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by a perturbation approach
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We present a third-order perturbation caleulation of line shapes in laser spectroscopy hined on the density

matrix formalism. The new feature of this theory is the inclusion of 1he Gaussian spatial structure ol the
beams. We study the linewidth as a fuaction of refasation and tra

net

d when the wane

times. A shift is

fronts are not flat, Generat line-shape formulas are piven as well as approximate formulas vialid in vanous

domains.

1. INTRODUCTION

Since Lamb’s first paper! 7 on gas lasers, a
number of lheories of the Lamb dip {or of the
saturated absorption line shape) have been de-
veloped. Each of these represents a new step
toward a realistic ealeulation of the actual lab-
oratory signal, Among other things, we now have
a better understanding of the influence of a sirong
fieid, of the time pulsations cor spatial moduiations
of the populations,® " of the way ecollisions® ! shift
the phase or change the velocity during the inter-
action, of the influence of ievel degeneracy, and
of the Zeeman effect.!>® For molecular systems
with long lifetimes. it was very soon recognized
that the line shape would be dominated by the
transit time of the molecules across the light
beam,*~?* [ntil now all detailed theories have
dealt with plane waves and ignored the transverse
geometry of the [aser beam; they are therefore
‘not applicable to the interesting low-pressure lim-
it, to which one is naturally led in the pursuit of
high resolution.

There are, in fact, several channels through
which the geometry of the laser beam can influence
the line shape:

(1) In the so-called free-flight regime, the mole-
cules see a lime-dependent field; thus the dura-
tion of cohereat interaction is jointly contrelled
by the radiative lifetime, by collisions, and by
the time of flight of the moiecules across the
beam.

{2) Even for high pressures or short lifetimes
there is a space-dependent saturation parameter
leading to a nonuniform saturation broadening.

(3} This space-dependent saturaticn will in turn
result in a deformation of the beam geometry
caused by differential absorption in the beam and
the transversely nonmiform index of refraction.
This last effect causes self-focusing or self-de-
focusing of the peam and induces asymmetry in
the ling.?*~ %

In this paner we shail consider only the problem
defined i {1}. Moreover, we limil gurselves here
Lo a perturbation approach in which Lamb’s third-
grder calculalion is extended lo Guaussian beams.
We shall pusipone to subsequent papers the exien-
sion of the theory to the strang-field case, whern
we will, in addition, include the recently resolved
recoil splitting, ™

First, we review the basic equations: the den-
sity matrix equations for the molecular iwoe-level
system: {Sec. 11 and Appendix A) and the electro-
magnetic equations for & Gaussian beam (Sec. 111
and Appendix B). Then (in Sec. IV} these equations
are solved for the case of [inear ahsorption spec~
truscopy. Section V develops the profile of the
population changes in spatial and veleeily ecor-
dinates. In Sec. VI we calculate the third-order
polarization to obtain the saturated-absorption
line shape. We present a plot uf the resorance
half-width as a function of the reiaxation rate,
and we also predict and stedy the shift which
arises from wave-front curvature. In Sec. VII
and Appendix C, a number of approximations are
used to oblain simplified forms for the line shape,
as well as useful asymptotic dependences uf the
line width and shift on lifetime and the beam ge-
ometry. The line-shape caiculation for a frequen-
cy-modulated laser is sketched in Sec. VII. For
future application to the question of the accuracy
of optical frequency standards, lhe second-order
Doppler effect is included in some of our formulas.

1L DENSITY-MATRIX EQUATIONS FOR
THEMOLECULAR SYSTEM

In this first paper we shall restrict ourselves
to classical trajectories for molecules. We shall
also assume, initially, thal our equationhs are
invariant under a Galilean transformation of the
courdinates. Of the relativistic etfects, the most
important to our knowledyge is the transverse Dop-
pler effect, which can be introduced later into
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where €, =1 and ¢, == 1. Corresponding equa-
tione hold in the moiecular frame.

These equationg can be directly solved numer-
ically using a predictor-corrector method such
as Hamming’s or a similar technigue designed to
handle such equaticns. Solutions obtained using
this technigue will be presented In a later paper.™

Here we will examine solutions based on series
expansionsa in ascending powers of the laser per-
turbation. This approach is naturally suggested
by the impiliclt nature of the equations (10} and
their integral form given in Appendix A, We take

=3 AP amd g, =3 o9, (17
el =1
where g refers to the order of the interacton and
18 even for x, and odd for p,,.
For each perturbation order there are a number
of Fourier components. This leads to the follow-
ing double series:

o= M = M:s

+
M A, e, a=a,b,
=y

+4

- .
LD i

1 =1 3pFlm g
{18)
where ns),, and gl8) ., ., are slowly varying fune-
tions of x, y, and z.
In the molecular frame we have the correspond-
ing expansions

ram Yol =3 3 i, explaiph(z’ o, ],

=gy Aw0 Fpu=-g
=), o4
-“— :Ow
UM Mﬁ\ bunh_nvb:
a=12p4l==yg

* exp[(2p + 1 ik(2’ +0, )] e 1w’
With these expansions, Eqs. (16) can be rewritten
for each perturhation order.
. ELECTROMAGNETIC EQUATIONS

In this paper we are interested in calculating
either an absorption coefficient for a light beam

(16b)

T

or a {luorescence signal from a molecular level,
Both quantities are proportional to the power ab-
sorbed from the light by the molecules. Introduc-
ing the eomplex Poynting vector

R=Ex mn\nto.

we can write the energy balance equation for the
volume V within the surface S as

<. & b (( BB BB
ol (EE BT

Re [ = OP*
-5 hm <4V, (20)

where complex representation of the vectors has
been used, &=RekE and so on.
The average power lost by the light is therefore

Re = ob*
Vo [ B @
which, for monochromatic light, becomes
o= [ E-Bray, (22)
v

The absorption coefficient for a field propagating
along the opticat axis z is defined by

LW

)
alw, £ Tt Tas &
HWHB_.H*.M.MHQ (23)

¢ [eE-Etdxay

We now use a scalar formulation in which the slec-
tric field is linearly polarized, and we assume the
rotating-wave approximation in which the polariza-
tion P is simply

P=2up}, ,

where
Pes= b. PP .

Multiplying the density mairix equations (10a)
and (10b) by $%w and subtracting, we verify that

240 BORDE, HALL, KUNASZ, AND HUMMER 4

W,,,= L.E_.—~_. {0, = PEYReE dV d3y

dReP
at

- ‘_. ReE dv,
which has the thme average given by (22},

We shall assume that the material medium af-
fects the field only by changing the amplitude and
the phase along the z axis. Since the transverse
geometrical structure of the light beam is not af-
fected, we regard it as being known exactly. As
before, the field can be written as the sum of two
counterpropagating waves,

E=[Ef2)e*™U + El{)e* U k'™,  (29)
where

Ut =U3(x,y, 2)e7*, (25z)

U =Uglx,y, 2}, {25b)
In this paper we shall assume the usual TEM,,
Gaugsian mode for U3(x, v, z}. Using the result
of Appendix B we have

Ulx, y, 8= Lz} expl -2} +3*)/u2]. (26}
Here L*(z) are the complex Lorentzian functions

rah 1 _ Wb

L*z) T ﬂNw.NN Ihl.ngwlﬁ_- ||&w.ahm..uu £ N-ﬁ»ahu. {27)
where b, is the confocal parameter for the beam
having a waist at z, with a 1/e radius s, such that
b, =k}, and w,(z) and R (z) are, respectively, the
beam radius and the radius of curvature of the two
waves at z. To recover the plane-wave limit, we
see that when b - +w, L*=1, 1w, (z)~w,~= and
R ()~ ; thus U; - 1. In evalwating Eq. (23} we
must calculate the integrals

Gw, 2)= ‘_‘ @, 2, ) d*, (28)
where
@, Ry (et f o, U ay)
x A b. qmq%&&v... (29)

and we have eliminaied the ferms that vary rapid-
ly with z. Here n, is a population-difference pa-
rameter which will be defined later. The quan-
tities @* have no dimension and appear as the frac-
tional degree of excitation of the optical dipoles.

The absorption coefficients for the two waves
are simply given in terms of §%w, z) by

a*(w, 2} = (w/chny@u/ LENGHw, 2). 30)
The corresponding effective nonlinear suscepti-

bility " = a*w/¢ is the ratio of the energy stored
per unit volume by », dipoles times their fraction-
al degree of excitation to the electromagnetic en-
ergy stored in the vacuum.

The other useful observable is the fluorescence sig-
nal from either level. For a slice #2 we can obtain
the value of this signal by integrating the density
matrix equations {16) over transverse coordinates.
By setting p=0 we obtain the average value

vE [ [ asaytn,~n
¥3BES oppe
- e B B0, 8,0 | [riwp s

x-
+m}wu|abo-€.n.$~_. ‘_'ﬁﬁ.%&.

kR Y

We see that the fluorescence signal from level o
has two contributions proportional to .ﬁ P,
z,¥)d% (where the factor y 2/y, gives the appro-
priate reduction in y if nonradiative processes
are important), The above equation also shows
that in the perturbation approach, it is equivalent to
caleulate [ [#7, dx dy or @ from pif),

The rest of this paper is devoted to the calcula-
tion of §* for various orders in the perturbation
expansion of p,,.

IV. LINEAR APPROXIMATION

In this approximation the populations keep their
equilibrium values, whieh for simplicity we as-
sume to be independent of space and time,

no=nl=n'® =00 & =q b, (32)

We introduce a normalized veloceity distribution
Fiv),

a”uy - amnv =n, H..Aﬂv.
The density matrix equations for the optical co-

herence may then be written

§ - .
AI +7 &um_ =—iw,pd’ — 40

at
+i m n, F(7)ReE(F, t} (33)
in the laboratory frame and
.wb;: . , ,
St == iwa it —y oY
+..Wa..~.4avmamm.+ﬂ.:.h; (33')

in the molecular frame. Because of the linearity
of the problem we can restrict ourselves to the
calculation of @* by keeping only the corresponding
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14 SATURATED ABSORPTION LINE

If we wm»E neglect the stow changes of Ej, $°,
and L* with 2, we get the algebraic relation

Tk o+ kv, ) p80 (R, Ry, 2, %)
={i(w—wy— kv, )= Yot (e, By, 2, )

% expl ~ (k2 + 2 wd /4L ).

+iQ*n FV)e ™ * (wl/47) (50)
Substituting (50) into (48), we obtain
all(E, £, )

=iQn, F{e~t* ettbe 2 /am)
< -_la ._:u exp[ — (K2 + )i /4L7*]

ilwg—wa kv, ¢ R, 0 + R, U, ) 47y

XAt a) ke k. {51)

il

SHAPE: CALCULATION OF... 243

This expression can be simplified by rotating the
axes as before so that v, =0. Then

A:Pd: Y, &, k. 1 )

=i0'n F(F,Je ¢ gl w0

* m_:. JIFE o= Tl )
T

x;. exp[ - En\»hlum#iw:a-_%
o f(wg—wko 4k ) Y0

(52)

After evaluating the last integral we obtain a re-
sult equivalent to {38); differences in form are
due only to rotation of the axes. Projection of
pi3? onto the fietd U} [as in (39)] gives

- - L RE VTS s = {LY 2 LTt
Q?.n.ﬁvuxmb.m.?bnh L) mNﬂAEv dy,

“ NE#

wh

:,
x._, &_A It e

or

Q*(w, 2, ¥, ) =0 FF )w, /37

+ -

exp({~ jwi k)
XRe | by iy — sl g U) + Yoy
[6LA]
The [ine shape now appears as a convolution

of a wave-vector distribution with a Doppler-
shifted Lorentzian. We obtain finally

@ (@, 2,4, 1) =0 TFEEA

XRe {W{T! N 2w — wy—kv, +iva))),
{55)

which is identical with {(41}).

It is interesting to note the parallel between
the present case and the usual line-broadening
case, where the profile is also expressed by the
Voigt function ReW(z). Here we have 2 single
veloeity with a Gaussian distribution of 2 vectors
rather than a gingle k vector with a Gausslan
digtribution of velocities.

With the Fourier expansion approach we gee
that the transit-time broadening appears as a
residual first-order Doppler broadening associ-
ated with the distribution of wave vectors. After
averaging over transverse velocities we there-

werdpedy (7° exp{ - [(w3 /40" ")k +iksx 1}
’ Mn Fry Hwg—w+bo +l 014 Ye /'

53

r

fore expect a broadening of the order
aw=uAk=u/w,.

This equivalence between transit-time and re-
asidual Doppler broadening descriptions appears
also in beam-foil spectroscopy. In that case the
transit time is across the entrance slit and the
Doppler effect is related to the direction of emis-
sion.

C. Velocity integmaticn

For a gas sample in thermodynamic equilibrium
the Maxwell-Boltzmann velocity distribution is ap-
propriate, and is conveniently written as

F(U)=E (v)E(v,),
with

Blug) =(LVT we ™, E(v,) = 20,/
where

u =2k T/M)/?

is the most probable velocity. Although one could
perform the integration directly on @*(w,z,v) as
given by {41}, we prefer to go back one stepand
use (39).

We [irst perform the integration over transverse
velocities

244 MONUM‘ HALL, KUNASZ, AND HUMMER 14
@) =0 [ anE ) Re [ dretes o or [ au, Bl o) (f S asviwg)
- 0 [t

litw-wy—kug} -yap v

=g |¢q.nen FAUM mm.‘._

Hi:»q»\msnv
r
A choice must now be made as {o whether to inte-
g @ “ Taz
grate first over v, or over r. Both choices will @ w,2) = q{ mm:ﬂ ku :.vxv (60}

be investigated, for if we start with the integration

on T we obtain as an interesting intermediate re- Iy =0. we can also evaluate the iniegral in (39)

sult the line shape for a particular v, class of 1o cBtain
molecules, alcle.nunmﬂmas. RETEYS
o' Hm.\.lh._. explif —w, ~ k) ~ 37 *

1+ QT 2w?)

o542
=5r @F\Aqtv E—M-alngﬁln Im-nﬁuuﬂ NOAWY (56) P
el M- grfe ﬁ N Ecvw.
where 77T Ru
£ =02 ) (w - w0y - b, i)
Here E ()= h {€" %) du is the exponential integral

(5T As b, ~w», lhe transit effects should disappear.
We have

function, A LV V7 M A#E w—w, v M
erfe 77T - =-—7eX =
This line shape could be observed in an atomic Vo k' v ku
beam experiment under ideal collimation condi- and

tions. In saturation spectroscopy the v, velocity
is not defined mere precisely than the value cor-
responding io the homogeneous line width. Still,
this line profile for 2 single v, group was found
to be useful as an empirical line shape for fitting
experimental saturation absorption peaks. Later
we show that this line shape is indeed an approxi-
mation to the complete profile. For y, =0, we
have simply

T (w,2) =@ (VT e b mwofal®

that is, we obtain a Doppler profile. In the other
limit, as -0, we get G},

It is interesting io note that an identicai calcula-
tion arises in the line shape theory of Doppler-free
two-photon spectroscopy,* and leads to an equa-
tion similar to (59). The appropriate value for %
will then be the difference between the moduli of
the wave vectors of the two oppositely running
waves. If these are equal, the resulting line shape
(58} is similar to that given by {56}.

for which the 1/¢ half-width is Av={1/20v3) /),
whereas for large y%,, G({) approaches a Lo-
rentzian line shape of half-width y,.

If, on the other hand, integration over v, is per-
formed first, we have

6} = (me VT wiQtexpl- {{w - w, kv, )V 2w, /u)l],

V. SECOND-ORDER APPROXIMATION
At this stage we are interested in caleulating the
shape of the hole burned in the ground-state popu-
lation n{ (¥, ¢, ¥) and of the population peak created
in the excited state,n{® (%, #, ¥}, under the influence

U:IE. 2) of the two counterpropagating fields. In a first
treatment we shall neglect the spatial population
-7 1 Re modulations at + 2kz or temporal pulsations at
VI u 1+ ?r?/2ud) + 2kv, ' and keep only the i, terms in .ne expan-
) sion (18). It is indeed possible to show that the
x&.i&e-ml.“__._nwu:f* #d), , terms do not contribute to the final result in
a third-order theory in the limit of infinite Doppler
width.
=0 Re .\. dr exp {4 %ﬂw ._....u WMM. VEL .x.L.L. In Slm laboratory frame, we have irom Egs. (10)
(59) o= = nf® + (/B Im(EAY) {61a)
In the limit as w, =« we recognize that the last and
factor is the Voigt function, F- O ==y nf® - (/B Im{EED), (81b)
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14 SATURATED ABSORPTION LINE SHAPE: CALCULATION OF... 247
We pow want /- cuculate the quantity
LLE .M\%EE?:.\ uw..uﬁ%&w\ Ui dxcy. (73)

In fact, to get the saturated absorption signal we need calculate only the change induced in each of these
quantities by the presence of the other field,

Age*= _axgry .\ 4% F(7)
<rel [ [ axay 03" ar - v exp-i, - s o+ vl )
XA;\. lem._L hﬂnﬂl#ﬂﬁ - ﬂ.—..:xnl.-i.?wlu_\v

x‘m drTUSs(F - Fr - V7'~ Fr") exp{-{iluy - wF kv, ) +7,,Ir}
+ [ e v e o)
(]
xg..a._. UYF - Fr—Fr' - Fr)
1]

xeamzea-e«gburbwi\%\%&q@%. (74)

In contrast to the linear case, it is more convenient to start with the integration on v,,

7 [ oo~ ) expl tete 510, = omp - w2 R (19)

As was pointed out by Lamb,? in the infinite-Doppler-width limit the quantity
(eu/2vMexp {i{ -k (" — 7)7]}
acts like a & function of 7 -7, whereas exp{;[-%%*(r"’+ 7)*]} gives a negligible contribution (as weuld have

been the case for the spatial modulations of the populations n%; if we had kept them). The integration on
7' therefore gives

a0 BT oy [ (0,00, ) RE,)
xmmA.:.&:@ 53%..& Us* @~ o) exp{~2[#{w, - w) +1,] 7}
a
x\-uicﬂﬁmlm_.._;lmh_ﬁnq_..q.+m-#q.u
a

xﬁ.alﬁirmﬁv\\\&& VUL, 16)

At this stage we write expressions such as Ug(F - ¥,7) to stand for Ug(x-v7,y —-¥,7,z), since we have
already performed the integration on v,; we have neglected the longitudinal transit-time effects that arise
from terms such as E,(z - v,7), ¢{z -v,7), or L{z -v7).

For a Gaussian beam the integration could be performed separately on x and ¥, but it is simpler to
recognize that the functlons ¥/, are eylindrieally symmetrical and rotate coordinates so that vy, =0, vy, =V

'
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hwhrﬂhﬂb«l

~ 2Vr 2
@ __ EfyF
aqert--o-a @rF o
e 1 i
X“-.s %_nauu_nlﬂ.slwahw+h»J+E|wF«+h«JVe&

*

- = - - 2 - - L.
x.\\ do, M..»@Lﬂm_w.‘s an_.\. a__ﬂ.‘. Aﬂ\mxvﬂlh»lkwrlhz (x, w‘iu Ih«bnr ...:.._‘u o TF
o - o o wy wy L)

’
“LT* (% leu.“.\ul men._.vuv?l_..qu-#iu
¥

x expl-2fi (w, - w} §._i. a7
After performing the integration on x, and ¥, we obtain
At - _ uvﬁ-l a..ﬁ«vuh»-_ﬂ. dv, E@L—mm‘h nq.‘“. dr’ expl= 02 (AT + 28,77+ C 700}

x(e e ) expi-2[i (w,— w) + valtl, {78)

with

A=Q 1M+ /a =2/ w03 (2)+ wi(2)],

By =(I_ I, +IN*+28,0%/a,

C, =[T+ L), +12Y 4t 12) Ja,
where

a=l_ol* 4], +15=201/wi(z)+1/w(2)),

l=L*/uwd.

In addition we have introduced a geometrical factor
g.= [ faxay s @ @ @/ [ [ et vi @O0 ©- @antie LroL L.

For the matched Gaussian beams
I S
£5Y 12578
for plane waves g=1. We next do the integration on 7' to obtain

241

ot _
AQ T

- S -
Q*QFPg, ‘ﬁ du, &b} WAHV mm.ﬁ a7 expl-C 03 77— 2k (wy = w) +y,, 7}

v, A
x _HS‘ AQ.H. AWWW +wwcnﬂvv +:~Aﬂ“‘ AW.M-‘I +_w»e‘._.vvu_ .

(79
This we can rewrite as
et __ T oegrye & " E - 3o _ _Bs v %l — |U\u~|l
AQ o (1] vuﬂprh dv, o th dr exp| -Duvd T 27y 20T Zifw, - whr + TAT
xerfe H"W A_Pch. + Wﬂ__.nv (80}

+{same expression with y, replaced by 7,),
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14 SATURATED ABSORPTION LINE

K'=—(r/ku* (@ PTE 2,

The parameter T}, =1/uvD plays the role of an
effective transit time. This integral was evaluated
for a given w- w, by fitting H(a) with a cubic
spline and integrating the resulting expression
analytically.

In this way we obtain a final line shape similar
to those shown in Fig. 2. These line shapes are
close to Lorentzian for large values of the pa-
rameter 7 =yT, but as this parameter decreases
below unity the line shape tenda toward sharper
peaking at the line center because of the increas-
ing relative contribution of slow molecules that
we have just mentioned, In the limit of zero re-
laxation { y, =¥, =y, ~ 0} the line shape expression
diverges at line center, The higher-order terms
omitted in our third-order theory would describe
the saturation which physically limits the ampli-
tude of the absorbers’ response, Naturally,
smaller laser fields are implied by small relaxa-
tion rates, to validate our low intensity assump-
tion,

We have plotted in Fig. 3 the resonance line-
width (half-width at half-maximum} in units of the
average transit time T,,. For this figure we have
chosen the particular ease of matched beams taken
at their waist, and hence w,=w,, L*=1, and
T, =wy/u. Furthermore, we have assumed a com-
mcen value 7 for the three parameters 1, =7,7T,,

Ny =YpT, a0d 7,y =75, T;,. A curve equivalent to
Fig. 3 could be plotted using ¥, rather than 7}, as
the fixed scaling unit for the width,

We observe that this curve has three interesting

HALF-WIDTH PARAMETER _
- » o o ~

N

I | S N | I ._

4 [[s]

Q 2 & -3
RELAXATION PARAMETER ETA

FIG. 3. Linewidth vs relaxation parametar, The line-
width (half-width at half-maximum) and relaxation rate
are in units of T;!, The calculation i for matched TEMy,
beams at their waist,
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LINE SHAPE FQR ETA=0Q.l, 2 =B/2
R B T L B e

IS

VALUE OF Jgi£)
™

]
-3 -2 -1

DETUNING [FREQUENCY TIMES TRANSIT TIME)

=
~
w

FIG. 4. Line shape for curved wave fronts. Calculated
prefile ia for two matched beams at 2z = }b. The probe
beam is diverging,

domains, At the highest pressures, the half-width
tends to ¥ according to the law

AEST, Aw=n+({2.5/7),

where we have introduced the notafion &= {w
— w,)T,,. This law and a corresponding one for
small f will be derived in Sec. VII. Similar laws
were recentiy reported by Baklanov and Chebotaev
and colleagues.®® For small values of  the line
is anomalously narrow as described above, with
the dependence in this case of AL =1,51¥7. The
strong -field theory shows the compensation of the
narrowing by increased saturation.

The intermediate-broadening region is well de-

" scribed by the inflection tangent equation, A%

=0.66 +0.94n, Weé can compare the intercept of
this tangent with the experimental value of the
contribution of the transit-time broadening extrap-
olated to zero pressure and zero intensity in the
case of the 3-.um inethane line, The published
experimental intercept value™ %" Af/2r is §,
whereas the theory gives a number close to 1/9.5.
We regard this agreement as reasonably good
since any content of higher order modes in the
laser beamn will increase the intercept value.

To tllustrate the asymmetry in the case of a
spherical wave front, Fig. 4 shows a line shape
for L* =L**=1/(1 - i} (at z =5b) and n=yw,/u=0.1,
We see that the primary manifestation of asym-
metry is a shift in the line that can be significant
in comparison with the linewidth. This predicted
asymmetry® was verified experimentally® with
the usual methane line. A detailed comparison
between the theory and the ohservations will be
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given elsewhere. This shift originates in the
cumulative effect of the tranaport of the popula-
tions across the light beam deacribed above. In
the language of hole burning we can say that the
population hole created at a given point is carried
acroas the laser beam by the molecular motion
and is thus probed at an altered space-time point.
If we assume, for example, that the saturating
beam is diverging, we find that the sum of the
Daoppler shifts of the saturation beam and probe
beam at 2 later time is always toward the blue.
The system of equations eomprised of w+5 =y
+ku, for the saturation beam and w +8'=wy - kv,
for the probe beam has the solution w=w, - §{8
+6’), where 8 +3‘ is always positive, Consequent-
ly the line center is red shifted.

In & more correct deseription the third-order
Process is regarded as the successive interaction
of the molecule with four waves (see Appendix A).
Assuming the condition for matched beams
L*=L** we have

Im(L*/w2) = +k/2R

From Eq. (7TT) we can calculate the total phase
shift,

@F =~ (/2R 222 ¥{x, ~ v, TP F(x, =v, 7 -0, TR
t(x = v, 7 =20, 7P - 20w, ~ wir
=Hkv}/RYT (T +7") = 2{wy -~ whr , 82}

where 1{7 +7’') is always positive,

For a diverging saturating beam (U, with R>0)
and a converging probe beam (U;) the phase shift
is

@ ==2w, — Wit + (k2R (T +7°).

In this case w, is reduced and the line center is
red shifted. For a converging saturating beam
(U7) the shift is, of course, reversed,

It is useful to know the pressure dependence of
the asymmetry induced by the wave-front curva-
ture, As an illustration, Fig. 5 shows the fre-
quency shift of the maximum of the nonlinear reso-
nance peak for the case z «=1b, For high relaxa-
tion rates the atomic coherence decays before
mueh curvature-induced phase shift is evident to

P@l.u: =_ N.Mﬁm DAQJ»W.»

SHIFT FOR Z=B/s2
0.30r -y | | T T 7 I A

T
I

0.25—

0.20+

/

_J,A_J_4l/ri|lul

005

NN SRS SNV TN AU OSN  W |
Q 2 4 8 a
RELAXATION PARAMETER ETA

SHIFT (FREQUENCY TIMES TRANSIT TIME}
o
o
& -

FIG. 5. Shift of the line-shape maximum aa a function
of the relaxation parameter. The shift and the reciprocal
lifetime are tn unite of inverse average transit time
{x/m}. The curve is for matched beams at the position
z=4b,

the absorber. For very weak relaxation the stow-
atom contribution at zero detuntng diverges so the
frequency shift of the maximum again approaches
zero,

VII. LINE SHAPE AFTER TRANSVERSE
VELOCITY INTEGRATION

If information about transverse velocity contri-
butions is not needed, it is attractive to reverse
the order of integration in Eq. (78). The result
can then be stated in the form of a single integra-
tion over the variable 7. Anticipating interest in
the second-order Doppler shift, we replace Wy
in Eq. (78) by its shifted vatue w,[1 — (12/2¢%)].

In the previous approach we also had the possi-
bility of allowing any dependence of the ys upon
¥,. Here the {irst nonzero correction, a depen-
dence of the ¥'s on »%, could be treated in a man-
ner parallel to the present treatment of the spcond-
order Doppler effect. After the v, integration we
have

o™ mhﬁ.mln_”m?»n ~wh+ u\nL._-w

% P .
Re .ﬁ 4 h Gl v 2B TT ¥ C T - fw, (oo

+ (same quantity with v, replaced by v,).

{8%)
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14 SATURATED ABSQORPTION LINE

For a finite length of absorbing material {z,-2,)
the half-width is

Af=1+2.5K,/n (94)
and the shift is

6=+ 25K /1, (95)
where

P _1 bz, -z, {b7 42,2}
53 T BT 4z )b e 42D)

-1
xmwnngwnlwnngmapv . {96)
Z3 =23
= 2 H m
Ks=20 (b2 + 4z KB +42T)
-1
xﬁmwnnwnmm»lmwnﬁub%.—v . (97)

In the formulas for a slice dz we observe that the
broadening has an absorptionlike behavior and
the shift a dispersionlike behavior versus z, both
disappearing in the limit as z - =, in which case
the waves are locally plane, From the formulas
for a finite cell we observe that the net shift dis-
appears for an arrangement symmetric with re-
spect to the waist z,= ~z,, The shift owing to the
second-order Doppler effect is also easily ob-
tained in the plane-wave limit,

55 — Awg = — w,(02/2c3) (98)

In addition to the Laguerre quadrature formula
other rational approximations can be used for
¢*E {z). Another example iz the Padé approxima-
tion," which also leads to integrals that can be
analytically evaluated.

The other limit is whén v, /uvA <« 1, that is,
when the collision and radiative relaxation pro-
cesses are only & perturbation to the free-flight
line shape. For this limit we may use the series
representation of E,{z),

Eya)=-T -z~ 3 12" (99)

T nn!

where I' is Euler’s constant, Each term of the
series can be integrated separately, and the re-
sulting line shape ia given in Appendix C for the

agsna _ BT gy,

x 3, J(BMEM,(8),(8)

rtaTen

% mmﬁ“.;.-n:....z.zgs..‘. “dv, Py, h ar ‘_. d77exp[= AT 2+ 2B, 77"+ C,77 (€™ + g™ )
(1] 0 .
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general case of two matched beams. In the limit
of very small values of n=n,=7, and for z=0
(no curvature} this line shape has the ‘crm

Jy=—G+inin2 - 31T —ixlny, for £=0,

(100)
Jo2G —3m([+1nk), for E»q, {101)
where G is Catalan’s constant and I' Euler’s con-

stant.

The first formula shows that the free_flight line
shape is logarithmically divergent at the line
center, From the two preceding formulas one can
deduce that the half-width is

Ap= 280 TR ) 511V . {102)

This formula describes the line narrowing that
occurs in the low-pressure region of Fig. 3.

Less restrictive formulas for the free-flight
line shape are given in Appendix C.

VIII. EFFECTS OF FREQUENCY MODULATION
AND LASER SPECTRAL WIDTH

In this section we discuss the inclusion of fre-
gquency modulation of the laser, which is required
for phase -sensitive detection and which can be
used as a first model for the laser spectral width,
In Eg. (24) we now have a phase ¢ which is time
dependent,

d=PBeosw,f, (103)

with modulation frequency w, and modulation index
B. We then express the field as the sum of dis-
crete Fourier sidebands,

plutgiBeonwy b MU ﬁ.ba:eé:a:%uﬁmr (104)
=1
where the J,(8) are Bessel functiong of integer
order. At each step of the perturbation calcula- !
tion we choose one of these discrete frequencies, :
In the third-order theory the saturated absorption
3ignal will then appear as a quadruple sum over
four sideband indices. This caleulation follows
the same lines as followed earlier in this paper
and offer no special difficulty, Equation (78) is
replaced by ,

% expl— Ai(w, — )+ P )7 om” u:q..zuzanqv.
{105)
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and in the rest of the caleulation y, is therefore ro-
placedby ¥, +#{q ~ phw, and 2w by 2w +(2p +7— g,

A phase-sensitive detector system will respond
to one harmonic frequency in the final signal, thus
imposing one condition between the four sideband
indices, We note that this approach would also
provide a firat way to handle the problem of laser
frequency noise, typically stemming from acoustic
modulation of the laser structare,

In the limit of modulation slow compared with
all relevant time scales for the molecules (re-
laxation time, transit time, etc,) this Fourier
method becomes awkward owing fo the large num-
ber of important sidebands. In this limit we es-
sentially have a definite atatic line shape which is
slowly explored by the modulation wave form. We
may follow the modulation analysis method intro-
duced by Arndt.*® If g(7) is the complex Fourier
transform of the spectral line-shape function,
then the signal at the nth harmonic of the modula-
tion frequency is given by

m,aeunma_.m,%&%za.ﬁﬁaﬁ.}:ce
a
where €,=1 and ¢,,,=2. Since a closed-form ex-
pression for g(T) appears in the integral of Eq.
(84), we can easily obtain §,(w) in the general
case by introducing the Bessel function J{Bw, 1)
into the last quadrature. Finally, in the limit
where effects of the finite lifetime dominate, the
line shape is formed of complex Lorentzians or
their derivatives. In this case, the integral in
(106} can be evaluated analytically,

1X. CONCLUSIONS AND FURTHER DEVELOPMENTS

This paper appears to present the first detailed
calculation of laser spectroscopy line shapes
including transit-time effects. We began by noting
the essential equivalence between transit-time
broadening and a residual first-order Doppler
effect associated with a distribution of wave vee-
tors. The effects were congidered first in their
role in linear spectroscopy, such as in optical/
atomic beam experiments, and a generalization
of the Voigt profile [Eq. (59)] was derived for the
line shape, Turning to saturation spectroscopy,
we attempted to obtain a realistic approximation
to the line shape, including relaxation, transit
effects, and the transverse Doppler effect, Actu-
ally, we obtained, in Eq. {84), the Fourier trans-
form of the line shape. Further approximations
were introduced {o obtain simpler results when
either finite-lifetime or transit-time effects are
dominant, The theory aceounts well for experi-
mental pressure-broadening behavior, including
the residual width at low pressure owing to transit

time. Further iteration between experimental and
theoretical work should be pursued in order to
investigate the quantitative agreement, especially
in the higher-pressure domain,

Two new features appear in this theory. First,
we calculate an enhanced contribution of slow
molecules to the free-flight Line shape, which
reguits in a strong line-narrowing effect at very
low pressures. Differential saturation and laser
spectral width tend to suppress this effect. Sec-
ond, we find that a dramatic shift of the center
and a profile asymmetry are introduced by curva-
ture of the laser wave fronts. The residual in-
fluence of this shift and of the transverse Doppler
shift can be quantitatively estimated from the
results presented here,

Let us recall the main conditions for validity
vithistheory, and examine possible improvements:

We have assumed a small saturation both in
using a perturbation calculation and in truncating
the Fourier expansions (14), A strong-field theory
can be developed,*® although more computing time
i5 required to evaluate the line shape. The basic
idea 1s to reduce the density matrix equations {16)
to a set of coupled ordinary differential equations
using the technigue introduced in the discussion of
the linear response, These equations can then be
solved by means of a predictor-corrector numeri-
cal method. The results of such a theory agree
well with the results of the present paper in the
limit of small saturation parameters, The recoil
effect can also be introduced into such a numeri-
cal calculation,

We have constdered a pair of nondegenerate
levels. This restriction can be removed for lin~
early polarized light when magnetic fields are
absent, since we can take the quantization axis
along the field polarization. All transitions then
oecur according to the selection rule AM =0, and
if the sublevels are not coupled by collisions, the
light interacts with independent palrs of states, so
that we may simply add independent signals, An
extension of this theory to three-level or even
multilevel systems appears feasible,

Most of cur results have calculated the line
shape eorresponding to a very thin slice dz of
absorbing material at point z, If the gas is op-
tically thick or if the geometry of the beam chang -~
es in an appreciable way along the absorbing cell,
an additional integration over z is necessary, such
a3 is done in Sec. VII,

To account for recoil in the third-order theory
we must first recognize that in all of our expres-
sions for the line shape, one term (4,) represents
the probing of the hole in the lower state, whereas
the other term {J,) refers to the peak in the upper
state. We may therefore simply replace the fre-
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14 SATURATED ABSORPTION LINE

FIG. 7. Diagram representing saturated absorption.
The nonlinear polarization p,,{¥, ¢, V) of Eq. (A2) is
given by the sum over previous interaction, precession,
and decay processes, The diagram is complete to third
order, consistent with the general presentation of this
paper; extensiot to higher interaction order is indicated.

. . - w? \1727 o
U= a S%Ew_ . ﬂJ T,.mn#_
/
where the Dirac distribution in the Fourier trans.
form of U/(T) insures that each plane-wave com-
ponent satisfies the propagation equation

Ri+hi+ki=w?

After integration on k,, U(F) can be writtenas a
superposition of two counterpropagating solutions

v®= [ [ 0k k) explil 7 £ - (62 OB e —2,)

_ kx4 kDR dE,

where the interpretation of the phases represented
by 2, will appear later, For laser beams aiong
the z axis one can assume that %, and &, are much
emaller than &k and write

(22 = (B2 B2 b — (B2 + ED) /20,

In rectangular coordinates, we shall look for a
solution with separated variables

0= [ D) em(st g -z ) ibx)ak,

x b. &@bﬂv?mmﬁ -ﬂt.gv dk,

x eFihtaee),
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In both previous expressions for U*(¥) we see that
U*{k,, k) are the Fourier transforms of the am-
plitude distribution L*(x,y,2,) in the 2=z, planes.
Thus we specify the field U*(F) everywhere by the
choice of the functions U*{x,v,z,}. We choose to
expand these arbitrary functions in terms of the
complete set of orthogonal funetions formed by
the products of Hermite polynomials with a Gaus-
sian function. Since these basis functions are
their own Fourier transforms, this is equivalent
to the choice

Uis)= o T O, () erp (- 2%).

+
with a similar expression for Uj(k,), where A,
are constants, the significance of which will ap-
pear later.
Writing
UHE)= 3 CrCalitlx 2 UMy, 2le™hes)
", m

we get

EQLT%.(._.. i m«:muv

2
x auﬁ_HlAw MWMY u._mﬁ@ dk,

xm
n._w_:.»u:u HM..»»»V: &uh»bmhuu.\n.

x H[A,(L5L4 ) )

where we have introduced the complex Lorentz
function of z,

.
v rerrrwy
" We now make the connection between the above
formalism and the usual laser mode theory.,™ The
real and imaginary parts of L* can be expressed
in terms of the beam radii w,(2) and of the radii
of curvature of the wave fronts R (2),

LH2)=[wi /awiia)) 2 b, /2R, (2)],

where we have introduced the classical beam-~
waist radii w, = v2/4, and the confocal parameters
b, =2k/A=kw?. The amplitude of the complex
Lorentz function is

(LAY =1, fu(e),

and (L*/L**)"? jg related to the usual phase angle
arctan(2z/b,) by

(LE/LEwp/e= gt arctasze/ by

The coefficients C%, C%, z,, and b, are chosen to
match the boundary conditions.
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APPENDIX C: LINE SHAPE FOR LONG-LIVED SYSTEMS gence of the series of integrals,

For simplicity we restrict ourselves to the case
of matched beams and leave out the second-order
Doppler effect. In this case we have

L™"=L"=L=1/(1 ~is), A/D=ReL=1/{i +s},

We wish to calculate the integral in (84),

W umuumANTnﬁmANV
Y HE.\D. n_q 7

Jazva

Xexp{-2(i fwy - w) +v,,] 7},

) ) By e 1 _sis
using term-by-term integration of the series B " TiFis l+s2°
E,(2)=—T=lnz - MU (-1ye" . where 5 =2z/b, We shall use the dimensionless
5 anl variables
with N =¥a/udD . 1y =vop/uvDr,

Zy=X+iY, Z,=X-i¥V,

X =v.{B, AV, Y=(y /ulA ) +Dutre)2
This procedure is justifiable when the series over
which we wish to integrate is uniformly conver-

gent on the domain 0 <7<, In fact, in this Ap-
pendix we derive geveral conditions for conver-

E=(w-wMul, t=Tu/VD.
X and ¥ are then given by
X =1 {t +isW, ¥ = (L #5021 o g2

We note that J,(£) = J5(~£). so that we need caleu-
tate only J7, as given by

. =, efTHmg-iE X1i¥ o (-1
&-:Euv_fah dt _Hnamw?kunw -m aai...ft.ﬁ..uil,:_v

:m:;\?n sn(X? 4 ¥e). 3 ﬂ.ﬁ {X + ¥y a(x - :\Ez .
1 !
.H..o insure that the integrals in the above expression are finite we must assume 7, > 1, as a first condi-
tion. We now proceed to calculate the integral of each term in the series.
{2) The first term is

. = T E(gmibe X+i¥
T =T +5° g.
o) ={1 +5*2m ] dt YR cos¥ln5—or .

This is the most important term of the series; it gives the pure free-flight line shape when fap ARd N, —0
It is also the only term that we do not know how to integrate analytically in the general case. We mb:nn the
integral into two parts,

f‘wvuuﬁ_..—.mmu-.\mhg\ﬁn&m [(n, - 27 M+ i25+ sn )

3 FEYLUE cos{n, {3 + s?)/2(1 t..v:»_:.ﬂ_ - ?i.:.v

1 (s+1/’
where

T=[3/(1+s? 2 Y1+ 1102/
and

wr=0 +m~v:.umﬁﬁxwi = In[(1+5%) 12 2 g]} .—.-& explng - NFL“+ 28+ smo)e] costp, {1+ mJt.u_.v
q

=37l + 72 Rel Eylgue)+ Eylqu)] = 3t + /2 1n[{1 + 87/ _ s ]Im( &, (qui*) + E,(qu)],
where
=21y, - Ty~ i[28+ 57, £ 7,(1 +52)117]

and ¢ is an arbitrary number chosen large enough so that for ¢> q. one has (L+#2)'/2/; x| with the desired
accuracy. (In most cases g=100 is a good choice.) The first integral can be written
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SPECTROSCOPIE. — Forme de raie en specirascopie d deux quanta sanis
dlargissement Doppler. Note (*) de M. Christian Bordé, présentée par
M. Alfred Kastler.

On présente une analyse semi-classique de la forme des raies en spectroscopie A deux quanta sans
€largissement Dopnpler qui permet de tenir compte du temps fin de traversée du faiscean par les moke-
cules et de I'effet Doppler du deuxidme ordre.

Nous nous proposons dans cette Note de présenter un profil de raie pour la spectroscopie
4 deux quanta sans €largissement Doppler (') permettant d'inclure l'influence de la structure
géométrique des faisceaux laser ainsi que celle de I'effet Doppler du deuxiéme ordre.
Le calcul de cette forme de raie est une extension naturelle de la théorie développée pour
I'absorption saturée (). On considére cette fois un systéme de trois niveaux
d’énergies E, < E, < E,. Les molécules peuvent effectuer des transitions i deux quanta
du niveau & vers le nivean ¢ sous I'influence du champ

&(r, t})=Re{EJ Uj (Wexp[ilw, —k, z+9 Y+ E; Uy (Nexp[ifw_ t+k_ z+97)1 )
ol les fonctions

2 2
Ui @ uisﬁﬁé:aﬁh.‘_
Wwe
traduisent la géométrie gaussienne des faisceaux et comportent des formes de Lorentz
complexes L (z). On se place dans I'approximation dipelaire électrique et les éléments
de matrice de I’hamiltonien d’interaction sont notés : Vg =~ 8.

On suppose de plus que V, =0 et que seul le niveau a est peuplé en ["absence
d’irradiation. La population correspondanite est écrite ng F(¥) ol F (v) est la distribution
normée de vitesses de Maxwell. On fera systématiquement 1'approximation des ondes
tournantes dans ce calcul.

La puissance absorbée par unité de longueur s’obtient pour chaque onde en projetant
la polarisation électrique sur fe champ correspondant :

WX,
iz

=w,Ef -B‘ﬁmh&x&ueﬁtk Peo (%) + By ppa (V)] U

xexpi(oe t F ks z+9,)]'= nphoy (REFRE).

Les éléments non diagonaux de la matrice densité P (¥) et py, (¥) sont caleulés 3 ordre 3
4 partir des équations habituelies pour Ia matrice densité moléculaire. On ne conserve que
les termes relatifs 3 absorption a deux quanta conduisant 4 un élargissement Doppler
réduit et & des variations lentes de RE et R avec ¢ et z. Tous ces termes possédent la méme
structure et peuvent étre schématisés par un diagramme. Les quatre diagrammes relatifs
A I'une des deux ondes sont représentés sur la figure, Ces diagrammes présentent plusieurs
perfectionnements par rapport & ceux utilisés pour I’absorption saturée (%), Tout d'abord







