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Rivet on a flat plate {Smith 1973):

Use dimensional variables:

Triple-Deck Theory
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5.J. CWLEY Many length scales.
Department of Mathematlcs D = length from leading edge of plate
Imperial College 3 = width of boundary-layer at rivet
Londen, U.K. h = height of rivet
L = length of rivet
U- = free Stream velocity, v = viscosity, pe 1
Coordinates: Fix at centre of rivet:
- o
Rivet: y = hF[ C ] .

Sub-boundary tayer:

Rivet will create a perturbation to the developing boundary-layer. Assume
rivet small, 1. e,

L << D, h <« 8,
These are preliminary lecture notes, intended only for distribution to participants "
(1) L << D ensures that the oncoming flow is independent of x on a
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(1) L <« D ensures that the oncoming flow Is independent of x on a
lengthscale L, 1. e,

u o~ U“UO[

oix

v -
.%]HUUO[O.E] for |x} <« 0.

(1i) h <« & means that a small perturbation to the Blasiug boundary-layer
solutlon is expected.

Reyno lds Number

Let e = E = Reynolds number based on distance
* v from the leading edge

Balance inertia terms and viscous terms in x-momentum equation
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Let R = E{ - u.p = Ra'’? o Reyno1ds number based on width of
v vRe'’? boundary-layer at rivet,
So D= 3R .
Governing Equations
u* + v- =0 - vﬂO[?—"—]-
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Seek perturbation to the Blaslus boundary-layer profils. Since rivet small,

assume perturbation small:
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small perturbation
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Uo is oncoming velocity profile end satisfies
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U,. ‘Uouo- + Vnon ) - IJUnUo" .

Hence leading order perturbation satisfles
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Assume that - << E—— l.e. P «< eU
L L w

- this will bs verified subsequently.
Then with

y = &Y , x =L X
at leading order

UolD.Y)Uu . V’UM(O.Y) = 0, U"t + V” =0 .
with general solution

v, = BLOY (0,V) v, = -uﬂf B ax .
Note that expected nviscid condition

Vlﬂﬂ oh Y=0 {h << 3)
is automatically satisfied since UO(D.O) =0,

B{X) 15 undetermined. It s ke an eigenvalue since H is the solution to a
homogeneous equation with homogenesus boundary conditions. The freedom to



choose B(X) is the key to triple-deck analysis,
To avold integral signs, define Lower Deck

AX) = - -[de + so that 1. Basic u velocity has magnitude:

U &
U = A(XL V. =- AU, = A »
1 o ' 1 10 u O[U_Uo[o. 3]] -0{ i \ ]
h N
Properties of Solution Shear huight
From scaling un("' =% eandwite A= U“(O.D). 2. Assume perturbation velocity, U, s no greater than this baslc velocity.
Then
U1 = AA N 'n'l « 0 on Y =0, 3. Motlon of basic velocity over hump produces a vertical perturbation
+
s1ip velocity velocity
Uu-s0 R V:"'Ax as Y oo T =0 ULAE v az'l
3 JL 8 L
Physically this solution represents a  displacement of the Blasius
boundary-layer soltion downwards by €A - zince 8 From continulty
UOGO.YM:A) = UDIO.Y) + cAU“(D.Y) L 5o [ﬁ] 0 [L_. u_ah ]
Expect A to be generally negative tf F > 0. Y 4 &
U h
=0 | -2
S¢aling Arguments [ 8
v 1 I This 1= the magnitude of the basic
] velocity profile at the hill height.
Upper INVISCIO 6. Estimate b. 1. thickness:
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Assume h 3 A, f.e. hump 1s n lower deck. Choose scales to give interesting Se 3 =0 [ﬁ_]

nteraction.



6. Boundary-layer flows can be viewed as driven by pressure gradients.
Hence expect pressure-gradient to be wportant in lower deck, 1.e.

p. - u

u k 3

E- o ((F](F)8)
} u_*ha

s 0[ &2 ]

b does not vary In y-direction across this layer W & « L.

Main Deck
7. Velocity perturbation In  lower deck matches slip volocity In middle
deck. Hence
U h
a = 0 [ --g— ] . i.e €= %
From continuity
; - o g.U-I'I . U.h
£t T
o= Uh
8 .’-o[u. —E-l‘:_ul_]
p: U *hass®L
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Since A « & deduce that pressure gradient negligible in main deck. p
does not vary in y-direction across this layer if &8« a?,

Upper Deck

9. Vertical velocity perturbation oyt of main deck derives motion jn  this

layer, hence
. U.h
v=0 -t- ].

From continuity

=0 —;-]

10.

1.

what is the new effect n the upper deck?
Lower deck has viscosity
Main deck has ‘eigenfunction’ displacement
Upper deck has elimination of displacement by pressure effect

uv ~ =p* -
L py
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« y depsndence.
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For the two pressure perturbations to be consistent reguire

t = 001);

Assume pressure perturbat
perturbation n lower deck.
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jon in  upper deck
INTERACTION ASSUMPTION

Then

u® ha W™ n
[ ] =0 [ ]
—o {1
3
le. a = otsh.
2
But 2 wp [5;- ]
Hence L = o(2R"Y), a = o(&®")
I.e. Lyd>» A
174
Also %- o [ R-H-r-‘! ] = o(RVY)
l.e. L «D.
174
L =R TRIPLE DECK SCALING

pressure



Der tvation of the Governing Equattons

Assume h = O(A), t.e. replace h by A in scalings.

. U nt
u-u 4 ""2 Middle Deck
L - = 174
1‘* . U y = 8, x = bx = R*8x
L]
o P w =0 (U Y) + RV (x,Y) + )
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Continuity U“ + V“ =0
u
- x—mamentum yu _ +vuUu_ =0
8 Uh INTERACT ION 01X 1 oy
v ~ T pressure y-momentum P" =0
JL independent
of y - _
U1 AUUU'" N \"l - Ax(X)Uo ' Pl s Pllll .
. UA Uh . U %
U —— e —_— [ "'2 ]
3
L 8 Upper Deck
s (Y%yn A fL 170 ysLy =Ry, x =X » R'*ax
3 | C I | R
~ -1/2— -
uwitl(1+R uI(X.y) +...)
Interaction means that we have to molve upper deck at the same time as v uwﬂ"’”;l(x,y) ...
the lower deck! a - U:R"”Ellx,il ..
This s different from ‘classical’ boundary~layer theory i which you G“ - P,
1 - — -
solve Vg ™ P vapl =0
Inviscid Inviscid 7 '
\ /. \ Yoy + Vip < 0
B.L. e.L. Matching with middle deck 5,(X.01 = P (X)
v [X,0) = =A_(X}
Summary 1 X
The displacement of the original boundary-layer caused by the presence No disturbance at o : p. 20, V.30 asyse,

1 1
of the hump produces pressure perturbations n  the upper deck which are

transmitted to the lower deck where they both interact with and help maintain
the flow,

Solve by Fourjer Transform

v [* A
P(X) = ; } mde




Lower Deck
y= by =Ry, x = R 4ax
a= R Y e L.
] 1
~ -3/4
vs U.R vt
- 2,-172
p=UR pd)ﬂ#...
Continuity u,* vw =0
x-momentum .t vlul, =Pt u’”
y-momentum 0= -—ply - p = p‘(X)

Boundary conditions

U =v =0

1 1
Match with middle deck

onys= gr(x) - HE(X)

p,(X) = P,(X]

Middle deck : G U Ut + Rt L)
Lower deck : u= U“R-V‘u‘(x.y) + ..
Let y = dn with A «<de<c8
y - ‘_‘
then Y = 3=« 1
y=z=gm>» 1
o . “1s4 .
um= U“(UO(D) + YUU(O) + ... +R u‘(x.ol + ... )
- dn, ., =1/4
u_( B——UD(DJ + ... +R u’(x,o) LI |
-174 d
= UR ul(x, ‘—n) + ...

For matching conclude

u, (X, %n) P

#*
= p17¢ g-'-’uotm -

- :—"u;cm s U004

u (X, y) » yuoto) + Ll‘(x.ol = U iyity + A)
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from middle deck

Trom lower deck

+ Ul(X.D} L

as y 2 m .

Far upstream require no disturbance:
¥
ulX, y) =+ UolOJy s X s -n .

Problem i3 (drop subscript 1)

w_ +vu = =P +u
X Yy 4

X ¥ Yy
u=v =0 on y = HFI(X)
u-on{Dl(y+Al g Yy 3w
u -bu;[O!y a2 X 3 -m

2 A’ (£)
F ij x- €%

This s a nonlinear problem which requires a numerical solution. If H <« 1,
then linear solution can be found in terms of Ay functions. Numerical

nonlinesr results show that solutions with reversed flow can be found;

the

Hibert integral effectively changes » parabolic problem Into an elliptic

one, so allowing upstream influence sven when u > D far upstieam.

Retated triple-deck problems
Simllar problems can be formulated whwen
(a) the outer Tlow i compressible, ».g. supersonic, hypersonic,

(b) for flow in a channel,

(¢} for free surface flow down an inclined slope, etc..

Often the only difference & in the functional relationship between
pressure and displacement, '

e
P u P(A),
e.g.
P = -Al supersonic
P = -A hypersonic
P= -Au Jet like flows
A=0 ghort rivets, flow through symmeirically

distorted channels.
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