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th} (d) The scabed Intnee 1 mserted mto the onginal lattice in the region
tosagked by m frame e figae shows the resulling percolation cluster.
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struclure of the curve becores apparent. The fractal dimension w
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FRACTALS IN NATURK sppoor . grow by monsn of diffusins-
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Percolation and anomalous conduction on fractals in
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Al At Jow freg Y the d ity of fuwd d porous media vanes with
POCOSilY a3 ¢~ where m is Archie's txponent. At higher frequencees. the real part of 1he
conduciivity exhbits a i P (non-Gaussian) beh char ised by the power law

IR previous papers and we determine the valucs of ¢+ and 1. the usual mudu;l\n‘ly sad
superconduchivity cxponents. They dgree with 1be lasest ikcorctical estimations.
The concluson of sur analyss is that the low-frequency coaduciivity of porous aluming

1he theory of percolation while the dielecine and ke ductivity |
EXpOnEnts in the dipersive regson are co botk with p
lnmpmaluuumufwmdmmuhm.

1.mwummdmmhm
aterials

In brine-saturated Porous media a low-frequency dielectric enhancement has been
obscrved. The diclectric constant ¢’ can auain gigantic valucs, of the order of )(*. The
effect hus been explained in terms of geometrical effects (Sen 1981a, b: Brouers eral
1987) as well as clecirochemical effects (Chew and Sen 1982). In the discussion of this
phenomenon, an analogy with the weil known dieleciric enhancement occurring in
inhomogeneous mixitures of metals and insulators has been put forward. This effect

U*”-(w_ $a) e, n
o=0 <o,

0022-3719/88/091839 + 09 $02.50 © 1988 10P Publighing L4




1840 F Brouers und A Ramsamugh

where o, is the conductivity of the conducting phase, which is the water in the case of
brine-saturated porous media.
At the percolation threshold. the percolation correlation length & diverges as

E-le -l forg>p.andy < g, Q)
The real part of the dielectric constant is predicied to diverge as g approaches ¢,:
Fornlg—gdt (3)

where £,, is the dickectric constant of the matrix. The above results (1) and (2) hold for
low frequencies

met iy~ "o, felLE, 4

where £, the permutivity of the vacuum. In other words, for @ € w, ~ £+ where
E~|g — ¢, ' i the percolation corretation length and w;' the diffusion time for a
particle tediffuse over adistance £, onchas o(0) ~ £ forconcentrationsof conducting
material above the percolation threshold ¢ > @, and £'(0) ~ E* for ¢ < ¢ and @ >
@.. It should be noted that the diclectric constant discussed in this work, as well as in
quoted work, is that it zero wavenumber k. i.e. the quantity £(ew) = lim, _ (. w). The
above expanents describe macroscopic averages taken aver samples that are larger than
the correfation length .
By contrast for

Wk = ¢ o eney) (5)
that is

frram; ~ 2

I AL {6)

the diclectric constant £ increases as the frequency is lowered following the Taw
o ",’..;U./f:.fnﬂ.l!“““' ~ riveny) (7“)

while the ac conductivity varies as

M-t (-”"

In (1). (3) and (7) the exponents t and 5 are the usual conductivity and supet-
conductivity exponcnts. These expunents are universal, i.c. they do not depend on
details of the geomeiry such as grain shape or coosdination number. but only on the
space dimensionof the system. Values generallyquotedares = ¢ = 1 3iptwodimensions
ands = 0.7and7 - | §inthrec dimensions. More recent evaluations { Balberg er af 1983,
Balberg and Bozowski 1982, Derrida et af 1983) yicld £, = 1.5 and H=195and s, >
0.75 (Herrmanw e of 1984},

The scaling laws () arc related 1o the self-similar properties of these systems. Sell-
similarity is an essential aspect of percolation at threshold. The scif-similarity region
broadens at finite trequencies. For w - w.. near g, in the corresponding length range
a< L < £ whereaisamicroscopic length limit, the sysiem has a self-similarity ( fractal)
geomelry, i.c. many physical quantities scale as a power law of the length scale L. on
which they arc mesured. In the corresponding frequency range w; < & < w, where w,
is a frequency determined by a microscopic distance a, below which the response is
determined by tne microscopic behaviour of the system, anomalous conduction referred
10 as ‘anomalous conduction on fractals’ occurs and the (real part of the) conductivity
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and the (real pan of the) dielectric constant follows the power law

o'{w) ~ w* x=tfis+ 1) (8a)

e'w)~w’ y=sfis+0) (8b)
and .

r+y=1 (8c)

The behaviour {8a} corresponds to a dispersive (non-Gaussian) transpert for which the
time-dependent mean square distance

(Ar(r) = ((r(r) - H0})")

increases sublincarly with time t.

For w < w, the conduction is classical and yields & constant conductivity o. For
w > wm,, the conductivity is determined by the microscopic response of the conductive
grains (Laibowitz and Gefen (1984} ).

It must be noted that the anomalous diffusion in independent percolation clusters
when capacitance on bonds connecting different clusters is neglected is different from
that described by (8) (Gefen et al 1983).

1. Critical behaviour in fuid-saturated porous media

The motivation for this work is the phenomenon of dielectric enhancement in porous
rocks containing salty {i.c. conducting) water. Although a low-frequency dielectric
enhancement is indeed observed in porous rocks (Sen 1981a, b}, the results we have
discussed in § 1 strictly refer only to random systems. Such systems always exhibit a non-
zero percolation threshold g, beiow which the bc conductivity vanishes.

In reality. in brine-saturated porous rocks where the phenomenon of low-frequency
dietectric enhancement is observed, the émpirical law known as Archie’s Law (Archie
1942, Sen 2 af 1981)

k- 9

indicates that ¢_= 0. i.e. the water in the pore space remains conducting down to
arbitrarily low porositics. If we assume that the pore space is compiciely filled with
water, this means geometrically that the pore space remains connected even in samples
with very low porosity.

One of the key properties of the dielectric enhancement for random sysiems is the
universal behaviour in the critical region. Presumably, the analogue for rocks of the limit
@ — @ is the low-porosity limit.

The question is raised of whether or not Archie’s law can be explained by ordinary
percolation in the continuum (i.c. is this theory consistent with the very small critical
porosity . and with the observed values of m?) Although a corresponding universality
would explain the wide applicability of Archie's law with m = 2, it remains to be proved
that such universality exists with respect 1o variations such as grain shape and packing
geometry. If percolation theory could be applied 1o interpret Archie’s law this would
have the advantage of being based on universal behaviour and of not requiring a priori
assumptions regarding the microstructure of the pores in the malterials, asother theories
do. This would be extremely useful for geophysical and materials science studies if there
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et al (1981) and Mendelson and Cohen (1982), the exponent m depends on grain shape.
However the exponents are controlled by the dilute-rock limit and there is no guarantee
that the results are wiill valid in the low-porosity regime where the rock grdins are
touching.

In a recent paper Balberg (1986) using = model of soft-core Pores in an insulating
matrix has shown that in rocks where the pores have a large aspect ratio the onset of
percolation can oceur tor a very small pore space. (Similar conclusions can be obtained

3. Critical exponents in brine-saturated porous alumina ceramics

tn a series of papers 1 Hrouers and Ramsamugh 1986, Brouers et al 19§37, Ramsamugh
and Brouers 1987) we have discussed measurements of the electrical conductivity and
the dielectric constant of brine-saturated porous alumina ceramics. The aim of thal work
was to investigate 1he refation berween the pore geometry and the frequency variation
of these two quantities with salinity and porasity. discussed mostly in geophysical
Journals dealing with the physics of rocks and soils.

In the first of our series of papers (Brouers and Ramsamugh 1986), we discussed the
relation between conduclivity and fluid How permeability in porous alumina ceramics,

In a second paper (Brouers er af 1987) we discussed the phenomenon of dielectric
enhancement in brine-saturated ceramics. Large values of the rea part of the dielectric

In a frequency runge that depends on salinity and porosity, the fluid-saturated poarous
alumina ceramivs exhibit a frequency dependence

a'fw) x " (10}

where n << |. This i vampatible with the unive syl pattern of behaviour discussed by
Jonscher (1977) 1p that paper (Brouers et uf 1987} we were able (o show that a model
of ramified clugte - nf elongated dead-end Pores encased in shelis of insulating rocks
could provide 4 nassible or partial explanaton of the electrolyte-saturated ceramic
dieleciric and condictivity data.

Ina subsequeat paner (Ramsamugh and Biouers 1987}. an empirical scaling law for
the real partof the fn:uu-:ncy~dcpcndenl electrical conductivity o’{w) of brine-saturated
POTOUS materials in ) elation to its pe Jimis was identified. The scaling law relaies the
con_ductivily as a function of frequency, Porosity and salinity 10 2 function of oniy one

Fluid-saturaied porous media 1843

Toble £, The diclectric constant and conductivity exp of equations {Ba) for

porosities and salinities. The values of 5 were obinined by dentifying m with 1 and from the
ratios of the values in columns 4 and §.

Salinity (wt %) Porosily m ‘ s +n s+ 3

017 0.28 0.79 .60
0193 0.4 0w 0.5
04 0283 XTIy 0.7 0.4
0275 027 074 on
433 017 012 (%]
0179 "2 nm (%]
0.493 0.3 074 7%
20 0,253 192 0 o 052
0278 0.26 %] 0.8
0.433 . (%4} 0.712
"I TR .74 .
t.193 (/1) our? [
40 .25} 195 1y N (T)
0.27% 0.24 0.7s 82
0.433 0.29 0.74 0.76
179 0.30 075 0T
0.193 (13.1] 0.7 074
56 0.253 192 o 0. (%7}
0.275 0.2 %7} 072
0.423 4.2) 072 083
~
can be writlen as
o'(w)/a(0) = f(Aeqw/otl)) (11a)
where
flx)om ) 4 x"M8 (118)

over the main part of the non-Gaussian frequency range aqd Ais a constant }vhlch
depends on salinity porosity and possibly 01:1 terqperatt:rc. This result is very similar to
rted in hopping semiconducting systems.
thll'l:l::;ﬁ:'sr:t?gmuers et :;P( 19887) allow a complete dis‘cussion _of the cxponents m,
i/(s + 1) and s/(s + 1) for the set of porous alumi_na ceramics ct?nsl.dcred in this paper.
We have measured the slope of o°(w) and £'(w) in the self-similarity frequency range.
These values are reported in table 1 for porosities 0.179. 0. 193, 0.253, 0275, 0.433. In
figures 1 and 2, we present the cxperimental data for the dlglectmcopstant and electrical
conductivity for an intermediate porosity ¢ = 0.193 not included in the curves shown
7).

™ ?lﬁu:;‘l:;a;f( ::2 )\rchie's law, dielectric constant and conductivity exponenis m,
/(s + yandif(s + {)are respectively 1.94,0.284 and 0.746. (Inone of our earlier papers
{Brouers and Ramsamugh 17 $6), the measurements of m were made at 10" Hz. Here
they correspond to 10 Hz.) The sum of the last two exponents is 1.03 and the standar_d
deviation of the data of table 1 is 0.03. Thisis in agreement with (8c). The value of m is
very close 10 the percolation theory values of Balberg eral (1983), Balberg and Bozowski
{1982) and Derrida er al (1983).



1844 F Brouers and A Ramsamugh
-
il
0
f
" ,
.
5 4
510‘}
H ’ 'S Sahity
T ! 10 W'} Wty
w | ) on [1%
e ' b1 0
‘l A 58 &0
b [ PR P T
i
ol o’ " o
Fraquancy M)

Figure 1. ‘The frequency dependence of the resl part of the dielectric constant of brine-
satarated alumini ceramacs of potosity = 0.193 for four differeny salnities. £ for dryalumina
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If the Archic's law cxponent m is identified with the percolation theory conductivity
exponent?, our data yield a value of s = 0.73 = (L.0bin agreement with theoretical results
(53 = 0.75 = 0.04) of Herrmann ef af (1984) and the expenimental measurement (5y =
0.73 + 0.07) of Bowman and Stroud (1984),

4. The fracia) dimension

A fractal dimension d, cun be determined using theoretical expressions derived for
percolating clusters. I we use the relations between the exponents {. 5. v, d, and the
random walk dimension 4., established by Alexander and Orbach {1982) and Coniglio
and Staniey { 1984) (see also Niklasson and Grangvist 1986) i.e.

tfv=14+d, - d, (12a})
and
Sie =t - )2 (125)

we can cakouiate ;4" d,, noting, however, that (12a)1sexact and (12b)stillaconjecture.
The exponent + can he determined first, using the *hyperscaling taw' proposed by
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Figure 2. The Irequency dependence of the electrical conductivity of brinc-satursied sluming
ceramics of porosity & 1. 193 for four different salmitics.

Straley (1980):
t+s=dy . (13)

The average value v = 0.89 = (1012 is in agreement with the value of 0.88 = 0.02 given
by Gaunt and Sykes (1983} and the value of 0.87 = 0.02 given by Hermann er al (1934),

The values of d, and d,, are given in table 2. In the last column we give the values of
the spectral dimension

d\ = de/dn “4)
which are slightly higher than the Alexander and Orbach (1982) conjecture of 4.

5. Discussion

Wehave found that the critical expenentss. ¢, v and the relations between the dimensions
dy. dy.. d, of brine-saturated porous alumina ceramics are consistent with percolating
models. This may strengthen the recent proposal by Balberg (1986} that ‘ordinary
percolation provides a realistic model for the pore space’, However, it must be kept in
mind, as discussed in § 2. that the porosities (up to 40% ) are far from the percolation
threshold (@, = 0). The fact that ¢, =0 presumably means that the pore network
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Table 2. 1 he cunductivity 1 and superconductivity s exponents from table 1. The correlation
length eaponents ¢ were obtained from equation {13). The fractal, random walk and specieal
dumensions o, d,, and 4, were obtained from equabwns (12) and (14).

Pornity. y t * v d, d, d,
[tRNL] 1.94 72 LKy e ki) 1.9
191 | %4 a7l LN 2 6d am Ly
353 14 0% . 0yl kR K7 141
0274 IR} 67 [L¥ ¥ 184 in 1.35
[ KX ] 1% LA ] IR H 169 X 1.42
Aserage

value L) omn Uy 1ot kR 3] 1.3

geometry is dominated by the formation mechanism and is not at all random. It is
now known that lractal growih models can explain the fractal nature of ceramics and
that diffusion-timited aggregation and other related models (Schaefer and Keefer 19K6)
may have a fractal dimension and other exponents rather close (o those of percalation
clusters.

On the other hand. it une follows the controversial suggestion (Katz and Thompson
1985) that the pore volume behaves as a Fructal with the fractal dimension of the pore~
graininteriace, the value dy = 2.65 + 0. 10 obtained. This is very close to the value of the
alumina surface fractal dimension d, = 2.79 = 1.03 obtained by Avnir et af (1984) and
Pfeifer (1986) from an analysis of molecular adsorption on porous alumina ceramics. The
determination of the fractal dimension of a rough surface by Monte Carlo simulations by
Mon (1986) for a sohid-on-solid model above the roughening transition, also gives a
similar value. namely d, = 2.8 = 0.03.

Low-frequency conductivity and dielectric measurements can provide useful infor-
mation on the fractal and anomalous transport in porous media. However., before one
can make definite statements on the validity of the various compeling models, a more
detailed morphological analysis must be performed.
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