2 JCR such that ‘
(u] J fu) for all né€EN,
;\n < 2J (th/r' for all neEN,
Lu, - Flu ) - ﬁnun — 0 strongly in H*.
This result is proved by using u as an initial
condition for the differential equation associated
with the projection of the gradient of Jt onto the
tangent space of S(r).

Theorem 3.2 Let S and f satisfy the conditions
(H1) to (H4) and suppose that there exists a function
¢ satisfying (H2) such that:

(1} g-tf : H, — R 18 weakly sequentially lower
semli-continuous;

(1i) There exists A>0 such that, for all r€{0,A),
Hf(r) < Mg(r) < 0.

Then there is bifurcation to the left for (2.1) at A=0,

Fixing r € (0,A), there is a sequence (v }Cs(rl
such that J (v }y — Mrlr) < 0. Using Lema 3.1 we
can suppose that there is a sequence {} }C R such
that A € 20 (v )/rt and Ly -F(v, )- av — 0
stronqu in l-! .,

Passing to a subsequence we can assume that
v, —u, we:kly in H, and that }‘n — 21_ where
Ap < 2Hr(rfr.‘rhus lu.| £ © and since
Jg(vn) - Jt(vn) - (g-t)(vn), it follows from (1) that
limsup J (v ] £ M lr] - (q—t}(u }J. From (ii) we see
that (t-q)iu )y > D and conaequently u. 0 because
£{0) = g(0) = 0 Using (H4) we then ﬂ.nd that
(AU }€EE with A, < 0, Finally we deduce from (H3)
that }‘r =~ 0 and Ju.|,— 0as r —} 0.

Remarks 1. If f is weakly sequentially continucus
we can set g = 0 and the conditions (i} and (1ii)

‘amount to the requirement that Ht(r] < 0 for 0<r<A.

2. Using G to denote the gradient of g + the
condition (i) is implied by the compactness of
G-F : Hl — H|‘.

3. The assumption that O0€&(S}) in (H1} 1s not used
explicitly. However if S 1s positive definite and f
satisfies (H2) and {H3), then Hr(r) 20 for r
near 0 and {ii) cannot hold.

4, For { A,u)EE, it follows from (H3) that

1s%17 < (Flu),u) < xZ|s"u| |u|1 when A0

and hence if the constants a4, were > 2 there would
be no bifurcation to the left at A = g,



4. A semi-linear elliptic equation

In this section we consider the equation,
Au(x}. + Au(x) + q(klhllu(x)l)u(xl = 0 for x€R (4.1)

where the functions q and h satisfy the foliowing
conditions:
(A1) qer®®™, 920 a.e. on RN ana
q{x) —™ Q¢ as |x] — 00 ., If Q > 0 we require
that J qix)-0dx> but § 0 for c > 0. Also,

| x|=c
either (i) N3! and there exist A>0 and t€[0,2)
such that q{x) > A(1+|x])"" a.e. on RN,
or (11) N=1 and [ q(x) ax > 0, possibly infinite,

R

(A2) h€c'({0,%)} with h' 30 on (0,00) and
h(s) — 0 as s —3 0+4. Furthermore, there exist
>0 and BE(0,4/N) such that

sl_hmh'(s}/sm" =B>0 and s%m%up h‘ls)/a"’1 < 00
where 0 < L < 2{2-t)/N 1f (A1)(1)}) holds

and 0< o <2 1if (A1)(4i1) holds.

To apply the previous results to (4.1), we take

H to be L? IRNl with its usual norm. Then -A with ‘

domain the Scbolev space H! (R"l, defines a positive
self-adjoint operator S in H and ¢ (5) = {0,00).
In this case, !-l1 is the Sobolev space H’{RN) with
its usual norm.

Assuming that (A1) and (A2) are satisfied, we
denote by P the primitive of h{|s|)s such that
P{O) =0
and set f{u) -‘IN q(x)P(Ju(x}|) dx for uGH‘.

It follows that (H1) and (H2) are satisfied and that
solutions of (2.1) are weak solutions of {4.1) in the
usual sense.

Theorem 4.1 Let the functions q and h satisfy
the conditions (A1) ana {A2). Then there is
bifurcation to the left for (4.1) at A =0 in i'(RY)

- We have already noted that (H1} and (H2) are
satisfied. For {H3) we observe that h' 2 0 implies
that 0 £ 2f(u) § (F{u),u) for UEH,. Furthermore, -
h=hy +h, where 0 ¢ h(s)< cClsi® and
0 & hyts) & CIsl® for all 8>0. From this and the
multiplicative Sobolev inequalities we can show that
(H3) 1s satisfied with m=2 and a, =&N/2,

b, -2+°f-.—a', a, = 8N/2 and b2-2+n—nz.
Thus (H3) is satisfied and using standard facts about
Nemytskil operators we find that (H4) also holds.
Using test functions of the form exp{-kix|).,
normalised so as to lie on S{r} and with k small
and positive, we find that Mr(r] < 0 for small
positive r. If Q = 0, we set g = 0 and observe
that conditions (i) and (i1) of Theorem 3.2 are
fulfilled. For Q > 0, we set

g(u) = Q .r" P{lu(x))) dx. By Schwarz symmetrisation

it tollowaRt.hat there exists v E£S{r) such that

Jglv) = M,ir} < 0 and furthermore, Jr(v]'< Jglvi.
Since g-f : l-ll - R is weakly sequentiaily
continuous, we again find that conditions (1) ana (11)
are satisfied. The result' now follows from Theorem
3.2, ‘

Remarks 1., Details of the proofs of the results in
sections 3 and 4 are given in (5). Helated work on the
existence of solutions of elliptic equations in

situations where compactness is lacking is contained
in (6 - 7}.-

2. The "a priori® bounds in (8) show that in general
the restrictions on the exponents cannot be relaxed.
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