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Cooperative phenomena in quantum optics
R. Bonifacio mﬂ& L. &, Hﬁmmeo.

Istituto di Fisica dell,Univeraith,lilane,Italy
IL.Introduction
Cooperative phenomena cecur in macroscopic systens,i.e.in systems
composed of several identical constituents (atoms,molecules ). One
has a cooperative effect when the behaviour of the systems cannot
be reduced Yo the simple superposition of the contributions of the
single ocﬁmdwdﬁmwdmﬁﬁu..Hﬂ guch a situation the free particle descrip—
ticn - failsg completely and does not everr gualitatively
deacribe the behaviour of the aystem..
One meets cooperative phenomena both in systems in thermodynaniec:
equilibrivm (e.g.ferromegnets, superconductors) and in systema far
from thermal eguilibrimm(e.g.lasers, md%mﬂummwme:mT%mﬁmBmw.
In these lectures we shall illustrate some cooverative effects which
occur in the resonant interaction of an atomie system with a mono-
chrematic ( or guasi-monochromatic ) electromagnetic field y namely
a) singlemode. lager dynamics |
) cocperative spontancos emission of radiation ( superradiance )
c) cooperative effects in regonance fluorescence .

2) Eheory of open systems

Cooperative effects in far from equilibrimm situations concerm open

gystemns, i.e. systems which are in condition to exchange energy



BUIMOTTOT ou3 Bursn psaos ArTemioy st wetqoxd asigwT ayg 3& zox
uwotTsenbs pesoTo ® Mﬁoﬁumu .H.o waTqoad ayq 04 susTBATODS m\wﬂ\t&/noy
uoT3enbs pasors e Suronpep Fo mweTqexd syy 2ousy ?E J0o aFpaTmoln

2q} o3 jusTeaTnba &/mo sFpoTmow! oy} (L*g) pwe (9°z) £q souls

&

‘(%) n aogexsdo TEOTIETIEYS oUL O jaed ,jUEASTRI, oW WN@ TIB9TD
7

AMMGE-F) =] T and =d ! e =AM e
1 Jo susouw Aq spIed omg

O1UT PSPTATPQUS aq wWed (3) p LATFUTpIOSOY *( uotjoefoxd s&,faTTey pus
83XL8xy ) xojeiedo uorgoafoad w ST g adouay *g u.wm 1BY) SBY auo

S0UTE aXOWIIYIJNF SIBOUTT ST J uorjersdo ayy ATIesT)

ﬂ“m‘mkw ﬂ.ha

) d g = AL TG = (IMd (0D

(% ) 4 I0geasdo

TBOF38T3838 1TNY U3 U0 J uoijsiedo FUWMOTTOI 6U} BISPISUCD SUD MON
*USBQYD aq pmﬂ_w..\«?.mfkon spmncx¥® Teorsdiuyd uoc Lyroeds TTBUS am UOTSEMISTP
Teury syl uf * ..?*m JO 90TQUD 8y} yo juspusdrpur axv edejs TemIoy

L . PUIMOTTOF oY) aouls .hﬂmhpﬂn..&‘. Abmm.n Al JUSWMOW 8Y] IO *JITOA

L —-TBEBI SYY Ho;.. 81B3E 20UDIBJAII , PO o3 ST UoTUM ‘faucT® ¥ MV\t..ﬂ/mmw
-Baodo TROT4&IZHIE B f8ITT S80npOoILUT au) *pougst 51U3 Yoe¥s ATISTaq

sn 38 °( rmv Ls1T9y pue eaxLBay yo uotgoelfoxd eyy U3t subrugoasy
uotjoalozd ,Frzweng yo subow £q pearos st meTqoxd sTUR LrTensn

T:m .3.\ :S.ﬂn:rd welJajer?  Iwal Pase? ¥ ?\\5 I0F ( g*z ) uotienbs wuwew
—Tay UOA By} woxI Furompsp Jo waTqord oyj seostIm ATTRINLEU 3T UL
"ITOATRSSX B3 JO 20vde 3I9QTIH o944} JI0A0 20BI; TBIgsed mﬂmma\x &%hmﬂs

Cam ot =) d

S® pPOUTIap ST YOTUM

( sz}

‘suote g malshegns aya %&/Hop.@ummo TeOT36T38}S psonpal 8yl Mouy
ﬂ - .
03 yfmous ST 3T 3nq .G WALEAS. . ﬁweﬂ Fo ( 3 V%Tou..mnmno TeOT38T4BIE TTOT

3Y3 MOUY 01 AImessosu 30U ST 4T 8OUSY "JITOCAISESI aUY3 ST ¥ oTTWe

~

P33B0I9qUT 8IB ou UOTYw UT We4eLS oly ST § 45y] omMSsE s 23T 4oy

¥s v LS =
J‘+ J I_ ..._ ( ¥*2 )

EUOTITULISP SNOTAQO YLTM*SABY am { I*2) uctgenbas woxg
K ! . = ( €2 )
[ W], =7

£q TeAYE BT T { URTTTTAUOTT I0 } Zojexedo BTTTANOIT 544 SIeym

v .
; = 1 (2°2)
amm= S;
) uotjenbs uuwwmney uwoa ayg sfeqo & Jyo
( 2 )& To3wIsdo TesIysTiels oyg ‘UBTUOLTTWR UOT30BISUT &) ST
¥Sy pue LTeaTgvedsag ¥ pue g JoO BUBIUCLTTIRY oy} axw’y sy sxouym

‘sz._‘x.I*.wIﬂI (1°2)
£q woar® L[FurpIoosow ST B JO UBTUOq TTmey

UL ¥ PuB § smejmdisqus Suriowvrslur ony Aq pesodwmoo b Huu.mhm

mjmenh v IspTEUOD oy "maTqoId eyy suTrop Lizadoad $EITT an o7
*ITOAISE

~3I 54T U3Ta ”.,Hmu.mhm usdo sy yo quegsuod Furrdnos eyy ur suorsted
—¥3 sATiBQIMIISH 7O UOTLONPOILUT oYU SpPIOA® 1T muﬂﬁm.nmu,wudﬂﬁoau.
Zogersdo uorjooslfoxd uwmoux TTom aug weyr mnFyIssod sXow ST DOUGAW STUJ
*eowsTpBIIadng 01 puw JSSEBT °oUg JO uotgdraogap ayy o4 gijoq Lidde
JI21BT TIRUE am 39U} .@ mﬂm#mhm. usdo 38917 01 POYLAW ST ® uu..m.ﬁ.mﬁ._”
=TT TT®us o Lrsway “woTqoad styz og PRL0ASD ST 8IN] 08T 48ITI Ing
*smatsde uado Jo moﬂsmﬁm@.wﬁuf_gpﬂhommu Jo wagqexd sy yaTa TRap

0} =8U sUC sduay - vUImousyd satywIadoos Jo adfq sTuy ur PULF a4
1'Y} SUOT3eniIs Jo Aq9TJIeA oyy mwur.mﬂm.ﬁho 5807 PUe UTe® usamiaq
ferdrazur ayy gsul PUE fESO] JO S® TTos S8 UTBTF JO 80JN08 B TeIaUaZ

UT SA®Y EWe3SLs yong *SPUTPIMOLING JToL U3t JIangem Arqrssod puw




procedure, due .«O.Nﬂ.m.nwm.

and %taking (2.7} into account, we get

(2.8) 4t
dt

PL@O -~ PLIMB

Similary multiplying eq. {2.2) times 4-P we get the equation .

dl(E)
ot

( m.?.v

Egz. (2.8a,b) are two coupled linear equations for

Cl-PYL (b - (4-PIL NUY).

/mw‘

In such a way one obtains

(2.9) d@(b)
dkb

-

where the kermel Xv:.v iz built by the projection P and the Liouwvillizsn

L as follows

( 2.10 ) —A1~$

Gt =

and the inhomogeneous term H :.; which depends on the initial wvalue
of I E is given by

( 2.IT ) HT -.v.ﬂ

Finally taking the partial trace Trp of eq. (2.9) and using eq.

t
_CPLP (Y .;% K, (=) §lt=x) ~ T, 1b)

< -PL(4-P) §{t) (4-P) L P,

tp{-i(4-P)L (2-P)EY

PL(1-P) §{b) I (o).

(2.6) one obtains a closed equatien for [ [E):

ﬁ NoHO.u lﬁ:.!.y - .lq ql-\.

dt

where + H ~¢

( 2.1 ) K ()
T, (b

1

“Trp {L(4-P) §(0)(4-P) L Bref §
T f L (1-P) §0) T (0]

Mnl$iplying eq. (2.2) times P on the left

m.nm_._mwv-

to get a closed equation for @~ t) one must simply eliminate [ (¢).

AL Bt 4?- Kole) plb-z)

The integro_differential equation (2.I0') is called Ygeneralized
magter equation” {6.H.E.) or "nonmarkoffian mosgter equation”, since

it clearly exhibits a memory (or Hmdmgmﬁpoﬁv effect. In fact, due

to the presence of the integral term in eqg. (2,10 ); the value of &%\m—h
at time t is not fixed by the value ow. mu at time t only but it is
determined by the whole history of ﬁ from time O to time . Ve

notice furthar that the inhomogeneous term vanishes when Tas.&n _\«\\&.
Let us now comment the projectien method we have oﬁ.wwu.bma_..eu.mmw“_.«.

this procedure is very elegant and provides a very mdummmudwoﬁﬁma
elimination of the bath variablesg leading to the c¢logzed egquation

2. Hew for m;s . Heowever such elimination produces a very formal
expression of the kernel. In fact the semigroup Mamb cannot be cal-
culated ezactly in any nontrivial model. Pratically one can ealca-—

late Rmﬁ.a only in a perturbative way. Namely, by (2.4) one writes
( 2.12 )
r“ﬁba‘.rhhﬂ ! Hlonhlh.ﬂh.

and one expands x it) Hﬂ.wo & perturbative series ( Borm expansion ) in th
interaction _-lup“

3 (&3] 3 (3
(2.13) Kot = m.w K7W« 7 K7 .

where g is the bath-system coupling constent. Tn practice one can
expliecitly evaluate only the first few terms of the Born expansion .
Hence the G.M.E. (2.I0') is meaninfuf only if one can truncate the
expansion (2.I3) at a very low order:preferably at lowest order
performing the so-called Borm approximation (B.A.), which consists

in replacing m:,y Y  emp \lrh. k).

Then we are naturally led to consider the problem of the limit

of validity of the B,A. Clearly the B.A. is a weak coupling approxi-
mation; however the smallmess of m is not sufficient to guarantee ita
validity. In faect, as we shall explicitly show in the following,

the B.A. holds only if the:state of the regervoir does never
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eq3.(2.I8) is nonclosed, we congider hereafter the specizl class

of interaction Hamiltonians of the type

: + ot
(2.19) Hsp= M:_m « A wv\

whnere 4 is a variable of 5, andB is a wvariabie of B . We introduce
here the restriction (2.I9) in order to illustrate the method in

the simplest situation., Ineidentally  the interaction Hamiltonian

of the singlemode laser model - to which we shall apply the present
method — has precisely the structure (2.I9).- Inserting (2.I9) into
eq. (2.I8) one cen explicitly calewlate the integral term of eg.
(2.18). It is not necessery *to report here this expression, which

can be found in ref. 2. We only mention +the relevant point, i.e.
that eq.{2.I8) is nonclosed because the intelral dmuﬁ?oﬂdmwbm- begide
the quantity w?& = Tr, W(t) .

W, ) = Tap { BBWIH

s also the new quantities
W, (b =T, 8 B™W(b)]

( 2.20 )

T { BRWI | W, (t)-

EW._EN alﬁmé:@

Tet us briefly examine the quantities {2.20) to understand their
12,3 4)
on the Hilbert space of S alone as well as % (). However, contrary

meaning. Pirast of all, the quantities W, (1) {i= are operatonm

W {t), they are not normalized to onej in fact

Ty W lb) ="T ﬁm.ﬂmé:g = <87 B>,
T W, (t) = < BRY> () ebe .

Furthermore the quantities W; can be used to caleuwlate suitable

( 2.21 )

bath-system correlation functions. E. g:iy if O; is any observable
of S we have from (2.20) that

( 2.22) <O BYR > (L) = Tvg N Oy cS:C.

Hence we shall call the quantities Ww; (%) "bath-systen correlation
%:boﬁHoHMw.

Let us now come back to eg. (2.I8). As we said, it is nonclosed

because of the presence of the W; (t). On the other hand, following

(2.18),
we can deduce from eq. (2,I6) linear integrodifferential equations

the same procedure which has led from e€g. (2.I5) to eq.

Tfor the ccrrelation functios W 65, Clearly such equatios will .

centain in general higher order vath-system correlation funetions,
as e.g. Ir ,mm.wm._.@mw S‘:_w

way we see that eq. {2.I6) generates a hierarchy of linear integro—

Hence proceeding in this

differential equations for ﬂﬁﬁv and the bath-system correlation :.
functions ¢f all orders. This hierarchy is the main tool of the pre-—
sent method.

“hen one deals with & hierarchy, one has the problem of truncating

it. OFf-course ﬂrmwm are several different truncation procedures,

which gives flexibility to the method. The chéice of the most mﬁM&ﬂde
truncation depends ultimately on each individual problem. A trivial

truncation is the following one: let us introduce the ansatz
W= B, plbt)

i.e. let us a2ssume that S and R are uncorrelated and that R ig al-

( 2.23 )

ways in the reference state. By {(2.23) all the bath- system correla—
tionm funeticns factorize into the product.of %Adv times a suitable

expectation value in the reference state; e.z.
(2.20) Wilt)= Am:wve plb,
<B'2> < T, (878 Brey ) .

Hence insertirg (2.23) into (2.28) one gets a closed equation for
2
%ﬁ&v. One can show (°) that this equation coineides with the ge-

neralized master equaticn in Born approximation. Incidentally,. this
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the-interactioppf the atoms with the resonant running mode in the

dipole and rotating wave approximation:

bl

{ 3.3) I»nu Fﬁm Mll mm,a.km ‘a ﬁ.m

- ,
ﬁﬁmﬂmﬂwm.«ﬁmﬁmdm..qmo&ou.ow.wwpmﬁomm.va_”“.rm.gm@omu..ﬂ.on ow“.ﬂ..

the is the
modulus of the dipole moment of the atoms. The field Licuvillian >m

ith atom, V=Ld® is the volume of the cavity and M
takes into account that the mean lifetime of the photons in:the ca-
vity is finjite. In fact the photons escape from the cavity at the

rate

¢ {(1-R)
Ks ————— ¢
( 3.4 L

where R is +the reflectivity coefficient of the mirrérs. >_u is

explicitiqFrgiven by

(35 N %= K Nﬁp\Xp+u¢ _H..pX;_PJ.uv.

On the other hand the atomic Liouvillian >>. takes into account the
following facts.

i) The atoms interact not only with the resonznt axial mode but alse
with all others modes, which makes the w.nmsm decay. The lifetime

of the excited state is further HmnﬁommTw nonradiative procesges

( atomic collisions, ete ). A1l these phenomena give rise to a finite
trangition probability 1@«1. mbu..w time m* from the .d%ﬁma. to the lower
state.

ii)} To have lasger action we must pump the atoms, which originates

a finite transitinn probability per unit time jy from the lower to the

upoer level.

\/b ”h th_“nmwpw Mn<nx FY

{ 3.8) I_\pn 2 ﬂm.v.w %._\.*hrd.v

(3.6) NyX= Nm WW‘.A_WFAHXQMQA.M.&MM\ 2", vq.,
+ WH ﬁ_”nﬂ.\x&wihpmquw.my..aﬂwv‘w

where the last one is a dephasing term, i.e. & term which increases the
Hm._lm.Nm..wMasdem of the nendiagonal part of the statistieal operator

of the atoms, while it Hm_m,...qmm unchanged the relaxation rate of the
dizgonal part. The atomic damping term is characterized by &.Sﬁ.mm
parameters:

~ the longitudinal relaxation time {or relax_ation time of the po-

pulation inversion) T,

\_lwu Nwa.w ﬁ:vlw..

- the transverse relaxation time ( 8r relaxation time of the polari-

¢ 3.7)

zation ) T, ,

~1

- the Hﬁmmgwwmwbdmwm“._.os per atom a.o‘ i.e. the popufiation inversion
per atom which .would be established by the pump if one could eli-

minate the interaction with the resonant mode:

ke

q, =
tttdy

]

{ 3.9 )
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and the diatribution functions [, (A7, 4) ena W, [ 3
responding to mﬁdv and W, {(t) respectively:

Tsm PILAE) 182cp1

Wl = Jdp Wilgpre) ps<pn
Aig: dRg dlog

cor-—

(4.7)

Egs. {4.3), {4.4) become

IPIS _k DPIALSE)
Ot

:Tmu...mﬁ/\.\meﬁﬂm _»NBﬁm\&h -7)
| T Wl )|

4

P

- LB AT ) £ 2
2D W, (A4 ) !

1+65

IWL (48" ¢)

W, (8,47 1) «
Jt T . »

auuk,__ww e T *ii\:N _u\\‘\.ﬂx_?ﬂv
D2 (4e2ipr) | Weig phE<) ]

E\Q )

(-4.9)

%

where Q\MV is the differentizl operator

( 4.70 ) AJ b b *
S X t \%
* ’
Ty
Second step: we take advantage of the shortness of the atomic re-
laxation dHBmmc.p hMHoH.EmHHNmm by (4.I), to Emamm the Markoff approxi~
% Flt-7) o T, F(t)
9} and the adiabatic approximation{ which consists
in putting w_w (4.9). Wecmtress that the Merkoff and

adiabatic approximations become exact in the stationary state. Tham

mation { which consists in replacing .\.&
in egs. {4.8), (4.
=0 }in eq.

we get for % 3Ty ,T
OPIBA%E)
Ok

+ %NZA. \

= kD w\.\ﬁw: +

{( 4.I1)

W, 1
&CL 1554

ot g T 803" (D2) f WL (847

| 5=
2

( 4,12 )

<24, :&4 PIAA )

The final step consists in eliminating the atom-Tield correlation
function.’ ,& 3 h t} . Hence we obtain the closed markoffian equation

for w:.v ﬁ )
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The function P (z) has one maximum at z=%, whieh is the value of

the intensity given by the semiclassical &ﬁmouﬁmHmv. To get some

(373

information or..the shape of P -{z), we approximate this distribution

by & Gaussian centered on Zs
tse), Fiz)
P izl= e
i

N wwn { =

F(%)+ W«mlm%msﬁ
{ 4.17 ) = e
mm‘&;

I

fl

One gets

( 4.I8 ) ﬁmn

Notice that the width J of the Gaussian

i.e. is pump- Independent, On the other hand, the gaussian approx-

does not depend on G,

imation of the stationary solution of liandel's eguation is given

by (4.T7) with

o 2 Z
(4.4%) § ubq.
LARFY

(1e0.) 22 o = o -

'

Hence this distribution broadens increasing the pump. We see there—
fore a second effect of the terms with derivatives of order higher
than second: to destroy this broadening.

In ref.{6b) the steady-state solution (4.I5) is compared also with
the stationary solution of Hmm.A4V~ow Risken's and Scully-Lamb's

equations,

5. Superradiance

va.

superrzadiance has been the
H»lmmu

After the pioneering of Dicke (
object of an increasing interest in recent years ( . Let us

first of all qualitatively desecribe this phencmenca.

21
L A (A =

wave_length of the radiation), but without mirrors ( R=0 ).. and

We consider tine usual active volume of length

without pump ( %% =0 ) becanse superradiance is a purely decay
phenomenon, so0 that no feedback as that of mirrors and of pump is
_X\»u. r\n._

which now coincides with the transik time in the cavity, turns out

cencerned. Hence the photon lifetime in. the omdwﬁw

0 be much sherter than the atomic relaxation times:

—_ =1
|

-4,
k> T, T,

{ 5.1)
We stress that (5.I) is just the opposite of the situation we had
in the laser.

Let us assume that initially all the atoms are in the excited state.
In normal oobmwﬁwoﬁmAszotmmnmﬂnmvdWm atoms decay indé¢pendently

from one another following the same exponential law. The Hmmwwdwos
emission is likewise exponential in time and is given by the simple
superpogition of the isotropic emissions of the single atoms. On the
other hand, when the density of the atomic system exceeds a sultable
critical valuas, to be specified below; a oonHmMWQWMWWWM evolution
ceeurs. Initially the atoms are uncorrelated, so that they begin

te radiate by normal fluorescence. However very soon correlations
betwsen the atoms begin to arise and inerease, increase wntil they
become so strong that the atoms decay no longer indépendently but
cooperatively. Cooperative decay is very fast with respect to single-
atom decay, since it is charascterized by a rate constant proportional to
the number of atoms N. The radiation output takes the shape of a

vulse vhose peak is proportional to N* and whose width is proportional
to #7*

concentrated in the axial direction { Dicke calls this phencmenon

» Simultaneously the radiation emission becomes strongly
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X
However W. . Nw are not m@H.DIAM operators; in fact, the "“spin®

of the atomic system is u = W +« The interaction Hamiltonian

I?n given by (3.3) is expressed in terms of collective aperators
ag follows: .

(5.6) Hap=i¥g [aRT«a"RT).

Furthermore, u,mm“_.mo._._mbw >b. _ore has that the total angular momentum
is a constant of the motion, so that:

- IZ N
(5.7) <RTR™> (0 + (RI>(H -<Ry>(H = M\Hiv.

The initial condition for eq. {3.2) in the case of superfluorescence
is:

N N
(s.8) Wlo) =10 > <051
. where
. N _ : N, _ N N
('5.9) p+pgm.v1q : mw_om.vl.ﬂ_ohv.

As we said, the relaxation time of the radiation field is much r
shorter than the relaxation times of the atomic system. Hence in

the superradiance the field is a reservoir for the atomic system.
Then we are led to consider the problez of deducing from eg. (3.2)

a ¢loged time evolution equation for the reduced statistical operator

af the atomic system alone:

5\

(510 ) Walt) = T, WIE.

Using the methed iillustrated -in section 2, we write the firat ega-

tions of the hierarchy:

( 5.11) dW,[D 2 _M_w KT - _ -
—a = R™W, (t-=), R
ok . d o i xﬁ ! .g

IR N(E=)], RT]
IR L) R e e

. .,.‘ a
%‘uumszmi,ﬁ.wmg aﬁmnix
{ 5.12 ) Ab o

ARG L) R R, N LT R~

LR L RT] w ke

RN ) )
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Differentiating eq. Am.H.mu. with respect to time and using the conser-

vation law (5.7) we obtainf

( 5.19 ) A.ﬁmwv:u + K Amuvxv =

u\.u-w.NWHW&lN.W\-.fP¥ |.A.,m.w.wv \_.-‘MJ. A _N.WV\m\Jr

s 2 cata Ry>(t

On the other hand asdding egs. (5.I6), (5.I7) up we get the equation:

(5.0 ) d_ A\ <ata> b+ <Ry> ?Q = —2n <ata> ().
adt

Eq, G.m.ou is the equation of conservation of emergy; in fact <ata >

is { in F%w units )} the energy of the mwmwm.w A_Nuv is { $t111

in §w units) the energy of gm_ﬂoﬁo system amd -2k <0tQ>

is the outgoing flux of energy.

Intreducing the factorization angatz

. 2z
( 5.21) ANWVNW_WHNA NWVNSV ,
<ata Ry>{t) = cata>(t) <Rz> (b

eqs. (5.I9), (5.20) become & closed system of equations for ¢ N.....VNI\
Ve ato> :.Q 3 wa.ﬁm.Hmv becomes nonlinear, and it is just the non-—
linear term |Z| HNA _Nw Vw». which gives rise to cooperative emission.
.mam.. (5.19), nﬁwm..mov with (5.2I) can be reduced to a single egquation

as follows, Taking (5.7) and (5.2I) into account we can put

< Ry> (E) - 1< ...NR+M»; o5 ,m\\mf

ﬁ..m.mmv 2
(7+3)

2

<KRYR > (D) = ()

23

How one easily verifies that both egs. (5.I19), {5.20) with (5.21)

are satisfied if the foolovwing eguations are satisfied:

-

H‘
(5.23) <a*a>[tj~ P JLE)

( 5.22 ) ,H\f: + ch:_ I N S 15

- 2
.N.n\
Bas.(5.24), (5.25) reducs the problem of superfluorescence to & gim—
ple damped pendulum equation. \ND is a quantity with the dimensions
of a time, which coincides with the Argecchi- Courtens cooperation

19, mv. Using the expression of @ given in ( 3.3), one can

-

reformulate T_ in terms of experimental guantities as follows

(5.25) & u:?ﬂﬁ. .
[=% QUO\/M\ I

where T, is the radiative lifetime of the atoms and ‘*uu z\/\ .is L
the density of the mwoﬂwn.mwmdmﬂ. From the initial conditions Akwvsi :
=N ; <aTa>{c)= 0 and from (5.22),%5.23) one finds
the following initial conditions for the pendulum equation:

2
.2? -1/ 2

o i ’

Nz + 4]z VN

( 5.26 )

Unﬁ.ogh ancea

Hence for large N the pendulym mdm.u..wm*qmuﬂ. near to the uwnstable egui-
librium point ( north pole ), -
In the case of very large ¥ , namely XNPWVP

to the overdamped pendulum equation

| ed.(5.24) reduces

= L

Tr

( 5%27) p (1)

'
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and their ﬁmﬁ&ﬁ is no longer proportioral to H% put mHHﬁw% proportional
to H. Kz <

In conclusion, one has superflucrescence only for

Hence superflucrescence disapyears for

{ 5.34 ) KZ, =>4 or mnwc:..\»T:.It KT 2 1.

Howevar (5.34) is not the only condition for superfiuorescence.
In fact, as we said md the beginning of this section, mﬂﬁm&ﬂHﬁonmomnom
can oceur only if the mdoﬁuo relaxation times are much longer than

the time scale Ta

the further condition

C T, << Ta

ow superfluorescent emission. Then we have

( 5.35)

where 1ﬂw

(5. wmv can be phrased in terms of the density % or of the length L

1]

is ﬁSm shortest atomic HmHmdeHos7uEm. oonaudwosm (5.34),

as follows:

(5.3) S$77T < p £ 35 _
Ta L A?
sy Lae b g L.,

where L = € T, and L-,hs is the absorption length given by
8 Ts

(5.38) L, = .
w..ﬂp»

The lefthand condition in (5. qu says that the sample must be optically
thick; the righthand condition in (5.37) says that one Hmm super-—

fluorescence only if the atoms are contained in a coeperation length wlo

33

soscitlatory superfluo—

Ll

« Clearly it is no: mmmﬁ?o match both condi-

On2 has pure superfluorescence if
rescencefif Lo~
tions (5.324),(5.35}.
mxﬂmﬂwﬂmﬁwm on superradiance have been performed ANO&MHV. Both ex—

zo~ (Lable)

periments investigate the situation K

This featurs erplains why until now only %wo

+ A eritical
digcussion on the comparisen of theory and experiments in superfluo-
rescence is given in ref. (22). Ve only mention here that, while
(5.35) is universally recognized as a necesesary condition for super—
radiance, there is not a general agreement on condition (5.34).

Z.z. according to the authors of ref.(20) {5.35) is the only condition
for superradiance, and the cooperation length I is not relevant

in the disecussion of superradiance.

e end this secttion with a critiecal remark concerning MHﬁoﬂﬁmﬁvoﬁm.
(I5b) shews that there are relevant denddmdpoﬁm.
uvwwﬁndﬂm&poﬁm‘ao not become ne-

The analysis of ref.
in superfluorescence, and dwmmﬁ
gligible for large N . Hence the fully quantum mechanical theory,
which is based on eqs. (5.IT%, (5.I2) gives quantitatively relevant
corrections to the previous semiclassical treatment, based on the

Tactorization ansatz (5.2I). However Trom the qualitative view_point

-

the semiclassical results remain basihieally correct.
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ii) if one looks at the spectrum of the Iluorescent light; one should

see a2 bhehavigur completely different fron that predicted by the single
. 2 - .

atom theories of rszsonance fluarescence ( mv. In fget, according

to these theorise increasing F ; one stould see a contincus energing

of +wo - sidebands as described above, ¥Wnich should begin at a value

of MHBd,ow gmalier than E wl . On the contrary, according to ref. (o)
29 -

(“7) the specirum should remain single-peaked for all values mu < mu .

approaching m:“...._
orfe should see an abrupt aprpea-—

Not only, but one should observe a line narrowing

L)
E

1
rance of the three peaked specirum, with two largely separated side-

from below, until owowm“._.ﬁm

bands. Hence one should observe a first order phase transition also
in the spectrum of the fluorescent light.

Tet us now turn %o the analytical treatment. We start from the Sin--
glemode laser model {3.2) with we =0, i.e. no pump. We take into .
account that the field O is composed by an injected classical field =«

and a Teaction field A emitted by the atoms:
+
Avo [A A =2,

where o is a given c—number, which for definiteness we assume real

(6.1) 9=

and positive. In this section we shall make a purely semiclassiesl
enalysis. HBence we Tirstly write down the time evolution equations
for the macroscopic quantities Aﬂ..v_. < *N...H.V.1 <A > . Taking

into accowmt that for any observable O

{ 6.2) AWVQSH\_\_‘.*Q ;&mﬁ.@f

and using (6.1) we obtain from mp.mu..mv the following egquationas:

”fommc,mpwwpnu N_N..V HNu A~>+oﬁv“~wv - m._.AEIV ,

Pt ) .
nﬁﬁma“ﬂ?so ANwV - |.;.@ Aﬁbélvmiv I@Aﬁb.*.lwﬁun >
wansl 4, S N

g@mnnxxwmnnp\?r ~ ¢ ﬁAn.wv.wmuv '

+ . -
Eedlee (As cyg et >
/C« O\\

-k <A>

¢<¢g

»

{ 6.6a)

3?

where

-1

( 6.4 ) ?nlﬁ

Mow we introduce the semiclassiczl approximation {( or selfconsistent
field approximation) which consists in factorizing .mu.u. the éxpectation
values of produects of a field and an atomic operstor into the product
of the expectation walues. Hence putting

b= ¢ A> S« <R >

! /

( 6557)
D = - A.N.W.V__

we obtain the noniinear coupled equations

S=2g (baet) by S

. N
(6.60) A= -2g(bex) S~y Nbuhlv_

( 6.6c )} wulum..xw.

The initial condition for eqs.$6.6) iz L=0, S= .o_. A= MR

(i.e. all atoms in the ground state). Since all the coefficients
of eqs.{6.6) are real alsec the quantities S and b are real ( A is
real by definition). The interpretation of the coherent part of eqg.

(6.6}{i.e. of the part arising from _|>m ) is elear: the coherent

u.usu.mc.nmmwwmu.m.a ndmm..nmm_. wﬁmnﬂomnowwnonmH“._.Nmﬁ..obm nmﬁ.ﬁm«m.&v

s .. /
which in turn oH.u.mem.,«mm/_ﬂnmmo.ﬂou field b (eq.(66c)).

Since the in-
teraction is ccherent, S and b have the same fregueney and direction
of the injected field. The tetal field ~u+o» in turn acts

on the atomic system (egs.(6.a,b)). The injected and total fields o
and ~a+% are related to the guantities mH. m._l intreduced

in the previous discussion U%,.Eam simple .preportionality relations
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as anticipated above. Bence the torm with ¢ in eq.(6.T1) takes atomic
cocperathon into account, as it is clear also from the fact that ¢
te o °
proportional to 2. X is no longer independent of N so that ,wv.f .P.n
>

reproduces the

is proportional to the cooperztive decay rate .Since

are no longer extensive gquantities. The term with o
typical dependence of .m.z. on the satursation paersmeter x. In fact

5=0 for x=0, 5 increases with x reaching its mazimum .m.?Px. = N m,t_._.
at x=1 and then saturates to zero. Hence in the saturation H.mmw.os o
NVVH. the cooperative term is negligible, vhereas’ in +the wisat-
vrated region it is relevant and can dramatically change +the physical
picture given by the single atom theory. ‘

; m.H o<y m._‘ oc X

{6.I1) expresses the incdident field as a function of the transmitted

Let us now discuss eq.(6.II). Since and
field. What we want is just the inverse function X =X Qv . To
find this function one has to solve a cubic equation, so that 1 = X (g,
can be a multivalued function. As ghown in fig.I, the function wnu (%}
defined by eq. (6.II) has a qualitatively differemt shape according

to whether €<4 or < >4 . In fact, fer A A M 1s a monotonic _
function of x, so thet the inverse function € =X Amv is single-
valued. In such conditions, the tranamitted light ‘Hunﬁmmmmh?onoaoduomwww
and continuously with the incident tight, so that no phase transition
occurs - On the contrary, for C»4 ,_Em. function(6.II) has a maxi-
cs> 4
Hpye=d P Y = c and the coordinates of the minimum
are %, ~{zc , ues)l\._\MM« . C >4 the
inverse function 3 = 3 (y) is.multivalued. In fact eq.(6.IT)
has ocne solution x, for y ¢ Vo

I R I

mum and & minimum. For the coordinates of the maximum

are

Henece for

Three solutions Hydn, < Xy

@.Vux.

for and one solution x for:

3

44

The linear stability analysis shows that points x . and X are stable,

1
Nume&Hanu.u. coinecides with

whereas X, is unstable. . For y > ¢

2
the single atom solution x=y, so that we term X, "one-atom stationafy
state" . Un the other hand point Xy arises from mﬁoﬁpo—oooUmHm..ﬂ.ou.
so that we call it "ccooperative stationary state®., With respect to

saturation, we can also call u.nw "saturated staticnary state" and X,
"unsgtured stationary state".

C> 4
such bistability originates the hystheresis cyecle.One must simply

Se Tor the system is bistable, and it is easy to sece how

exchange the axes x and y in Fig. &, soc that one has = plot of the
transmitted light _w.ﬂ oC X \<mwm¢m the incident light mH On.u . Yie
stress that this plot closely rensembles the numerical plot given
in ref.(26), For low values of E {i.e. of & } the system ig

in the copsrative staticnary state Xy - Increasing MH.Epm transmitted
light slowly increases following Xy 0 mtil in correspondence of

the value y= %3 the system is forced to mske a discontinuous transition
to the one-atom stationary state x 3 ¢+ If we conversely start from

a high value of MH y the system is in the stationary state x3 .
Decreasing mH.Epm transmitted light decreases condinuously following
X3 until in correspondence of the value =Y. the system jumps

to the stationary state x; . The hysteresis cycle of Es ‘versus m..n

- Wotice that the jump is of a factor ¢ 31

is showm in Fig. 2a
at both transition points.
On the other hand taking into account that the total fluorescent

I

level N, , and tnat from eq. (6.I0b)

intensity is proportional to the total populatiom of the upper

i

( 6.13)

Z.b.,.,.._n .:2..!
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