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The projection of the velocity vectors
of objects moving in three-dimensional
space on the image plane of an eye or
a camera can be described in terms of a
vector field. This so-called 2-D velocity
field is time-dependent and assigns the
direction and magnitude of a velocity
vector to each point in the image plane.
The 2-D velocity field, however, is a
purely geometrical concept and does
not directly represent the input site of a
visual information-processing system.
The only information available to a
visual system is given by the time-de-
pendent brightness values as sensed in
the image plane by photoreceptors or
their technical equivalents. From
spatio-temporal coherences in these
changing brightness patterns motion in-
formation is computed. This poses the
question about whether the spatio-
temporal brightness distributions con-
tain sufficient information to calculate
the correct 2-D velocity field. Here we
show that the 2-D velocity field gen-
erated by motion parallel to the image
plane can be computed by purely local
mechanismns.

In the literature on both biological mo-
tion processing and computer vision
there is often stated that the 2-D veloc-
ity field cannot be computed by any
local mechanism [1—5]. This conclu-
sion is mainly based on approaches that
implicitly regard a moving contour as
nothing but a series of straight line
segments which are each seen through a
small aperture by some local motion-
analyzing mechanism (see Fig. 1a). In-
formation on the local curvature of the
contour is, thus, not taken into ac-
count. From these mathematical ap-
proximations it is then concluded that
all that a local mechanism can do is to
determine the component of the local
velocity vector perpendicular to the
contour line, i.e., in the direction of the
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brightness gradient. If Flx,»f) =
Fix+s(x.y,0; y+r(x,y0)] represents
the brightness of the moving pattern as
a function of the spatial location x,y
and time ¢, where s(x,»,f) and r(x,»,7)
denote the time-dependent displace-
ment of the pattern in the x- and y-di-
rection, respectively, the mapping of

[ds(x,y,0)/ds; drix,y,0/df] on their
components along the brightness gra-
dient vectors v»*(x,y,f) can be repre-
sented by the transformation

F} FF,
vi= V(F2+ Fp)- v ()

FF, F}

(The subscripts denote the partial de-
rivatives of F with respect to x or y.)
Since this transformation is not one-to-
one, an infinite number of velocity
vectors is mapped onto the same »*.
This ambiguity is commonly referred to
as the aperture problem [1—4). Using
this type of representation of motion
information, the correct 2-D velocity
field, therefore, cannot be measured

the 2-D velocity vectors »(x,y,f) = locally. Instead, the correct 2-D veloc-

Fig. 1. a) Iustration of the so-called aperture problem in motion computation. A straight
line segment moved with the velocity v is viewed through a local aperture. The only compo-
nent of motion that can be computed is oriented perpendicular (v*) to the orientation of the
segment. b) Local movement detector consisting of two spatially displaced input stages and
two mirror-symmetrical subunits. The input signal of one branch of each subunit is delayed
by a brief time interva) € and multiplied with the undelayed signal of the neighboring input
channel. The output of the detector is given by the difference of the outputs of the two sub-
units. Therefore, it forms a movement-direction-selective device. ) Possible procedure for
computing the correct 2-D velocity locally. A contrast element of a brightness pattern F
moves according to the vector » and a pair of motion detectors reponds. Their outputs form
the two components of the response vector »*. ¥* and » are related by a two-dimensional
tensor T, as described in the text. If the elements of the tensor 7 which contain spatial deriva-
tives of the brightness pattern function are computed in parallel to the movement detector
outputs and if the matrix of the tensor can be inverted » may be computed
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ity of moving objects or pattern seg-
ments can only be computed in a fur-
ther stage of analysis by combining the
motion measurements from different
locations and taking some global con-
straints into account [3 — 5].

These conclusions, however, should
not be generalized, as is often done in
the literature [2—4], to motion detec-
tion schemes which yield different re-
presentations of motion information.
In particular, the so-called aperture
problem is just a by-product of a
specific mathematical approximation
of the spatio-temporal geometry of a
moving contour. In contrast, we will
show in the foliowing that the correct 2-
D velocity field can, in principle, be cal-
culated by purely local mechanisms
without reference to additional global
constraints.

Qur approach to these problems differs
from the aforementioned ones. It is
based on a movement detection
scheme, the so-called correlation-type
of movement detector, which has orig-
inally been derived from experiments
on motion vision in insects [6], but in
the meantime has been shown to ac-
count for certain aspects in motion vi-
sion of other species including man [7].
The visual field is assumed to be cov-
ered by a two-dimensional array of
local movement detectors which
evaluate a kind of spatio-temporal
cross-correlation between the light-in-
tensity fluctuations at two neighboring
points in space. More specifically, each
movement detector has two spatially
displaced input stages and consists of
two mirror-symmetrical subunits (Fig.
1b). The input signal of one branch of
each subunit is delayed in some way
and multiplied with the instantaneous
signal of the neighboring input chan-
nel. The final output of the detector is
then given by the difference between
the outputs of the two subunits. Of
course, a single movement detector
senses only those components of mo-
tion which result in intensity changes
along the orientation of its axis. There-
fore, the outputs of a pair of differently
oriented detectors at each retinal loca-
tion are combined to a vector in order
to obtain a two-dimensional repre-
sentation of local motien (see Fig. 1c).
The total of these local vectors thus re-
presents a vector field which indicates
the direction and magnitude of the
local motion measurements.
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Although computed by the movement
detectors from the temporal modula-
tions at their input stages, the field of
local motion measurements can be re-
lated mathematically to the corre-
sponding 2-D velocity field. This trans-
formation can be described best on the
basis of a formal approach which is
characterized by a transition from an
array of movement detectors with a dis-
crete spatial sampling base to a con-
tinuous field of detectors with the dis-
tance between the neighboring retinal
inputs being infinitesimally small
[8-10]. With the pattern function
Fx,y,1) and the 2-D velocity vectors
¥(x,y,f) the local response vectors
v*(x,y,f) of the movement detection
system are given, in a first approxima-
tion, by the following transformation
19, 10}:
vw=T-p (2)
T represents a tensor which is propor-
tional to the detector delay € and has
elements depending in a non-linear way
on the pattern brightness function F
and its first and second partial deriva-
tives with respect to x and y:

F2-F-F, FF,—FF,

T=-e 3
FF,-F-F, F}-F-F,

By comparing the transformation of
the 2-D velocity field described by Eq.
(2) and (3) and Eq. (1), respectively, it
is obvious that »* usually deviates from
the direction of the brightness gradient.
This difference depends in a character-
istic way on the curvature of the
brightness function of the moving pat-
tern. Moreover, the local response
vectors, in general, also do not coincide
with the correct 2-D velocity vectors.
The occurrence of the second partial
derivatives of the pattern brightness
function with respect to the spatial
coordinates might be surprising at first
sight, since (in its discrete form) a
movement detector samples the visual
surround at only two spatial locations
{see Fig. 1b). However, at least three
peints are necessary for an approxima-
tion of a second derivative. Due to the
memory-like operation of the delay in
one branch of each detector subunit
(see Fig. 1b), three independent points

of the pattern brightness function are
simultaneously represented.

Because of the characteristic de-
pendence of T on the curvature of the
pattern brightness function, the map of
v on »* given by the transformation (2)
is one-to-one for most stimulus pat-
terns. This is the case if the determinant
of T does not vanish. 7T can then be in-
verted and Eq. (2) soived for ».
v=T1.p% )
In this way the correct 2-D velocity
field can be calculated by using only
local information about the pattern {see
Fig. 1c).

‘There is only one special class of bright-
ness pattern functions for which T can-
not be inverted at any spatial location
and which, consequently, leads to am-
biguous local motion measurements.
This is the case if the determinant of T
vanishes. These pattern functions can
be analyzed most conveniently by the
substitution Fix,y,) = &0 which is
possible for all F = 0 [10]. In other
words, g(x,y,r) represents the logarithm
of the brightness pattern function
F(x,y,1). Using this substitution the de-
terminant of T vanishes if the following
condition is satisfied

det T=g.gq,, — 95° = 0. 5
Again, the subscripts denote partial de-
rivatives with respect to x and y. The
only solutions of this partial differ-
ential equation for any x and y are
spatial brightness distributions, the log-
arithm of which represents so-called
developabie surfaces [11]. Intuitively, a
developable surface is one that can be
cut open and flattened out. More pre-
cisely, at any location on a developable
surface one can find & tangent that lies
in the surface and has the same surface
normal for all of its points. Spatial
brightness distributions which, on a
logarithmic scale, can be described as
cylindrical or conical surfaces are ex-
amples of developable surfaces. For a
cylindrical surface the tangents are all
parallel, whereas for a conical surface
the tangents intersect at a common
point.

Natural brightness patterns usually
cannot be represented globally by de-
velopable surfaces and, therefore, do
not solve Eq. (5) for all x and y. How-
ever, since we focus here on local
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mechanisms, the possibility that the de-
terminant of 7 vanishes only locally has
also to be taken into account. If this
happens for particular values x,y and ¢,
Eq. (2) cannot be solved at just this
location and time. This suggests that,
apart from certain locations, the cor-
rect 2-D velocity field can usually be
recovered. Only at these Jocations is
one confronted with equivalent am-
biguities in the local motion measure-
ments as described above in connection
with the so-called aperture problem.
On the basis of the motion detection
scheme used here, these ambiguities are
usually restricted to small segments of
natural brightness patterns. Spatial in-
tegration over an array of local motion
detectors is a simple means to overcome
this remaining problem in most cases,
as will be shown in a forthcoming
study. It should be noted that these
conclusions are based solely on a
mathematical analysis. It was not in-
tended here to address the problems
which might arise when the attempt is
made to solve Eq. (4) numerically.

Of course, the correct 2-D velocity field
can only be computed from the local
motion measurements by using Eq. (4),
if the elements of T are explicitly
known. These must be derived from
separate measurements in parallel to

motion detection. It should be em-
phasized that while we have, in the cor-
relation-type of biological movement
detectors, a physiologically established
and technically plausible implementa-
tion of the mechanism that yields »*, it
is beyond the scope of this article to
propose algorithms which yield the ele-
ments of the tensor. A technical solu-
tion is comparatively simple, since al-
gorithms approximating spatial deriva-
tives are in common use in computer vi-
sion [1, 12].

In conclusion, there is no principle
reason why it should generally be im-
possible to compute the correct 2-D
velocity field for moving stimulus pat-
terns on the basis of local mechanisms
alone. The correlation-type of move-
ment detectors as derived from
biological systems forms an ap-
propriate basis to accomplish this task.
This is because it yields local motion
measurements which usually contain
sufficient information on the relevant
properties of the stimulus pattern.
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