Y t-m‘ i I T T N B L ANt oa gk L T TR PR AN Y l”t
SNy & VPN S AL 05 L AT N A L HEC LN T AN UL U AT, QI A NTAA T TON

INTERNATIONAL CENTRIEE FOR TIHHRORKTICAL PIHYSIOS

FHTOU PR TESTTE G0eALY ) - 10 1L BHG - MIHAMANE - RTHATIA COHTIERA 11 - TRUSTHONE TI4U-4
CARLE: CENTHRATOM - TELEX 4o00mz -1

SECOND SCHOOL ON ABVANCED TECHNIQUES
IN COMPUTATIONAL PHYSTCS
(18 January - 12 February 1988)

LMR 282/ 12

FINITE ELEMENTS FOR PDE (51.IDES)

S.50CCT
[BM/ECSEC, Rome, ltaly



Finite Elements for Partial
Differential Equations: an
Introductory Survey

Sauro SUCCH

IBM/ECSEC European Center for Scientific - Engineering

Computing

Via del Giorgione 159, 00147 Rome {Italy)

Lecture Notes delivered at ihe I School on Advanced
LU 18

rechniques in Computational Physics, iCTP
Jan-12 Feb. 1968

Contents

Basic Theory

v Geometrical Approximation

?  Piecewise Polynomial Approximation
® \Variationat t-ri.ciples and Weak Form
*  Convergence |

*  Boundary Conditions

Appiica!ion_g

® Linear One-dimensional (Sturm Liouville)

® Linear fwo-dimensional Time-dependent
(Fokker-Planck)

®  Nonlinear Two-dimensional Time-dependent

{Navier-3iiokas)



e LV VY . JURNIL DS LATNSION

'HE FLOE P'Loblm

) wat t m tr
zimple  geomelry

@ i>wu};|e 9 olpunbor (_AlJ = cowd. )
ﬁ)ua> VA= £ m aeR .
L '} & Lo ' u“*u” :{ L
5:":1 DiSson < +
u(c;,:u,(t)z o __.'Ii .
-LGD'"'E AU v M e = m I CR

b global basis fumctions

i <C?fm,l®l(b >u:= <§lf >

81\.4\\; u:\': {'

»n

Algebmc

Sol\le @-hh‘v amd %.l:k' ’u::

CLLVE ON A ColtPuTER <=3 BRING M ALGEBRALC FOR“}

N
As N—> o U > EXALT



RTHOLORALYVTY ¢

b
44,7 = [qmgei = d -

e f—l{umutiou yaagh oscdllate l

u' ™ "er - -

SKIE PRI N I N

Ty o rcsu%:

» Yood onlj iﬁ N s swmall ( pectasbative

R Li!‘MTEcl siu‘alc aCOfw.eiﬂa )

)

THE TINITE DIFFERENCE HETHOD

_ocal oercri ption, .

1 f—p_[\_”-: { Ty, X, I'”S
-~ DO

N fu,”::{u“uz-.---,n”k M &1

FD discrelization

W —> W, = w(z,)

" + u, A%

P e ey S
R~y n Ny a

o

- 4+ _
— — [\un: :(MI-I)

11 Ax? =
-
M W
D Ha)tr.‘ws ‘\4\ |
L —> Z Emn) Uy 4;\
" ‘\}
£ &
L 1 AN
ey [

N

e Y




A PlopIem Mk Wliodoowa
T T

Jesolve wwp‘wcﬁ’rk :\:-lll_f_ = AT <A %

Lesh, (_[udff(vtu’ = less of Accunoy
‘ o

u;\u'v“.n U -1 ) !
Lo SRR I N ) R TR L/ \ 2
e tmen PRSI L et ed
2 o
ov&f f

n-1 n neg

A setond \:rol,lm = Now- cmformal boumdcw'w

1
Rosuih |

ok

ITHE TIiNIE cLenevt mne jHobD

Toin both Locauity and GrorarTy -
LOBALITY : Voriatiomal D'r,inc(r;[es

‘n(,ttonaf : I(“) = {(z ("’Lr U, :uj,}f‘/‘ ) d’(dj (F )
A

I R TR S

(EL)

Qur,u‘m 2° orden Jtn‘vaﬁuu
Req,u;ws ow] i"_'"d;_%

72 Methon ( I 2 0)

¢TI




frons__{orm :

Pak,

Du - {

1)
ol Find we ’J{,B such 'fﬂcdf,_ﬁ,r

L,@(u,v);z v Qu-§> =;,

4

f uals +7 — Orthotjohd& tj

/[ 15

4
ﬂp U;_ .

— . F= :1’11,- _(
ﬁ/ -\\\\%u

oy ve
(w)

No DAL REPRE,
SRt RWEPRE.
vE . NN -0
w = Z_Ul\'l) M:Z'U'":\P(q'):
— h=y
T
. . FINITE ELey
/ (; 18
&) ] ° = SUPPRT oF
—_— 7 h
kl/(l)=4
" b4 ° 8ASIS
Fun (Tion)
L © elsew g
N . ,
‘N(TloNAL 5[: SPM {\ﬁ RAN an;u il
.,"HCE
. %tometl-'l-cg

a,t)‘arox'.moj,'éous ‘MAR(H TOGETHER l!

N —

« Functions |7



et

—_

TR s e v LY I\LlI\L)LN‘ﬂ'lU\\'

'1/ . / Ll/'a('l/)
R P 3 4
X, X Xy X, Xg
I = 5 .dde S _p O 4 ~

It

) 4 intervals —> 4% -3wy 7

j @: u,_{_qg‘m oo+ oo U;‘-’)S_(H—g
\ :
+ AN - ¢+
UI,S4 +,U,z(51+§z) +M3(S,+3) + ..
L V 3 —3 —
Moy (x)  + by  + Yg(x)

‘n the ihTU‘lV&E.

i

'.'f\?.oret(((\\ Yorm. . NoDAL

Prackical  Tupl. © ELENEWT




Loy A

'fL ' Aoz 2

ae MLCEWISE - woiAnis 1 pro

4 -
.".l,
———
L} V -—a—J
8 - e !
S S I
T L
Ko * » x
) E S 3 “ “r )16

)
wed> — Z_JL;L}/.(l)

L=l

EOGRMITE_ cveic : pe3

oy
/0-‘\ ) /’G—’
s _#
1 T T [ -
X4 Xl )‘5 X“ )(s—
(A Z

{w dr i .
HI(L/%;) ) VLA\E;(L)/‘

- | function deriugtive

| 4= ulx)]
we @ oaule)y
Vo= du LEEXY D

dx




COBIYL R GE L MESH CLUSTE RING

R

CR0LCTV srncfa j)

kool
f N L adx oo
I } . . - M . Bresteaw et af / Numerical merhads for the Navier - Stokes ¢ mons

T
AVAY
T AT AVAVAV, V. o (-
RO
ATAYAY

173

i TAAYAYA
A

it avavys
G

WAV, #'%Iﬁ#é;e oy 3
FANAYA! "‘
'.é{%#{%.uv

P00 vvez
E

A ;!.-w ; \‘3"3" ’9:’ :
st gé’:jf {‘ g'#"'g.%s
‘ ﬁ%d:?;;éég%‘& '%1"‘?
WS Mt s g EAVAV]

H
Vre 1610, Adapted meshe, Criterion €, + G, M_=2; Re=106; a=10"

)
A
el "
L |
" i&l};}é [ & 43&'
nodes: 2646, clements: 5172,

. . vV AT AY)
. ‘;:-; 3-‘3-!,'&"?

AVA!

oo
F

is o 47pica| " lewsth

” 'S INDEPENDENT ON CLUSTEQINQ , -

() Nodes: 1797, clements: 3474, (L)

vanghed WIng critenion C,, an exceeded threshold of the vorucity generates finer clements in (e
YIiomis of the leading and trailing edges of the air intake After lwo successive enrichments, the
shinted mesh depicted by figs. 16.15h- 16.17h s obtained. The pressure and Mach contouss of
he Gl tomputed va the 1mtial coarse mesh are shown i fig. 16.18a. 16.19a.
M Lies of (he solutian on the refined mesh are presenicd in figs. 16.18b, 16.19
MOPTR ement of he quahity of pressure and Mach lines can be

while the same
b A significant
observed specially in the vicipdty

Bucleau of of (Ref. 4, P L) -




WU UNDVAKT (oNDITIONS

® Nu/furw,k
o Escentiof
j'(0)=“j'(1) = o NEU
X '3” + c](x)y o
j?::: : DIR ¢

-;: 1 4
Wy Ny oyt Lo
Y )__J“a - “J'H i} f“ax
NO  RESTRICTIOND oy 9 wte NEUNAW
> | |
ale) {loy - 3(1)3'(0 = 0 wh  DIRICHL.



ey e dUL VLN rnpCeEDUKE
= <

1 spon 7 TRIANGE T, NN
] . 4
4 ODAL - e = ’U..h' LPn(I)
n=i
- = :
n (a9 (tor g \uﬂ in  weak -Jonu- , amd ProJedI sys‘l’wd‘(mf%uu&
LA .
Aange fow_globel do local coovdingles, B e
ro- EN(S,1)+?-\1 )+, N.(5 +:— -N-(”-; EXTRA iy
PRI N :_q«_‘*f‘_'”_,“‘ Teen 2 <Y IDIE > = af, s
m=i
Y —» o0 Ny = 4-¢-
-: ‘ S 7 Live ottan rvn)ed’l'nu method, but :
F,— t 0 N1 = 3 My
F, = ol N; = '[
E' »> X4 N = q;? 4-— CxTRA-TeRn o 9"” is  SPARSE  but no oscillationy !
Matrix Elewents -
. .
b dd b
J' 4}1. L{j “y - JKH(%'[)---'“’?(H)@#J?
‘ T » Theoretical CGuverdnce  can  be achiad !
whaee T
2 A|13 anterop
T- - STRA-TERN

2All3 + :1“ (2A'Ut "Am); + 4(2A FA'")7|'

i34

L —— - - - J— —— e e —

€ C(oRRECTION is  SINPLE AND HIGHLY SYSTENAMC: |
HigHLY sysTEnmc:



L T T I B R

Co e WVILILAN

On aadk elewment Q. -

p e GLoBAL)TY Retgined ﬂrougjl
ﬂ+P=o

v atiowaf fﬂ.‘n&'fﬂ% (weak form.)

LL‘;I © Hep)(peay do {.

LocaLity Enswed bj dejfim't(ou!

U ok nodal and it noda |

(L_a%aam-ég )

M amd its deriy. ot wodal (l—lerm'fe )

/™

MAIN MERITS

-

—_—— e

w
1]
[
- .
-]
“reo
1]
w
»

Hamdle Diﬁ{wu‘ (depme,triv\

Systewatic  Formulation p Lcplementation.
=3 J.a.F. =6 (- -
N . " " L Bownda/u’ Condctions



PERFORMANCES DATA
APPLI (ATIONS

Performances in CPU seconds/step/iteration

All data refer to the use of one processor; and
(80 x 40) x (10 » 20} grid

e 1} IBM 4381 Direct - & 3
2) iBM 3090 Direct 204
J iIBM 3090/VF Direct : 1.37
4) iIBM 3090/VF terative . 067
ESSL

With the iterative solvers: | (. Rac‘{tef;, H.Vi‘tak‘ﬂi, Y. Rocht)

®* IWUCG , TLUCGN, TLUCGS, TLY GHRES

1o MILUCG . " y

Make use of _Indirect Adressing offered by the 3080 Vector
Facliity. '

<

ONNAAN SRS v, \l




Remepy ARTIFACIAL DIFFUSION

Maerow) Modu: b

“
—— ~ slow

‘L vo oAGER

=\ ﬂ/ . — e .
/' , — *
fok" . DANGER | OX
uu.pin3 (73 damaerous awodes
U.; ¢ 41 N 4 6 u“ et
b ’L_,l i "4'0' ooy o, . I
b | / Jmpung ,

f e !-ISkz: ’

N’

FLLUVLIHK NUVNHILKICHL T KUBLCTLD

veﬂhoo-k

s

Jve cion - L o> (-1 o1 1) > Tmagiuoy Eiqomglins

!;vb'bOlfC lhu'l[ul. 3

s!m's:on Relation s
D{w, k)

ol
€
I
e}
x .
n
O

I ke moder travel wilh tha gy Speed . No DIsPERSIOU
|SC|’QI£ usl;enuou. Relafm.

r—_ 1kAx
dlwk, Ax,at ) = j.(e -1)-cat (¢ -1)=0

he oJu‘J ‘omks _(Sal.'lecan Inual‘\'auag_-%:- DISPER Stol) = DISTok

IR

€ > t,




IRECT
TERATIVE

»TORAGE

PV

DNVERGENCE

SQULWV LIV

O ROV O

s el

/

- ®

1

DIRE CT
TP

e

0,011)\'-1{ -

L]

e Yy

L}

4

/( \ﬂr‘ljf",__ ¢

i TEC

T \
ra

MM,

NNy

.01 DIRECT
35,0001
3,000+
15,000 3
— |; —— Ne-t8e

== boed dhract
15,0084

15,0004

Y,
“Helt F 1M0e84
,

: ‘1’! 1‘ (N& " MY)
E XA > |
L T 35¢ HLch;

Use of 3080/XA (Extended Architecturs) up to 2 Gigabyte (VM)

T L T

B R S,

« il ‘&m > ‘.- AN

- tt{‘ P

=N
-

w ﬂ-ﬂ. ¥



EAFLICI 1 UK ey Cn . R CAFLICTL versus INIPLICTTE  Sschewea

I ook 2= BAt/A|  eonsidn
E'l ; | I I. -t e e
L€ _!!_‘.E_ F (xle)z | A+ QL(A-B)] LY aw
Small At but no matrix gl 0t Wt always . i-xe
wersion i A s dias ewal aadtiv  invtrsio o ..
{ ag " XP“C"& (9=°) : ' Impliat (
N Flay < 1om) (0 P
Mass Lonps ‘ \
b : -'_': N\ : -0
A-> D ‘oeBee . \ !
: A
| % :
' ) >
(g -1 o 1 x
ﬂ: Ph)tsuallj : STABLE (B<o) ) UNSTﬁBLE (B) o)
1

Che implict schome is  muchy bethx ( closea to e’")
“ham elPll‘C{t {or _(q_&ge x = gag A‘t.

Jo (ﬂM'o&UJ ulsi ction : &ﬁ&dﬂ < { -|

¥
~

r.

[

“e
% S o

“omiaen



FIPE DIETURCINLEINY

[ {m j ‘fn

——y (2 N }ormucl > dn’S§;P3+:ou
F— )
— e,
o ExPLICIT na M t
= {4/,_ CRAWK- N1CoLSON
4 imPLICT

lﬁfLWC Eq‘u.atio\u,
(A- Bato|f;,, - {A’fBAt(l-e)l. f = b,
A -x = b

A ne)

-1
J[hﬂ = (A-Bato) (A+ratire) 3(“ E P(e).)tw

n, N4

Ploy ~ exp(ABaAt)
L EXACLT  PROPAGATOR

FPROVEKIIED DY (HC YKLOYRUN vk

CONSISTENCY

n, A4
—> 4 w At —=o0

ACCURALY tor,
L8f = Fude -8 2 B,
T .
tun
e 0 I}Jt = -}“At
th

tas .
s [T f (etw1dt s Giduoat

STABILITY th Ty
” P“lnﬂ u < i

( COn‘fradin% rmxr )

EXALT WLl

€aey = NP1 5,



IHC LW, Ut FMULION

APPKOXIMATING SURSPACE

- wa L s 3 mda"ﬁ&“ =  Bilinean €.
N . oy _ g 2
A T I O
) ¢! | 4}( W)= Cﬁ{u)eiz(v)
oilt
Mj - f k{iq}d o \ &
s . .
Ly - fﬁ%.ﬁq{jt;ﬁ 4 J’a’%.ﬁ.%x}j do ﬁ”\'kf »-—E{,-_q, ;1
|
|
Tse e blow- fridiaggap . 1 o

N  §
—
;\

%\\\ "




The WEAk -ToRMOLATION
or any g€ XT , jfiud :F suck ok

(4] ‘bt]( +a;a?_> =0

pon in‘\ur_ LJ pwfs P
<9,%f > +ff>a'i’ﬁ ds - <?b%,}> = o

)
plicitely -

3(1:{);: f{t}%f + :5% (Ef+?-g{)idudu=o

0 ’j(rm) s positive de(:n{’re
o V mauwin oxly 2 souans - inleye., ""?(w":'mi)

Mo Dbt -

e Time DEPENDENCE (7,.40)

e Two-DIMENSIoNg U= (W)
o NON -~ SELYF- ADTJo INT |
The Coupit. Domosn, :'”l
'[ . -V
4 L
6 _aa
- v o % v,

:. E. M. Expansion,

Nl
F(u.mt) = Z—é(t) kP_’(u.«r)

Led

K antanoutch, )
SCUM. - (!t'(Ctth



I HE roK_KtK- FLANCKk TRuATIoN

i J _"1: | T - =3 = THE TokAMAK
‘ dt_‘(' + iy - -7 | T ./fj)[
4 ’:' Ma = ¢ T ,,\O
_- | Plaswo. (urnamt
Electric Field

_i-(:;'f;-_. - ‘:.\

_ DISTR 8. FupcTion
l?,?. . ADVE(TIowM

}’7.-‘1_{ . DIFFUSION

:;.l,Lr ‘.H W

Plaswa ( {0-005.040 k)

Doty

t+at b A At

. '
—_ ' .‘
l\\ . A v [‘.;/'/Aff " “'/{V
t A
o {

A o AE ;dc{eutm
A -

N N T

<
-

1_

?rodq(c boum& C‘filft/) 5 l “ .
To extrat their d.m.;’.r. : ruclec



Compare with  Ywre Dire =LY IM4U  PROCE DURE
{. CHoO03e THE APPRO X 11 AT INgG, SUBSPACE ;@
il + UNIFORM mesh 2e  CONSTRUCT THE MATRICES 1N | SPARSE | FoRMAT

P(x):Po ; o'(x\:clo

£D Lo J, 0
L4 1) «(F) .

L

FEM
29 TPy = (-1, 8, 1)

4 lpo.'u’c ;

Locar. Averaaine, !

I

Sode, W)Y = —ffi (4 A 1) (O,j., 0)“"@ 3. ASSEMBLE THE MATRICES ( spARSC — FuLL )
f.,‘-—) Ai.r-t
FEH b cl" > A(,L
>IJ = Pl} (Cfll'fw.d ) tl. —> A(‘i+|
FENR o 3 Fen 3 Fo
by £ Gy JZT Gy = JZ &iy 4. SOLVE THE AL (EBRA
x4 h/2 A)( ::b K= ALL)
EH ({1[1\ 'ﬂ(l\ j = FD { J ﬂ(x')y(x')dxnk
x- by Sinpson
. OUTPUT THE RESV(TS




X o

-4, b4
!.-'1:. ¢ b*i X
t, L-4

L, L

S
X
>"~§>< o

X; & X €X;

1y

Lot
tel4y

L

vl ie

COMSTRUCT HATRIX IV SPARSE Fortt : M'_} &?(‘E/dtt);’

Do i=14,N-{

L Do 3 (i)
d« d; + AR ERD
diy < dt‘u + Jliming)
ti-“'—— !;‘ + 'J(f.‘,l}l)

FRon NUM. INTEGR

T N B I B R A W A V)

( L o e e -~ @
d;y:'{eé“”ﬂm € (x) dx  ~, ) _¢© (%3) F(ch)@(\fo) W,
. Py ) J Tfr

NoDES WEiI4H

B!’At waué i on INTERUﬂLS

i °o i 3=(XL—X)/(X;-
3ed 1
_"H—O—-’_._*h_)
[ll = (X ’Xiy[ X;

Xi-! X Y.‘§|

i
0= 4 rd = 9002005 447 % (o

i
1 U-q)qfxa*'l)("'l)dz I (xa-x)



@=Q,,
/D\ﬂ""“m’
&)= g,
/?‘\(‘H"-
’(&\ = Qt,fﬂ
i I t PR
B, = j Cpwede = <p> :'-_K_i.l-; STIFENESS
— 1 '.—-.“
MATRIX - STRUGTORE TR‘DW*GON&L QGJ = J €.x q“‘ej("‘ dx = <9y :‘m"],i MAsS
¢ ? )
- i
3l \\\ (omputstional Holecule ‘}L 6( 6 &) )((x)dx + (Q'(S frg )(p {QJ) LoAD
N L b ®r
\\. ; — o 5””-"“ Prob(rTiCS
. T
L NN
.\Q\:\ L S )’ mm e.tl‘l} K:c Kiior
Ne
[ POSE‘HVQ, de. Fiﬂ % Fx‘u

’ SP-‘I-MQ.



STURM- LIQUVILLE

RiTz Method

yi= 1w oy

Piecewise Linerr ( “wat”, "cuapeau™)

d
////4 ~
€ (xy . 5 \\\\
xl—l X" oy
1 £ I"L,.'_ Lol e -~ ~ i 1 ‘I ‘__{_}f. )'

‘L




