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APPLICATIONS

SPATTAL ORDERING IN CONVECTION

PATTERN FORMATION IN REACTION-DIFFUSION

CHEMICAL OSCILLATORS

OSCILLATORY CONVECTION IN LIQUID METALS

MULTIPLE SOLUTIONS IN SEMICONDUCTOR TRANSPORT

OPTICAL PHASE CONJUGATION

_ INTERFACES

VORTEX SHEDDING

FLOW INDUCED OSCILLATIONS IN STRUCTURES

EXPLOSIVE CRYSTALLIZATION

THERMAL IGNITION

SIMPLE BIFURCATION THEORY

z(z* - B)

=0, B real
z=0 and z=4+ /P

Re z

CHANGE IN NUHIBER OF SOLUTIONS AT A POINT 1S CALIFD A BIFURCATION.

STUDY OF THE QUALITATIVE CHANGES IN THE NUMBER AND NATURE OF SOLUTIONS
AS A PARAMETER VARIES IS CALLED BIFURCATION THEORY

e
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ICAL, METHODS

WEAK FORMULATION

GALERKIN METHOD: TI-BI‘ANDTRIALHINCI‘IONSAREBDTHTAKEN'ID
BE QUADRATIC FUNCTIONS BASFD ON NINE-NODED QUADRILATERAL ELFMENTS

¥ o £(x,Ra,h) = 0
t
STEADY STATE EQUATIONS ARE SOLVED BY NEWTON ITERATION

METHOD FAILS WHERE JACDBIAN f, IS SINGULAR - BIFURCATION POINTS?

USE EXTENDED SYSTEMS APPROACH TO DETERMINE B(ACI'.L(X?ATION AND
AND NATURE OF BIFURCATION POINT

STABILITY DETERMINED BY (GENERALISED) EICENVALUES OF JACOBIAN

&



WEAK FORMULATION

USE

fyv2y = v.(fyw) ~ vl W

+ GREEN'S THEOREM

Lrlash [Ee s

I THE R

dydb & oo

Oy ox dx 8y

GALERKTN FORMULATION: USE QUADRATIC FUNCTIONS BASED ON NINE-NODED
QUADRILATERAL ELEMENTS AS TEST AND BASIS FUNCTIONS:

GAUSS QUADRATURE =

ax -—
M+ f (x,\a) =0.

TO FIND A REGULAR POINT OF

f[x,k) = O

NEWTON-RAPHSON ITERATION:
£ (x* M)Ax**t = -f(x",A)
WHERE: Ax"*! = x®*t _ y»

af
fu = 3 (JACOBIAN)

LU DECOMPOSITION OF f,

DECOMPOSE f, = LU
Lo = -f(x*,A)
& Usx"*! = ..

COST : MAINLY LU DECOMPOSITION.
FAILS : when f, IS SINGULAR.

f
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DETECTING SINGULAR POINTS

CONSIDER f(x,A) =0 xe R, AeR
£F:R xR o R

IMPLICIT FUNCTION THEOREM

IF f(xa,Ao) = O AT A POINT (xo0,MNo)}, THEN 3 A UNIQUE SOLUTION
x = x{A) NEAR XAy PROVIDED THAT

te =% (JacoBLAN)

IS NON-SINGULAR (NON-ZERO).

SINGULAR POINT. A POINT (xo,Ag) AT WHICH f,. IS SINGULAR (I F T BREAKS
DOWN).

DETECTION OF DETECTION OF
MULTIPLE = SINGULAR
SOLUTIONS POINTS

(SINGULAR f,. IS NECESSARY BUT NOT SUFFICTENT)

1N
N

fF(x,A\) =x® + A2 - 1 = @

3

UNIQUE SOLUTION NEAR (xa,Ac) EXCEPT AT A = +1 WHERE -gé (= 2x) IS ZERO.

IN THIS SIMPLE CASE x = x(A) CAN BE WRITTEN DOWN EXPLICITLY.

CONSIDER

f(x,A) = &* lin?«ox’?\’-?«.enxbl=0.

x = x(A) IS GIVEN IMPLICITLY.



EXAMPLES OF CRITICAL POINTS

-

¥

SUPERCRITICAL SYMMETRY-BREAKING
BIFURCATION POINT

SUBCRITICAL SYMMETRY-BREAKING
BIFURCATION POINT

ONE~SIDED BIFURCATION POINT OR
LIMIT FOINT

TRANSCRITICAL BIFURCATION POINT

NS

FOLLOW SOLUTICH BRANCH WHILE CHECKING FOR f. SINGULAR

PARAMETER CONTINUATION

1

A, A
AT N = A,y USE INITIAL GUESS

v

v

X(Rn,l) = xcln) + (Knol - Rn) %
o .
YIA fx - ~-fa.

OBTAIN

COST :  SMALL USE LU DECOMPOSITION OF fx ON LAST NEWTON-RAPHSON
ITERATION AT A = A,.



(1)
(i)

(1)

(ii})

WHEN IS f, SINGULAR?

fxp =0 [ RN, L 0‘

fxp =0y  WITH o =0 (ZERO EIGENVALUE MULTIPLICITY 1)

DET(f.) = DET(L) DET(U)
N N
= O L; r uy,
i=1 J=1

DET (f.) GENERALLY CHANGES SIGN AT SINGULAR POINT

REQUIRES EIGENVALUE CALCULATION ALONG THE BRANCH.

LOCATING SINGULAR POINTS EXACTLY

A. TURNING {OR LIMIT) POINTS 4

CODIMENSION : ©

CANONICAL FORM : £ = x2 4 )

DEFINING CONDITIONS

13

f:ﬂo

SIDE QONSTRAINTS : fax #0

fa 20,

FOR SCALAR PROBLEM f(x,A) = O x € R

—



JEPSON - SPEINCE HIERARCHY

LIMIT
POINT

NON-DEG.
HYSTERESIS
POINT

TRANSCRITICAL

QUARTIC
POIN

£

XX

DEFINING CONDITION LABELS o PATE TO CANONICAL FORM VANISH

SIDE CONSTRAINTS LA3ELS ON PATH LEAVING NODE ARS NON-ZERO.

Cusp

EXTENDED SYSTEMS

L

E.G. TFOR A LIMIT POINT

£(x,2) = x* - A = 0.

AT CRITICAL POINT x =0, A =0

a . &f af
=0 Hr?0% F#O

EXTENDED SYSTEM

f(x,A ) =0
fu(x,N\a)p = 0
8p =1

¥y = 0

Yixxpp = O

MOORE-SPENCE EXTENDED SYSTEM.



STABILITY OF SOLUTIONS
M+ f(x @) = 0
LINEARISE ABOUT STEADY SOLUTION x = xo : X = Xg + X:
ML £ (%0 00,m)x: = 0
Ix:(t) =e e "y
WHERE f,p = oMy.
FOR o REAL : >0  STABILITY

g0 INSTABILITY

o=0 POSSIBLE MULTIFLE SOLUTIONS

SIGN(DET(f.)) = (-1)", n = NUMBER OF NEGATIVE EIGENVALUES.

HOPF  BIFuRcATIONS

HoPF PorwTs ARE NOT sSincuLal PoinTs

EICENVALVES

€= io,,=le, , o ,0y,.... (o o)

o produk O

v ThCoB1AN WNeN SINQULAR

Criewank awy  LEvdigw:

f=o0

fa¥, + M5, =0
5 - emt =0
L%, = o

;-1 a0
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Nudselt number
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200 300
Redeigh numbar
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Fg . — Difécas ciginees d'fcoulements thermoconvectifs.

jgstion sont comprlues entre Ra® = 10 ¢t Ra* = 2000
pous uoe vaskition de I"atlongement de W celiuke A w Ljd de 0,02 i 4. 1o progrumme
numérique permet de résoudre le systéme avec des camlitions ank Jisniter du type Neuraann
sut les plons vesticaux, du type Dirichlet on Fouricr sur les plans hosizomaux; Jane k¢ vy
présent ou <es plans sonl isathermes, cc sont dos det conditions de Dirchlet eton i Mitsh

pout les quatre cités du rectangic

Les limites du < ine 3'i

Tw=l pour =0} UEN g-}-o pour x=0, 1} LFH

T=0 pour T TR T3

3. Lot résuftats de ceuee dtude tuitlziyne font ressontic plusicurs types de convection
suivant Jes valeurs du numbre de Ravleigh Ra* et dc allongement A de 1a cellule (fig- 1) :

Région |, — Paur un numbes de Rayleigh inférieur adnd,
dans le caloud »amortissent quat Jue wit P'allongement de
parfait actord avec fa théorie.

Région 1. — Llos perturbations initiales s'amp
convergeats stabhe; le <hawp e tempirature it d7au
2okt convectil que i nombre de Poyleigh et grund. La variation du transfert de chaleu?,
JSwdsaats pat ie oombre de Npsscly, o onction Jde allongement préscnte an matiman

Qi 38 deplast vres et petits allogguiments lursiue be pumbre de Raykigh Ru® avgrant.,
tou: £o cestant dans 1o région 1, gesulrat analogue & {9)-
Fous des nombres de Ravieiah iidieuss & 340 e des allongenems de ffordr b2 3,
e colcul MoUEs qu N Jussage i Ty ransiteys Ju cégime sible aws ua Lol

tes perturbations introduites
Ix cellube; ve résuliat est cn

fificnt pour dunner ui solution
tant plus affecté par 1a présence Ju
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Paths of Hopf bifurcahoms
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