&)

10 ENRARGY AGOENGCY
INTERNATIONAL ATOM
UNITED NATIONS EDUCATIOMAL, SCIENTIFIC AND CULTURAL CRGANIZATION

i

JINTERNATIONAL CENTRE FOR THEORETICAL PHYSICS
84100 TRIESTE (ITALY) » P.O-B. 888 - NIRAMARRE - STRADA COSTIERA 11 - TRLEFEONE) 88401

CABLE: CENTRATOM - TELEX 400804 - 1

SMR/302-38
- COLLEGE ON NEUROPHYSICS:
"DEVELOPMENT ANDORGANIZATION QF THE BRAIN'
7 November - 2 December 1988

*A Two Dimensional Fleld Theory for Motion Computation®

W. REICHARDT
Max-Planck-Institut fOr Biologische
Tobingen, Ped. Rep. of Germany

Please note: These are preliminary notes intended for internal distribution only.

- '\

Provisorische Sefterzahlon/Provisions! Pape Mimibhors

tresclicese ¥ Herrozaarbaca JIJI'

Biol, Cybern. §5. 101400 11928)
A=43

I()m(lpu. * 10y Rtlenty

elrlrel

Biological
Cybernetics
[ 4] EE!f r-Vnhl 1900

Printer's Mary,
* make eny M:u:d Froots

.n 1Y ellerationg
n‘y: ‘:::‘,M, d “Plo. oo,

A Two Dimensional Field Theory for Motion Computation

First Order Approximation; Translatory Motlon of Righd Patterns
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Abstract. The local exiraction of motion information
from brightness patterns by individual movement
detectors of the correlstion-type is considered in the
first part of the paper. A two-dimensional field theory
of movement detection is developed by treating the
distance beiween two sdjacent photoreceptors as &
differentisl. In the first approximation of the theory we
only consider linear lerms of the time interval beqween
the reception of & contrast element and its delayed
representation by the detector and lincar serms of the
spatial distances between adjacent photoreceptors. As
a result we may neglect terms of higher order than
quadratic jn a Taylor series development of the
brightness patiern. The responses of pairs of individual
movement deteciors are combined 10 a Yocal response
veclor. In the first approximation of the detector field
theory the sesponse vector is proportions! 16 the
instantancous paltern velocity vector and linearly
dependent on local properties of the moving pattern.
The lincar dependence on paticrn propertics is repre-
sented by a two by two tensor consisting of elements
- which are nonlinear, Jocal functionals of the moving
patiern. Some of the properties of the tensor elemenis
arc Ireated in detail. So, for instance, it is shown that
the off-diagona! elements of the tensor disappear when
the moving panern consists of x- and y-dependent
scparable components. In the second part of the paper
the tensor retation keading 1o the outpul of a movemem
detector pair is spatially integrated. The result of the
integration is sn spproximation 10 a summation of the
ouvipuss of an array of detecior pairs. The spatially
integrated detector tensor relates the Iranslatory mo-
tion vector 10 the resuMant output vector. 1 is shown
that the anple between the motion veclor and the
resullant output vecior is always smaller than +90°
whereas the angle betw een 1he motion veclor and local
response vectons, elicited by detector pairs, may cover
the enlire anpular range. in the discussion of the papet
the limits of he ficld theery for motion compulation as

ot

well as its higher approximations sre pointed ont in
some detail. I'n a specia) chapter the dependence of the
detector response on the patiern properties is treated
and in another chapler questions connected with the so
cafled aperture problem are discussed, F urthermore,
properties for compensation of the patiern dependent

* deviation angle by spatial physiological integration are

mentioned in the discussion.

1 Introduction

The compuiation of motion information by visual
sysiems comprises at least 1wo principle steps. In the
first siep elementary motion detectors {EMDs) Tocally

. extract information from a patiern moving relative 1o

the eyes of an organism. In the second siep the locat
meolion information from retinatopic arrays of EMDs
is further processed as, for instance, spatislly in-
legrated by physiological mechanisms.

Anopical system images the environment onto the
retinae of the cyes. Due 1o its optical sperture the
imaging process is accompanied by some loss of
oplical information whereas the density of the photo-
feceptors in the reting sets principal limits for the
optical resolution by the visual system. When the
image of an optical environmenl moves across the
arrays of photoreceplors, each of the receplors receives
& changing flux of light quania. Any mechanism
receiving information from only an individual pheto-
receplor is in principle unable 10 compute and o
represent molion. Since motion can be adequalely
represented only by a vector, at leasl a pair of
photorecepiors is necessaty 1o feed an elementary
molion detector.

Motor responses of an organism are certainly not a
direct consequence of the motion signals generated by
the ouiputs of u two-dimensional array of EMDs. The

_outputs of different EMDs have 1o be somchow
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combined with each other to produce 8 meaningful
coordinated cesponse patlern, representing an ab-
siracted version of the oplical environment. This
coordination can be mediaied, for instance, by some

*sort of a spatial integration of the oulputs of the

EMDs.

Aboul thirty years spo Hassenstein and Reichard -

{see Hassenstein and Reichardi 1956) formulated a
theory for clementary movement delection which al
that time was based on experiments on an inscct, the
beetle Chloraphanus viridis. The theory was oullined in
more detail by Reichards (1957, 1961), Hassensiein
(1958, 1959), Reichardi and Varji (1959) and \'a_rjﬁ
(1959). )1 depends upon evaluating the crosscorrelation
between signals from two visual clements or neuro
ommatidia and led 1o predictions which were experi-

. mentally verified, also in other insect species (K unze

1961; Fermi and Reichardt 1963; Gauz 1964; Buchner
1976} Other versions of the original theory were
proposed with respect 10 motion perception in man by
van Doorn and Kocnderink (1982a, b, van Santen and
Sperling (1984, 1985), Adclson and Bergen (1985),
Wilson (1985), Bakes and Braddick (1985). These other
versions are equivalent to correlation models. In
addition, it has been shown that the class of correlation
models is the most general representation of so called
second-order interactions, if one considers the mean
direction-sensitive oulput, (Poggio and Reichardy
§973) 1t is also the simplest local scheme capable of
sclecrive motion evaluation,

An eaperimentally verified theory for motion com-
pulation at the cellular kevel is not yet available.
Meanwhile, however, the original theory has been
expanded 10 instantancous dynamical responses. The
latest version of the theory is a continuous one-
dimensional firsl order approximation proposed by
Reichardt and Guo (1986) and exiended as well ag
tompleted by Egelhaaf and Reichardi (1983 The
approximation rests on the assumption that she dis-
tance between pairs of photorecepiors keeding an
EMD, is treated as » differential. The main advantage
of the {one-dimensional) continuous theory over car-
licr theoretical formulations is that il is now possible to
culculate the movemeni detcctor response to almost all
(onc-dimensional) panierns and arbitrary motions. A
specific result of the continuous theory, meanwhile
experimentully confirmed by Reichardi and Epelhaal
{1988), is the finding that the instantancous outpul of
an EMD depends on the velocity of 8 moving patiern
tretative 10 1he detecior) as well as on a functional of the
local patiern struciure, EMDs of the so called corre.
Iation type thercfore extract not only pattern velocity
but also lacal siruciural information of the panern.

Brighiness patierns are usually 1wo-dimensional
and may move imo any direction. Therefore, it seemed

adrisable and natural 10 extend the one-dimensional '

conlinuous theory for motion detection to iwo dimen-
sions. This two-dimensional theory consists of ele-
ments of pairs of differently oriented EMDs. The
responses of the two EMDs of each pair can be
interpreted as & vector.! This vector will be shown 10
wsually differ in direction and magnitude from the
patiern velocity vector. The output of the detector
level, (herefore, establishes a sathes complex relation 1o
the instantancous inputs  from the opiical
environment.

2 Time Aseraged Respomse
of an Elementary Motion Defector
1o » One-Dimensional Moving Pattern

A simplified version of 8 movement detector of the
correlation type responding from lefs 10 right and from
right 10 keft motions is shown in Fig. 1. 1t is composed
of Iwo inpul channels which are spatially separsied by
asmallinterval 4o and of two subunits that are mirror
images of each other, These subunils share two input
channels that sample the visual field a1 two neighbour-
ing points in space. The signal reccived by one branch
of each subunit is assumed 1o pass through a lincar
temporal filier. For simplicity it is assumed here tha
the filicrs in the two branches are approximated by
delays c. In each subunit of the detector the delayed
signal coming from one inpul channel is multiplicd
with 1he instantancous signal of the neighbouring
input channel The final detecior oulput is given by the
difference between the 1wo subunit outpuls.

The operations of these correlation type of move.
ment deleciors have been studicd for s long time, Uniil
more secently they have been investigated only under
the condilion that time averages of their responses
werc faken. In this chapier we are repeating here the
case 1hat a one-dimensional brightness patiern F(x)is
moved with constant velocity ¢, across an tlementiary
movement detector 5o that Fm F(x rut} The input of
the ieh seceptor in Fig. 1 is given by

5= T 12-a,0% m
[ LEr]

and that of the right recepror inpul by

Sihe T 172-q,ceehe, )
LI ]

with a, the cocfficients of a Fourier representation of

ihe fortrndfunciion F and with #=2x4x;i the phase | Lnrug

" 1ucun e show n that the tuor s behave libe componcnty
ofu vecior under sranslstion o rosation ofarihogonal or abliyue
Carithiam covtdinaies (hased on unity distance) as chosen in this
paper. This is mo bonger iruc for senctal curvilinear coordinates
8s for instance in & spherical sysicm

Fig. 1. Rey ion of the f | structute of an clemen-
tary movement detector (EMD). An EMD consists of two light
receplors, signal delays ¢ in Iwa channcls and signal mulipli-
cation stages M. The siructure of ar EMD is symmeiric with
respect 1o sn imaginary dividing line drawn between the two
photorcceplors. The functional properties of an EMD, however,
arc antisymmetsic since the dilflerence heiw eon the outpuits of the
(LY buiclm i vaken This is why the EMD is responding 1o
motion 10 the “right™ {=} and 10 the “leh™ (=) with the same
amount of the difference output. however, with different signs

shift between the two input signals and w=r, 4 with £
the spatial wavelength of the fundamental component
of the Fourer synthesis. If H{w)= e“*, approximates
the frequency response of the detector filiers, simple
calculation leads 1o the lime averaged delector re-
spons¢ 10 motion from left 10 right

R=- ‘I_:. ia,-a. )2 Hymo)sin(ud)

- ‘}_': la,|? sin(pwc) sin{pd). (£}
K-

The time averaged response K of the cotrelation
model in Fig.1 is proportional 10 the so called
geomerrical interference term sin(u2ndali) and, in
addition, depends on 1,/ the basic contrast frequency
of the pattern (sec Varji 1959; Gbiz 1964} The
iMerierence 1erm refects the fact that the detector
samples the oplical environment al two neighbouring
poinis in space. Therefore it is possible thay beyond the
resolution imit for the motion of a periodic pattern the
sign of the interference term reverses, signalling appa-
rent counter motion of the pattern (Moiré-effect). The
propertics of phase invariance and of superposition of
Fourier compaonents synthesizing the moving pattern
has played & fundamentat roke in lcslipg the funcliona)
siructure of an EMD. These properties are expressed
by {3): the averuped response R is propontional 1o the
phasc independent power of the signal umplitudes (a,)
#nd to the sum of the individual componenis (sec in
this connection Varji and Reichardt 1967; Gotz 1972},
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3 Approximative Relation Between Patters Motion
and the Responses of & Pair
of Elementary Motion Detecion?

In this chapier we assume that 1he brightness F of a
moving patiern changes in two dimensions. F may
then be described by the following expression

Fix, 3 t)=Flx4s00); y+ rir)], “)

where F is the pattern brighiness funciion, X, y art
cartesian spatial coordinales and ${1}, r{t) are time
dependent displacements in the x- and y-direction
respectively.  Accordingly, ds(Nidrmrfr) and
dr{s)/dr=1,{r) represent the componenis of the in-
stantaneous patiern velocity. The pattern function F
has the imponant properly

Kibx+ 5000 4 i) = FE x4 500, 34 100
and

Fy[x4 5005 y+rin) = F [x 4 301); y 4 10)], %)

F.=eF[ex, FwiF)is etc. designate partial deriva-
tives; they should not be confounded with veclor
components, as for instance p,, .

W the two light receptors 1 and 2 that feed an
elementary movement detector are Jocated al positions
Xy, 5y #nd x,, y;, respectively, sthe input 1o receplor 1 is
given by

Flxy+ste) 3y +r0r))
and to recepios 2 by
Flxg+s1); a4 ri1)). (6)

Il the distance Ao between the 1wo recepiors (and
consequently s componenis Ax=Jdo cosy and
Ayw Ao sing) is small, F D24 30); ¥, +r(1)) may, in
8  first  approximation, be derived from
FLxy 430 5, 4 rin)] by adding the linear term of a
Taylor series developed about Xy, )y 50 thay

Flxa+stt) ya 4 vl Fx, 4 sta); y, +1i1))

HF s dx+(F )., dy, m
where dx and dy replace Ax and Aay.
? The main resuhs of shis chapter withoue any detaikd derive-
tions have alrcady been published in Reichard {196

¥ The description of the eptical envirenment through canesian
di *. v is an idealization. In many of the experiments

. carried oul with insecss » cylindrical panorama has heen used

with 2 1csifly centered a1 1he aais. M such an environment is cul
open al gn arimuthyl sngle of + 1M and Matiened out Bt & X
F-plune, the xcoordinaie cotresponds 1o the azimuth and the
y-coordinaic 10 the elesation angle of sighs. Large valwes of bi
sod poar x= 4 180 are mave or kess “out of sight™ and are
thesclore mephecred here



| Considering the functional structore of an elemen-

tary movement delector, as shown in Fig. 1, we pet at
the filer output of the “lehi™ channel

] M-m)FLx,+ stnl; vy + rinldn, (8A)
LY

and conscquently at the filter output of the “right™
channel

{ Mr—n){FLx, + stnk; 1+ rio)]

+F,[x,+300); 3y +rimMldx
+F,[xy 4+ stnk; yy +r()]dy}dy, (8B}

with A1} the responses of the filters 1o a Dirac-rnnc-l ion
&(r). The expressions in {8A) and (8B} can be rewritien
in short version: & F for {BA) and h (F+ Fr+ F} fq’
(8B). The instantancous deteclor response is the dif-
ference of two products

(I:r}']l.F+ F,dx+F dy}—[hQF+F,dx+ F dIF

which finally leads 10 the expression

dD{o)= {[m;nr,-(hrr,)n cosg
+[([F)F,— (hfF,)F)sing} do 9)

with dD{c)the titne dependent output of the detector st

position ¢ and D, mdD{s)/do the detector response
density in the direction ¢ of orientation of the elemen-
tary deteclor and de the separation distance of two

adjacent light receptors. .

The filicrs will be approsimated here by a small
delay . With this assumption (9) reads

D, {[F{x+ str~c); y 4 rit— )1 F, [x 4+ s0); y 4+r{11)

= Fx+ st} y+ rr))

xF.[x+slt=t) y+rit—c)]} cose

H{LFLx+ str ek y 4 it~ t] F,[x 4 s00); y 4 253))
~ Fx4+st); y+rit))

X F,[x4s(t =)y +r{t )} sing. um

For small e, FLx+ str—£); y+ rit —e)] is approrimated

by the lincar Taylor term in ¢,

Flx4str=e) y4rit=e) = Fx+ sth: x4 rin))
—F,[x+50): y4rin]dstr)dt - ¢
=F[x4st:y+rit))ori)dr -2
= Flx+s) 5 4rir)
=F,[x+s(1); y 4+ r0r}]dstr) dt - ¢
=~ F,[x 450 y+ rin)dr,di -r.

A corresponding expression may be derived for
F[x+slt~2); y4rit —t]). D, finally reads

D,=[(F~F dsfdt -t~ F ydridi-o)F,
=~ F{F —F,ds/ds e=F,drfdr- o), Jcosg
+[tF—F, dsjds se—F,drfdt-o)F,
—F(F-F, dstdr- e—F,dr/dt 1) Jsing
or

Dy =~ {2~ FF)o, +(F,F,~ FF, }s, Jcore
+[IF,I',—fF,,)v,-Q-(F,’-FF,,)u,] sing}, (1)

with F . wFf2x’, F owdF/23, and F,=F,

mf¥Ffexiy. i he clementary movement detector js

oriented in x-direction e=0 and if in y-direction
@=2/2, 50 1hat D(x. y,1) reads

Ditx.yith= = el(F3~ FF ), + (F,F,~ FF, )] 12A)
and

Dyix.g = —c[F F o~ FF bo, 4 (F}—FF )] (12B)

with D, =¢D:¢x and D, = D)2y,

The left hand sides of (12) may be contidered as
veclor components representing the butputs of move-
ment detectors, one oriented in x-, the other in
J-direction. Combining the twa leads 10 (he output

vector of & pair of elemeniary movement deleciors
which may be written in matrix form

[r:tx.r.ﬂ]
i,y .
F1-FF, FF,-FF, z-.m]
==t [r,r,-rr,, Fi-rF, [len] 03
with rm D, and 1* =D, or in short notation
VT, (13A}

Equations (13, 13A] retate the patiesn motion vecior v
10 the outpul veclor s* of g pair of elementary motion
deteciors.

Since F has the property F2 01t is very vsefut to
introduce the substitution F = %, 1t follows for insiance

Fume'q, ... FoomeMg, +q2),.... Fo=c"4,+q.4q,)

An equivalent representation of the mairix in{13}is
therefore piven by the expression

Tu gt ["" "']. {138)
4’I 'j]‘
The subscripts of ¢ denote pattial devivations as

* mentioned before in connection with £, The Hessian

matrix of the second derivatives of ¢ transforms with
regard 10 rotations and ranslations of the curiesian
toordinate sysiem as the covariant derivative of the
gradicmt of . It therefore represenis a tensor of the

ordertwo, Sinceviss (contravariamt) vector also v* is &
veclor,

3.1 Some Properties of the Detector-Tensor

The tensor in {13} or {138} relates the motion of.a
smooth brighiness patiern 1o the outputs of a pair of

movement delectors centered at position x, y. The:

¢lements of the tensor consist of (he patiern brightness
function F and its first and second spatial derivatives
or of the substitvted function g and its second spatial
derivatives, It s not too surprising (hal second deriva-
tives are present in the tensor elements although the
relation between the veelors v and v* is confined 10 &
first-order approximation of changes in F with respect
1o x, y, #nd 1. The strocture of the detector model in
Fig. | indicates why second spatial derivatives are 10
be expecied. Al each instant of time there are four
patiern points represented by ap EMD: Two points x,
and x, by the two receptor inputs, and two addisional
poinis x; and x, m the outputs of the delays r. i a
pattern moves refative 1o an EMD with a velocity 1,
tfor instance from left 10 right), xy and x, ase piven by
N=Xy—=rgand xy=x,—rr or Xy=Ny=X,— Xy $0
that at each instant of time there are three independent
points of s moving brighiness function tepresenied by
the EMD. The reduction from four 10 three indepen-
dent points is a consequence of (he symmeirica) struc-
ture of an EMD.

The tensor has the property of symmetry. Conse-
quently its eipenvalues 7, 23 and cigenvectors a0 Vi,
sre real. The tensor matrix may be diagonalized. Since
the tensor is » function of x, v, and 1, the eipenveciors of
a pair ol EMDs change with the position of the patiern
during motion.

An fllustrative example 10 demonstrate some of the
{ensor properties is a pattern of the type

Flxs)=A4B: fix)-gly)
with
Jixyme ™" and p(me?, 14

For patamcier conditions b=a, the gaussian, ro-
tational symmelric brightness patiern is plotted in
Fig. 2a. When the pattern is moved in x-direction with
constant velocily one gets st given time for the two-
dimensional array of x-deteciors the response profile
plotsed in Fig. 2b, Those x-detectors receiving inpuls
from the periphery of 1he Gaussian paliern produce
negative responses, a consequence of the second de-
rivative in the diagona! clements of the tensor, This
property means thal these deiectoss sipnal spparent
motion direcied opposite 1o real pattern mation.
Figure 2¢ contains the tesponses of the yv-detectors Lo
motion of the rotational symmetric patiern in

Fig. 20, Computer simulation of an array (120x 120 of
onhogonally oriemed pairs of EMDs. The dﬂmo_n (Id'(eiuh pair

inl in tither - or ydirection. a_A symmetrical Gaussisn
';?ighlml rattern A+ Be Ve ¥ wih A=B=l and r¢ r‘.

«~0:B% B Responscs of the two-dimensional srrny dt-dcuﬂo_n FQSSEC'O'

loriented in x-direction) 10 1he moiion of the brighiness palicrnin 7o
x-direction fr, %0, r,=0) a1 & panigular lllﬂtll.l of llfﬂf. The
response profite shows thet detectors w hich reccive their inputs
fiom the Nanks of the patern tespond negatively; it means |h_:y
signal an apparent mation of the pattern inlo lln_ ‘Bppﬂllll
dizection. The response seale ranpes fiom —2x 307 10 42
» 10" * relative units. ¢ The responses of the array of J-derecion
10 the motion of the brightness pariern in x-direction (r, ¢ 0,
r,=0) The sesponse profike indicutes that the y-detectors re-
tpond 10 motion perpendicular 1o 1he oricniation of the de-
fectors. The respomc sake ranges from —3.7x107% 10 4 3.7
210" * sclative wnits. d The picture shows the venizal part of the
atiay of pairs of EMDs. The local vectors are tiiﬂlltd. by the
brighiness paticrn represented in a 81 the outputs ol pairs of x.
and y-dosectors when the patiern i moved in x-direetion. The
Jocal s ectors point into differem directions in spite olﬂ_-c foct thm
the pattern s moved in x-direction. Summation in x- and
y-dircction. however, deads in this case 1o & m_uhm; vetlor
oniened pataticl 10 the selocity vector ms shown in e

x-dircction. The responses show a 1ypical feature of ﬂ:le
tensorial relation: The y-detcclor responses are in
general diflerent from zero, although Ih.c pattern is
moved orthogonally 10 the orieniastion of _the
y-deiectors. A combination of the represenistions
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Fig. Ja—. Computer simulation of an array of onhogonally
oricnied pairs of EMDy. The oficatation of the deieciors is in x-
and ydivecrions, respoctively. & An ssymmeirical Gaussion
brighiness pattern the fong mris of w kich is rotated by 307 with
respect 10 the x-aris. b The picture shows the centrat par of the
array of pairs of EMDs. It sepresents ihe Jocal veciors ot the
ouputs of individual pairs of x. and y-oeienied detecion when
the is moved in x-direction. The local vectors point into
difletcnt directions from the motion veclor. In this case the
hing vector obasined by of the individual
respomscs deviaits by 192 deprees from ihe direction of the
velocity vector, as shown in ¢. The deviation angle depends not
only on the degrec of urymmeiry of the patiern but slso on she
Fonirast power perpendicolar to the long axis of the patiern

shownin Fig. 2band Fig. 2c is givenin Fig. 2d in lerms
of the x-, y-dependent Jocu) vectorial responses of pairs
ol motion detcctors. In spite of the fact that the patiern
is moved in x-direction, the Jocal vectorial responses
point into different directions, depending on the Jocal
properties of the paitera. Since the pattern shown in
Fig. 2a is rotational symmetric it is, for trivial reasons,
also symmetric with respect 1o the direction of patiern

molion (x-direction). Summation of 1he locat veciorns

leads 10 8 resulting vector that points into the same
direction as the vector of patiern molion shown in
Fig. 2. The features of 1he tensorial relation between
the motion vecior snd the output vector generated by
pairs of motion delectors become even more appsrent
when we consider an asymmctric patiern, like the one
in Fig 3a, which is rotated by 30 selative 16 the x-,
y-coordinaie sysiem. The pattern is moved again in
%-direction. The Jocul vectorial responses 1o the mo-
tion of the contrast pattern are represented in Fig. 3b
and afier summation by the resulting vecior in Fig. 3c.
)5 can be clearly scen 1hal the resulting vecior deviates
from the mation vector. This deviation cun be shown
] lvc‘kpendcnt on the power of the partern [r-mes
oy L. ot I g

Josd Nplen ap P

SEPARent \ :
Al examples presented here assume r, = 0. The general

«casc with also o, + 0 but equal value of v] does not give
sdditional information since the product (v*v) is an
invariant scalar function,

A special class of patterns make the ofi-diagenal
elements of the tensor in (13) or (13B) disappear. Using
the representation according to (13B), this class is
determined by solutions of equation

By =gp=0. (134)

The second Eq.(15A) implies that g, is not a function of
x, therefore ¢, = 4,05). Integrating g, with respect to y
with fixed x, we get g= [g,(y)dy + Nx). Introducing the
identity m(y}= | g,(5)dy it follows

glx, )= Hx)+ miy) (15B}
and with she identities f{x)me"™ and g(y)me™", the
class of F{x,y) functions that make the ofl-diagonsl

elemenis of the 1ensor in (13) disuppear is given by the
expression ‘

Factit=tla fixlg). . B 1)
This class of patiern i3 separable inlo x- and
y-dependent components and it is 1he only class of
patterns which make the of-diagonal elements of the
detector tensor disappear. The palterns correspond to
(14) with 1he background illumination set 1o 2e10. For
this patiern class the tensor in (13A) reduces to

Ao L "

Under this condition the v- and F\weclon will usually
point im0 different directions, except if the on-
diagonal clements of the tensor are equal, namely

Sl )= g0 ) (18A)

From (13B) which is a necessary and sufficient conse-
quenee of {15A), it follows that (18A) may be rewritien
like

L) =m, ). (18B)

With the indices 1ead as ordinary derivatives, the leh
side of (18B) does not depend on y and the right hand
side does not depend on x. A necessary consequence is
that (18B) must be equal to a consiamt. Therefore

08C)
I we desipnate the consiant with —2¢, we find the
general solution for (YEC) by iniegration of /,,{x) and
m (v}
Im cex?4byxta,m=cix—xgl + A4,

ma—cyti byt a,m—cly—yol + 4. 19)
The identities on the right sides of (19) are only for
introducing relations between xo. 4, and by, 0, as well

Lu(x)=m, (y)=const.

v

* The response of the two-di

[
Fig. 4s-d. Compuict simulation of an aray of orihogonally
d pairs of ck 'y motion deteciors. The oriemation of
the detectons is in e x- and y-direclions, respectively, 3 A
member of the cluss of 1no-dimemsional brighiness patierns
IFix, yhm fix)- giy}h which make the ofl-diagona) elemenits of the
detccion tensor disappear and the on-disgonal qual. b
ional wrtay of x-detecions (o the
motion of the brighincss p in x-dircction a1 5 parti
instunt of time. In comtrary w Fig. 2b, the response prolile
gencrsied by the patiern shown in & indicates that under the

: comditions described here the detecion produce only positive

responses. Responses of the armay of y-deteciors 10 the motion of
the coRIrast paticrn is a-direction are zet0. They are not shows
here. The sesponse scale sanges fiom —5.54x 10" 10 5,34
= 107 ? selative units. ¢ The piclure shows the contral pan of the
arvay of pairs of EMDs. It represenis vhe local sectors generaied
by ik , in a 31 the oulputs of pairs of x- and
y-derectors when the pattern is moved in x-direction. Al local
Fesponic veciors poinl ipto the same dircction as 1he motion
wector. Summation of the local vectors therefore keads 10 the
reswliing vector shown in d

s between yo, A, and by, 0;. i we call Cme?i* 42 we
amve at

Fix,)lmCe-tm s on? ]

Intoducing & polsr  coordinsie 0 m(x—x,)?
+(r=yol! (20) may be rewritten like

T LY of LN an

The class of patierns which make the off-diagonal
fkmenll of 1he tensor in (13) or (13B) disappear
identicully and ihe on-diagonal ckememts cqual are
roluliona! symmetric Gaussisn distributions with
arbitrary constanis C and c.

A brighiness pattern that belongs 10 the patiern
class according 10 (21) is shown in Fig. da. I is

¥

rolational symmetric, has no “foot™ [the coaslant
A=0in{14)] and is moved in x-direction as before. The
responses of the' x-detectors are plotied in Fig. 4b
whereas the zer6 responses of the y-deiectors 1o
motion of the same pattern are nol shown. Figure 4¢
indicates that the local vectors of the detector pairs are

. oriented into the same direction as the motion vecior

and Fig. 44 shows the result afier summation of the
local vectors.

The ratio k= N*|fv| defines a sireiching in lhe
velocity space. The absolute value of this 1atio is
undefined bui irrelevant. One should note, however,
that k is » function of patiern brighiness through the
prefactor ¢ and therefore of the coordinates x and y.
This statement holds also true if the focal oviput
vectors are oriented paraliel to the velocity vecior as in
The case g,, =g, =0and g, = ¢,,. The imporiance of
the prefacior ™ resulis in a stronger weighing of the
pastern F in brighter than in darker regions.

4 Spatisl Integration of the Detector Tensor

The response of an individual motion detector of the
correlation 1ype depends in our approximation linear-
Iy on the instantancous pattern velocity but, in ad-
dition, also in a highly nonlincar way on the siruciure
of the moving patiern. Some of the consequences of
this pattern dependency have been demonstrated in
the preceeding chapicr. Fot inslance, the response ofa
x-detector 10 3 pattern moving in x-ditection may
change even sign and therefore signals countermotion
il & pattern scgment with appropriate curvature is
passing by. A simple possibility to produce u-.snlls tlu'l
may be mesningful for an organism is spalial ph)’ﬂ-
olopical integration of the ovtputs of EMDs or pairs of
them.

From a purely theoretica) point of view, a first
approximation (o the problem is a spatial, mathemat-
icalintegration of the tensor given by (13)or (1 3?} The
formal integration of (13B) is partially r:'nm'crllble to
line integrals slong the contour tncuclnpg the area R
beyond which the brighiness function F is su!l’nc'tcmly
small. Under these circumstances the contribution of
the line intepral may become neglipible. .

Let us now consider the elements of the tensor in
(13B) without the prefactor —¢*%. The contour C along
which the inlcgration is carried out may be decom-
posed into 1wo parts as indicated in Fig.5. For
instance integrating g,, Jeads to.

‘.I g, drdx= 'f.d-‘ N.'. : q,dy= :f dx{gx. b}- g )fx.al}

= - T gtx.axdc= T geMdx= = [a,dy
" . 1224)



Fig. & Path of integration along the contour € encircling thearen

R beyond which the brighiness functions F is sufficiently smafl.
For further details sec teat

In the same manner one finds for
JJ4..0xdr= 4.0y (228)
and finally for
[jandvdr= ] dxlodehi-ginal)
=- 11.‘1-4...«—1..‘-0 220)

with q,.,wsiarting poinl of encirculstion, and
Q.na = tnding point of encirculation. .

The integral in {22C) disappears since gix, ¥} is 8
sinple valued, continuous function in x and y with
derivatives up 1o the sccond order. The result we got so
far may be summarized as

4 4 - q.dy 0 ] 3
] [4,. q,,]d‘dr ‘[ 0 -—gdx] 3

We have. however, 1o infeprate the tensor according 10

the expression in (13A)L Making use of partial in-
tegration, we pet, for instance for

2 d n d ) din Fl dx
- er S rl- ! «ln s
r: n 2
- dylr":]--l" ,!’ dy[Fq,)...
»n
+ [}q,t}‘ ?),dxdr
=~ | Fltinf),dy + {|UnF),2FF dvdy
-—!_FF,dy+2[J Fldxdy. 23A)
Similath we are finding for
- j) Fiy,,dxdym , f}',d.‘-}!]) Fldxdy 238)
and for
~ I Fla, dvdy= | FF.dx+2|f F,F,dvdr
=2 [ F.F,dxdy (2301
K
since the linc intcgral around the contour disappears
{ FF,dv=12] Fidy=WUFE - FL. (24)

The result may now be summarized a3
[ 'ﬂ
-[JF’ [ﬁ '"] dxdy

. [—H‘,dy 0 ] .
[l o rra

F: FF. '
+2 [r,r. A ']"‘"’ @)

with the line integral Idislppnring if the contour Cis
Tocated in regions of constant F values. We thus get

! F,F,
j.] dedy=2]‘[ |F,F, £ 'idxdr. (26)

So far it has been demanded that the F-function
disappears beyond the domain R but for our purposes
here, il seems reasonable to demand only that F
approaches Fy=const.and F, F,=O0beyond R. Let us
first introduce the following identities

JmF-F,, (F1))
Fl F
Iim IJ [F,F,, FEF,] dxdy, .l28]
Fu F,
,’-’JF[F,, r,:]dxdy. ) 29
FF.dy ]
"l[ 0 —FF,dx]' ¢
Equation (25) may now be writien
[J Tdxdym —§+21,. 1)
With (28) and (29) we may rewrile (25} as
jl] Tdxdy=1I,-1,. 2
From (32) and {31) it follows
i J Tdxdym §=21,. 33

Replacing in 1, the function F by £+ Fg, sccording to

(29}, i follows

herlfs loe

4+F, [.j [:" ;‘,’] dxdy. {34)

In anatopy 10{22). the second integral may be rewritten
like

Fdy 0
r,![ A -r,a.‘]' 3)

Extending the contour of the line integral into regions
where Frac F, is sulliciently well fulfilled, onc gels the
intepral in {35) from {30}. Equation {33) therefore lakes
the form

I Tasdya- -2 f[‘!': ;:]dxdy. 06)

Equation (36) is an additional representation of the
fensor integration which may be writien in two other
forms. Namely from (13B) it follows

R 3 'll 'n .
]J Tdxdy ]J F [q,, 'n] dxdy {37
and from (25)

I I.f]

Tdxdym - §+2 7 {dxdy. 38
J] Tdxdy Hlt',f.-f,' I.} (39)
Which ones of the three equivalent representations for
the 1ensor integration is considered depends on the
special problem (o be trealed.

4.1 Some Properties of the Integrated Detector Tensor

The spstislly inteprated detecior tensor relates the
iranslatory motion vector ¥ to the resullant output
vecior V. Both vectors only depend on time. V*
tepresents the vectorial sum of the local vectors
gencrated by pairs of EMDs when a patiern is shified
by translatory motion relative 10 the detecior array,
Let us first consider the expression for the in-
feprated sensor as expressed for instance in (26) by

2y [i; g’ '] dxdym [;" ;"] =0. 19

» $) !

In the upper row we have the diagonal ckement ¥, and
the crossclement 3, Both disappear if the paitern is
gradated only in y-direction, that is il Fe Fiy). How-
ever, only the crossclement 7., disappesrs il F is
gradated only in x-direction and is not moved in
x-direction. The corresponding srgumentation holds
for the clements in the second row, namely %, and T,

Let us further consider the determinant of @ which
according 10 Schwariz’s inequality is slways positive
excepd if

F,ukF, (]
with X a constant. Tha is to say Q in gencral may be

inverted if (40) does nol hold. Differential Eq. (40} is
solved by the pattern class

Fa=Fix+ky) n

which, strictly speaking. does not belong (o the class of
patterns for which the spatisl intepration of the 1ensor
holds, It is not surprising that onc-dimensionally

2

contrasied patterns make the determinant of Q disap-
pear since only the gradient of the pattern is known bt
nol a componen; orthogonal 10 it. Under this con-
dition the motion vector v can in principle not be
deduced. This ambiguity property, if related 10 a finite
region of the environment, is known as the aperture

problem snd has recently been fonsidered in more [ R¢¢

detail {Reichardt el al 1988)
The posilive character of the determinant of Q,
abbreviated here with

1. 1,
%, 1,

has 1he consequence that the scalar product of the
vectors ¥ and

. RS X
Vi=(@-0= [1;=°=+ 1;:":]

leads Lo a positive quadratic form
V=Tl 42804 T 0250, 3

The inequality (43) means that we are allowed 1o write
> 0instead of 2 0 since we exclude the case vm 0 and
anticipate that the Hessian determinant  has rank
& 1. Equation (43} means that the anple between v and
V* isalways smaller than 4 90°. In this conneclion one
should remember thal the directions of the locs)
vectors v* can deviate from the direction of the velocity
vecior v by up to 1 180°.

DelQ=

This paper in its first part deals with a first-order
approximation of the responses of a pait of EMDs 1o a
moving patiern. The spproximative relation between
pattern velocily v and the response vector v* is
represenied by & two by two symmetrical tensor. The
Tocal response vector ¥* generated by a detector pair
depends lincarly on the instantaneous pattern velocily
v. The four tensor elements as coeflicients of the linear
relations are local nonlinear functionals of the patiern
and they have spetific properties which determine the
Jocal vectors elicited at the oviputs of pairs of EMDs.
In its second part (he paper treats the properties of
spatial mathematical integration of s two-dimensional
“rontinuous array™ consisting of pairs of EMDs. The
mathematical intepration carried out here holds only
under the assumption that patiern motion is resiricted
to translatory motions of rigid objects or patterns.
We shall discuss some propertics of the detector
field theory, especially the limits of its applications and
its refations 10 higher order approximations. Fur-
thermare we will discuss properties of the integraied
detecior tensor and its possible relations to physiolog-

v
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ical integrations as carried out by the fly’s visual system
in conneclion with the procers of Figure-Ground
discrimination. Forihcoming problems to be treatedin
future papers shall be brielly mentioned.

3.1 Limits of the Ficld Theory .
Jor Motion Computation .

In order to arrive at & formulation of the fickd theory
for motion camputation, 1he stparalion distance do
between two adjacent light feceplors feeding an EMD,
as well as the delay ¢ are (reated as differentisls. has
wot yet been stated which ones of the typical patiern
parameters have 10 be large if compared with the
separstion distance between two adjacent receplors.
Helplu! in this connection is (3) which essentially
consisis of two parts. The firsi part contains transfer
propesties of an EMD whereas 1he second part is the
geomeirical interference term sin(i2x . do/z)y which
indicates the resolution limit fin terms of the Shannon
theorem)ofa one-dimensional armay of photoreceplors
separated by Ao (sec Varji 1959; Gorz 1964) The
argument of the sinus is inversely proportional 1o the
spatial wavelengihs ifv of the Fourier components the
paitern is composed of. The fiedd approximation is the
berter the smaller the ratio doji rau) with v,
. relerring 4o 1he highest Fourier component present in
" the putiern and effective a1 the recepior level. Clearly, it
has to be differentiated bejween “present” and “effec-
vive™ as each Bight receplor receives iis input from an
eleméntary solid angle of the environment {see ¢.g.
Goz 19651 In terms of the resolution fimit of »
detector array the Shannon Ymil is reached if ¥
spproaches 2do. This limitation is not in conflics with
the approximsiion doe—do since £, effectively
mever reaches zero. Under these conditions the second
term in (3) - the geometrical interference term ~ may
then be well approximated by sintr2x- doji)
% v2xdo/i,
in this connection ket us consider, for insiance, &
onc-dimensional, moving periodic  patiern  like
F= A+ Bsink(x—~r,1) with 1, the patiern velocity in

x-direction. Under these conditions the tensor oulput .

reduces 1o

0= =7 B+ ABsin[tx ~ 1)} 1y

with the geometrical interference term contained in
onc of the faciors k with km2x/i In summary. in the
ficld theory it is assumed that the separation dislance
between  adjacem photoreceptors is infinitesimal
{3a —da)which mcans shat under 1his assumplion the
vesolution limit (in terms of geometrical optics) of an
array of deicctors is apptoaching zero. On the other
fhand the upplication of the ficld theory 10 a detecior
array with discreie recepror scparation Ja fails if the
lppm}imalion Sinlr25 30 /)= v2xdo i is non valid.

. paltern properties.

3.2 Higher Order Approximations of the Field Theory
The first order approximation for the relation between
pattern velocity and the responses of a pair of EMDs
has Jed 10 a two-dimensional iensor. In the apprqxi-
mation it is assumed that the brightness function

Fx+sh); y+rit)] can be developed in » convergent

iwo-dimensional Taylor series of which only the linear
kerms in %, y, and 5, r play a role in the derivations;
higher order terms are neglected. According 10 (13) the
outputvector in the iensor relation depends Jinearly on
the paitern velocity vecior v. The components of the
two-dimensional tensor eliciting this Jinear depen-
dence consis of nonlinear functionals of the brightness
paticrn fupction F, It means that the motion detecior
response congists of two basically different 1ypes of
informations exiracted from the moving patiern: The
instantancous patiern velocity and Jocal structural

Mecanwhile the one-dimensional detector theory
has been treated in #-th order approximation where a
relates to the n-th order term of a one-dimensional
Taylor series in F (Egelhaal and Reichardi 19E87). Asto
be expecied, the response of an EMD sgain reflects the
fact tha1 a motion detector of the type discussed here is
no1 a pure velocily sensor. 115 n-th order response may
be represemied by a power series of the time-dependent
displacement of the pattern during the delay time ¢ of
the motion deiccior Bliet. This displacement corre-
sponds to the weighted sum of pattern velocity and sl
its higher order time derivatives. The patiern inde-
pendent component of each term of 1he series is
weighied by a factor that depends nonlinearly on the
1eature of the pattern and its spatial derivatives and, in
addition on time. Il only the first 1erm of the series is
taken into account and if the Taylor expansion of
s{t—g) or r{t--z) is terminated afier the first derivative

- one arrives al capression (13) for a onc-dimensional

patiern moved in x- of correspondingly in y-direction.
Finally it should be mentioned that from a general
convolution represeniation the n-th order approxi-
mations even in the iwo-dimensional case have mean-
while been derived {Schiogl)y .

Higher order approximations are sometimes
needed 1o approrimaicly describe the relation between
patiern motion and the local detector responses. For
instance, Egelhaaf and Reichardt (1987) had to use
higher order approximations in order 10 determine the
delay £ of an EMD. h can not be excluded under
natural motion conditions that higher order approx-
imations are necessary.

33 Dependence of the Detecior Response on Paitern
Properties

A correlation 1ype of movement detector extracts not
only pattern velocily (and al) its higher order time

derivatives) but also siruciurel pattern properties. Thiy
has been known for a Jong lime for time averaged
responses to periodic stimuli which are mainly o
function of the ratio of velocity and spatial wavelengih
(contrast frequency) (Kunze 1961; Géiz 1964, 1972;
McCann and McGinitic 1965; Eckent 1973; Buchner
1984). Two terms of a detector response o dynamic

stimuli reflect these properties. They are connecled ins”

multiplicative fashion so that & numerical increase of
one lerm may be compensated for by a decrease of the
other. This specific deiector property has been demon-
sirated experimentally for one-dimensional patierns
by Reichardt and Guo (1986).

An interesting consequence of the pattern-specific
response dependence is the fact 1hat loca) response
veciors generaled st the oulpuis of pairs of EMDs
deviate up to 1 180° from 1he direction of pattern
motion. This property is shown lor instance in Figs. 2d
and 3b representing two-dimensional detector re-
sponses to molions of Gaussian brighiness patierns
when moved in x-direction. When the deviation angle
of 1he local veciors smounts Lo more than 90° and
especially to 1 1807, pairs of EMDs signal counter-
motion of & moving pattern. The predicted propeny,
unknown until recently, has meanwhile been tested in
hehavioura) experiments in the fly Musca domestica
{Reichardt 1987; Reichardt and Epelhaal 1988} In
these experiments a onc-dimensional periodic patiern
was moved behind a small slit 1o provide stimulation
only 10 a resiricied area of the fly's compound eye.
Under these conditions spatial intepration can nearly
be prevented from affecting the behavioural Tesponic
which turned out 10 be in accordance with (44), that is
to say apparent counter-motions of the periodic
patiern were observed periodically during certain iime
intervals. When the widih of the slit between a
compound ¢ye of 3 test fly and the moving patiern was
increased the effect of periodic counter-motion of the
fiy’s response gradually disappeared and lumcd‘imo .
sesponse signalling always the correct d}rec_uon of
pattern motion. This observation I qualitatively in
sccordance with the expression for the intcgrated
detecior tensor as, for inslance, represented by equa-
tion (26} Since in ihe experimenis a one-dimensional
pavtern with only x-pradation was used the imegration
of the tensor reduces 1o

]) ded,'aZj.]Ffdxdy. 14%5)

The above expression is always positive and therefore
under the piven condilions excludes the case of ap-
parent counter-mation. The lawer prediciion is also
contained in (431 which says that the angle between the
integrated local response veciors and the patiern
selocity veclor is always smatkr than £90° and

1

therefore excludes the case of apparent patiern
tounier-motion.

3.4 Questions Connecred with the Aperture Problem

The theoretical conclusion and the indirect experi-
mental evidence that Jocal response veciors normally
point into directions different from the direction of the
local patiern velocity vector could lead 10 serious
problems for any visual system equipped with move-
menl detectors of the correlation type. It is not s0 much
the devintion of the response vectors from the direction
of the velocily vector but tather the fact that the
deviation angle changes with the lJocal brighiness
structure of the moving pattern. Suppose a palicrned
object is moved in three-dimensional space and @
projection of its motion is imaged onto sn array of
movement detectors. Under these conditions the
group of detectors which receive motion information
from 1he moving object will generate Jocal TESpOnse
vectors the directions of which change when a second
differently patterncd object is moved along the same
trajectory. A similar consideration holds if the pallern-
ing of the two objects does not differ, 1he 1wo objerts,
however, have different shapes. How then is a visual
sysiem able (o predict — at Jeast to some extent - the
trajectory of 8 moving object il the compuied motion
ficld, generated by an array of motion detectors,
sirongly depends on the patierning and/or the shape of
& moving object? I seems that there are in principle
two dilferent ways for visual sysiems 10 overcome this
difficulty. One possibilily is to compute the kocal
motion veciors v from the local cutput vectors ¥ by

inverting 1he tensor in (§3) and by computing inde- 1) NA

pendently the clements of the tensor. The other
conceivable possibility is s (sloppy) compensation of
the deviation angle between the local patiern sesponse
vectors and the velocity vecior of patiern motion. The
first one of these concrivable possibilities requires that
¥ could be unambiguously determined from +*. This is
only possible if the determinam of the tensor elements
is dificrent from ero; a question which has been
ireated recently by Reichardi et al. (1988) in connection
with the so called Aperture problem. As has been
stated befare, the velocity field can only be computed
from locs) motion measurements if the elements of the
tensor are eaplicitly known. They need to be computed
in parallet to the movement detector oulputs.

3.8 Sloppy Compensation of Deviation Angle

by Spatial Physiological Integration

The sccond one of these possibilitics scems 10 he
realized in the visual system of the Ny, 30 for instance by
the Figure-Ground discrimination system. In this
sysiem spatial physiological integration fakes place in
two different types of oulput cclls, the so called

\/
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Horizonia] Cells (H-System)(Hausen 1982s, b)and the -
Figure-Detecting-Cells {FD-System){Egeihaal 1985b).
These cells are influenced by hypothetical Pool-Cells
which receive their inputs from the movement detector
outputs. So far the pool cells have not been identified
yel at the cellular level. The H-sysicm is a wide angle

sysiem especially tuned 1o collect data from back-

ground motion whereas the FD-system is specifically
luned 1o collect motion information from moving
objects in the environment (Reichardy et al. 1983;
Egelhaal 1985a—<). Meanwhile encugh information
has been collected 1o se1 up a computer program,
slimulating the entire Figure-Ground system and it has
been possible to show that the FD-System is able to
provide u sloppy correction of the deviation angle. This
is not so for the wide angle H-System. The H-System
does possibly not need a correction of the deviation
angle. The reason for this is a high probability that
brightness gradients of differemt orientations are pre-
kent in the environment when inteprated by the large-’
Ticld system, that makc a correction of the direction of
the integrated response vector unnecessary. The situ-
ation is quite different for the small-field system, the
FD-System, which is only active il the extension of an
object moving in the environment is small. 1 lowers
the probability for the presence of different orient-
ations of brighiness gradients and 1herefore increases
the need for a compensation of the deviation anple
{Guo and Reichardt 1987: unpublished).

3.6 Some of the Forthcoming Problcms

The present paper should give the backpround and lay
the foundations for an understanding of the extraction
of motion information by correlation-1ype of move-
ment detectors. So far, however, it is only concerned
with transtatory motions. i, thercfore, setms natural
to extem the analysis 1o the cascs of rotatory motion
stimuli. Since arbitrary motion is a combination of
transhition and rotation the final anatysis shouldfio a
treatment of atbitrary patiern motions.

Beside 1he possibility of including nonrigid object
oF pattern motion. it would be of imporiance to deal
with problems of motion ficld analysis and the extrac-
tion of velocity- and patiern-information from these
ficlds by pairs of clementary motion detectors. In this
context motion ficld analysis relates 1o the projection
of the velocity vectors of chjects moving in three-
dimensional space on the image plance of an £xe that
cun be described in terms of & veciorn fickd.
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