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1. Linear Equations
2. Eigenvalue Problems

‘3. Sparse Problems
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Some recommended reading:

G. W. Stewart,
Introduction to Matrix Computations,
Academic Press, New York, 1973.

G. H. Golub and C.F. van Loan,
Matrix Computations,

The Johns Hopkins University Press,
Baltimore, 1983.

C.L. Lawson and R.J. Hanson,
Solving Least Squares Problems,

Prentice-Hall, Englewood Cliffs, 1974.

B.N. Parlett,
The Symmetric Eigenvalue Problem,
Prentice Hall, Englewood Cliffs, 1980.

|.S. Duff, A.M. Erisman and J.K. Reid
Direct Methods for Sparse Matrices,

)

Clarendon Press, Oxford, 1986.
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Software for linear algebra:
LINEAR ALGEBRA 1:

All commercial libraries

NAG LINEAR EQUATIONS
IMSL
(including Linear Least Squares
problems)
Public domain software
Linpack
Eispack | This lecture will concentrate on methods for

dense matrices: see Linear Algebra 3 for
sparse matrices.
For sparse problems
Harwell subroutine library
Sparspak

For further details see lectures
on program libraries.
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S';(.s lems gf Linear féﬂdﬁém
 Ax=ph

f A s upper or lower fn‘an‘;u(av; ce.

Ux=b or Lx=b,
Hen x can be cm/oaf'u( oleivect

yﬁrward or bacAwarel subslilicEion.

for jeneml A, we f‘r:f‘ ﬁc(&n‘:e

A a0 a /ona&ct" 9/ t'n'avyular mabinces.

A

MR

ZJ:A and erj > LUx:=b.

Unsymmebne J}.rféms
[V 4

JAe IUfcforc’zaﬁin may nol be
aﬂe}(c‘-ncd, and ¢S cerfa;‘-né; nol
numenicaly slable, unless we
{ncevpo ra le row ¢‘nfefc£¢n‘,e:

(or column £n(§rclua;:?e.r, ov belh).
7he vesall can be wnllen

PA = LU
wheve P ¢s a./oerm«/'ad'o‘n ma lrix

_-%m melne Sosileve- dffc‘m'fé 9: lims

Slabibls ¢‘.r(7uar¢n&ecl willowl any

cnleve Aanje.s :

Aeds” (o UTU)
(CAo/e.ri‘} }Ccféﬁzadén)
ﬁ(/émah'vey
A= LDLT

here D es d&':l.]onel, and e Oa't,ona(
elemenls of £ are 1.



.Sqmmefni: ﬁzdsfcmfé 9:"67'0::
70 ackieve namencal J‘fdi‘\f]:

use Tymme Ene row- and- column
N levek anJe:

use 2x2 dchjmd blocks ¢/
”GCG.N’Q?
PApLr = LdL”

wheve D ¢s block- .,aavm./ walh
blocks ozr oveler / o 2:

(ﬁanc& and Par/eff)

' LBanded J}J{éms

fay/n:e Che elements ‘f A ave zeve
exce/of'fr m, .ruh(a'ajona/: ane
m,, rc;pefa&'a:;onal.r, 2
i/m‘-?/ and m, > - A

A\

We can orjam'ze tAhe Compu lalion so
ot we olo nolt slove or uale
webh zero elements culriole the band.

Welh unsymmebline sgslems, vow
c‘nkrc&anju inbrcluce m, exira

.rc’pcrdshj onals.
J féraje scheme: )
> X  * x
L3 24 35 44¢6 s
L2 23 34 45 s5€ &7

Lt 22 33 44 S$5 4¢ 1y
21 32 43 £4 €5 r¢é
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Corr;pu lale 6n§/ cos&

»
measared en | £/og:

/ flp s lhe work (y/u‘ca@ cnvolveol
n Cmn/ouﬂv'vj

a‘;/, < a‘:/. T X¥*¥a,

F(o/:: Sl rage

Unymmcf’n‘c -3'-n3 nt
fymme f'-n‘c -é—n’ -‘-1!- 7':"l
Un:‘]mm. band ¥ < 2nm? Sam
%mrz m def. * 3"""'" nm

* a.r.mminj mm,sm <En.

MNole Clhe benek s m (akin
account 9‘ ;fe ..r/:‘:ucf'ure zf
éAe /oroé lem.

/C

laer/'aréad_én ﬁmém‘_s_

Suppose
(A+5A)(x+5<) = &

Bt o ). 32
=1 ~ 121l

/orovt‘a(u( I54) ¢s small compareol wilL |14
cohere (e canolilion numbev

&@) = Al |77

f’/(en:

lf (A+3A)(x+5=)=(b+58)

Lien

i = < )

B

7As shows e effect 7( untcrﬁin{y
in A or b on “the solulion x

even 9( we cmn/oufe an exact
Solu lion.
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L ffec s of rounding evvers
v/ 4 7

The eflects f
LU clovizalsc

unceviainby inlo A
v 4

e Cozgeuféal Jolulion X s

e exacl solulion
/onéém

(A+£F)x = b
(backwarel evror anayn‘:)

of a nca.rby

A heoretical bounel .

NEN 3

where E ¢5s He re(af'c've recision
9‘ Ke com/oufc'\f

L s e relalove J‘mw(x
f"‘“"‘}%f elements

Compuliol oluring Hhe
I,U’oﬁcfort'aql‘zon.

Bl
I

Lffecls of round&:’q errers (con fc‘nueol)
iy [~ 4

JAe effect of vow cnlevchanges s
lo &wju'ft" Ae anb‘fact‘ov P

At/omcfc‘re /o < /OO cas‘cca(/y‘_

?]f len R 1
(cs/oecc‘a@ JG" ll-conclsionee mal"n‘ce:)

P A s Syfmom.. pos. def., Pl
Qfén e evrvor £ due bo mwalc‘nz
J

errovs o5 less HMan lhe uncerlocn
cn Che O‘)’fjinal olala.

Eult e ect # £ on e am;aufia[
Solu bion dyends alto on Ae
concbbion number x(A)
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Lrror Lounds and Fslimales

“4 priore bounds are nel, cn
3enerat, ;uanh't"c‘e.r that showlel be
useed in prac tice. Practical errvovr
bounds showld wusu be olelermined
by some rm a posleviori error
&ngm{%n-m?( éAi.sfd'a.AeJ Sul
advan ('a.\?e. e slalistecal
distribation 7‘ rouna&‘nj errors
and of any .r/oeuh(fcafares,“:uck

as sparseness cn fAe ma b,

J. Y. WelA c'r;..Son

/féra(‘r.'ve An/provemenf':

leé x be e W’u&d soblulion :

com/oulé. tAe residuel
r=b-Ax

cn exlenoledd /orecc.‘s ton

Corvtfuf'e the correclion d bj
Jolvc'nj

Ad =r

Zlévateve /w:pro vemené (cmébenued)

Len x+el os & move oaccuvale

Solulion, anel geves valuad le

¢‘vy‘o:mah‘on abont’ tde accuvacy
o¢

of .

Oflen il ¢s sufficcent & per
J'usl‘ As ene /é?!,g 7‘ 'c'&r/:f'c'jfe.tn
vefinemend, /& o3 osscdle (o

re/oeof e process and Co»!/ufi o

Sobelion widh maximum /:os.u‘b(e
accunfy:

oFf e compuler has ¢ chc't' precision,
X Aas A correct a&."]g'ﬁs (k >,.1.)J

and S exbra a&"jc'ﬁ are wieel &o
Com/ou(i v

? ]

LAen He meximum accwrufy oS

min (A-f-:, t')
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/leva tive /»;provemm ¢ (eombinuest)

7he cost s O(2) flops for each
ilevalion, f/’ ‘}6

and an exlra nt elments #J‘firve
}Qr Aee/m'v He o‘njc'nal malin'x.

7Ae macn clisadvanlage o5 e neeol
& cm/;ufé veSccluals Yen exlénoledd

/mﬂ' CiSton

> wmackine- aépenden & .rd} Avave,

A lerne tves

/. ‘Do-cb-yoursels evlurd your
odata, "y.ro(ve 92& /oroblem a‘ym.‘n, :
anel compare (he Lo Jolubions
(move expensive — neesl (o

ﬁct‘oﬂ'ae Hcﬁtrl‘urbod mat‘n‘x)

2. Lsblimale the concibion- numbey

(4ovPACK). Reguires O(nd) f£lops.
(But does not &::‘e Jo mckf,
cry'érmcﬁén).

dinear Least .S:g,ua.-res Problems
aiw.'n

b= Ax f:r
where A recfavu(ar m-ly-n (man

- ' - ]
and v s a "nocse’ or ‘errer’ veclor

Problem: j:nal x {5

minimize Irll, = [b- Ax],
(Coverdelormined” system of ‘puatione’)
Assume A Aas rank n

(it to 70l vank- olefeccent ).

en e proflem Aas o cmpue
Joé«hbn/? denelool X, >

wld v = b-AR
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/eg vlavbabon Analyses
7

Je se /7 s perlavbed Y.
Vf:&/x...t n@m obs ?lné)
and b ¢‘:,oef(‘wrbea{ @ $6 .

and Aenex e solulion X o /oer/'u-réed(
9 X :
den

ISz 1 (nm , min)
1= S ™ \Chan s

x (2 sec6. k(A) + lan 6. (ﬂ)‘)
where G o a(ej(c‘nn( @:
//l v
é |
Ax

t'f 6 ¢s smadl ( ‘small veisiclual fnélems'),
e comcibion number o< | (A)

| f © i (ave ('/d‘:yc resiclu‘-l/’nb[ems.)' !

{Xe condifion number o« K(ﬁ)z

/5

/Tetdocl 3)‘ NVormal fﬁﬁﬁ

-

C’omf«fe X as the sSlutlion of
AAX = A7b
(ﬁ’?? s symm. pos. odef. , 50 we
can wie jflo(ﬂ@ }fnc);'oﬂ‘za(" «'m)
COJ'[': |
--‘.;'_-m.‘nz /o/n f&fm 274
—6'- nd f@n L ﬁct’oﬂ‘ze AR
Laul e condilion-number
Syslem Lo X
syste of %:-a ons ¢S .
< (AA) = k(A)

Acs indeicales /oofé-nh'a( c‘n:/a.éidfy
ﬁr smadl- re:c‘clual/:roélcm:.

]&"' .so(w.‘n] e

/Tence rumenical analysls recommend
wusing @/Eﬁcfiﬂ'zu Lion, fué:

“¢Xe Sut‘/'ecf' s f'n'c,‘\’y, and énﬁrmecl

men ?‘j"“‘ wil can c{c‘:ajree,

even n’ a s}oecff:b ?oﬁ&kuﬁz'm."
Linpack Users' Cuicle



/Jeliool gf _@@ ﬁcl’orc'_zaao;n

A
Cosé:
1 mn? - +tn?
f/of:
g |— |
v
. R s m-bj-n
\ .
m upper- l‘na.nJular

were @ Xy _o-rdoqona.l
T v ™
‘-.C. @ q = @9 - I
.So ﬁ = @R

alio A27°A = Er@rQR s R'R
so R s ﬂc( ev bnan ula-f) Cholesh
][cc(‘or ?/9’-/9 J '7

LTellocl of QR faclovizalion (cantdl)
/Fdvan f'aje: ?‘ of(xo\y onal mabiees:

FA /eo.ve Z- norms £nvc.-n‘ant".-
1@=, = ll=d,
2. Aence 4¢.ve Correx/m:ndﬁy cmdc'f'c'on-

numbers énvanan ¢
K2 (@ﬂ) * K (,q)

3. clo nol amplify vounding errers
> mmeﬂ‘c:?é fs]faéd a{;Zr'thm:.

dinear least Sguares /oroélem:

b= Ax = |67 - g7,
s ” Qb - Rx l,

101
11,

c and ||[7= [l

Aence R'x
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Ordo\}:ona( malnces

in compulalion Cthey are rmeol
Mﬂﬂzcﬁ tf 7 ﬁ

sllev /o(a.ng volalions ( ¢ c'vem)
ov rs//cc&c;n: (ﬂw&e.A./c(er)

ﬂy are "'“"5 a-&vy: Jenenﬂd
5o as lo sel some element ov
elements of QA Lo zevo, white
preservdnj, as_fav as posscble, zeves
whdck alnaﬁ excsé in A

/?e/(ecto‘n: are wiedd (o seb /oart“
¢ a colurmn (ov vow) o 2evo,
all al one .

Rolalions are useod l; sel one
elewrené lo xeveo af'q (‘c'me_

Refbclions are wsuoally more effivien &
wihen t":v‘.?/ ore a/o/on/on'q.fe.#

/f%&_cam eX

...........

N

amp le

f

(= =

R »n

¥ ¥ ¥ ¥ ¥ %

O O O IX x ¥

X %X w X ¥ X

I 1% Ix ¥ x ¥

x x ¥ x ¥ ¥

I i% (¥ |x X X

X Ix oI oixox o ox WX *» ¥ ¥ ¥ x



(E/gn e rof'ad'g'nc: exampls
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€ s
-5 ¢

b Y

(

X

X
b 3

X X ¥ %
Y X x ¥ %

¥ ¥ X x x %

X (% 13y ¥ ¥

¥ ¥ (XY ¥ ¥

¥ X X % %,

r

¥ ¥ I¥ Ix ¥ g

i

Rank- a[sfc‘ce'enc\'}
(or neav- a(e/q‘u'ency)
NVoewr astume /7 Ka: rum‘ <Nn:

e lneer least Sgmares /oroﬁfem Aas
an nfervle number 9‘ Soleleons,
but a am},‘te Sobulion cgf mmimum
novm -

2 s J’c‘n}«.lar (ov very ia-mcahimea()
gf-ﬁ;féﬁzw&én wilh column c'nfe'v\:lmve:

AP - QR
where P s a /aefmufat&n malnx

ernd R fea Meﬁrm

Ry Ria

1
| * = vyank (ﬂ)
L1




L5

Aank- c{elft'cc'enc\;[ (cm f’o()

Bul & s nol a(\vvt /oos-rc‘éle lo
cleler-mine rank n&'a.é{t/ ‘;j LAus

melLeo ol (“ouJA & usu-l& worhs
well ¢n fracf'ece)

noular Value Deco
A= UZVT

where U and V are 'ofd.ojono.l
and 2 3 &vcnal

( Sor cmlauh‘nj lhe SVD see lecluve 2)

TAe &'f.]o"nal elemnenés of Z are
e ,rtv\\]u(ar vabies anol can be
awdnjeo( on  oles c&ne‘c’v oveler

0,202 ...20,. >6;,,...20
where v o5 {he vonk of A.
7As s e most yelooable approack

lo olelermining he rnamerical rand :
even Jo, deccoling whenm (o reJa.nL
& Compu lecl sengulor vealue as’zeve
¢ Mmel u(wcds J‘f'm:"y&fﬁrwcvd: Yy
de/oend.r o LAe accurncy of Che olala,

ostbeon (VD

L6
/€¢n.é- dcf c'c.c'encq (ccm /‘c‘naed)
4 J

7 Ae Miuraum- novm solubion fo o

vank- d‘ef'u'zn ¢ Cneav least

f-rob(em s Jc'ven 5\7.‘ e
x = VETUTb
where .
2 = d‘hj(é‘;)‘é)"'aéj o, ...,o)

Nole: ywe do net neeol lo Cow,uf'c U,
on9 75 -

/Vofé d/&‘o: :
e /o.reado-c'nvme "fﬁ s Jc‘ven 6]
At ystuT

Ke comolibiomn number 7‘ A (\ﬁv {he
Z-No-rm) s Je‘ven bj

1 (A) = 57/0:;
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S ammc{/ﬁr dineav Leasé J_},y aves
m _ct"lod cost ¢n f (o/ns

'ﬂOfMO( %0&6“3 Etm-n + an

g
gﬂﬁcﬁ:rim&;n mnt - -§'-n3
Sv>d mn® + _gns

A possible slyraleqy for copin
vvc/‘odf Ae So05s cb .‘%fy! : m;z
rank- dyu‘u'c ney €s:

L compule gﬂﬁctorc'zaa&n J}ﬂ

2. eslimale conclition number o/ R

£ R s nol lio ill-conelibioneol, Qen:

3. solve 6\, medody Qk—fncfarc'taﬁ'on

ollevwese .

4. solve é] me Kool ufd‘v.b (we ml
nesol 4 cCompule SVD o/ R)

See VAQ routine Fosugr

pe

Modf’)g/c'n f ma G vﬁc lovizalions
/n solving Ax=b,
Ke cost ?/ﬁc(‘ofc‘u‘n] /A s @(n’)‘
(Ae &ab:ezucnf' cos & ?f Com’uf‘ c'v aC
' ¢S O(n‘).
H we wish Lo solve Jor a new
rAs, Ax’= b, vie oo ol need

lo vepeal (Ae cloviza tion; (e
ex(‘r{ cosé s ﬁ@(n“ :

S ose we mahe a small’ change
“rp 9

A: en cevloin cases we cen
moolfy Xe ﬁct"o-m'za(‘cbn y‘ ~
afl'a/‘yC‘o.‘rf‘ O(nz), .9

ada&hj a roww (or de(ch‘vv)
aJJu:y a column (owr a‘oleh'ng)

rvonk- / c&ach :

A « /9+xy"

Ars A+taxxT (memef'n'c)



fxam}p/e: “f"é'a"j C‘o/c.sﬁy
¢¢'von: A= LL 4
| A= A+rxx”

~ T

&f‘nc‘: 2' suck HHa b i-‘-‘ L L .

Solulion: conyo“f'e orﬂnJonal 9 such Hat
[Lix]@ -[Z 0]

l"en £4r+ac.xr= [L ::][L:]

%

‘[Lix]ogT[4]
[Zi)[L7

O

Fy

~ e T

s LA

(? ¢s formed as a product of n
f(anfﬂfwaéns, Pd'uf' we oo nel

neesd {t rm explic.tly ,
ahj ncoeffb Cv?i/out/:t 29

LINEAR ALGEBRA 2:

EIGENVALUE PROBLEMS

This lecture will concentrate on methods
for dense matrices: see Linear Algebra 3
for sparse matrices.

74
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S['ano(a.-rd &‘/Q enyaica /Oroé/em

Ao - Ax X #0
e M- algorilhrm. (s Ke besé

m.txodﬁr" cow\/ouk'h all Xe
gqenvealues # o m‘Z(‘n‘x Zab s

nol (oo (ave.:
A= QR
A s R - A

SAKs are c‘ﬂtof?omﬁa{ lo a.ccc(em('é

(e convergence ‘# Q. fo an ecpen -
va&e:

A-acl = QR
A's RQ+aI QAP

ﬂr cccency, (Ae PR algon m o5
aﬂaz a/ﬁz 7 Aas éee\z reoluceol (o

o. Cmo(enjec(‘form (ﬁ'w&yma( //wenée?).

Ty
Ja

\S:/qmmefn'c Lcc\/q envalue /oflem

Aence Al

AQ = ON
A = dc'cy (A,, ...,;\,‘) - eyen‘va[ues

~ ujcn veclors

@ ¢s o-rt':(::j onal

el
N

or QA ®

e{? en values a(wy: well- conoleovad
Ofdojmo( fmn{}@rma.&éus = numerical
Sé-éc:&\l‘),

Qf- llm (w«:&’ J@Q‘.r) s globally anel
' aér m/octfﬁ c—n{ev EZA‘

/Da.rdsdl‘ (/7«?0). 7HAe gt/mmet"‘n'c Ebenva&u.

Problew



G.

—)lé—@a

— | @,

&, |—

@:@:A @a. @6 = A

75 comput - .
© Compule a /w Jeleeleol e:lqenvecfav:.

. <. . ]
tse enverse ¢(lerabion

choose x,

Com/oute ax, 9 J’o(w.'v (ﬂ-lr)x,sxo
f’esl‘ x, ﬁr a.ccyo!‘ab'c(-l}

(uuuu X, 5 acceplable: if (& an‘é
& may be best Co choose’a nes x,)

/€ oloes nel matller Mol A-AL 3
exlreme cU- conolilionedl: we are
mjy onberes leol cn She olevec bron
of x,.

NG ﬁrac('c'cq( algorithms — anel
:Qt‘wure -}Qr enverse clevadion
con lacn ma.v f'-n.‘cAJ ole louls.
7Aere may be a boss ofert‘io anals
belween Om-)pu('ed et’enwcfavs



70 Cm/aufé a./a...r selecled g_&qenvnﬁau

wie bisecleiom combineo wilh
,;gecf'mm {pa'cc.'-nq:
7 v
F A-ocL =L DLT
Xen: neo. ?fec\.'jenva(uc.: 9‘/9 wihick

are < g = 7no. ?]‘ nvaf‘c've

o&i:.yona( elemen &5 # D .

J€

&nju(ar Value DCCOmz.po.rc'fcbn (SvD)

Skt

2= &;:7(0;,0;_ J_..,O;) - lhe .sb\tjub.r values
@ and P orﬁojona.(

Aence A = @ rz\ PT
(o]
- > <
o &AP- |[=
| Lo
m| A f = Q: :
/T :
lef& 7{7/“‘
sivul«r J‘c‘vyu(a.r
vecbors veclors

Ap.= 91,

g,29.>...20, 20

(a.::umc)ﬁr il s bratboom, m }n)

(g/fen. m >> n)
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Asseccaled Lric ec alu :
e symmelric elyenvalue problems: Preliminary QU-faclorization s

espece advanlagems F m>n:
n|l AT Al=1PrP Y" P’ albs a& v /
R
i‘
...... - : | : ]
= . ) !
mlAalla|-]8 | g | i 4 ; < J
BRTY ; | I :
s \ b :
m 0O EA | alse u:'e//w( 9{ we cam Cake aa(va-nt"a(?e
e eee e E___. 7‘ a7 J}ocu‘a{ stmclave in A (9.3.
n AT ) O hnalulne::), or ..f A < Jenemf’u{ ona
i ' : ' : row af a &ime,
' ' ' T "' SN -
_ 'T:i 'E"—‘g'l: --z-—:----:.- .f? :,--_ /f A*Qa[gﬁ anel U=Qb2P_,
Dbl = [T AP -
TN TR P | IR .75.?;_,.."_‘ ]
' \ 1 i° ® ' o

e E)”



/

Un.s't/mmet‘nc é.cqenv'aéu. /ol lem

ScAurJQc/'onza&'on
A = QUE”
oo G"AGQ - U
v  AG-0QU

U s upper f'ni:vu/ar
@ & am'fafy -~ Schur veclors

et:'jen values ave <,

é{ " s real, Hea in real avt e bie :
A - QUG

U o blck ugper ("n'av;}uda.f .
@ ¢S offz?jcmal
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Llock ©pper Ve ﬂ'aryu(af jérm

7, A

e o
/ / o v
&/-@-/ block - real cf‘]envcs&te

2—{7- 2 block : Can//e)c Crlvytya.fé /uu’r o/

&:‘7”\ values

N
& |—

N

@:@.:A @a. @b = U



‘/Zaojenvcc['ors of A are wanled,
C‘m/au[é u\?envecf’or: ?f 74 éj

éac“fué&‘hfu&én :

(‘mm- awc‘fav‘t/ (’mn{;&ma,d'éws ,’)

and Zen

UX = XN\

AGX) =(@XIN
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/nvaviant Subspaces
7

:@1

]
:6-‘

A G0,

A @,

1
D

e coluwmns of Q, ﬁm an ovloncrmal
bases 7{ lAe invariant J‘utﬂr/oacc |
Corrcsyoma&'ry lo {Aose ec"j envalues
which lLe on Ehe dc’ajona( ?f Uy

Hence we need (5 be able lo re-oveler

the fcﬁarﬁc&"m‘za&én, lo bn‘nj
Lhe rc;wlrca( e&\'?en\/a&tcs w0 lo e Lop

?[dc a(c'ctyma[ % U



Ke-ovdering Lhe J’cﬁurﬁcﬂrizaﬁén
v,

mus . mainlacn upper t"n}amjw(ar

form of U
can be done 6\7 Mf'avy fhn.ycmafcbh_‘

Algorillm EXCHIG (Stewart, 1976)

1 ®

Nl

s '
Vet o e w P

h|

i &

. .

a i

o
]

O e o

[%

i

SU[VCS[&V

eoualio
ylvester eguation

A X

_xls

QUE”)x - X(RVR") = ¢
U(G"XR)-(@"xR)V = @"CRr

ws&_szN]:E

Ais com be solved éj back- substelulion
/omw.‘a(:.a( Lot {J and V Aave o
c«."?envaéue: v Commwion. (é’arte(s s Slewart 197.2:

(Buf' a‘/ﬁxf'er a—{ﬁofi&m ¢S /poJ‘J‘c'J/c
in whick A o m\ly reduced Lo appey
/%:Jvnéey /Cm : ( Golud, Nash» Van loan, /?79))



47

2 educkom fé___ block- cﬁfaoqma 4 uﬁm
TePuCTES 7ion- anc‘/ay J'mmﬁ-rma.tiéns

Al -0

F UX=XV=-C
of e elements of X ave (ave, e
(‘mn;rjcmad'én ¢ t‘([-CmdclLt'ma(.

Bavely anel Stewart (/779) Compule Y

h

suck Lot U.t:
Yiuy =| Y

U

rr
\ C Y

wilh the blocks as smoll as /ao.r.u‘éfn.
/onn'aiaf lat Y o5 nel o0 ol condelconed
T/u.rﬁm can be u.s?f;.( ]@r cm/aut'inj

junchom 7[ malnces.

48

Conclition Numbers

f A s a .ri:u/a/e coye.nvaéte. 9- A,
anth A X% = Aac.
anel ‘ynﬁ * ;\j” (ovr A"}, =-jj)

Llen
Ty ll li=<])
ondd (A) = 21
o) | y*x]

lAis ¢s envariant wnder ani (‘avy ['mn.s"ﬁrm-
alions, So can be Cm-/ou("u(JC—m U n He
Sechur ﬁcf’or;’:@&'én c‘f A .

 U=(Uy w Ua) solve
= A v (UII A)S -
Us (thy- A &= -y

1
o

acn. = = , s ~ 3 . o\
t
se Conel O) s v (/ + s”s)(/ + l'”é)
/qt/]oﬂ‘dm CONDIT: Chan, Fellman » favllt (1977)




S en:il‘dvc‘t"‘] g‘ invariant .raé.s}oaccs:

and T is e lincar a;oem(ér aéfma[
by T(X) = Uy X=Xy

Llen e Jen.rc'z"ivf/y 7’ e subspace
J)oannea.’ 5 L calurans $ @, s

T = i
” " ‘gﬂ ((jlh Ull)
H# U, reduces Co a sengle al‘]envaéxe A,

RENICURERIE
Len cond(x) = ||B-AL)?

Aow lo Cr»?a/é or eslimale LEes

%a‘w f& ?
ﬁ(fcrnah'v*ej, wse cleratlive nfnemenl’:
ﬁ{yonﬂm SICEDR : @o‘njarm (/9?2)

Generalized £ ¢genvealue Problem

Ax = ABx, x#o

mt‘n'x/ocncé( A“)g
| (a.ﬂ‘umn. ﬁam{ 8 J‘Zuan)

é_f 8B s nm-.n‘vué:.r,
Jeneval zeo /ond'/em s Leore (‘c.‘ca[?
%«Zvaéné lo He slanclard /ambém
B Ax=Ax
el Com/auétw‘:? B A cs:
undescrable of B is l-comelibionect
c‘-m/oossc.‘é le % 8 &h\}u/a'r.
\
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fanerad'zea{ /oroélcm welk .rc‘njw(a.r B.
o‘yenva»éccs may de infincle
- (Hese correspond lo gevo e‘venva&te:
y 7‘ ﬁ./onﬁcm/uﬁx '-'3.::.)

exr

evcnvn&e: ey be wna[e,éma(
(e9. of Ax=0 and Bxz0 fv
Some X #0, llan Ax = A Bx
JGr el volues 75 A)
in Jeneral HAes /fa,o/oen: t/
det (A-X8) = 0 (for all D),
Suck /ocnu.'ls are callecl Singulor

Vﬂf dc rnom:n!‘ ossume /9-2.8 s
n?u.la.r

S

Sclmmcf'nc éﬁm(’e. generalized pmb(ems

< .
A andl B .‘l‘/mmef“n‘c

B /oo.rc'h'vc- d%m e
(ana( nol loo
WU~ cmecli tioneel )

3 non- .r::vyu.(ar X such that
X'AX = a(c'?j(ot,,w‘,...,a(n)}
XEX = dag (B 0
' A“. s “i//ﬁ (TCG()

but X ¢ no ofdo‘jma.l.

So

Cannot preserve :ﬂm’“et‘%l amol wse
orfioJona.l f'mn.%rma.{'c'ons



K o

Aeduce J"ym melbne -#m‘fé Jencra.&'zeoﬁ

Unsymmebsne ;encra&‘zcd Ligenvalue Problem
/p-rablcms lo .ymm&fnt slandavel v v

o blews Jenera(a‘zeu( Jehur — or Slewaré- jcc('m‘zad'&n
A =@uzj}
/. K B-= vV (Cﬁo/c&%yﬁc[&rczadcm) B8 =@QvZ
Azx= ABx Q’AzZ - Ui
1 (Etseack, vAg g6z - Vv
CAUYUx)= A(Ux)  Grawford, 73 AZ - QU)
] ' o BZ - QV)

J MY oy e
) r, ‘ : ane are upper n'avlt]u ar
2 éf B - @A@ G'\'fc“va'(u“ ard “J envechr: G ot Z are M‘fay
Ax « ANBx e{yenvqﬁ-‘cs are “'.;i/V.'i.

)
@'§AGL* ) digx) - A(a%9%)

_/)(/9 avwd B are red denmrco(a—néfmﬁc
A:QuzT

C y Ay | 8+« Qv
Goll mellocls are czm‘va-(cnf' (o frrmvy .4 ‘;9 U s block upper f""-h:']“(“
ard involve rom- dr!:\."o‘]ma( [hy%mabn_y V s apper (’nhvu{af

7 A — &Kt a] work gamcl Z are mem(



QZalgorithm (Mot and Stewart, 1972)"
C’a»)oul‘a,&c‘ms assoccaleol will @Z—a{?ovia{m

A | 8 anol Ae Jenem&.‘zcd fdar\ﬁcfan'zaﬁén:
@” . ' l / éa[ana'n} e on;yc.'m( /onf/ewj. ( S
a J b cm/orove a.ccwrlty 7( Cmfu&'c( eyen\m&cs)
] (Wa.ru[ 1921)
\, : 2. m-grden:-n? (@ wm'('a.-y Z'mn.sformaﬁ&ns)
” [ /q{jorldm EXC//QZ (\/an -Doo-ren) 1982)
@5 — \L I — ZA
N 3. Cms)puéi\] orionovrmal dases ﬁr .

\I \I | dzﬁ(a_ﬁﬁy .m&;pag_es (nex(' .rd'ole)

4 So(vc‘r:y &occa c—{‘j/oe. %aod'qns
(Van Dooren, /981(2)

& | —

- ' S .rf‘a.éé. reducton of /oroé(ems b
w \I mnﬁm.b&: frm €g. gene eyalizeo!
Y - - Sylvester egmalion (£p bon, /9?0)
Q88AZz2 = U AXD = EXB = C

QGGBZ,Z. = V




D ef/aé‘fng JSudspaces

A /o-a&'memiml ,md.yace U s a

a(a/(a»d'ry Sauds, ace\}@r A-28 f
: dim (ﬁU'&"BU) </:>

]
]

; Ui Ua
A | |ziz] - |sie] W2
'= ' n
E. E Vil Via
B zl':zl = Ql;@! v

1]
L4
.

AZ, = QU,

Bz, = G, Vi
7he colurns of Z, ﬁm a bascs fr a
dy‘fad'{:tj J‘u&r/oace ?f A-A8 since
dy are mapped @ bl A and 8
enle e space J)oamv\eo( é] HKe columns

f G-

57

Sér:/qru(ar (or admost .rc‘:;ajqu(ar) Fenedds

Hf A-AB s Sirya[ar, Len in e

Jenera&‘zea( Sclurﬁcforéza.ﬁén we
wodd fave in exact amlimetic:

z O

Aence A( au/ ) ¢S wna(::){c‘nccf,

Numeﬂica@, 9‘/4-;\3 s almosé
.!‘én(yular, Hen en Ke resulls ?f e
gz a@on'ﬂm we Aave:

w,; and U, bobh very Small

a.. = U'.

Wihen Aes Aa/o/oens, lhe olev ralios

%G/ %i

(Mam.sm /9?9) '

can assume arbilravy values
vV
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/quon'amfc /n'ncd/o(e.r:
/. wuse cm.j or‘a?jyo‘na( (or umég)

/f‘mn% rmadions

2. ayo/oj fmn%rma&én.r é‘"o

onginal olalo
U

3. /ofe.rerve .S‘Z"mcf"ure y f‘l{e
/oroblem

lo be observed as ]C.ra.s /ooarc'blc

LINEAR ALGEBRA 3:

SPARSE PROBLEMS

for linear equations and eigenvalue
problems

£C



&1

Sparse Systems of Linear Louelivns
=L 4 0 L’

« Divect methoes

s use EFrianqular ﬁcfbriz@&ém, bhie melhacl
ﬁr de‘:ue 4'7.5 [ém:

- non-zevo elemenls of A and of cts
t'ﬂ'd.nju(ar ]Gctor: are sloveol
explicctly “¢n elabornle olalea
sructlives

cwant b minimcze fﬂ-:‘n

-Tleralive methoels
- ack wser o Cowyou"c ﬁy ﬁr Jc’ven g

(or By where B s a malnx eleviveol
Jrom A)

« wanl lo minimize namber 3}‘ c‘/'erafi.éns

_,D crect melhods w)‘;r _.g(mm ;ﬁﬂh '_po&'fg-ve -

cefinile .&y.rs’&w
for olenie mabnies, use the ﬁcﬁ»n‘zq&én
A=LL”

ﬁr sparse malnces, use
PAP =L LT

where 2 ¢t a /oermuf'aft'o'n ma o

chosen o as o "mc.‘nc‘mc':e"fd’-c‘n
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- . ‘1/. T . g — 3
Z"r(i?»l/ ¢ 2 /n_ r"mu/i (::\rz.s [1"ﬂw/4& /- C/cicn /E M ey 2 /Sccmc{wcf‘(iz

"
Figmrs 1.1.)  Nonzcro pattern of & 35 by 35 matrin A.
. [ eee - . Figere L.L.3  The structure of A°. & symmetric permutation of ihe matris, 4
i P whase structure is shown in Figure 1.1.}.
A [ e, ‘
.. '::. .. LE R ] »
a8 (Y -:: t.
s N * e o tee '
. saw - : '- '::. 0.
. e b ’ - LX X >
» e L] L] . L]
99 L] ] . L] -s .
. bl . [ ] " ses »
L] L X 1] L ] ] aaa L]
- ssw »
- .e L ]
- e L]
- LE X ] L]
- LA N ] L ]
L ] sew L]
- -h L]
L ] LE ) -
] - aes L ]
v - LL X ] L]
B - - e *
H - .o -
H . .. .
. . ces L]
4 L] L 2 ] -
.'. L] “aew -
o k & ase
i L] oo
' L ] L2 L]
i \ . e
: Figws 1.12  Nonzero patiern of the Cholesky facior L for the maizix whose
o siruciuse is shown in Figure 1.1.1.
L:‘ . ( 3 Figwee 1.1.4  The struciure of L', the Cholesky factor of A", whose druciure
L is shown in Figure 1.1.1.
-
W

Stdsssasbone
St s




— -3 L
t&'("‘l/f" d / C‘AC‘JC!L /L‘ P e e -/1/(—1,1.

8 Sec. 1.1 Cholesky's Method and the Ordering Problem

¢ fealures fa. .Vaf.fe malrx coole

Figure 1.1.5  The structure of 4", 2 symmetric permutation of the matrix A
whose structure is shown in Figure 1.1.1. \
[ L] . -

L3

Figure 1..6  The siructure of L"

. the Chalesky factor of A" whose structure
is shown tn Figure 1.1.5. :
-

ooooo
-----
-----

ooooooooooo
------------
-------------

6t
(}Qr o olirect medoa[):

Plase Fealures

PANALYSE . Tnn%r dalo. & inlernal
dala sliruclures

s Delermine Jood f:ivof'a,‘

seguence
. /’re/oa.re dalo slructures
Sor laler /ola.les

FACTORIZE -+ 7ransfer new namerical oala
lo cnlernel dala slruclures

. F&cféw‘ze, @iecw fre-dtﬂf-
mineel /oivol'al Seguence

s Momilor stobibily, of

neces.rar:j

SoLVE « /9, ermulalions
az&fward and beck-
wardl Jubsliluliomns Co

new n"yll‘ Aanol seole
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Deévect mebhods J-ﬁr gmr@me['ﬁc*.sy.r/éms
_for dense ma bnices, use lhe ﬁ.t lorizalion
PA = LU
where P o5 a /oermul"a.aén malax chosen

lo macnlacn numerical :fabbﬁ{'y

fr sparse maf'n'ce:, use
P/‘)(g =L U

where P and @ are /oemuf'a.hbn
| mt‘n‘ces. chosen so as (o:

i ) 0 . » . .
| o minimize fil-in

o meainlain numerical sl‘a.é'e(d}

( n prac bice use /Tarkowils cri(‘tﬂ‘oﬂ)

Jlence ANVALYSE aned FACTOR I ZE
/O'((Ues musé be combined

e
/?e'ft’nemen bs (which may be previeleo
as o/oh'on.l cn Jood. J‘cf"wo.re)

A. /oermfe lo block ('n'andu.(q.rﬁvm

—— o —

m& e du':,onal blocks neeol hﬁcﬁn'teof

8. swilch fiﬁ((—ma-f’-rix cocdle when -

reducedd walrix ¢ Tuffictent
olense ﬂ \‘7

C. we o 'a(n/o Colevance': sel elements
of L and U (o zeve f &A are
less (Lan o lhreshdlld “value! Thcs
Cves an roxcmale fué gparser,
J ctbn‘.ra.f:c: Then wie dh:{:h‘ve
refinement (6 gel accurale
TSl (Fton .



o7 8 7

fxar}o/c s of the 6en¢£l‘3~ of Téme for AmmLrse- FACTORIZE
Aese refinements: . (Crag-2, n=1176, densily . o1)
Jee | !
‘ Slorage r clors
Mole: we qgive Ja.sl‘oneﬂwmraé/e | . ge S f _____ .
3 ) reat i inleger

exam/o/e 7‘ each. 7re aclual
benejfc'l':s vary fnm one sparse

ma lnx lo anolher

A. (7!= &22, den.n'fy .OO?)

7 cme
(.I’ec)

Block & n'mlju[ar izalon .25
ANBLYSE-FACTORIZE aflsy

block ('n'an'yu(arc'zad'én 9%
PNVALYSE-FACTORIZE ynllout

block & rian‘]u(arc'zad'é'n [.76
(450 blocks, [avesl' block of eveler 21v) . 'z b .6 ¢ s.0

densily for swiled &5
fu‘};( malrix code
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| C. 7eme for /?/VAZ YSE-FACTORIZE
; em ﬁ el .S'oz.vé'g _____ g Sgar.g:_ Ec\‘?enva&cc Pro blems
Stovage far faclors mmrm ~ &pplying unilary Lransformalions

waouwld cause a ./a.rje amount ojf

\M‘ “n

mgﬁ, el wanl, or dbe able, lo
slove (Xe nm-zeve elements o]‘ A

e.x/olc'cc‘t‘ﬁz
- may anﬁ, want lo c:nn/oa(‘e a.jQw
et?emraétes, /oo&rc‘é\{y welh Llecv

Jec

ef;‘yenvec lors.

fience, neeel /ad'é alz{/erent" a&ofc'dms

~ N
1 [
1 T TP T T . T Y T, v . v . |
ﬁ:‘ Y R N ——
~f -
=]
-oqt'—w y
A Sailure & converge A~

4 Do molt need eX/o&'c.il' access &> non-zeve
© 10~* 102 o.o8
ash user Clo Com/ou.f'c. Iqx )gv ji\ren x .
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We shall oliscass _('wo {'7 es ?C
a‘[joridm er .s‘}(mmetn'c /oroﬁ/cm.s

Semullanesus clevabion:

_ﬁrﬂna&‘v o Hew ‘a]-r e &ve:[‘
ajenva(ues (in absotute \mduc) and ecr

ec‘.‘yenvecf'ovs
- well wnderslood
- 5‘9&" ware avaclable

Lanczos mellodls

- f'e.‘na(.r' exlreme ujenva&u f‘rs b,
Can be wsed tafm( al ecjenvaé«es

- /,o(énl'c‘ae/ much /-C.r/e‘r Lan scmullonedn:

tlevralion

- devc(-:;oment" f‘jooo( Jeneﬂ( /our/oo.re
a{?a-v:udm: s sl a..l‘u@'ect‘ 9[ reJeaveh

- Jg-t"wa.ve rnol so ea..ri\9 accesschle

74
Simullaneous (loralion
F U o a p-dimensional Subspace y-ﬁ‘
U, AV, AU, AU ...
Cmt.veryes le Ke o-dhmensional invanant
Subsoace C‘orre.?omaﬂ‘z/ b S P /m‘fje.rt"
ayenva&es (under sucledle conditions)

(va-/oa.re Le vty mellool ;.
o V 5 an aréc'f'my veclov,

v, Av, A, A, ..
Convevges lo e e«,\yenvecfw Corvesp -
cmcﬁ‘ﬂj b & éfjest‘ ec.(‘yenva.énc (umele:
suilabl conolitioms))



Power mellod .

N/

v

2

C‘cmveryencc ﬁcf'o v
(A

v
l
= Av,

/A

Basce .rués/oace.

clevalion:

”,

Y

X
] 4.‘——

t s G

Can V67 ence

I

H e !

o

AV,

9: (X’Q

Ay

ﬁC(aY:

IA/.'H‘I /AP '

ehere [N} >0, ]2 .. 12 bd P Y

75

\

'e :

i

S’aé?oa.ce clevalion weX

Loylecgh Rilz pirocedure :
[V (74 /7

y
Y
A
A,
e IV

Q"
A |le

76
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Aence

[ - N

(CM/OGY'C /ﬁyéfj,t %aof‘«'enf 8=vAv
whick minimases [|Av-8v )

The Rtz values and Rolz veclovs ave

tn a Cerlain Sense (He /e{t" a/o/oroxim-

allons Lo P 6‘(7”‘""‘““ and e.cjenve_c&rs
‘ fvm L J’ué:/oaa /qU

) )

50, 6" % A,

we & cmvcvence ﬁcf'of IA/"“/AJ,
and Eb Pclz veclor Comverges lo

O]

e ec\'jenvecf'or.

7%

APractical a\ljmdm cnclucle many
‘r‘%"nemenh , €.
- lo veoluce cost a]( /ea\j/(ec&ﬂ-lgc.fz
/orocea(ure

- lo accelevale Convergence

and 5o on
RITZIT : (Rulishauser, 1970) in Algot 60

EAI2 : (Harwel)
SIrirz: (Wikolai, 1979)
FO2FTF: (WAG, Mark Il)

in Forbran



Lanczos melhods

work wilh a seguence 7f J‘u&r/oaces

of c’nc.rca.u‘nj elimenscon :
K, = {g}

- {g, Az}

- {g. 43 A%}

&

(Kﬂ%(ov .ruﬁa)oaces)
We needd an orllonormal bases 7f
each K, ; F we ordvma&.:re
2 /9;, /‘?;g e
we oblacn @, suck at
BTAQ. s briolisonal (= T;)
Aence /?y/u“]/(-/ﬂ?'z froaclere cox

€Comentccal .

en naluval ora(er,

77

¥C

Lasic cleralion:

/. c‘om/oa('e @‘. and 7
(see next J(c'a(e)

2. Cm/aufé ajenvwcs and Etyenvecé‘csm
o/-‘-' 7 :

[ A

7, = S, (-965‘:'
3 c:'o,m/aué’é Rtz veclors
Y. = (9;5;

4 L'éxt“ﬁr Ccmvcvence

/njﬁct‘ Rebz veclors needd mel be
Cmn/ouc'aa[ al each (levalion 6e!caa-s‘e

a.ccu.nyé# Alz /Ocu."r (%'y-l) s
5£ven j
© 9“) Oy _ IS(°)|
I ﬂyj" jj,'" = /3 ij



| 7/
lo com/aut“c Q anel 7: wse S-Levrm
récurrence

Ac'fl z«:u = /qzc - o }s‘ -A 2“"'

}‘.r/‘] 2.

and 4 S a -nomaé'zdv ﬁcfbr.

wihere a(': =

(1 o, £,
nigz 23 7;= ﬁ"“&ﬁa
|
|

@3 ) ﬂa “3

\

i
i
[]
*
\ ' /

(/1(3. il s essential & Co-m/ufé s

recurrence n a Slable manner)

§2
In expcl arnnllmelic e levalion

lerminales when ﬁ‘-ﬁ = 0 welh
A (9; = ‘9& 7:.

In ﬁnlf’c- precision anlhmetic:

- Com/oa.t"eal guan bilies oleviale markedg
from {Reorele Ca.l values
J}' lose ortio Joma {'7

gt
hes stars & Aa/a/aen le" wihen a

Ritz oY (ﬁd,yd)
an c:‘?en/oacr 7( A
{f we ca.rrj on, new Kbz /amfs emevge

. cont VC.‘:?QS f?:

whcek conve}rje lo e Same eyen/oacf‘
o-f A.

Um(efs("anaﬁ‘::aj 5%
dur & /Oa‘cye :

a»((]ov'i/z,n Ny | é?"?



&)

Practical Lanczos a\t,joridms:

(Comp/ef'e. re-orﬁojenafézaﬁbn : enJures
I

Hat {34} are a(wa:)rs ordvma/,-
%ec,h‘vc, Hu vevy eayoen.rc’ve)

selective m-affi?;rmclt'za bLon: occa:c.'m%
(when ?) ‘r‘c-ordvmaﬁzc Linr aJau‘n.r('
selecleol Rtz veclors (which ?) ),
effective, can become expensive for
several ef‘yenvafuu, ma.(fc/'o(e u(‘yenv'aéue:
nol electeo] (Parbll and Seolt, 1979)

b(oc/c Z anczes: éa..rc'c recurrence WO'N’CS

well a block of p orldonormal \(cct"ors.-
Gers B = AG. - QA - Q.87
.S'ah‘%c(a\y Sor ee\'yenva-(uc:, wiethA
m(h}a&'u'{'y < p; can be combined
wilh selecbive Ordojonalc'zaﬁén.

84
(farlell and Recal (/??I): éee/o o. recovey

y inlervals on e veal line weltom
whick e«.‘yenva-(ues of A are known
lo lie, and adew/o(' lo 'rcjﬁne e,
al eack clevaliom; %‘a'enl‘ ('no
rc-ovdoJono.(iza,_ld'én, no Comoulalion
?‘ ec(?envalue: 9— 7:), Gl Canne &
chlect m«.(f‘c)o&‘a\?} 7’ any &JG"\V&&AQ
(£415, Harweld )

— =} — = H
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xS

SLpa.r.re SvD

/7/0/0‘7 Lanczes melhodd (o [ zrg]

bh'nj aa(vanl‘aje 9‘ J;pea.'al struclure
7 Acs Jc'e(als f'-n‘a&'ajdnal malbrices T

whick Aave Jere a&'a{lqmals.
COM/out‘c.'v‘tj 743 ujenva&ces and e(t.']envecfat
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