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1.) INTRODUCTION
1.1} Statement of the Problem

"Every function describing a physical quantity is
continuous, differentiable and analytical.”

(Anonymous physicist)

"Thermodynamical functions at a phase transition are
discontinuous or non-analytical”.

(Ehrenfest)
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1.2) Examples for Phase Transitions

Phases

Transition

Order
Parameter

liquid/ltquid

Hquid/liquid
liquid/solid

solid/solid

solid/solid
solid/solid

solid/solid

vapour/liquid

condensation

phase sepa-
ration

superfluidity

melting

magnetic

structural

order-disord-
er

superconduc-
tor

density differ-
ence

density differ-
ence

wave function

density differ-
ence

magnetiza-
tion

displacement

order

energy gap
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1.3) Phase Diagram

The Phase diagram defines the equilibrium states of a
thermodynamic system.

ln'partlcular, phases, coexistence curves and critical points
are defined.
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1.4) Properties of Phase Transitions

e Long Range Order
range of order » interaction range

® Order Parameter
= 0 in the unordered phase, # 0 In the ordered phase

® Collective Behaviour
correlation extends over macroscopic portion of sample

®  Universality
Different systems behave similarly near the critical
point = definition of universality classes
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2.) THEORY
2.1) Modeils

The simplest models are Spin Models for magnetic phase
transitions.

All degrees of freedom (lattice vibrations, electronic,..) are
suppressed, only spin variables are retained.

ISING - MODEL

1 Z oz

HEISENBERG - MODEL

1
# = =g ) S

Important Parameters:

®* Range of Interaction J, |
e Lattice Dimensionality d
® Spin Dimensionality D

Due to Universality, most Systems can be mapped onto

Spin Models

= Pseudospin Models

2.2) Model Hamiltonians

Special cases of the model Hamsltonian The parameter D is the apin
dimensionality. After Stanley and Lee (1970).

D Hamuionion Nama System

1 Hom~JT 5.5, Ising model ons-component fuid;

) binary alloy,
mixture

2 Hom d D ($2S, + SSe) Plane rotator model  A-transition in a Boss

I} (Vaks-Larkin finid
maodei)

3 How —J 3 (525 + 5,8, clamical Heisenberg  ferromaguet;
[TH + Sl model antiferromagnet

® wm-ss (.Z. s..s,.) spherical model nons

Some of the cases in which the model Hamilionian 1 exactly soluble.
Here the nofation n.n. stands Jor nearest-neighbour interactions only. A
blank indicates that the system has not yet been solved. D and d denote the
spin and laitice dimensionality respectively. Afier Stanley and Lee (1970)

D dm] dm 2 dwm3 d>3
1 all H; both H = 0; n.n, —_ —
n.o. aad 1jréts
2 H = 0; n.0. —_ —_ —_
3 H=0;nn. — — —
-] all ¥; both sll H; bath all H; both only critical-point
n.0. sad 1jrdrx n.n. and Ljpi+s o.n. end Ljrits eXponents are

known axactly

L ®) vens




/ 2.3) Mean Field Approximation (MFA)

Consider Ising Modet in an external field:

1
"{Zvu |l Eaad Zvll (Fj) i;
iJ iJ
" = — z.‘l; (B + ZV;; (Hp) = — ZF: 87"
| i i
Hp

"
= B = 8+ ) Vo)
1

= B = T B+Von)

Vo= zvq kT, = ngVp

B

/ The MFA as a Network Theory

up = x;(B,-+ZVu<n;>)'
j

1
H = ——= ) viyuy— ) mB l
2 Ly z ! 8, B
7 ; B
without interaction: v;; = 0 = p = (up = L
“ [
with interaction: v;; #0 3 Y : 1
Replace one of the Operators by its mean Value (<~MFA) j ; ki B

A ‘T—_I_—— Ha

or, after diagonalization:

(1 = tq(Bq+ Vqlu)

g ——1 e "

v, 1
This ylelds: L
p= k—(—_'-f-'—f?a B (Curie — Welss law)

This is a feed-back loop !
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2.4) Landau Theory

Second Order Phase Transitions

Expand free energy in powers of order parameter:
F=F(T,M=F(N+F MM +F (MM +...

Due to symmetry M — — u only even powers of M.
Equlibrium value of M determined by: OF =

oM
M = 0 shall be solution for T >T,
M # 0 shall be solution for T < T

F(T.M)=a (T~ T) M+ bm®

Solution for T< T,

Mgﬁ'- FZ = a(Tc_

a!rc_ 2
. )

2F, 2b
i
\\ LT,  1rer,
\/ Lrar,
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2.5) Critical Exponents

Critical Exponents describe the non-analytical behaviour
near the critical point.

Definition: 4 Is critical exponent of f(x) at x=9, if:

In |fx)|
1:}!_:-3 In x

Example: fix) = x* ieR

Usually, x = |7 ;c Tl (reduced temperature)
Some Critical Exponents

f(x) Fluid Magnet
Specific Heat c, ~ X" Cy ~ X"
Susceptibility Ky~ X7 x~x"
Order | pu = p, | M, ~ x*
Parameter ~ x*
Ordering lp— p,l H~ M
Field ~lp=-p.’
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/ 2.6) Landau Theory Aldau Theory

First Order Phase Transitions

The Order Parameter changes discontinuously at a
First Order Phase Transition.

Free Energy at a First Order Phase Transition

= Modify Power Expansion of Free Energy:
FTM) = a(T—T,)M — bM* + cm®
Note: T, 2T, b>0, c>0

1.T<To, 2.T~Tg, 3.T=T,
4.T~T,, 5.T>T,.

Extrema are given by

0= 2M {a(T ~ Ty) — 26M° + 3cMY)
oM
== Minima:
M =0 T>T,
, b + [b%—3ac(T-T,)
. ,.
b
T1 3 To + 3"'8'_'c

T. is defined by F(T.,0) = F(T.,M?)
b
4ac
For T, < T < T, Metastable Phases exist.

At T = T, the Order Parameter changes discontinuously.

T°<Tc=ro+ <T1

.5‘-"‘- .



3.) CONCLUSION

3.1) Summary

Phase transitions are drastic changes in the state of
matter either discontinuousty (1st order transition} or
continuously, but non-analytically (2nd order).

Phase change is characterized by the onset of long
range order described by an order parameter.

Near the critical point, universality classes can be
defined, according to the values of the critical expo-
nents.

Classical theories (MFA, Landau) are qualitatively cor-
rect, (they satisfy scaling laws) but quantitatively
wrong.

Theory of phase transitions deals only with equilibrium
phenomena, temporal evolution (dynamics) is not con-
sidered.
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