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Quantum .q_.._mo_._w of an Optical Maser*

M. Scully, W. E. Lomb, Jr., and M. J. Stephen

Yale University, New Haven, Connecticut - ~

ABSTRACT

The semiclassical theory of an optical maser as given by Lamb!
is here generalized by quantizing the radiation field. The density
matrix for a laser oscillator is obtained; the resulting photon statis-
tics are discussed and the decay times for ail degrees of correla-
tion given. . . . I .

1. INTRODUCTION

Hatroductory Remarks

To set the stage for this work we quote from a recent article:?
‘“The only reliable method we have of conatructing density operators,
in general, is to devise theoretical meodels of the system under study
and to integrate [the] corresponding Schridinger equation, or equiv-
alently to solve the equation of motion for the density operator. -
These asgignments are formidable ones for the case of the laser
oscillator and have not been carried out to date in gquantum mechan-
ical terms. The greatest part of the difficulty lies in the mathemat-
ical complications associated with the nonlinearity of the device.
The nonlinearity plays an essential role in stabilizing the field gen-

. * This research has been supported in part by the U.S. Air Force
Office of Scientific Research and by the National Aeronautics and
Space Administration.
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762 PHYSICS OF QUANTUM ELECTRONICS

where, for example, -3 , ,1s the projection.
ple, o' = 22 21051 {ap, hHa} 1S the prol
_ {a} v}
onto the space of the ith atom and the field.

2. EQUATIONS OF MOTION

Spirit of the Caleculation

As this work is the quantized version of the semiclassical theory
of Ref. 1, the gpirit of the present calculation may best be conveyed
by pointing out the quantum analog of the essential steps in the
earlier theory. The equation of motion for the radiation field density
matrix, Eq. (3), is the quantum analog of the forced, damped har-
monic oscillater (Eq. 7, Ref, 1)

Ay + (0/€) Ay +Q3A, = (Wep) Py

In the semiclassical theory one found P, by following the evolu-
tion of the density matrix for the atoms interacting with the classi-
cal field; the quantum analog of this is to calculate p! (atom, field)
in the same spirit. In Ref. 1 we used the condition of slowly varying
amplitudes and phages; here we note that the atomic lifetimes are
much smaller than the times characteristic of the radiation density
matrix (in the interaction picture); that is to say, the effect of one
atom acting on the field will be small, and only when many atoms
act on the field will macroscopic effects be observed. Finally, we
do the sums over the atoms (} ;) and obtain an equation for the

1]
radiation density matrix which depends on lumped constants but con-
tains no reference to individual atoms.

Of the approximations that are commonly made when dealing with
density matrices we wish to emphasize that we are not making the
following:

1. Assume the random phase approximation (R.P.A.) Ppn =0 if
n = n’,

2. Factor the density matrix p{atom, field) = p{atom)@ p{field).
Obviously, the R.P.A. will not he valid. We need more than just. the
diagonal elements since the average value of the E operator is

(E®)) = ~i(w/26)"* T Lpy et ©) at1,n ~ Py g B 2n-1.n} 4
n

As we shall see, a theory which inevitably leads to a vanishing value

G
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for ( E) is missing a great deal of the physics of the problem. Many
workers make the approximation that the density matrix factors.

We have shown that this factorization® leads to the results of the
semiclassical treatment.

Laser Dynamics

Beginning with Eq. (3) and making approximations consistent with
the spirit of this study (as sketched in Sec. 2), one finds after a
rather lengthy calculation an equation of motion for the radiation
density matrix (given below only for the case w = € — € = v, ie.,
at resonance)? _

.mud;ﬂ..aﬁv = Imﬁb.ﬁsﬁﬂ +1)+ Oﬂ__..ﬁﬁus + )] bﬂ“ﬂs

+(Cn-1,n’~1 VR’ + Cyroy 3 VDD ppg ey
~(y/2)(n +0)pp e ¥V @+ DR’ + Dppay pry (5}

where Oﬁ.ﬁ\HQ\N|a\vaAﬁ+H+m~s+Hv+AH-+H+5s+H:

and the parameters o, §, and ¥ are given by the equaiions

Qﬂﬁm

2 2 4
1 3 fv 4 I
€ Ya 27 \& J\w ¥

which are written in terms of the notation of the earlier theory (with
h =1} for the dipole matrix element p, excitation density N, and de-
cay constant (for simplicity we take y5 = ).

An important point is that only terms of the density matrix
Pn n* of equal degree of ‘‘off diagonality’’ (i.e., of equal k = n — n')
are coupled.

Ezpecially interesting are the diagonal equations implied by Eg.
(5)

Pan = —le =B+ i@+ Uppp +fa— mi.dbburu;w
T
. pumping (6}
~¥2pnn +yn + Hvbs,éﬂ&
Y,
damping
The terms have been grouped to make the physical interpretation
obvious. The time rates of change of probability for the nth level of
the radiation oscillator are further depicted in-Fig. 2.
The equations for the off-diagonal elements are similar but less
intmitively obvious.
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766 PHYSICS OF QUANTUM ELECTRONICS

nonvanishing off-diagonal elements. An analogous situation is found
in the field of ferromagnetism; since in the absence of an external
magnetic field the problem is invariant under inversion, statistical
mechanics predicts that there will be no spontaneous ferromagnets
in existence—a most unappealing state of affairs. This is resolved
by considering a more selective ensemble such that the off-diagonal
elements of the density matrix (and therefore the vector magnetiza~
tion} are nonzero.

Equations (5) have solutions which decay very slowly (neglecting
terms of order 1/ uww these solutions are

n o-Pfm n «-—pBf Y B8
Pn,n’(t} = Pp n () = Ox<8m¢ ¥ MM« y TP _mAmm! * mlvﬁ
- P

(12)

the constants C) being specified by the initial conditions. Equations
{12) may be written®

~kZut
P ® =pnp@e ' p= (y/any +B/8) (13)
From {4), (10), and (11) it is easily shown that the ensemble slec-
tric field is

Et) = tr p(H)E = @\NQM\%M Pa,n1(0)Vn + Etﬁi e *sin vt (14a)
n

= (E®)e " sin st (L4b)

One interpretation of decaying { E) is that the amplitude is de-
caying; here, however, the energy of the system is time-independent;
rather this decay is to be viewed as a diffusion in phase, resulting in a
diminishing vector sum.

It is an essential feature of the model that, even if we begin with a
pure case, the ‘“‘openness’’ of the system {because atoms are added
and removed at random times) leads to a mixture in the course of
time. Again the analogous situaiion is found in ferromagnetism; the
inagnetization of an open system will experience the same kind of
decay, albeif on a geological time scale. Measured in terms of re-
ciprocal frequencies the decay of {E) is also very slow.

Line Shape

To obtain the line shape we take the Fourier transform {in the
- 'rotating-wave mﬁﬁwoﬁﬂ.mmouv of the average value of the E field
. from Eq. (14b)® - S o

4
H
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Bw)= [ ¢ “H(E©)) e sin stdt (152)
B
1
. 15b
={BO) g = s in (15b)

and the spectral profile is

1
|Ew)? = KEODI? S=2 i@ (16)

Thus the full width at half height in circular frequency units is

D = 2 = 2 (v/4np + B/8) amn

When this is writlen in terms of power {neglecting saturation) we
have

D = (AyY hv/2P Aug = v/Q (18)

It has been shown by Lamb!? that vacuum fluctuations lead to one-
half the above line width. The cbvious interpretation is that spontan-
eous emission (the other source of quantumn noige) accounts mm:_ the
remaining half. In fact, a detailed study of the origin of our line
width substantiates this conjecture. .

Space does not allow us to compare our result with all earlier
workers; however, we note "

1. Our result is twice that recently ogﬁu& by Korenman.

9. The additional factor N,/(Ny — Ny) as given by mEBomm. m».
21.12 does not appear because, for simplicity, we take our excitation

to populate only the upper level.

4. CONCLUSION

We have constructed a model of quantized laser ogcillation .E.
generalization of the semiclassical theory. The mnsm.ﬁou.m Qm B.oﬁe&
for the radiation were solved; the resulting distribution i3 similar
to, but not identical with, a Poisson distribution. It émm further
noted that a linear laser theory leads to qualitatively different re-
sults. The off-diagonal elements describe the .mmm_mnm of wrmmm dif-
fusion in general and provide the spectral profile iE(w)l?asa

special case.
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