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ntro io
The transmission of signals from one place to another
requires the use of a carrier, which generally takes the form of
a sinusoidal signal of an appropriately chosen frequency. The
choice of the frequency depends on the selection of the medium of
propagation of the signal. For example, the HF band (30 MHz - 300
MHz) is selected when the signal is to be transmitted over the
ionosphere, for 1long distance propagation, as generally done for
short wave radios. On the other hand, the UHF and VHF band are
used when a wider bandwidth is needed such as in video and T.V.
transmission, or transmission of multiple voice channels via PCM
or frequency division multiplexing. Still higher freguencies (in
the microwave or millimeter wave frequency bands, or even optical
bands}, are used to obtain even higher bandwidths, as for
example, in satellite communications and other applications.
The underlying information bearing signal {here anssumed to
be voice, picture or analpg telemetry data} is typically a
lowpass signal, and must therefore be mapped onto the carrier.
This is not only useful but alsc necessary for the following
reasons:
se djiation: For efficient radiation of electromagnetic
waves, the antenna size should be of the order of the wavelength.
Clearly, the required antenna sizes would become unmanageable for
transmission of raw information bearing signals such as audio and
video. The use of a high frequency carrier on to which this

information can be embedded, these are much more manageable.

Mulliplexing: All voice lor all piclure) signals occupy nearly
the same frequency band. If a number of voice signals are to be
transmitted simultaneocusly, these need to be located in different
spectral bands. This can be accomplished through modulation.
equenc ignment: In the same manner several radio or
television stations which need to broadcast simultanecusly, tan
do so by using different carrier frequencies.
Signal Procegsing: The signal processing techniques or technology
that can be used depends on the frequency of operation of the
receiver. Modulation provides a technique for translating the
frequency band to a convenient location from this point of view,
Noige Reduction: Certain types of nonlinear modulations can even
provide enhanced protection against the ever present noise in
communication systems. This, however, is usually obtained at a

sacrifice of transmission bandwith.

11. da o na namission:

Fig.l shows the block diagram of a typical communication
system. The transmitter and the receiver amplify signal power and
perform some filtering operations. They way also include the
modulator and the demodulator in case of bandpass transmission.
ldeally, the output of the receiver should be a faithful replica
of the message transmitted. However, noise and distortion
introduced in the channel due to its nonideal nature, cause the
output signal to be different from the transmitted signal.
Distortionless transmission:

The transmission is distortionless if



yit) = Kx(t-Laq)

where K = attenuation and tda = time delay
Power loss in transmission = 20 logieK
Typical values range from 0.05 dB/km (for twisted pair of wires
at low frequencies) to 3-4 dB/km at higher in (twisted pair,
coaxial cables waveguides and optical fibers}.
Transfer function of channel for distortionless transmisgsion:

He(f) = K expl(-j2xfta) for If]l < B
where B is the bandwidth of the baseband signal.
Real channels usually do not satisfy this condition and some
amount of distortion is always encountered. Proper signal,
transmitter and receiver design can minimize its effect.
Types of Distortion:
1. Amplitude Distortion: This occurs when the amplitude response
is not flat over the desired bandwidtih, i.e., when

[He(f)]| # K
Usually takes the form of excessive attenuation or enhancement of
high or low signal frequencies., Its effect is usually negligible,
if |He(f)| is constant to within a dB in the desired band of
frequencies.

2. Phase or pelay Pistortion: This occurs iFf different

frequencies of the signal get delayed by different amounts of
time. As implied by (i) and (2), there will be no phase
-distortion if

angle of H(f) = - 2ataf % mn
Any other type of phase response (including a constant phase

shift} will cause delay distortion.

Delay distortion 1is critical in pulse and digital transmission.
However, human ear ias quite insensitive to delay distortion and
hence it is of little importance in analeg transmission of
information.
Both amplitude and delay distortion are generally referred to as

distortjon. The linear distortion can be removed via the
use of an equalizer, which is essentially a filter with a
transfer function which is the inverse of the channel transfer
function. Thus, the equalizer at the receiver is given by

K exp{-j2xfta)

Hagq(l) = for If' < B
Hel{F)

S0 that Hcl{f)Haq{f) = Kexp(-Zxfta), thus satisfying the condition
for distortionless transmission.

3. Nonlinear DPistortion: This occurs in many practical systems,
particularly when the signal amplitude at the input to a power
amplifier etc., is large. A typical example of nonlinear transfer
characteristic is the saturating nonlinearity shown in Fig. 2. A
typical model for nonlinear characteristics 1is the polynomial
model given by

yit) = a1x(t) + aax*{t) + asx3(t) + ...

and a typical effect of this kind of distortion is the generation
of the so-called harmonic or jiptermodulatjon distortion. This is
best understood by realizing that if the input contains two
sinusoids at frequencies fi and f: respectively, then the output
will contain not only these frequency components, but alsoc the
{generally undesirable} components at fi * f2, f1 * 2f2,... etc.

This kind of distortion can cause severe communication problems,



such as cross-talk, in a multiplexed environment .

The nonlinear distortion of the above type can best be tackled
via a so-called "compander” device, which is comprised of an
amplitude “compreasor” at the transmitter {(or the appropriate
amplifier input) and an "expander” at the receiver or the output
of the nonlinear device. A typical set of compression and

expander characteristics are the logarithmic characteristics

given by gc(x) = In x and gely) = expiy], regpectively.

. Li atio r
Direct freguency translation of e message spectrum can be done
via the linear modulation process Riven by
xcft) = Am{t)cos wct

where m{t) refers to the message gignal. There are a numnber of
important variations of this basic translation process as
follows:
A. Do ideband_ Su i odulation -SC): This
refers to the basic eguation {5} above. A typical DSB-waveform
for a sinusoidally modulated signal is shown in Fig. 3. From
basic Fourier transform theory, the spectrum of the modulated
signal is given by

Xc(f) = (A/2)IX(f4fc) ¢ X{f-fc}]
where f¢ = we/2x. The frequency domaln representation of the
translated spectrum is shown in Fig, 4.
Here m{t} is the bagseband signal.

Multiplication of baseband 8ignal and the carrier signal is

called mixing or heirodvning.

The upper sideband in the translated spectrum contains components
corresponding to the positive fregquencies of the baseband signal.
The ower ide d contains components corresponding to the
negative frequencies of the baseband signal.
If B is the baseband message bandwidth, then the bandwidth of the
DSB-SC signal is given by Br = 2B.
The average transmitted power in the DSB-SC signal can be seen to
be given by

Pr = PcPa
where Pc = A?/2 is the saverage carrier power.
Recovery of the jgnal: The baseband signal can be
recovered from the received DSB~-=S8C signal by rehetrodyning it at
the receiver with a local carrier which is identical {except
perhaps for amplitude) to that at the transmitter and low pass
filtering the result (Fig. 5). Thus we have

z{t) = kim(t)cos wet)l2cos wet]

kmi{t) + kmit)cos 2wt
and the corresponding spectrum:

Z(Ff) = kMIf} + (k/2)(M(f-2fc) + M{f+2fc))
Since for B < fc, M{(f) does not overlap with the spectra M(f-2f¢)
or M{(f+2fc}, it follows that the low pass filtering of ZI(f) will
yield the desired message spectrum,
Carrier Recovery: The above method of demodulation is called
gsynchronous or coherent demodulation. This requires the locally
generated carrier to be phase synchronous with the carrier of the
information signal exactly.

Lack of such synchronism will produce distortion such that the



recovered signal will turn cut to he

y{t) = k m{L} cos (Ewt + 8}
where 6w and 0 are the frequency and phase offset respectively,
in the local carrier.
If 8w = 0 and 8 = x/2, the signal is lost completely.
If 8§ = 0, y(t) = km{t) cos 8wt will produce a warbling effect. In
voice signals, &f > 30 Hz is unacceptable.
A phase coherent carrier signal can be recovered from the
received signal itself by a squaring circuit followed by a
bandpass filter centered at 2f¢. Since m?{t} will- have a nonzero
d.c. component, the modulated signal xc*{(t) has a carrier
component at 2fc, which can be extracted by a bandpass filter.
Division of this frequency by 2, vyields the required phase
coherent carrier, which can be wused for demodulation. This is

shown in Fig. 6.

B. Double Sideband AM {wjith Carrier):
This is generated by adding a large carrier component teo the DSB
signal. Thus we have

x{t) = Al? + mit)]lcos wet = elt)coswet
where el{t} is the so-called envelope of the modulated signal.
Provided that |m(t)[ < 1, the envelope e(t) follows the shape of
the message signal, as shown in Fig. 7, and the spectrum X{(f) is
similar to that of the DSB-SC signal, except for the presence of
a carrier component also at fe, as shown in Fig. 8.
This property of the envelope shape, makes the recovery of the
message from the received signal very simple, as will be seen

shortly.

The modulatjon index m of an AM signal is defined as

{ef{t)lmax - [e(t)])ain

fe{t))msax + [e(t)])ain
In order for the envelope to remain undistorted, the modulation
index should be less than unity.
The bandwidth of the AM signal is identical to that of the DSB-SC
signal, viz., Br = 2B. However, since a carrier component is
alsc present, the total transmitted power is given by
Pt = Pc + PcPa
where Pa is the normalised message power. The carrier component
of this power does not contain any useful intelligence, and hence
is wasted. Thus, we define the power efficjency of the AM signal
to be
PcPw
Pc + PcPa
The maximum efficiency of the AM signal can be at best 50% for an
arbitrary signal, and only about 33.3% for a sine wave message
signal.
Demodulatjon:
The demodulation of an AM signal is effected in a very simple
manner by using the diode detector circuit shown in Fig. 9. Its
working is self-explanatory.
This demodulation does not require any synchronous carrier and
hence expensive carrier recovery circuits are not needed at the
receiver. This makes it ideally useful for broadcast
applications, where the cost of the receiver 1is a major

consideration.



C. Suppressed Sideband Mod Lions:

Since both the sidebands contain Identical information, it is
possible to save on transmission bandwidth and power by
suppressing one of them either completely, or at least partially.
This leads to the i deban and vestigial sjdeband
modulations.

{i) SSB Modulation:
Here only one of the two sidebands is transmitted. This can be
done either by filtering out one of the two sidebands from the
DSB signal obtained after hetrodyning. The frequency domain
representation is shown in Fig.10, which algo shows the recovery
technique of the baseband message via synchronous demodulation.
The bandwidth of transmissions well as the average transmitted
power is half of that in DSB-SC. Thus, we have

Bt = B and P1 = PcPa/2
Practical implementation of the SSB system, is however, quite
complex, both at the transmitter as well as the receiver. This is
because the modulator filter required for removing the undesired
sideband must be an ideal bandpass filter, due to the proximity
of the two sidebands. Secondly as in DSB-SC, the demodulation
requires a synchronous carrier.

hase Shif t i tio
This method is based on the following representation of the 5SPB
signal:

x(t) = m(t)cos wet + fM{t) €in wet
where fi{t) denotes the Hilbert transform of the signal, which is

obtained by shifting all the fregquency components of m(t) by (-

307} .

For example, if m{t) = coswat, then fM{t} = sinwat and x(t) =
cos{wc-wa)t, which is the lower sideband signal. Similarly, we
can generate the upper sideband by subtracting the quadrature
terms.

A block diagram of the phasing method is shown in Fig.ll1.

{ii) Vestiejal Sideband Modulatjen:

SSB modulation 1is suitable for message signals which do not have
significant low frequency content, such as the speech signals
etc, Absence of low frequency content increases the frequency
separation of the two sjdebands obtained after hetrodyning with a
carrier, thus making their separation possible.

In many instances, baseband signals have both a large bandwidth
as well ae a gignificant low frequency content. Large bandwidth
makes it necessary to use sideband suppression in some form, but
the presence of low frequencies makes the use of S5SB quite
difficult. Examples of such signals are television, video,
facsimile and data signals.

Such signals are best handled via the so-called vestigial
sideband modulation, which results in both improved bandwidth and
power efficlency.

VSB modulation involves the retaining of most of one sideband as
well as a trace or vestige of the other. This is typically dene
by replacing the sharp cut-off sideband filter with one having a
more gradual roll-off. It is important for the tranafer function
to have an odd symmetry about the carrier frequency, and a

relative response of 1/2 at fc.



The transmission bandwidth of VSB is slightly more than that of
S55B but considerably smaller than that of DSB. Thus, we can write
Br = B + B, where B <B

The VSB signal can be expressed in time domain as follows:

x{t) = (Af2){1 + x{t)] cos wot - (A/2) y({t) sin wet
where y(t) = fim(t), @m(t)).
V5B, like all other AM modulations, can be demodulated
synchronously. However, it turns out that, if the <carrier
component is sufficient, it can alsoc be demodulated simply by an
envelope demodulator.
D: Methods of Hetrodyning;
The key operation in implementing 4all the above modulations
practically is that of hetrodyning or mixing. This can be done
via one of 1i1wo basic types of mixers, viz., the balanced
modulator or the switching modulator.

Balanced Modulator: It «consists of two identical nonlinear

elements (such as appropriately biased diodes) and some summing
devices (e.g., operational amplifiers),, as shown in Fig. 12.
Assuming a squaring nonlinearity, we can write
v(t) = a1{A cos wet + mit))* + az[A coswet + mi{t)]?
- a1lA cos wet - mit)]* - az|A coswet - mi{t)]*®

Zamm{t) + damm{t)A Ccos wet

Use of an appropriate bandpass filter to remove the second term
vields the desired product signal

z(t) = K m{t) cos wct
Switching Modulator: This is shown in Fig.13. Here the diodes act

as switches operating at a rate of fc. Thus, when the carrier is

prositive, the output voltage vit) is present, and when the
carrier is negative, the output voltage is zero.
Thus, we have
vit; = m{t)s{t)

where s(t) is a switching function with frequency fec. Assuming
the switching function to be a symmetric square wave, the Fourier
series expansion of this equation can be written as

vit) = kom{t} + kim{t)cos wet tkam(t)cos 3wet + ...
Using a bandpass filter centered at fc, we get the desired
hetrodyned signal

x{t) = k m{t) cos wet



ANGLE MODULATION

.Introduc
An angle or exponentially modulated sigual has the general form
x{t) = A cos[wet + g{t}] 3 Re[aexpliwect + jo(t)}]
The instantaneous phase, say 81 of the carrier is given by
Bilt) = wet + g(t)
The frequency of the carrier also varies and its instantaneous
value is given by
wiit) = doy/dt = wee + delt)/dt
p(t) and de/dt are called the instantaneous phase and frequency
deviations, respectively.
There are essentially two different types of angle modulations,
viz.,
Phase Modulatjon: Here the instantaneous phase deviation of the
carrier is made proportional to the message signal, i.e.,
plt} = kpm(t)
kp is called the phase deviation constant.
reguenc d tion: Here the frequency deviation is

proportional to the message signal, i.e.,

de/dt = kem(t)

t
a{t) = kt [mis)ds
—--
kr is the frequency deviation constant.

Thus we can write the phase and frequency modulated signals as

follows:

PH:

FM:

x(t)

x{t}

A cos [wet + kyp mit)]

t
A cos [wet + [m(slds ]

Typical AM, PM and FM signals are shown in Fig.

14,



. ectrum, Bandwidth and Power of FM Siknels:

Angle modulation (both PM and FM)} are nonlinear processes. The
exact calculation of their spectra is very difficult. Some
insight can, however, be obtained by considering the case of
sinusoidal or tonal message signals.

Assume that m(t) = As cos wat. It follows that the instantaneous

phase deviation is

PM: g{t) = kp Au cos8 wat
ktAa

FM: pi{t) = sin wat
W

Since the spectral properties of PM and FM signals are similar,
we concentrate here on the study of FM signals.
The FM signal is given by
x{t) = A coslwet + ) sin wet)
where the parameter is called the modulation index and is given

by

B2 — for FM and B = kpAw for PM

We can write
x(t) = A Re{expljwet)exp(jlisin wat)}

Using the Fourier series expansion of exp(jBsin wat}, we can
write

a

x(t) = A E JalB) cos[(we +nwalt]

n=-e

We can draw the following conclusions regarding the spectrum of

FM =ignals (see Fig.15}):

1. The spectrum contains a carrier component with san infinite

number of sidebands at frequencies fc¢ * nfe, wunlike AM which
contains only two sideband components, viz., fe¢ %t fa. The
relative amplitudes of the various components depend on the
modulation index through the function Jni{B)}.
2. The number of significant spectral components is also a
function of B, For # << 1 {known as narrowband FM), only Jo and
J1 are sgignificant. The resulting suectrum is similar to that of
AM, except the associated phase reversal! of the Jlower sideband
component .
3. For large values of B, the number of significant components is
large, implying a wideband signal. This is wideband FM.
Bandwidth; The transmission bandwidth of an FM signal is defined
as the bandwidth which ¢ontains 98% of the total FM signal power.
It is possible to see that for a sinusoidal modulating signal,
this is given by

Br = 2(B + 1)fa
Noting that ffa also denotes the peak frequency deviation of the
FM signal, a more useful formula for bandwidth which is also
valid for general message signels is given by

Br = 2{&f + fa)

where 6f denotes the peak frequency deviation.

enerati emod i e n o ted Si
There are essentially two methods of FM generation. These are the
so-called "Direct" and "Indirect” methods.
The “"direct" method are based on the use of an appropriately

designed voltage controlled ci tor or VCO, which can be



implemented via a tuned oscillator with a variable reactance

device, or a klystron (at microwave frequencies), or as a
relaxation oscillator. The voltage controlled oscillator
essentially produces an output gsignal whose instantaneous

frequency is proportional to the input voltage. The variable
reactance required for generating FM signals can be obtained
using reactance tubes, saturable Treactor elements, or reverse
biased varactor diodes. The main advantage of direct FM is that
large frequency deviations are possible for wideband FM. The main
disadvantage is that the carrier frequency tends to drift and
additional circuitry is needed for frequency stabilization.
The VCO can also be used for the generation of a PM signal, by
inserting a differentiator between the signal and the VCO, in
view of the previously discussed relationship between FM and PM.
This is schematically shown in Fig.16.
The "indireciL" method of generating wideband FM is a two-step
process. In the first step, & narrowband signal is generated by
using the following approximation for an FM signal:

x{t) = A cos{wet + g(t))

Acoswetcosp({t) - Aminwetsinsit)

Acoswet ~ Ag(t)sinwet

1

assuming #{t) to be small (which {p true for narrowband FM). This
can be done easily by using a mixer and a 90" phase shifter as
shown in Fig.17. The wideband FM is generated thereafter by using
a "frequency multiplier” alse shown in the figure. A frequency
multiplier is essentially an n'th law device followed by a

bandpass filter, which is designed to multiply the frequencies of

an input signal by a factor n.

Thus, if the narrowband FM signal is
ei(t) = Acos{wet + B sinwat)

then the corresponding frequency multiplied signal is given by
ealt) = A'cos{nwct + nfsinwat)

thus multiplying both the carrier and the modulation index by a

factor of n.

V. Demod [
The devices generally used for the demodulation of FM signals are
called frequency discriminators, whic¢ch produce an output
proportional te the input frequency or freguency deviation.

For the FM signal given by
x{t) = A cos|wect + kr]m(s)ds]

the discriminator output is ideally given by

yit) = kakem(t)
where ka its the discriminator sensitivity. This is illustrated in
Fig. 18.
A discriminator is generally built using the principle of slope
detector, which consists of a bandpass differentiator laround the
carrier frequency) to transform the frequency variations of the
input FM signal into amplitude variations feollowed by an envelope
demodulator (fig.18)
A discriminator based on these principles can be built as shown
in Fig.19 using two tuned circuits, one resonant to a frequency

above fe¢ and the other to below f¢, resulting in an S-shape curve



for the imput-output characteristic. A balanced discriminator of

this type can provide a linear frequency response over a large

range for the detection of wideband FM signals.

10

Behavijour of Analog Communicatien Sygtems

t ence of Noise

I. Introductjon:

Consider the block diagram shown in Fig.20.

Let St be the transmitted power, S; and N;i the signal and noise
powers at the receiver input and So and No the corresponding
quantities at the output. The ratio So/Ne is the output SNR,
which is & fundamental figure of merit for analog communication
systems. Typical desirable of the output $NR's for variaus
applications involving veoice signals are (i) 5-10 dB for bare
intelligibility, 25-35 dB for telephone quality and (iii)} 45-55
dB  for broadcast quality. Similarly, typical TV signals are
desired to have an SNH of 45-55 dB.

1 Baseband Systems:

We start by considering the performance parameters of a baseband
system, in which a message is transmitted without modulation of a
carrier. A suitable model for the analysis of such a system is
shown in Fig.21.

Here Hp(w) denotes the filter used at the transmitter for
limiting the message spectrum to the desired bandwidth, Hc(w)
models the channel characteristics and Walw) is the receiver
filter used to eliminate the out of band noise and other channel
interference. Alternatively, Hp(w) and Hal(w) can alsc have
additional functions to perform such as pre-emphasis and de-
emphasis in order to optimize the SNR at the receiver.

For simplicity, we shall assume the message m{t}) to be wide sense



stationary and bandlimited to B Hz., and all filters to be ideal
Lowpass with bandwidth B. The channel is assumed to  be
distortionless.
It follows that So = Si and
B
No = 2 lSn(f)df
o
where Sn{f) is the power spectral density of channel noise.
For white noise with density Sn(f) = N/2, we have No = NB and
hence
So/No = S51/NB
Pefining @ = Si/NB as the input SNR in the message bandwidth, we
get
SefNe = a

This result will serve as a standard for comparison of the
performance of the various modulation systems.
I]1. AM Systems:
A, DSB-SC: The system block diagram of interest is as shown in
Fig.22. The transmitted signal is denoted here by {2m{t)coswct
and the channel is assumed to be comprised of an ideal bandpass
filter of center frequency fe and bandwidth 2B. The noise at the
receiver input can be modelled as narrowband noise of bandwidth
2B and represented as

ni{t) = nclt)coswet + nasltisinwet
and the signal at tLhe demodulator by

yi{t) = [42m({t) + ne{t)lcoswet + ne(t)sinwect
Synchronous demodulation with a local carrier J2coswet then

yields the demodulator output as

11

yolt} = ml{t) + (1/42Z)nclt})
Thus Se = <m?> = S, and No = {1/2)<ne®(L)>. But for white channel
noise, var{nc(t}) = 2NB = var(ni(t}) so that Nao = NB. It follows
that
So/No = §1/NB = «a
B. 85B-8C: It {8 easy to appreciate that in SS5B both the
transmitted signal power and the noise power input to the
receiver are effectively halved due to the halving of the channel
bandwidth. This implies that the output SNR of the SSB system
would be identical to that of the DSB-Sc and baseband systems. It
is easy to verify this by a formal derivation of the type used
for the DSB-SC case. .
C. VSB-5C (Synchrongus Demodulation): This analysis is omitted
here. It can be seen that even in this case the cutput SNR is
approximately given as equal to a.
Thus we have the following general conclusion so far:
{So/Nolpsp-sc = [Sa/Nolsse = (So/Noler = a
and
{Bo/Noe) = a
D. AM Systems: The AM signal with a modulation index of m can be
demodulated either synchronously or via the envelope detector.
Synchronous Démogglg;igg; When demodulated synchronously as in
DSB or SSB, the SNR drops here because the power contained in the
carrier does not <contribute tec the output SNR. The amount of
reduction is related to the power efficiency, which in turn
depends on the modulation index.

Using the same analysis method, it is straightforward to show



that
m*ra
(Se/No)ayn-an = —————
A* + <m">
i1t can also be shown that the maximum value of this SNR = alf2 .
Thus synchroenous AM ijs at least 3-dB {usually 6 dB in practice)
worse than DSB-SC or SSB-SC depending on the modulation index and
the signal m{t).
velope etection: This analysia is slightly different. The
received signal plus noise can be written as
yilt) = [A + m{t) + nclt)lcos wet + nel{t)sin wet
The input signal power Si is given by Si = <[A + m(t}}=>/2 = (aA*
+ <m*>)/2. The envelope of the received signal is given as
ei(t) = envelope = [{A + m{t) + ne(t))® + na?{t)jli?
Small Noise Case: Assume that [A + m(t)] > ni(t). We can then
write
esft) = A + m{t) + neclt)
It follows then that once agaln the ratio of the desired signal

to noise power ratio at the envelope detector output ig given by

<m*> <m*>a
SofNog = —— = —
2NB A* + <m?>

which is the same as that for synchronous demodulation of AM
signals,

Large Noise Cage: The analysis here 1is more complex and omitted
here. The main outcome of this analysis is that the signal
quality at the output degrades rapidly (and disproportionately)
when the input SNR degrades beyond a certain level, i.e., when a

< a certain threshold value. This is called a thresheld

12

phenomenon and illustrated in Fig. 23. Typical value of this

threshold input SNR is about 10 dB or so.

v ngle Modula

A typical angle modulated system is shown in Fig.24. For uidéband
phase or frequency modulation, we note that the variations in the
message signal are much slower than the noise fluctuations. This
is because for a signal bandwidth of B Hz., noise has a bandwidth
of 2(6f+B) Hz., with &f »>> B. In particular the phase and
frequency vari ion of the modulated carrier due to m{t) are
much slower than variations in the instantaneous phase of the
noise input nilt) to the demodulator. Intuitively, therefor, we
can calculate the output noise of the demodulator by assuming
m{t} to be zero over several cycles of the instantaneous carrier
frequency.

While the actual calculations are omitted here, it is easy to

appreciate that, under §mall noise conditjons, the effect of

amplitude and phase variations in the noise waveform can affect
the phase of the carrier on a scaled down basis, the scaling
factor being dependent on the input SNR. This 1is because the
amplitude of the noise phasor is much smaller than that of the
carrier.

More precisely, it can be shown that the output noise power in
the message bandwidth in a phase demodulater is given by

No = ZNB/A*
where A is the carrier amplitude. The desired output signal power

by



So = kp'<m*>
where kp is the phase modulation index. Writing here the input
SNR a as given by
@ = 51/NB = A*/2NB,
we can wWrite
(So/No)en = kp?<m>a
or, alternately, using 6w = kpmp' where mp' = [dm/dt}esx, we can
write
{(So/Nolen = (Ew}*aim®>/mp'?
thus showing that there is a tremendous improvement in the output
SNR which depends on the square of the transmission bandwidth.
There is in fact a 6dB SNR advantage for every doubling of
bandwidth,
For the FM systems, we note that the demodulation can be carried
out via a phase demcdulation followed by a differentiator, as
shown in Fig. 25. It follows, therefore that
B
Se = ke*<m*> and No = (NB/A')J widw = 8x?NB3/3A?
o

and

semer = o] [2=] @ = et []a

B mp? mp*
where we have made uge of the fact that 8w = kemp and that the
transmission bandwidth = 28¢1. Once again we notice a
gsignificantly improved SNR, which, as for PM, increases by 6dB
for every doubling of the transmission bandwidth. Typical
performance curves for FM are shown in Fig.26.
a o e ise-Threshold ct:

The above picture completely changes when the noise power is less
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than or equal to that of the carrier. A threshold phenomenon then
results, which ie much more proncunced than that observed in the
envelope detection of AM signals.

For a qualitative appreciation of this phenomenon for angle
modulation systems, we note that when noise is small, the noise
Phasor en rotates arcund the carrier phasor A, as shown in the
figure. The angular perturbation §e{t) of the resultant phasor R
produced by noise is thus small, with |6¢(t)| << 2x.

When en i3 large, R is much more likely to rotate round the
origin, This is because &y is much more likely to go through
changes of 2x or larger, more frequently, because the neoise
varies much fasater than the signal. Thus for large noise, spikes
of area 2n appear in the derivative of 86(t), which give rise to
a crackling sound in an FM receiver, also known by the name of
"¢clicks". Since this noise is impulsive or spiky in nature, it
has a considerable power available at lower frequencies, which
can not be filtered out by the final low pass filter,

This causes a considerably large contribution te the output nolse
power, which increases disproporticnately with respect to the
decrease in the input SNR as en A. This defines the onset of
the Threshold Effect, az illustrated in Fig. 27, and works
against the otherwise promising potential of AM for reducing the
transmission power requirement at the expense of bandwidth. The
value of the input SNR at which threshold phenomenon becomes
manifest can be approximately written as:

Qihresh %= 2(B ¢+ 2)



BANDPASS SIGNALS

inition d Representatio
A bandpass signal is one whose power apectral density is confined
to a certain passband. If the signal is also a random one, it is
sometimes called a "bandpass random process”., The power spectral
density of a typical bandpass signal is shown in Fig. 28,
Quadrature Repregentation; A bandpass signal can be represented
in several different ways., However, a very powerful

representation is the so-called "quadrature representation™. Tt

is given by

x(t) 5 xeltlcos wet + Xal{t)sin wet
where we is the center frequency and xc{t) and x«(t) are twc
lowpass signals.
in order to show this, consider the system shown in Fig. 29. Here
Hoiw} represents an ideal low-pass filter of band width B Hz.,
and with impulse response ho(t). We first show that the system
shown is an ideal bandpass system of bandwidth 2ZB {fig.29). This
is done here by evaluating the impulse response of the system.
If the input to the system is the jimpulse function 6(t-ul, then

the signals at various points in the system are as given below:

At a1 @ 2cos{wcu * 8)6({t-u)
- At az ' 2sin(wcu + 8)5(t-u)
At by : 2cos{wcu + 8)holt-u)
At bz : 2sin{wecu + B)}ho{t-u}
At c1 : 2cos{wecu + 8)cosiwct + Blhol{t-u)
At cz : 2sin{wcu + 0)sin(wcu + 8)hait-u)

At d : 2holt-u)coslwclt-u)))
Clearly the system is a time invarjant system with impulse
response h(t) = 2ho{tlcos wct and H{w) = Haol(w+we) + Ho{w-wc),
which represents an ideal bandpass filter.
Clearly, if =x(t) with power spectral density {(PSD) of Fig. 28 is
applied to this system, it remains unaltered and appears as x(t)
itself. Denting the lowpass signals at bi and bz as xc(t) and
xa{t) respectively, we get the above quadrature representation.
The narrowband or bandpass signal can also be represented via an
envelope-phase relationship of the form:

xit) = e{t)cos[wet + B(L}}
where the envelope e(t) and the phase A{t) are given by

elt) = [xc*(t) + xa?{t)]11/2
and

0{t) = tan '[xal{t)/xclt)]

I1. Characterization Qf xc(t) apnd xaft}}:

Xcl(t) is obtained by multiplying x{(t}) by 2cos{wct + 0) and low
pass filtering. The PSD of 2x{t) cos{wct+8) is given by |[Sx{w+wc}

+ Sx{w-wc)] and ite low pass filtering results intc the spectrum

as shown in Fig. 30 for xc¢(t) (and similarly for xa.(t)). Thus
Sxlwtwe) + Sx({w-we) jw] < 2xB
Saxclw) = Sxelw) = [
0 {w]{ > Z=B

We note that the areas under the PSD's Sxc{w), Szalw} and Sxiw)

are all equal. Hence if x{(t) is a deterministic signal, we have
Sc = 538 = B

where Sc¢ and Se 8and Sx represent the power (or energy, if

applicable) of the corresponding signals. If x(t) is random, we



can write
Cxe?{t)> = <xa*(t)> = <x?*{t)> = o?
For the case of random signals, it iz also possible to show that
<xc{t)xal(t)> = Rxcxal{0) = O
and, in fact, in general if Sx{w) is symmetrical about w., then
Rxcxa{t}) = O
In particular when x(t) is a Gaussian random process with
variance ¢?, it can be shown that both x.{t) and x:{t) are also
Gaussian with the same variance. Thus
Pre(x) = paol(x) = px(x) = J{1/2x0" Jexpl{-x*/20?)
Similarly, in the envelope-phase representation, it can be shown
that the probability density function of e{t} and 8(t) are

Rayleigh and Uniform, respectively:

pele) = (e/o?)expl-r*s20?%]) r >0
and
pe(B) = (1/2n), -f £ 80 < n
ilbert Tr [»] tio [ ic Represe ic
t nsformation and 1 roperties:

For a real valued function x{t}, its Hilbert transform, denoted
by %(t) is defined by
L ]
1 x{t)
k(t) = — —_—dT
n t -z

The inverse Hilbert transform is given by
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1 ()
x{t) = - — —dt
x t -
-
If X(f) represents the Fourler transform of x{t), then from

elementary properties of the Fourier Transform, it follows that
X(f) = -iX{f)sgn({]

where sgn(f) is the signum function given by

1 for f >0
sgn{f} = 0 for £ =0
-1 for f <O

The Hilbert transformation, can therefore be interpreted as a
phase shifter such that all the frequency components of the input
signal are phase shifted by 90° or n/2 radians. In particular, if
the input signal is cos(wt + B), then the output signal would be
sintwt + @),
It can also be shown that if x{t} is a sample function of a wide-
sense gtationary random process having an ensemble
autocorrelation function Rx{(t), then

Ra{t) = Ralr)

omple v ic Simgn e en io

From the quadrature representation discussed above, it follows
that a real signal x{t) can be represented also as

x(t} = Re R({t)exp{jwet)
where %(t) represents a so-called complex envelope., For
narrowband signals, the complex envelope is a slowly changing {or
lowpass) function of time. {For the quadrature representation

used above, we have X(t) = xclt) + j xslt})). It is easy to see



that the complex signal %(t) has no negative frequency
components.
The pre-envelope or analytic representation of a general {(not
necessarily narrowband) real signal is defined by

xplt) = x{t) + J&(t)
whereby the real signal is the real part of the pre-envelope. The
envelope of x(t) is the absolute value |xp(t}| of the pre-
envelope.
From the properties of the Hilbert transform ,it is easy to show

that the Fourier transform of fp(t) is

2F(jw) w >0
Fp(w) = Fljw) w =0
o] w <O

This representation is general and valid for all types of real
signals. In order to verify its validity for narrowband signals
in particular, consider the signal

x{t}) = xcl(t)cos wect + Xalt)sin wct
Its Hilbert transform is given by

X{t) = xe(t)sin wet - xs(t)cos wet
It is easy to verify that the pre-envelope is given by

xplt) = |xclit) + jxalt)|expljwct)
and the envelope is therefore

elt) = |[xplt}]| = [xe®{t) + xa*(t))142
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PROBABILITY DISTRIBUTIONS

I.Introduction:

The most important probability density function in Communication
Theory is the Gaussian or normal density, and the most commonly
encountered random process is the Gaussian random process. There
are many reasons for this including the well known central limit
theory of probability theory. Sometimes, the Gaussian assumption
is used even not exactly justifiable. This is done because of its
analytic tractability.

A number of other GCaussian related distributions alsa arise
naturally in many applications when Gaussian processes or random
variables are processed via linear or nonlinear operations. Here
we discuss a few of such important pdf’s.

II. Distribution of the Envelope of a__ Narrowband Gaussian
Progess:

As already discussed in the chapter on narrowband signals, if

n{t) given by

n{t) = x{t)cos wot + y(t)sin wet
is a Gaussian process, then jts envelope e{t) = (x*(t)+y2 (L) )112
has a Rayleigh distribution,

Thus, we have

P{x,y) = (1/2n0% Jexpl={x*+y*) /207 |
and
ple) = (efo?)exp[-e?/20%)
The normalized distribution for v = e/g is shown in Fig. 31. The

important parameters of a Rayleigh distribution are given below:
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Ele) (n/2)1112 d Ele*) 2% receiver is required either to detect the presence or absence of
e = x a an =

Also, as discussed earlier the phase of the narrowband random & signal or decide which one of the several possible signals is
¥ 1

. . t . . -
process has a uniform distribution, and the envelope and phase present. There is some uncertainty in making these decisions

independent random variables correctly due to the presence of noise along with the desired
are nae "

. signal at the receiver input. The performance of such receivers
velope Wav ow d

is measured in terms of some measure of the err robability i
Here we are interested in the pdf of the envelope of the random error proba tty in

making these decisions.
aignal

A typical receiver configuration required to make such a decision
rit) = Acosiwet + 8) + n{t}

i h in Fig.32. It i d 1
which is often encountered in the detection of signals in 8 shown in Fig s comprised of the usual front modulator,

a matched filter or correlator, a sampler and & decision device.
analogue and digital communication. Here the envelope can be seen ' P

. The decision device works on an input random variable whose pdf
to be given by

e(t) = [[Acosh + x(t)]* + [Asin® + y(t)1)1/2 depends on whether it containa signal-plus-noise or noise alone.

In the case of digital co icati 'St
Through some tedious but straightforward manipulations, it can be g maunication systems, it alse depends on

which of the several ossible signals might have be
seen that the pdf of e is given by P g B en

ple} = {e/o*)expl-(1/2a%)}(e*+A®)]ToleA/o®} transmitted.

. . L. For the case of binary decisions the decision device is
This density function 1is referred to as Rician, and also as !

essentially a threshold devi th tput taki tw
generalized Rayleigh sometimes. As the amplitude A of the sine ¥ avice, e outpu ¥y taking one of two

ossible values 1 d di i
wave approaches zero, the density function tends to the Rayleigh r (say O or ' epending on whether the input

) , variable x is smaller o larger than a reviously selected
function, as might be expected. It is convenient to work with a d & " e y selecte

threshold. The choice of the threshold i i i t i
normalised variable v = e/0 and a normalised constant ¢ = Ao, to ° reshe is crucial in determining

the optimum erformance of th receiver. I t i
vyield the normalised Rician density function: ! » € celve " he following

di R R
piv) = vexpl-{v®+a?)/2]Talav) iscussion, we shall refer to the choices O and 1 as the

R h th H d H ti d th di
This is also plotted in Fig. 31 for different values of a. ypotheses ° an 1, respectively, an e corresponding

decisi i .
For large values of a, the Rician density function becomes € ons made as Do and Di, respectively

. . Fig. 33 shows the decision process in terms of Lhe probability
approximately Gaussian.

V. Decision Threshold and Decision babilitie density functions poix) and pi(x) of x for the case of binary

< s . : < . decisions. Si x may take ny va in the interval {(-», o
Iin digital communication, radar and sconar applications, the stons ince ¥ on any lue i erval (-=, e},



the decision process is concerned with the choice of threshold
say T, such that the real line is divided into two parts. A
sample point (i.e., the observed value of x} which falls in a
region Ro results in the decision H. being chosen, and a point
which falls in region R1 results in H) being chosen.
There are two types of error which can be made. If we say a
signal is present when in fact it is not, an error eof the first
kind is made. That is, we choose Hi, when in fact, He is true.
The probability of this event is denoted as PlDl]Hu) and is
represented by area 1 in Fig.33. In radar and sonar terminology,
this is called a false alarm error, equivalent to saying that a
target is present when there is none.
1f, on the other hand, Ho is chosen when in fact H1 is true, an
error of the second kind is made. This probability, denoted by
PiDo|H1}, is shown as area 2 in the figure. Alternatively, we
define 1 - P(Do|H1} = P(D1{H1) aa the probability of detection.
Clearly, each of these probabilities can be calculated in terms
of appropriate areas of the two density functions poix) and
pi1i{x). The average probability of error, dencted by Pe, is

Pe = P(D1|Ho)P(Ha) + P(Do|H1}l1l - P(Ho)]
In communication problems, it is frequently assumed that P{H1i} =
P(Ho} = (1/2). It can be shown that in this case the value of the
threshold T to determine the regions 1 and 2 is obtained by
ensuring that

P(D1|Ho) = PiDa|Ht}

so that the overall probability of error is minimised.
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Fig.3: Double Sideband Modulation
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Fig.9:

Envelope Demodulation of AM Signals
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