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Review of Recent Models of HIWAIDS Transmission

by Carlos Castlito-Chavez!

HIV, the human immunodeficiency virus, is the etiological agent for AIDS
(Aoqu:red Immune Deficiency Syndrome}. In 1982 Gallo suggested that the
cause of AIDS was likely to be a new human retrovirus and, in 1983,
researchers at the Pasteur Institute under the direction of Montagnler were able
to isolate a new ratrovirus from a New York AIDS victim (see Basre-Sinoussi et
al. 1983). In 1984, Gallo and his colleagues isolated the same type of retrovirus
and proved it to be the etiological agent of AIDS (for more details see Gallo
1986,1987; Wong-Staal and Gallo 1985). This virus has been estimated to kil
at least 30% of those infacted. By April 1988, about 58,000 individuals have
died of AIDS in the United States, and the Coolfont Report {1986) predicts that
by 1991 the lowsr bound for the cumulative number of AIDS cases will be
290,000 individuals In the United Stales alone. Ona of the biggest problems
associated with HIV Is that most infected individuals appear to be asymptomatic
and infectious for long periods of time, with an average infectious period of at
least 8 years. Furthermore, there is growing evidance that the infactiousness of
individuals varies with time since infaction; the amount of free virus is relatively
high just after Infection (Francis et al. 1984; Suluhuddin et al. 1984) , remains
low for several years, and climbs again within a year or so of the onsat of AIDS
(Lange et al. 1986).

Soms of the important factors in the dynarmics of HIV relate to the
heterogeneity of the host poputation. These considerations include sexual

prefarence (homosexual, bisexual and heterosexual), degreé and type of
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sexual activity (number of partners, length of partnerships, anal sex), age-
structure (degree of sexual activity may be a function of age}, intravenous drug
use (sharing of contaminated needles), socio-economic factors {(which affect tha
{evel of education and hence the degree of response to education programs,
and, in the lower socio-economic classes, a higher incidence of prostifution.
shared needles in intravenous drug use, etc.), and cultural factors (different
degrees of sexual activity for males and females, acceptability and frequency of
use of prostitutes, etc.). In addition, there are epidemiological factors that may
be crucial 10 the dynamics of HIV, including latent pariods, iong periods of
infectivity, variable Infectivity, and a high percentage of asymptomatic carriers.

Mathematical models help investigate the relative importance of these
factors. If this first step is accomplished with some degree of success, then we
can proceed to determine the demographic and economic impact of this
epidemic. This process may help us to develop reasonable, sclentifically and
socially sound intervention plans that are applicable under a variety of
circumstances, and to determine the bast ways o implement them rapidly. The
series of models briefly reviewed in this chapter represent a first step in
approaching these objectives, and alsc provide a complement to the more
extensive and complete chaptar by May and Anderson reprinted in this voluma (
or see May and Anderson 1988a, 1988b). While the foliowing exposition
suffers from inevitable incompleteness deriving from constraints of space, !
hope this discussion of the modelling approaches to the spread of AIDS will
attract more investigators into the field of mathematical epldemiclogy.



The role of long periods of infectlvity

We (Castillo-Chavez at al. 1388a,1988b, 1988¢c) have developed a
senes of mathematical models that begin by looking at AIDS as an exclusively
sexually-transmitted disease. Our abjective has been to evaluate the role of
long pericds of infectiousness in the dynamics of HIV. These models are natural
extensions of those devaloped by Anderson and May {1987, 1988). Our
approach has been to divide the population under discussion into social groups
defined by criteria such as sex, sexual behavior, or age, and these groups can
be extended to include sociceconomic categories of various types. As Is
customary in thase models, differences among individuats of the same group
are ighored but not those among groups; hence we assume a network of
interactions of various strengths (see Fig. 1).

For our immediate purposes, only the simplest version of this model - -
that of a single group - - Is included. We divide this population into five classes:
S (susceptible}, | (infectious that will go on to develop AIDS}; Y {infectious that
will not develop full-blown AIDS), Z (former Y that are no longer sexually
active), and A (former | that have developed full-blown AIDS) (see Fig. 2). We
assume that individuals become infectious immediately, and that individuals
who devslop full-blown AIDS have no sexual contacts and hence are not
responsible for new Infections. In order to explore the role played by the long
period of asymptomatic infection we assume that the I- and Y-Infectious
individuals remain infectious for fixed periods of time: o and t units of time
respectively. .

Woe denota by lo{t) and Yoit} those individuals ihét w;ara in either class |
or Y at time t = 0, and are still infectious; Zy(t), those individuals that wera in

class Z at tims t = 0, and are still alive; and Ag(t), those individuals who have

already developed full-blown AIDS at time t = 0, and are still alive. Henca it is
reasonable to assume that Zp(t) and Ag(l) vanish for large t. In addition, since @
and tdenote the infectious periods, we assume that lit) = Y{l} =0 for t > max
{w,1).

A denotes the "recruitment” rate into the susceptible class (defined as
those individuals who bacoms sexually active); p, the natural mortality rate; d,
the disease-induced mortality due to AIDS; p, that fraction of the susceplibles
that become I-infectious [and therefore (1 - p) the fraction of the susceplibles
that become Y-infectious]. The function H(x) denotes the Heaviside function,
defined as being equal to 1 if x > 0 and zero otherwise. Following Castillo-
Chavez et al. (1988a, 1988b) and Anderson et al. (1888) and using Fig. 2, we

arriva at the epidemiologicat model:
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where W(1) = I{t) + Y(t), and T(t) = S{1) + W(t).




The function C[T} denotes the mean number of sexual partners of an
average individual per unit time, given that the population density is T, and A(a
constant) denotes the transmission probability per partner. More specifically {as
in Hyman and Stanley 1988), A =i ¢ whare | denotes the probability of Infection
per sexuat contact and ¢ denotes the average number of contacts per sexual
partner. Hence AC[T] denotes the probability of transmission par unit time and
AC[T] dt denotes the probability that a given sexual partner will transfer the
disease to a particular individual in time dt. The tactor W/T is the probability that
a contact of a susceptible individual with randomly selected individual will be an
infectious individual. We {1988a,1988b} have shown analytically that, under
appropriate assumptions on C{T), the local dynamics of this system is governed
by the reproductive number R, the number of secondary infections produced
by a single infected individual in a purely susceptible population. R is given by

R = (prob.of transmission)x
{mean number of sexual partnars in & purely susceptible population}X
{the mean infectious pericd)

or
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1-
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Brisfly, the maintenancae of the disease in the population at endemic levels can
occur only if R > 1. Hence to eliminate the disease we should consider control
stratagies that could potentially reduce R below this critical value. Approaches
of this type have already been used in the development '61 v-aocination
stratagios for a variety of diseases (see this volumae), or in educational

programs for reducing transmission.

For AIDS, # is not sutiicient 1o consider homogenecus populations, as the
dynamics are affected critically by a variety of factors such as age, sexual
behavior, geographical area, or other characteristics. Considering models that
incorporate several interacting groups Is therefore a priority. in this case,
howaver, the ease of performing analytical computations disappears, and
numerical simulations may be tha only approach. Numaerical computations for
intergroup models also show the existence of threshold behaviors, allow
astimation of those thresholds, and explore of parameter sensitivity.

Simulations are also useful in one-group models; for example, consider
the role of education in the dynamics of HIV. Assuming that education becomes
effactive and parameters have been changed so that R < 1, then through
numerical simulations we see that the time lag In system responsivaness
assures a skewed concentration of infected individuals. This delay means that
aven if the disease eventually is eradicated, the number of infected individuals
wouid continue to Increase for a iong time--perhaps several times the infectious
period. Thus, the effects of education will not produce & decrease in the total
number of infected individuals for many years. If the rate of decrease in the
number of new cases is very slow, and the initial observation is a sharp
increase in tha number of cases of individuals who develop “full-blown™ AIDS,
then education could be perceived primarily as a cause of increased
promiscuity, rather than as controlling the disease, thus having a serious
negative impact on public policy.

Other mode's that concentrate on the effects of long Infectious periods
can be found in the works of Anderson and May {1987, 1988), Blythe and
Anderson (1988), and Anderson (1988). o



Effects of partnership dynamics

Study of the mathematical aspects of partnership models in a
demographic contaxt can be found in the works of Kendall (1949), Pollard
{1973), and Fredrickson (1971). Howevaer, Dietz and Hadeler (1988) were ths
first to put these demographic models into an epidemiological framework. As
Dietz and Hadefer (1988] point out, "Tha classical models for sexually
transmitted infections assume homogeneous mixing either betwsen ali males
and females or betwean certain groups of males and females with
heterogeneous contact rates. This implies that everybody is all the time at risk of
acquiring infaction.” Therefora, they ignore the paricds of ‘immunity' due to
temporary monogamous partnership among uninfected individuals. These
authors raise the question of the potential effects of these temporary pericds of
‘immunity” in the dynamics of sexually transmitted diseases. A simplified version
of the Dietz/Hadeler model forms the background for the discussion that follows.

| will brietly describe this framework for a single homosexual population
and expand it to include variable infectivity and variable AIDS-relatad mortality.
This extension is more realistic, as it allows us to see AIDS as a progressive
diseass. Extensions are than passible 1o include a variety of sexual tendencies,
age structuras, muitiple groups, and varible infectivity.

Attime t we denote by m(t) the number of uninfected single malas, M(t)
the number of infacted single males, A the constant "recruitment” rate into tha m-
category, and P (1), P u(t), Pug(t), the number of m-m, m-M and M-M pairs
respectively. Furthermore, we denote by ¢ the constant break-up rate, u the
constant natural mortality rate for m- individuals, d the coasta:nt mortality rate for
M-individuals, i the probability of infection per contact, and a the number of

contacts per unit time while in a partnership. Since infection only takes place

while in & partnership, we can make use of Fig. 3 1o arrive at the following set of

ordinary ditferential equations that describe the dynamics of HIV:

%’lﬂ =A-Um+ 2(5+1-1)Pm+ {d+ cs')PmM < 26{m.m) - ¢{m M)} ,
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dp
d";‘" = (MM) - (2d + O)Pyy + BP_y

B = ia and ¢(x.y) is a non-negative nonlinear pair formation function that

satisfies the following conditions as specified by Fredrickson (1971}:

$0y)=0 forally20,
&(x,0) =0 forallxz0,
o(8x,8y) = &d{x,y) forallx,y, 520,
2 »
3 20, 3y 20,

Following Dietz and Hadeler (1988), we assume symmetry; that is,
${x.y) = dly.x) forallxandy 20.
For a discussion of several functicnal forms, see Keyfitz (1972), Kendall

(1949), and Dietz and Hadeler (1988); however, the most common are

Xy
X+y

¢y} = p » and

¢{x.y) = p min (xy} :
the harmonic mean and the minimum function. A partiai local stability analysis

of a two-sex model that uses both pair-formation functions can be found in




Dietz and Hadeler (1988). Their main cenclusion is that endemic equilibria are
possible only if the separation rate is large enough to ensure a sufficient supply
of sexual partnars. This result immediately suggests possible educational
strategies to help reduce the incidence of sexually-fransmitted diseases. They
include tha encouragment of longer monogamous partnerships or simply the
encouragament of sequantial (rather than overlapping) parinerships.

in the case of AIDS, other effacts such as variable infectivity may have to
be taken into consideration even in the case of a single population. We can
formulate an extension of the Dietz and Hadeler's modal that considers the
now-sarious possibility that AIDS is a progressive disease. The variables t and
< denote time and time since infection. The mortality rate for infected individuals
d = d (1) is a funclion of t, m{t) and Pmm(t) have the same meaning as before.
However, M(t,1), Pmmit.7), Pmmit,.v) now denote densities, so that for example:

T+ AT T+AT
af [ Pateodae
T T

denotes the number of MMy pairs in time interval [t, t + At]. We siill
assume that p and o are constant and dencte ¢{x.y) by ¢xy. Again following Fig.

3, we arrive at the model:
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where P, (11,0} = BPy{t1), Ppultce) = Py,(t.r.t) and appropriate initial

conditions are prescribed.
To use the harmonic mean to describe the process of pair formation, we

set

o .Mt mit)
b = p mit) + M)

Orud 1.9 =2p m{t) M(t,7)

m{t) + M(t) *

M(t,T) Mit,7)
dum 65%) = 0 = e T

where

M{t) = | M{t®) dr .
J

Whether or not the introduction of variable infectivity {and hence long periods of
intactiousness} will affect Dietz and Hadeler's main conclusion is stili an open

question.

The effects of multiple sexual partners

Hyman and Stanley {1988) have developed some rigk-based models
based on the assumption that individuals with multiple sexual partners are

usually infected first and tend to become the major source of spread into those
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groups with fewer sexual partners. In addition, they have also explored the role
of variable infectivity in the context of their model.Tha simplest version of their
model can serve as an example of this approach.

Wa let tand ¢ denote time and time since infection, p denotes the
natural mortality rate, 8(r) denotes the death rate t-units after the onset of AIDS,
B(x) denotes the rate of developing AIDS t-units after infection, i(t) denotes the
probability of infaction from a contact with a person infected t-units of time ago,
and r denotes the average number of ney sexual partners per year In addition
we denote by S(t,r) the density of susceptibles according to lhear number of
pantners per year, I(t.r,7) the density of infacteds according to the number of
partners per year and the timeg since infection, ¢(r,r) the number of contacts
between people with r and r' partners per year, and S,ir) the density of paople
with r new partners per year befors the introduction of the AIDS vinus. Using this
notation, Hyman and Stanlay (1988) arrive at the following model:

as(t,n
- B(S,r) - St - AtNS(tr}
o0 = MtoSit.n ,

alft,t,n . alft,z.r)

> 5 - B +witTr |

Ao = [ | powsnoegr
0 0

JA{LD Al
22D s,

dA P
—_— = J I Bto) I{t,x,r) dedr ,
00

where

rI clr, r')r'a’- i() I{t,x,r') do dr

Q

Mt.r) = - -
J' rSr drt + j @ It dede
0 1]

Stanley and Hyman observe that if c{r,r’} and i(t} are constants, then parnners
are chosen at random from the population. Hence this model reduces to one of
Anderson et al. (see May and Anderson's chapter in this volume). Preliminary
numerical investigations show that the shape of the distribution of individuals
according to risk can have a marked effect on the shape of the epidemic. In
addition, the rate at which the susceptible population is infected seems to be
very sensitive to small changes in the infectivity profile.

In the population genetics literature (see Crow and Kimura 1970) the
affects of different mating systems on gene flow are studied. An alternative
approach to modelling the sexual transmission of HIV is through the mixing of
the population genstics and epidemiological approaches, superimposing a
‘mating’ system, such as assortative mating, within the classical epidemiological
framework. A starting point towards this approach may be that of Colgate,
Hyman, and Stanley (1988). Their recent risk-based model, based on the
observed cubic growth of AIDS casss, has built on the assumption that
individuals with multiple sexual partners have sexual intercourse mostly with
individuals with multipla sexual partners. That is, most contacts take place
between individuals in the same risk group. An important question that Colgate
et al. (1988) address Is that of the speed of propagation of the disease trom
highly prosmiscuous individuals to those that are less prosmiscuous. Colgate

et al. (1988) derive a diffusion equation when mixing is small. Their ditfusion
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equation model has similarity solutions which are saturating waves moving from

large fisk groups to low risk groups with decreasing speed.

Conclusions

In this chapter we have introduced several modals that begin to address
saveral questions raised by the AIDS epidemic Including the role of long
pariods of infectivity, the effects of tamporary immunity due to the formation of
sexual partnarships between non-infected individuals, and the overall effects of
high risk (muttiple sexual partners} behavior. May and Anderson's chapter in
this volume adresses {among other issuas) the possible demographic
consequences of this epidemic.

Although progress has been made, there is still insufficient information to
appropriately predict the dynamics of this epidemic. How will the dynamics be
affected by education or intervention programs? How can we implement the use
of drugs that may be developed to decrease the level of infectiousness and
extand tha lifa of HIV carriers? If a vaccine is developad, what is the optimal
vaccination program?

Furthermore, we have to be aware that since many symplifying
assumptions are made in the construction of these modsls, including the
clumping or aggregation of many important variables and components, the
results of these models cannot be used to circumvent the moral and ethical

questions raised by this epidemic,
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Legend for figures

Fig. 1: Hypothatical 3 group network, Ay denotes the probability of transmission
par unit time per partner between individuals of group i and j, Ci{N]
denotes the mean number of sexual partners that an average individual
of group i has given that the population density is N =Ny + N2 + N3 .

Fig. 2: Single group medel; for details see the text.

Fig. 3: Flow diagram for a single group parinership model.

CORE GROUP 2
(N,)

CORE GROUP 1
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