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" 2~PHOTON STATISTICS

2.1 RELEVANCE OF PHOTON STATISTICS (PS)

Consider a photodetector illuminated by a light beam. By an electro-

=mn.m¢nm lasting for a time T, one counts the number n of photons
annihilated at the photosurface in T. The random variable n has a

statistical distribution p(n) that can be determined by iterating the
above procedure for a large number of samples.

mu Figure}l we give an experimental plot of the statistical distri-
bution of photocounts p(n) versus the number of counts

& Thermal light
v Mixed light
« Laser light

Number of counts
-

0 L} [ ] 2 w» 20 M - ) n » L] - L ] 14 % (]
Channel number

i, Fig. 24

.- . Photocownt distributions
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n= n<I>T

{<I> being the average intensity, T the gating time ,n a constant .
accounting for the quantum efficiency of the detector plus other
instrumental factors). The three curves refer to three physical
cases which are indistinguishable from the point of view of clas-
sical optics. Indeed in the three cases we have the same average
photon number < n >, the same diffraction limited plane wave, the
same linewidth Aw filtered out in such a way that

T 1/8w >> T

that is, each sample of the statistical distribution p(n) is col-
lected over a time T during which the field amplitude {E| 1is prac-
tically constant. From the point of view c: PS5, the three lights are
dramatically different as seen from the figure. The variances as—
sociated with distributions a) and b) are respectively :

< bbw >z <>

A_Dn_.N >a <n > +A.—.—V”

In the laser case p(n) is fitted by the familiar Poisson distribution
which describes the number fluctuation in a volume containing a
classical gas in equilibrium. The relative r.m.s. fluctuation is

< An2 Vﬂmw

and for <n > »> 1 becomes negligible, justifying a description in
terms of averages , as done in thermodynamics.

In the thermal case (light source in thermal equilibrium as for
the black-body) the relative r.m.s. fluctuation does not decrease
1/2 . .

<pn2 > ol .

<n >

hence, it is micleading to describe the field only in terms of avera-
ge values <n > .

The first contribution of ﬁb¢uu is a particle-like noise, as in
the Poisson case %P ; the second is a wave-like ncise. If now
one superposes a laser field with average photon number $ and a ther-
mal field with average <n > onto the same space mode, one obtains
the sum of the two variances plus an interference term

I
<atn?>=§+<n>+ <n2:+ 25 <qn >

To show the importance of the last term consider a communication
channel with 8 coherent photons and <n > noisy thermal photons.
If e.g. § = 10" , we get for the different <n>values :
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Llet us consider a radiating cavity with an zperture d{Figure u.wu
the expansion (2.1) inside that cavity each ocnmomnm plane wave is
broadened by diffraction by a selid mnwummw;ky\n . In Figure 2.1
we sketch for each plane wave a polar diagram, centered at ths
center of the aperture, giving the distribution of the intensities
around the central propagation vector k for three different plane
waves. The Young interferomcter is made of a screen with two dif-—
fraction holes A,B plus a square~law detector which time—averages
the square of the instantaneous signal

2

| By vy |
over a resolving time much longer than an optical period. As the
detector moves parallel ta the screen, it collects an average con-
tribution “m>_m + _mm _mﬁvmn means time average) plus 2 cross-term
confribution 2Re E mm which can he either positive or negative
depending on the uwmmm relationship between Ey and mw. This extra
contribution gives rise to fringes.

If the source is in thermal aquilibrium, we expect that the plane
waves of the expansion (2.1} are mutually independent. Therefore the
eross~term is non-zerc only when the holes A,B pick up fields coming
from the same diffracted plane wave, that is, fringes appear only
when the distance between A and B is such that the geometrical 7per—
ture d/R is smaller than the diffraction aperture A/d {Figure N‘.Nu.

The fringes are an indication of selection of a single k (direc-
tionality). :
Hence directionality is related to the quantity. -

nC.Cﬁub.ﬂwu = Am?v C.>.nv mT:nu»nv > AM.OMV

Similarly, in a Michelson interferometer (Figure}d) one investigates

the monochronaticity of a source of bandwidth dw by introducing a delay
TR TN :

between the two mirrers B and A, and looking ar the fringe decay as

T is increased. Here light is correlated at the same space point

but at different times, and the cross term will be proportional to

+) ) ~fwgt ¥ dw_ (- 1)
E Anqn>vm hn.nmv = M im np e nE e 'm
Aw
we have limited the sum over the linewidth aw . Replacing the time
average with an ensemble average, and using the assumed mode inde—
pendence it results < C C* >= qo [28, . Hence the sum reduces

- p m ) im

no

M _ﬂn.."u nlenna _no_uM ml_..an i
X e

and it gives a non-zero contribution only when the Monﬁﬂox numhers
. , .
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are almost phased, that is up noa_mp “w, ol %1 oor

£
T H /8w
To conclude, the decay of fringes is associated with the decay of
the term
1,1 S (=)
G (ty.t, ) 3 <E (r,t,) E {ryeg ) > {2.6)
In both cases, (2.5) and (2.6) give the number of k values or w
values within the resolution range of the interferometer, i.e. they
show how to select a single mode from the mode expansion (2.1). We
still have to solve the problem : how is each mode statistically
distributed ? We must go over t¢ higher order correlations as {(2.4)
with n,m> 1.

2.3 CHARACTERIZATION OF RANDOM PROCESSES.

A tandom process is described by a random function y{t) of time,
which in realistic experiments we take as proceeding by quantized steps
1 ( 1, = resolving time of the measuring set-up) and varying over

R, .R . .

a finite interval Ac.ﬂc ). If we consider a values Eys ty... tp of

t in (0,T; ), then the values wﬁnwv. y(tg). .. ¥(t,)} are a set of ran-
dom variables characterized by the hierarchy of joint probability dis—

tributions —
¥ Oy (2.7) -

(probability density of finding y{t]) between ¥ and ¥1 + dy; norma~-
lized as -

Holy1a¥p) = Wly)) L 20 ¥y ) AMomv

(joint probability of finding yy at ty and yy at tp ; this defines
also a conditional probability of finding ¥y2 at tz, given y; at tj
through and so on. One should go up to Wy to fully characte-
rize the process in Ao.ﬂo ). However there are two simple random
processes. The first is the fully random process in which ro nemory
is kept of previous events, hence

_r.ﬂ. Au_.”_.um.w....o u«n-v = W A%Hu r-H Au_.Nv cesus —&H nu-uuv

The mmnoaﬁxmm the Markdff process, completely characterized by Wa
in the sense that the conditional probability i% with "short memory"
as expressed by the self-explanatory relation

tu 1641 ¥2 ¥y vltwh%_ u__mu_un {(vy ¥2 _wu

- tn (n, WMv 1nawm _wu )
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1. Gaussian distribution with zero average :
. “lcl2
E Ae. E . 1 lc]2/ <n>
cs o RE Fo , plC) = 5 =
If E; is free from fluctuations (say, laser light) then the corre- . Cedae s o s .
lations in E_ repeat faithfully the rorrelations in de and hence ‘ This nOnummuomerwo thermal equilibrium. Indeed it is a Boltzmaan
give information on the medium behaviour. Eq. (2.4) says that the distribution e /2 with W= nfw (n = photon number n_ o_mV. It
intensity correlation (as obtained with a photodetector plus an is well known that a complex Gaussian distribution &FITI8 has the
electronic correlator) gives all information on the scatterer (except + following relation between fourth and second moment (see{o 12 uu
for frequency shifts). Historically , 211 that was born by an extra- - :
polation of the interfercmeter idea. . <] cl¥>=2<| Cc |2 >
In 1956 it was introduced by Hanbury-Brown and Twiss a new
- interferometer correlating the outputs of two cetectors, and therefore 2. ‘ooherent" field without fluctuations :
correlating the intensities rather than the fields (Figure Z+5)-
. . (2)
p{C) = & {c-c_ ) 2,13
SPace  frequency o 0 (2.13)
*._:.m_o filter (5 is a Dirac § ~functien in the complex plane G)

£ iy, . . . .
* . In such a case the intensity correlation is

source _ _ . _
o} -+ J}--—-——-S5-102] el s m o]z g (2.14)

_ ' “ &m_ Equations {243) and (%4 suggest that coherence can be defined as :
UQ ay "§~like amplitude distribution", or ¢ "correlation functions facto-

. .rized at any order™.!

The abave equivalent definitions can be generalized to include
Correlator a many-mode field. A field made of, say, two modes is coherent
Fig. 2.5 _ when : _
Harbury—-Brown-Twiss interferometer . . 2) _ (2) _ :
Dy, Dy detectors. Movement in D to Py 5 Gy =8 € = Cq) 8 (€ = Cg9 ) AM.HWV.
vmnw up different angular regions ; “or ) ) D
variable delay between D and Dy . < g g0, . <M M, ceves <) >{2.14%
. 1 2 nm 1 ? n+m -

The outcome of the experiment is here proportional to : but it may be neither monochromatic nor unidirectional 1
¢(2,2) = <|g; {2 J E, |2 > . . ‘

. ’ ' Ncw MEASUREMENT OF THE PS
trmﬂm.mw. _....N are the fields at the two detectors. Suppose we

have already selected by filtars a single monochromatic plane wave : We give here a simple-minded picture based en the argument that

photons being particles with zero mass cannot be localized when the

E(r,t) = C clwnEn ~kr) | & mpAEn ~kr}) . field is uniform (Figure 6a). ]
. ’ . Hence there are no a priori correlation between the outputs of
S, . PR . . R ’ two detectors 1 and 2, and the photons, whose average number is pro-
Then (4.5) this time implies the statistical distribution of C, not . P e . ! .
enly its average intensity, since it is proportional to the fourth portional co the square field and the measuring time T
moment : - , . N

: <nx=]E| 2T n
- < |c]2 |ejTem <t .o {n = quantum efficicney of the detector)

Two typical examples are :
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In Figure?l0 we give the experimental results for a stationary Gaussianm

field together with the theoretical curves.
shorter than the the coherence time, as shown in the experimental set-up -

(Figure 2.8).

_ | Total count number per curve Sm
1 BE ‘ Delay t =150 ps
Pui i s , i Average photon number m =2.0

= Itegr ] | — Theoretical curves

024 (32532} 5 » Experimental points
Channet _
A H
Light h I
bram )

Puise heghl -
analyzer

-3

Dalay InfeqQealor
Lo 2

Figure 2.9:
Expermimental setup used for measuring
Joint photocount distributions

Esséntially, the operation described before is repeated twice at times
ty and nm and the two results are sent to a two-dimensional multichzn~ :

nel pulse-height analyzer. The results are classified on a two-dimen~ M
sional matrix, which gives the joint photocount distribution

Conditional probability Pc (m] i mz)

Wy(nrty, mytp) = Polney | npty) Wtngt,') .

One easily realizes that P. is given by the reading on a row defined 2 . 1 . S

-by the chosen value of ny) (Figure}9) and it is symmetrical with res— Photon number

pect to indices 1 and 2 for all stationary processes. The marginal m.u..mcnm SERAH

distribution Wi(nj) = Wi(np) corresponding to an uncorrelated experi- " Joint photocount distribution for a gaussian

- each column (row) the values corresponding to all rows (columns) be-

ment of the kind described previcusly, is obtained by summing for field (laser light scattered by a rotating

i ground glase disk) with a coherence time of
longing to that column(row) . : 700 ysec, The delay is I50 pses (Arecchi et
al I866 b). .
Ry
s ) . .
b : ’ ‘ 2.6 JLASER FLUCTUATIONS
3

A) A review of the theory

Single row

’ %lnnaing . Ag an application of the PS we present a set of experiments on
! . both the stationary and transient statistical properties of a laser
e system. Let us make a heuristic description of a laser.
i Sum wvee aach <otum First let us consider & damped harmonic oscillator. Its statis-
N...ﬂ.? In) = W) tical amplitude can be described by means of a Langevin equation,
A oY which we write in a rotating frame, (that is, after a transformation
. - t ¥ ]
Figure 2.0 a+ae ¥ ) as .
Matrix of the output numbers (each represented & +ya= T(t) (2.16)

-by.a dot) as they are printed at the digital

output of urm. mutichannel analyser. Tha numbers Here a{t} is the complex amplitude of the oscillator,y is the dam-
on a given linefe.g the.row ny=2) give a condi-

: . i t d T(t) is a random noise source. Let T'(t) be a
tional distribution. ping constant, and T(t)
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We define the thresholkd
the linear gain is equa

- 42 -

poist &s Y= gy , that is, as that point where
1 to the losses. At threshold

d=g=0

Below threshold {a<0);
whilst above thfgshold

she ‘distribution (.20) has a peak at x=0,
{230} it exhibits a peak at X =va. It is

easily shown that, outside the interval around thresheld, the follo-
wing approximatien hald :

1) Far_below threghgld (a <-10). Equatien (2.20) reduces to :

P(r) ~ Ne

which is a Gaussian dis

b. x2 -

Blal
2 Ne 2 r

q

tribution centered at r=0 , with a variance

< X% > equal to 2/ |a|(Figureils) for a(o).
2) Far_above threshold (a> 10) .

The saturation becomes strong and tends to stabilize the field

ampiitude around its average value < x> =7a

The field staristi

pil) =~8' e
This i8% a Gewssian dist

~a(X- v/a )2

cs is

. ﬁm.uov.

ribution centered at x = Vi

*) = given in equation (9220 is only a modulus distribution uni-

form in phase.

We give now the time evolution of the field in the same two

limiting cases.
1) ﬁvﬂ.oa threshold

» The fellowing formulas hold for the field

oad imtensity correlation functions respectively :

¢y -

2)

CV (1) =

The Fourier transforms

< n»?.u 5(0) > = Mﬂlw_l mlm_m_a

<la (1)]2R(0)2]>+ W_;M.ﬂ_rm 2 8dlr
b

of these expressions give the spectra of the

"field and intensity fluctuations. These spectra have Lorentzian shapes,
half-widths a(l) = glal , a(2) = 2 (1) respectively.

" These behaviour are illustrated in Figures 12 ard 13 for a<0.

2) Far_above threshold.

Far above threshold the field distribution is peaked at /d.
The iaser field M.nnmnm as the linear superposition of a coherent

field with amplitude
photon number given by

plus a Gaussian fi=ld with zero average,

AﬂVl'-r

28d

and decay constant

- 43 -

increasing linearly with d, that is
Aw = 284

-8

Fir, 2.1203.74

[ ] Loy
-4 0 4 8 a
Decay constants A{¢) of (2} (t) and 2 (1) of ¢(1),
and intensity 6{1)(0), versus pump parameter g.
Dashed lines : linearized thecry., Solid lines :
exact solution of Fokker-Platck equation.
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AV (Ke fsec )

\\ enu a.mMN M.
H _ .,L _l _
% -8 .3 0 3
Figure 2. ._.w_‘.
WMWMImm1mwm "effective "linewidth Av Us
the laser intensity I normalized te the
threshold values I, . The horizontal azis
i8 also calibrated in values of the puwnp
parameter a and in average photon number <n >
ingide the cavity.

The results are reported in Figure2l8 and?219.

L N TP | P 1

02 05 1 2 s w

DA

Figure 2.18

Plots of the relaxation rates of the laser
intensity fluctuaticns. The full curves represent
the. theoretically predicted results. The stan-
dard deviations for the experimental potnts

are reported only when they exceed the dot size.
The two values of the proportionality constant

€ are 0,97 xI03 fopen dots) and I,03 xI03

(full dote).

The power spectra of the intensity fluctuations measured with a4 wave
analyzer showed small deviations from a Lorentzian shape in the
threghold region. For any spectral shape, we define the "effective"
linewidth 4v of an equivalent Lorentzian as the ratio between

- 47 =

the total spectral power and the zero frequency value of the spac-
tral density. -

P ) Laser fube Vesron .
0 "Gl ;rérnen)
phalatuse _ IRATGLDE
N . .
Mirror wilh n
plezoceramic <m,.._n-_w e E

Stabilization
1+ Gl ampial.de

anatyser

_3: channel

Figure L
Expertimental get-up for the tranatent
expertment.,

The measured lipewideh fits the numerical caleylations of Risken

and Vollmer [ 1l whe gave.a dynamical solution for the intensity cor-
relation function as a sum of several exponential terms (with decay
constants »MMVU oecuring with weights My . This leads to an equi-
valent deca¥ constant.

(2) e -1 .
1 = ( )
e ff w JM.S mzw ..H

.
In the Figurell8 we have also plotted the main decay constant of
the intensity correlation function. It is clear that a Lorentzian
approximation with a single decay constant is not an adequate
description.

By using a correlator rather than a mnwncmnnw.mauwwumn it has

‘been Tecently possible to measuve the first four decay constant ver-

sus the laser intemsity (Figure218). [13 pig ]

C) Transient experiments [19]

By joint use of a Q-switched gas laser and of the linear method
for PS one can study a nonstationary statistical ensemble, measuring
the time evolution of a laser field during a fast built-up.

The experimental set-up is shown in mmmcnmwwo. We put a Kerr

.cell with end faces at the Brewster Angle within a sinele mode 6328A

He-Ne laser cavity.

Starting with some pre-set Purmp ana cavity-parameters, but

with the ovnwnmw shutter closed, the Kerr cell is switched "on" in
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Notice that in Figure?22 the dashed line just interpolates the

experimental points but has no theoretical significance. In Figure 2,23

we correct for attenuatien, as described in the next Section, and
we see that the experimental points agree with the thegretical, solid
line. ’

247 DISTORSION OF PS DUE TO ATTENUATION. (18]

The role of attenuation (Figure 24) is as follows.-

@

15u0"} -

1 i
S0 1M ODLLAY (puvery '90
’

m.wm_.:qmo 2

Evolution of the variance <An?> of the
statistical distribution of photons tnside

the laser cavity, as a function of the time
delay t. The solid line represents theoretical
results (Arrecchi and Degiorgio I97I}.

For a n-photon field (as described in quantum mechanical books) the
attenuation would give rise to a binomial statistics as the partition
noise through the grid of an electron vacuum tube. However for a
statistical mixture of coherent fields (each having a Poisson spread
in phocot number as described above) the attenuation is 2 purely clas-

sical process

E' =nE

which atfects the statistics leaving unaffected the elementary proba-
bility

B(E') d%E' = P(E) d%E f2.22)

- 51 -

By use of (2.2%}it is easily shown that the factorial moments, given
by :

F

1

" <n(n-1)...(n-k+1) > = Tm wnw P(E) d2E

change as . 2k
U £
Fe=n R (2.23)

— .|....o|v binomial

statistics

oM )
.
cavity losses

attenuator

a) field with exactly "u" photons

NS | T E—

%) ecoherent field { or statistical mixture of
coherent fields )

Figure .24 _
Picture of "particle-I7ke” and ™sqve-
like" attenuation.

By A»uumgoam can perform corrections for an attenuation n. This
kind of correction has led from Figures 22 to 23,

Nom . THE PHOTOMULTIPLIER AS A STATISTICAL DEVICE.

The finite response time of the photodetector puts a limit on
the use of PS for short times, We show here how intensity correlations
can be corvected for the detector resolution. The sutput i{t) of a
photocathode illuminated by a light signal may be represented by a
train of photo~electrons localized at random times nr. that is,
i= ] 68¢~- c)
k=1
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higher-order correlation functions.
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