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4.8.1 Introduction

As seen in other chapters in this volume, irradiation of solid targets usually
results in the acceleration of clectrons to high energies by plasma waves excited
in parametric instabilities or resonance absorption. This chapter explores the pos-
sibility of controlling this effect to produce useful beams of high-energy particles.
Of particular interest to accelerator physicists is the design of linear e*—~ collid-
ers above 1 TeV. Present if techniques have gradients of order 0.01 GeV/m,
extendable to = 0.1 GeVim by semi-conventional means. TeV colliders, there-
fore, would be longer than 10 km. As will be seen shortly, plasma waves can
have gradients of order 100 GeV/m, leading to a possible reduction of 103 in the

length of linacs.

Though electric fields of order | TeV/m are readily achievable at the focus
of large, pulsed lasers, laser fields in vacuum cannol be used directly for particle
acceleration because a) they are transverse and oscillatory, and b) they outrun the
particles, which nccessarily have v < c. Using lasers 1o excite plasma waves
obviates these difficulties by a) creating strong longitudinal fields, and b) using a
plasma as a slow-wave structure which does not suffer from vacuum breakdown.

The most highly developed concept, the Beat-wave Accelerator (BWA), is
directly related to stimulated Raman scattering (SRS) (Kruer and Campbell,
1988; Baldis, 1988} in that an electron plasma wave (EPW} is excited by the beat

between two electromagnetic waves. In SRS, one driver (pump wave) is used,
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and the EPW exponentiates unstably; in the BWA, two pump waves are used, and
the EPW is driven linearly. Numerous other acceleration methods have been pro-
posed that use laser beams and slow-wave structures other than plasmas, or use
plasma waves driven by other than lasers; these can be found in a series of
workshop proceedings (Channel, 1983; Bryant and Mulvey, 1984; Joshi and Kat-
souleas, 1985, Mills, 1987; Katsoulcas, 1987; Tumer, 1987). Of these, the
Plasma Wake-ficld Accelerator (PWFA) is included here because of its similarity
to the BWA.

The basic idea of the Beat-wave Accelerator is illustrated in Fig. 1. A
picosccond laser beam containing two lines of the lasing medium is brought
through a window into the large chamber filled with the opcrating gas and is
focused into the plasma tube. A fully ionized, high-density plasma in the range
10'€ . 10'8 ¢m=3 is created by one of several possible mechanisms: 8- or z-pinch,
radiofrequency waves, or multiphoton ionization. In the last case, one could use a
broader, nanosecond ionizing laser beam brought in from the right, as shown.
Coils for producing a confining magnetic field may be necessary. If the plasma
frequency is resonamt with the beat frequency of the two laser lines of the
picosecond driving laser, a large-amplitude electron plasma wave is excited in the
plasma. Bunches of electrons from an injector linac, shown coming from the left,
enter the plasma chamber through a thin foil or a differential pumping tube and
are injected into the plasma wave. The bunches are synchronized with the laser
pulses. Those electrons trapped in the right phase in the wave will be accelerated
by the wave’s large longitudinal electric field. To increase the acceleration
lengih, it may be necessary to trap the laser pulse by refracting it with an inverted
density profile or by using relativistic self-focusing, which will be defined later.
To achieve higher energy than can be gained in one stage, the modules can be
repeaied, with each module serving as the injector for the next. Successive

modules can be optimized for the beam energy it is required to produce.

The Wake Field Accelerator has a similar, but simpler, arrangement. The
injected electron beam to be accelerated to higher energy is the same, but instead
of a laser, the particle beam from an existing high-energy accelerator is used to
excite the plasma wave. The optical system and the frequency resonance condi-

tion are therefore eliminated. It is also possible to use lower plasma densities, in

the 10 - 10'6 cm=3 range, at the expense of having longer acceleration lengths.
This accelerator can be considered as a booster to be attached to an existing
machine, allowing a fraction of the beam particles to be accelerated to much
higher energy. Though basically less complicated than the Beat-wave Accelera-
tor, the Wake Ficld Accelerator is more difficult 1o develop because a large
accelerator js required for Lesting.

4.8.2 Beat-wave Accelerator
Fundamental relations

Two electromagnetic waves (wy, ko) and (ay , k3) will have a beat pattern
whose ponderomotive force (Chen, 1974) can excite a lower-frequency electros-

tatic wave (w) , k;) obeying the relations

W = +p, k= k+k;. )]
if ko and ky are directed oppositely, 1k, | is large, and the phase velocity wy/k; is
too small to be usefu! for acceleration to GeV energies. If k; and k; are co-

directional, fast plasma waves are excited with
W = @ -y = Aw = o, )
ki = kg—ky = Ak = k. 3
The phasc velocity v, = w,/k; is seen to be equal to the group velocity of the
light waves v; = dovdk = Aw/Ak in the limit @, « @y
vp 2 v =c(l-nin)? = ¢, @
where
nn. = 0wl , o = dane?m. (5)
Defining the relativistic parameters B, = vy/c and ¥, = (1 - B2, we find
from Eq. (4) the convenient refation
Y= (- (1= 2 = (nm)? = /e, . - (6)

The synchronism between v, and vg cnsures that particle bunches trapped in

the plasma wave will travel with the light pulse over long distances. Figure 2



" shows schematically the injection and acceleration of (positive) electrons in a typ-
ical two-frequency laser pulse 10 psec (3 mm) long, containing 30 plasma
wavelengths. Short pulses are necessary to aveid ion motion, which would detune
the density and also permit a number of instabilities to grow.

The cold-plasma wave-breaking limit is found from Poisson’s equation
k24 = 4men; when the oscillating density is set equal to the background density
n,. Thus the maximum amplitude is

ehmax = 4Rne?k? = modik? = me? ¥)]
for waves with relativistic v,. Defining the relative amplitude
€ = /@max = 0y/ng, ®)
we find the plasma wave electric field to be
|IE| = |kp$l = ekpmc¥e = ewpme/e = 0.96€n'2  Vicm | 9
Thus, the maximum accelerating gradient is €Epy & 1GeViem at

n = 10" cm=3. The value of n, is a compromisc between large Y, [Eq. (6)] and
large Ery,y [Eq. (9)).

Beat-frequency excitalion
Plasma wave excitation by optical mixing has been calculated by Rosen-
bluth and Lis (1972) and confirmed in computer simulations by Sullivan and
Godfrey (1983), Forslund et al. (1985), and Joshi et al. (1987). The initial growth
is linear at the rate
de/dl = auapup/d (4[]

where
o = eE/muc. (11)
As the oscillations grow, w, suffers a small redshift because of the relativistic

increase in electron mass; and this detuning effect ultimately causes the waves to

saturate at the level

Ea = (16 00p3g)1?3 | (12)

wherc the factor, g = |+ -%—(a3+u,}) £ 1 accounts for mransverse electron

motion in the light waves. By choosing Aw to be slightly below Wy to account for
the frequency shift, Tang et al. (1985) showed that g, can be increased to

En = 4(o,00/3g)7 (13)

McKinstrie and Forslund (1987) have poinied out, however, that this solution
may be difficult 10 access in experiment, and use of Eq. (12} would be more con-
servative. Egs. (12) and (13) give g, = 038 and 0.60, respectively, for
O, = 0y = 0.1; but effects discussed later may cause saturation at lower levels.

Eqs. (10) and (12) can be derived succincily for p/k, =c. The ponderomo-
tive force at the beat frequency is (Chen, 1974)

_ wi <2E.Ez>
Ene = - Wotly v . '

(14)

where V =ik, Choosing the optimum phase between E, and Ey, discarding the
non-resonant w, + o) term, dividing by n,, and using Egs. (5) and (11), we find

for the force on each electron
= -é-gpuouzmcz . (15)

The equation of continuity is

fi] = —ingkpv - Qe)

where mv = —eE+fj; amn

and ikyE = - dnen, (18)
Eqs. {15)-(18) yield

iy = - wfn) - Jikicngo, . 19)

Scparating the fast and slow time  variations, we have
n = ( Ba? —iwp)?n; = - wfn - 2iwydn /3 and the imaginary part of Eq. (19)
is Eq. (10). These nonrelativistic equations can be used for the initial growth rate;
but to calculate the saturation level, we must add a small relativistic correction to

Eq. (17). Neglecting the driver, we have
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YW4vy=—(e/mE, where y= (1-v3c2)¥ @n

These give ¥*v = — (e/m)E, which, together with Eqs. (16) and (18, leads to
- 2
E = -0} (1 - VIc)2E 2 -} - 3 5)E. (22)

Since v and E are out of phase, we may take E - cos mt and v ~ sin wt. The v2E
term then is ~ sin? wtcos wt = cos @~ cos® wt = (1/4)(cos wt —cos 3t), of
which the first term gives the nonlinear frequency shift §w. Since v/ic = £ from
Eq. {16), we have

m2=mi';’-(1-%7'[ez). &n:-—-%mpzz(t), 23

where €(1} = attapt4 from Eq. (10). The wave stops growing when the

integrated phase shift'reaches 90°;
] t
7 = [Sa)dr' = GwiaZa?/256) JU2dr = alad (w256 . (24)
] 0

Thus,
oyt = (128rn/a2ady!?, (25)

Eour = —A— @0, (1281 / aZod)'? = Qra ey)!? (26)

which is essentially Eq. (12).

The time 1 1o reach saturation, given by Eq. (25) for a square pulse,ist = 9
psec for ny = 10" ¢m-3, @, = a; = 0.1. Pulses longer than this would be
counterproductive, giving rise to oscillations in the EPW envelope because of
excessive phase ship. Inclusion of collisions leads to an asymptotic amplitude
(Noble, 1985; Lee et al., 1973; Mori, 1987a), and effects of finite laser risetime
have been accounted for by Forslund et al. (1985}, Katsouleas et al. (1985a), and
Mori (19874).

Particle acceleration

An electron trapped a1 ¢ = 0 in an EPW of amplitude emc? and falling to the
botiom of the potential well will gain an energy AW = 2ey?mc2. One factor of

Y, arises from Lorentz contraction of the waves, and the other from the

transformation of energy back to the laboratory frame. Let a particle (B ,y) have
momentum P = yBmc and energy W = ymc? in the laboratory frame and quantities
B, 7. p". W in the wave frame characterized by B, % [Eq. (6)). The
Lorentz transformation

[CP ] = [ % by ] [cp‘ ] @7
iw B Y iw’
gives

W o= %7 (1+ BBy me? = yme? , (28)
or =%y (+BR) . 29)

Since E of the wave is paralle] to Vg, it Temains invariant while $=iE/ky, is

increased by Lorentz contraction:
kp =kp/Yp, & =10 (30

In the wave frame, an clectron injected at ¢’ =0 can gain kinetic energy
EeOmax = EYpmc?, Iis total energy W’ is then y ‘me2 = (1 + eyp)mc?, or

Y=l+ep ., P=l1-(n'pH)p2. Gn

Inserting vy " into Eq. (28) gives the energy in the laboratory, from which we must
subtract the injection energy y,mc2. Thus,

AW = yme? [(1 +ey,) (1 +B,B) - 1] = 2ey2me2 (32)

for the usuat case B, = " = 1, €, » 1. For instance, £=0.2 and y,= 100
would give AW = 2 GeV. The acceleration of positrons works equally well, but
heavy ions would not be interesting because, as seen in Eq. (32), the energy gain
is scaled to the electron mass and would be small compared to the injection
energy needed to trap the ions.

Acceleration causes the particies to slip in phase relative 1o the plasma wave.
When the particle reaches the bottom of the potential well, it must be cjected
from the system. This occurs after an acceleration length L, given by AW / <eE>,
where <eE> = (2/n) ekpmcz. Using Eq. (32) for AW, we find that € cancels, and

we have

L, = my? 7k = mf (c/en) (afony) = myd 7k, . (33)



Thus, acceleration to large ¥ places stringent requirements on the production of
uniform plasmas. Phase slip can be eliminated by tapering the density ng or by
using a magnetic ficld (Sec. 4.8.6), but staging will in any case be dictated by
practical considerations. In a staged accelerator, each section of length L= L,

has optimized n, and ¥, and is the injector for the next section.

Injection, focusing, and beam loading

To trap a particle, a plasma wave must have amplitude ¢¢’ = y,emc? larger
than the particle's kinetic energy (y'—-Dmc? in the wave frame. Thus
£>(y" - 1)/%, is required. Transforming to the laboratory frame using the
reverse of Eq. (29), we have

e>y(1-Ppp)-v!' . (34)

For given €, the required injection encrgy is found by solving Eq. (34). In the
usuatcase ¥, »» 1, [y 21, the solution is approximaltely

v > (1+e2)02e . 35

This condition is, however, modified by two-dimensional effects when the
injecied beam has finite angular spread.

Another two-dimensional effect occurs when a plasma wave has finite
width, as shown schematically in Fig. 3. Such a wave has both a longitudinal
component E, and a radial component E,, which is 90° out of phase. Particles
must be injected in the quarter cycle in which E, is accelerating and E, is focusing
(Fedele et al, 1986). Katsouleas and Mori (Joshi et al., 1987a) have studied the
trajectories of particles injected at various radii and angles, and with various ener-
gies. The trapping threshold is now a function of all these parameters, but com-
puter simulation shows clearly the trapping, acceleration, and focusing of prop-
erly injected particles (Fig. 4).

To extract the maximum energy from the plasma waves, electron bunches
injected at the right phase must also have the optimum density and shape factor.
As shown by Wilks et al. (1987), injected bunches should be triangular, with the
highest density at the front. This will be explained in Sec. 4.8.3.

Efficiency, cascading, and staging

The efficiency of the BWA is the product of three efficiencies: (a) conver-
sion of electrical power into laser light, (b) conversion of laser light into plasma
waves, and (c) conversion of EPW energy into that of accelerated particles.

The laser efficiency (a) has not exceeded 5% in any existing short-pulse
laser; but Nd-glass, COy, and excimer lasers could in principle achieve 10%
(Singer, 1985). Of these, only the CO; laser can possibly be pulsed as rapidly as
1 kHz. Higher particle-beam luminosities may require the development of free-

electron lasers with MHz repetition rates and > 20% efficiencies.

The beam-loading cfficiency (c) is less of a problem, though a compromise
must be made with energy spread. Wilks et al. (1987) showed that by proper

. shaping of the injected bunch, 50% is reasonable for {c). The sclf-magnetic ficld

of the accelerated beam and the beam’s effect on the EPW frequency are ques-
tions yet to be addressed. The beat-wave efficiency (b) is a complex question
which we now discuss.

The fundamental process in beal-wave excitation is the decay of blue pho-
tons Fw, into plasmons fiw,, and red photons fiw;. The efficiency is limited by the
Manley-Rowe relation to wp/t,. This can be augmented by cascading, in which
hw; decays into lim‘, and a redder photon F(w; — wp}, and so on until the light
pulse reaches the end of the stage or a phase mismatch develops. (The k-
mismatch due to light-wave dispersion can be shown, however, to be negligible
under BWA conditions.) The subsequent decays continue to feed energy into the
beat wave cven after the original pumps have been depleted. This gain in conver-
sion is offsel by the slightly weaker generation of higher frequency photons
W, = W, + nwy in the anti-Stokes process in which a plasmon is absorbed. '

Cascading of the photons and the spreading of the light-wave spectrum, first
considered by Cohen et al. (1972), have been examined in the present context by
Kartiunen and Salomaa (1986, 1987) for finite laser risetime and electron wave
damping. With dissipation, the beat-wave amplitude approaches a steady value,

but for KT, > 100 eV, collisions are too weak to prevent oscillation of the ampli-

tude and sideband spectrum. Consider a square pulse just long enough to drive €

10 £ [Eq. (12)). The pulse length Ly is approximately (Karttunen and Salomaa,

e )
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1987)

Ly = 85/ (000)Pk, (36)
and the conversion efficiency from photons to plasmons is
Mow = (L/Ly) (160,053 Y3 1 (02 + ad) 43 , 37
where the "stage length” L is the region over which useful plasma waves exist,
Eq. (37) has a broad maximum near 0o = 0y. In that symmetric case, Egs. (36)
and (37) give
; Tow = 018 kLaZ3 Ay . (38)

We may define the depletion length Ly to be the value of L for which Ny, = 1.
We then have

kplg = 5.6 /a2 (39
Comparing this with the acceleration length L, = n'yg ! kp [Eq. (33)], we sec that
Lal, = 18/a?? , (40)

which is larger than 1. It is therefore possible to make the stage length L as long
as L; without the necessity for replenishing the pump beams.

As an example, consider a stage in which Eu = 0.2 (a,=0.04) and
¥ = 1000 (AW = 200 MeV, ny = 1.2 x 10'$ em=3 for CO; lasers), Then L, = 15
cm, Lo/, = 16, and Ny, =0.57(L/L,) 023 =6.1% for L. =L,, as compared with
the single-step Manley-Rowe efficiency of /ey, =%'1=3.1%. Ina system of
finite radius (Fig. 3), this result applies to the fundamental EPW mode: there may
also be a smail loss to the excitation of higher-order cylindrical modes.

Plasma sources

A suitable plasma for the BWA must a) have accurately controllable density
Mo, b) be sufficiently long and uniform, ¢) not change i1s n, under laser irradia-
tion, d) keecp the laser beams focused, and €) have negligible effect on the
accelerated particles. In experiments in which beat-waves have been successfully
exciled and measured, either a fully ionized B-pinch (Amini and Chen, 1984) or
an arc-preionized, laser-heated (and fully jonized) discharge (Clayton et al., 1985)

-11.

has been used. Other experiments have documented the effectiveness of multi-
photon ionization using both glass (Dangor et al., 1987) and CO; Martin et al.,
1987) lasers. All of these methods have satisfied (a)-{c) dbove with
n=107em3 | T =2-30eV, and lengths of 2-10 mm. Future experiments
requiring longer plasmas and perhaps lower densitics (for the wake-field accelera-
tor) may require development of UV- or RF-produced plasmas. Most such
methods yield partially jonized plasmas whose electron density will change under
laser irradiation. An exception may be the helicon-wave discharge in hydrogen
(F. Chen, 1987); unfortunately, both this and the 0-pinch require magnetic fields,
which are cumbersome and complicate the particle beam optics. To avoid colli-
sional damping of plasma waves, T, > 100 eV is desirable; inside the laser pulse,
however, the large oscillating velocity of the electrons decreases their collisional-
ity. The necessary degree of uniformity in ng can be estimated as follows. By
Eq. (23), the relativistic frequency shift is §w = ezmpl4. and changes in w, over a
stage length L should, therefore, be less than this. The density scalelength
L = ny/(dng/dx) must, therefore, be of order

Ln = 2177 , 1)
where a factor 2 accounts for n, = .
To keep the laser beams in focus, the stage length L 2 L, should be less than
the Rayleigh length
Lp = 2nwd/d, . (42)
Let the minimum waist size Wo be b times c/wy. Eq. (6) than gives
Ly = bk, . (43)
Comparing this with L, = 22/ k, [Eq. (33)), we see that Lg/L, = b22y,, which
requires b > (2y,)12,

To permit smaller radii, one can use relativistic scif-focusing (Max et al.,
1974) or hollow density profiles. The former comes about because ¢lectrons at
the center of a Gaussian beam oscillate faster and are therefore heavier. This
effect decreases 0, and increases the index of refraction on axis, thus focusing the
light, as verified in computer simulations by Forslund et al. (1985). The threshold



for relativistic self-focusing depends on power rather than intensity, and is given
by Schmidt and Horton (1985) and by Sprangle et al. (1987) as

Pss = 10 (/@ GW. (44)
For large 7. this threshold will not be reached, and one must keep the laser pulse
focused by using an invenied density profile, which also acts as a positive lens.
Because of the radial density gradient, the beat wave resonance is greatly
modified. In the plasma fiber concept (Barnes et al.,, 1987), an electron density
channel is created by the outward ponderomotive force of a single-frequency
laser pulse (Felber, 1980), the ions being immobile. The channel traps the laser

beam, acts as a slow-wave structure, an creates an axial component of E for

acceleration.

Coulomb scattering of the particle beam by the plasma, leading to emit-
tance growth, has been examined by Montague and Schnell (1985). At ¥'s of
interest, they find that this effect is negligibly small.

Experiments

Excitation of plasma waves by optical mixing of laser beams was first
demonstrated by Stansfield et al. (1971), and the density resonance was further
verified for co-propagating beams by Joshi et al. (1982) and for counter-
propagating beams by Amini and Chen (1984). Experiments on beat-wave
acceleration are in progress in the United States (Joshi et al., 1987a,b), Canada
{Martin ct al., 1987), United Kingdom (Dangor et al., 1987), and Japan (Kitagawa
et al., 1987). Using CO; laser light in the arrangement shown in Fig. 5, Clayton et
al. (1985) excited a relativistic plasma wave (Yp=10) over a 2-mm length and
measured its amplitude by ruby laser scattering. With o, = 017 and oy = 034,
the resulis indicated € = 3%, or E; = 1 GV/m, which is consistent with Eq. {(12)

when modified for finite nisetime (Forslund et al., 1985).

1%

4.8.3 Plasma Wake-field Accelerator

Basic concept

A relativistic particle traveling through a microwave cavity leaves behind an
clectromagnetic wake whose E; field can be used to accelerate other particles
(Ruth et al., 1985). The wake of a fast particle bunch in z plasma is an electros-
tatic plasma wave, which can be used for accelerating other particles to higher
energies in the same manner as in the BWA. Using a particle beam for exciting
an EPW avoids problems of laser inefficiency and density tuning. The concept,
suggested by P. Chen et al. (1985, 1986), is illustrated in Fig. 6. In this figure, a
nonuniform bunch of clectrons (taken lo be positive for clarity) is injected into a
plasma at an energy (ys — 1)mc? of, say, 1 GeV. The wake consists of a plasma
wave of frequency oy, traveling with the bunch (Yp =74, 50 that k = wp/c. The
wave is loaded with a small bunch of particles injected at the proper phase for
acceleration and focusing. The optimal density profiles are approximately tri-
angular for both bunches. The wake of the driven bunch cancels the plasma
wave, efficiently using its energy. Inside the driving bunch, electrons feel a small
retarding field E- from the wakes of the particles ahead; the bunch is shaped so
that E- is approximately constanl. The driving bunch, therefore, loses ali its
kinetic energy in a distance L = (Y- 1)mc? f eE~. If the maximum wake field is
E*, the driven bunch gains energy Aymc? =eL|E*|. Thus, the driven particles
have an energy gain larger than the driving energy by the ratio

R = |E*/E| , (45)

which is called the transformer ratio. For unshaped bunches, it can be shown that
R <2; but for carefully shaped density profiles, R can be as large as 100. In this
example, a low current, 100-GeV beam would be produced by a 1-GeV driving
beam.

Plasma wakes in one dimension

Since the wake must trave]l with the driver, the problem is time-independent
in the beam frame and can easily be solved in the onc-dimensional case. Fig. 7

shows the wake of a charge sheet ob(z) moving 1o the left. In the beam frame,

W
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the cold plasma streams by with a velocity uf and is set into oscillation with a
velocity v and a perturbed density n). Setting /0t = 0, we may write the equa-

tions of motion, continuity, and Poisson as

mev’ = —¢eE (46)
nv +un; =0 47)
E' = -dren; = 4nod(n) , (48)

where the prime indicates d/dz. Differentiating Eq. (48) and substituting Eqgs.
(46) and (47) yields

E” + k{E = 4nob’(z) , (49
where k? = w? /u? = @/ c?. The solution is easily verified to be

E = drnccos kyz UGz) (50)
where U(z) is the step function J’S(z)dz. For shaped bunches p(z), onc integrates
over this Green's function to obtain

z
E() = 4n [ p(2') coslky(z - 2)] d2” . (51)
0

A) Case of constant p(z). Let the driving bunch be N wavclengths long, so
that p(z’)=p, for 0 <z’ £d, where kpd =2aN. Simple integration of Eq. (51)

gives

4np . .
E@2) = —-E-;-'l (sinkyd-z)+sinkyzl, z>d (52)
anp, .
E(z) = kpz, d. 53
(2) —pr sin kpz z< (53)

The maximum accelerating field in the wake occurs for z = d/2 = 3aN/2k,, where
Eq. (52) pives Ef=-2(4np, ' k. The maximum retarding field inside the
bunch is, from Eq. (53), Ej; = 4np, / kp. Thus unshzped bunches have R = 2. We
note that the space charge of the beam itself has a maximum value E, = podi2,
which has been neglected though it is kyd / 8n times as large as Eg. This is a
problem only inone dimension. In real beams of finite diameter, plasma elec-
trons escape radially to cancel the space charge. In computer simulations which
have verified the results of this section, plasma electrons have been removed

antificially.

B) Case of triangular p(z). Let p(z)= Pokpz” for 0< 2’ <d, where
kpd = 2nN. The integral in Eq. (51) extends from 0 to z for z < d and from O to d

for 2 > d and is casily evaluated to give

4np, .
E(z) = - . 2nNsinkyz , d 54
) sin kpz z> (54)
E@) = % (1 coskoa) z<d (55)
K 02), _

The transformer ratio in this casc is obviously R = 2rN/2 = rN, which is >2 as

longas N > 1.

The retarding field in Eq. (55) is not constant, as it should be for the highest
efficiency, when all driving electrons lose all their energy simultancously (Bane
et al,, 1985). Thus, we add a B-function distribution o8(z), giving the E-ficld of
Eq. (50), which cancels the cos kpz term in Eq. (55) if O=p,/k, For the
oplimum distribution of a 8-function plus a triangle, which in practice can be

approximated by the "doorstep” shape shown in Fig. 6, Eqs. (50), (54), and (55)

give
E(z) = (cos kyz = 2N sin k z) z>d (56)
k P Pl
E(z} = 2 = const z<d 57
< Oy . 7

The maximum of Eq. (56) occurs for sin kpz == 2nN cos kpz, or sin
kpz = 2N /{1 + (2rN)2|2 Inserting these into Eq. (56) to obtain E2 and divid-
ing by E;, = 4np, / kp ,we obtain

R = [14(2aN?)2 2 22N (58)-
The fraction of the total charge that must be in the precursor for this optimal case
is 6/(c+ %p.,k,,d% = [14 $@AN?! = 1/202N2 . Since all driver particles
except half of those in the precursor lose all their energy to the field E-, it can

easily be seen that the efficiency for conversion of beam energy to wave energy
has the high value {1+ (2nN)2] /|2 4 (2aN)2).
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Eq. (58) shows that a driver pulse which is slowly ramped in density over
many plasma wavelengths can give a large transformer ratio. Fig. 8 shows a
computer simulation verifying this result; other beam shapes have been investi-
gated by Katsouleas (1986). Apparently, the physical effect of asymmetric pulses
is the slow replacement of plasma electrons with beam electrons during the pulse.
When the beam bunch suddenly ends, the large positive charge imbalance excites
the plasma wave. In the one-dimensional problem, the cold electrons are given a
beam-frame velocity v = — (Po / eng)ypz toward the head of the bunch, and the
precursor serves to impart an acceleration that sets up this motion. In two dimen-
sions, the cold electrons can easily be driven out sideways to preserve charge neu-
trality.

Two-dimensional wakes and instabilities
The wake of a point charge q with charge density qd(r)8(z) / 2nr can be
found in a similar fashion (Katsouleas et al, 1087a). We now transform to the
labaratory frame (r, 0, 2;) by replacing z by z; + ut in Fig. 7. The result is

E; = 2qk2 Ko(kpr) coslkp(z; + ut)]U(z; +ut), (59

where K, is a modified Bessel function. In addition, there is now a radial com-
ponent E, which can be found from the 8 component of Faraday's Law:
_1 dBg _ dE, dE,
T/ S T aw (60}
Though u =c in practice, we have for clarity neglected retardation and the
Lorentz transformation of E 1 and B|. Since the pattern of Fig. 7 moves with
velocity ~uZ in the lab frame, we have By /3t = udBg/dz; , so that Eq. (60)

becomes

gi—'(Er"'%Ba) = %E—l : (61)

It is customary to define the wake function W=E+ % vixB, where the beam

velocity v is — u in this case. Thus W 11 =E; and W = E; + (v/c)By in axisym-
metric cases. Eq. (59) can be differentiated in I, using K;(x)=—K|(x), and

integrated over z; to obtain

W, 2 E+Bg = - 2qu Ki(kpr) sinfky(z; + un)]U(z; + ut) . (62)

In vacuum cavities, By is comparable to E; but in a plasma, |Bg| is small com-
pared with |E,| because the wave is electrostatic. The focusing force'on a parti-
cle traveling with vy, is proportional to W). In Fig. 6, the driven bunch is placed
in a phase where qE, < 0 for focusing. Particles which move relative to the wave
will fect an alternating force and are subject to strong focusing, an effect applica-
ble to final focus techniques (P. Chen, 1986).

From Eqs. (59) and (62} it is seen that the radial extent of the wake is
k;! = c/ta, even for a point charge. Using Eqs. (59) and (62) as Green’s func-
tions, one can calculate the parallel and transverse wakes of any axisymmetric
charge distribution of radius @ (Katsouleas et al., 1987a; Ruth et al., 198S; P.
Chen et al,, 1987). As expected, the wake radius is of order g if a #* cluy, and of
order ¢/, if a g c/wy. A simple cartesian treatment can be found in Wilks et al.
(1987).

Because of their self-generated magnetic fields, finite-radius beams are sub-
ject 1o whole-beam self-focusing (or pinching) if a < c/typ, and to filamentation
(also called tearing or Weibel instability) if a » c/wy,. The two-stream instability
between the beam electrons and the plasma electrons also can limit the
transformer ratic even in the one-dimensional case. These instabilitics have been
analyzed by Keinigs and Jones (1987) and by Su et al. (1987). Simulations by the
latter authors show that these instabilities can be suppressed by giving the driving
bunch a transverse energy spread of about 25 KeV.

Beam loading and shaping

We now show that the energy of the plasma wave can be converted
efficiently into particle energy. The wake of an ideal driver is a sine wave [Eq.
(54)], as is the wake of an infinitcly short bunch of driven particles [Eq. (50)1. It
is then clear that a short driven bunch of appropriate density can be injected at a

proper phase so that its wake exactly cancels the wake of the driver, and thus it

can be accelerated with 100% efficiency. Unfortunately, the energy spread would
also be 100%, since particles at the tail of the bunch would feel no accelerating

ficld. To minimize energy spread, one must shape the bunch density so that the
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field inside the driven bunch is constant. As with the driver, this can be done with
a triangular profile, but reversed, as shown in Fig. 6.

Refemring to Fig. 7, let the wake field be given by E{{) = E, cos, where
§ = gz = ky(z; + ut), Let the driven bunch have a charge density py() of the

form

P = po+pite-0)  Lo<l<l; (63)

The self-ficld inside the bunch is given by Eq. (51}
¢
E;cnn = % | (&) cos(C-Lde. (64)
S
Inserting Eq. (63) and integrating gives

(kp/dMEyeyy = po sin(G~Lo) - py[1 ~ cos(T-L,)]. (65)

Adding the wake field E,, cos{, one obtains the total inside field

(kp/4M)E;n = — py + [(kp/4AME, — p, sinl, + p1 cosl,] cost

+ {Po coslq + py sinl,] sinf . (66)

To obtain constant E,,, Po and p; must be such that the coefficients in brackets

vanish. These conditions give

Po = (kp/dR)Eysinl,, p, = - (kp/dm)E, cosl, , 67
so that the height and the slope of Putl), but not its length, are prescribed.

We now have

Po(l) = (kp/dmEg] sinky + ({-L,} cosl,], (68)

-1 -

Eip = Eqcosl, . (69)

Again assuming positive electrons, we see that Ein is accelerating if cosl, < O [see
Fig.7} and that p,, changes sign at £ ={ngiven by

Em—% = —tanl, . (10)

Thus the bunch must be injected with & < {, < 3172, and its length §) — &, must
be less than {o — L. Itis clear that setting §; = {g, gives the largest number N
of particles/cm? in the bunch. Then N is given by

& -
_ 1 _sin?, n,
N = ck, g{Pb(C)dC T T ot K, on

where ny = kE/dne is the plasma wave density fluctuation. The choice of &, is
compromise bctween accelerating gradiem [Eq. (69)] and cither N or efficiency
N. The later is found by calculating the field behind the bunch, using Eq. (64)
with limits §; and {r, and adding E, cosl, with the result

Egy = E, cosl, cos(Cm~L) = Ejp cos(C=0) . (72)

Thus the energy left in the wave is E2/8x, and the ef} ficiency is .

Nioad = (EF-EZVEZ = sin?, . (73)

For example, with {, = 240° and density n; = n, = 107em-3, one can
approach 75% efficiency with |E,,] = 0.5 E, and 1.3x1014 particles per bunch,
with zero energy spread. A computer simulation of this case is shown in Fig. 9,
together with evidence of small energy spread.

This energy spread, as well as the emittance, of any finite-diameter beam
will be subject to the two-dimensional cffects of Eqs. (59) and (62). Radial inho-
mogeneities can be minimized by making the driven beam much narrower than
the wake field, which can have a radius no smaller than cf/wy, Since the wake of

even a point charge is = ¢/, wide [Eq. {59)], a bunch with radius a « ¢/ can



effectively cancel the wake ficld over its entire cross section, achicving a loading
efficiency not much smaller than that of a wide bunch; details are given by Kat-
souleas et al. (1987a). As a practical example, the latter consider a plasma wave
of amplitude € = 0.5 in a density n, = 10'em™ (giving ¢/w, = 50 pm and
E, £ 5GV/m), loaded with a bunch of radivs 2 = 0.2 pm = .004/k, containing
6x10® electrons, with an injection phase sin {, =0.2. The small value of a per-
mits the emittance (defined in Sec. 4.8.7) 10 be 10712 cm~rad, allowing a final
focus of 100 A radius and a luminosity (Sec. 4.8.7) of =10 cm=2sec! ata §

kHz repetition rate and a disruption parameter of 2.

The optimal pulse shapes derived above can be approximated by using pho-
tocathode electron sources illuminated by time-shaped laser pulses (Fraser, 1987).
In addition, a self-sharpening effect occurs because particles coming after the
abrupt end of the drive pulse [cf. Fig.6] are accelerated by the E, field and are
brought into the main bunch. Katsouleas et al. (1987b) have shown by simulation
that a Gaussian bunch of width ¢ can be sharpened by a density giving
kp = wpfc = T/o. A funher beneficial effect occurs if the plasma wave is driven
to an amplitude so large that the nonlinear frequency shift [Eq. (23)] appreciably
reduces kp at the end of the pulse. Transformer ratios > 2 can then be obtained
even with unshaped bunches (Rosenzweig, 1987) because the change in kp causes
even & symmetric bunch to appear to be sharper near its tail relative to the local
wavelength (Katsouleas et al., 1987b). Focused bunch densities may exceed n,,.
The value of w;, and thus of kp, can also be changed by a gradient in the back-
ground density n,. Since wake fields are generated at any density, the PWFA has
an advantage over the BWA in that the phase slippage of the accelerating parti-
cles can be compensated by tailoring the density profile.

Experiment

No experimental results on the PWFA yet exist, but a test is planned at the
Argonne National Laboratory in Illinois, U.S.A. in a collective effort with the
University of Wisconsin (Roscnzweig et al., 1985, 1987; Keinigs ¢t al., 1987). In
this experiment, a linac produces both a 6-psec, 22-MeV driving bunch at 1.2
msec intervals and a 15-MeV witness beam which can be delayed by varying the

time of flight so that it can be injected at various phases into the wake. The
plasma of 1012-10%4 cm=3 density is produced by a 20-cm long hollow cathode
arc in an 800 G field. Radial effects can be studied by offsetting l-hc witness
beam, and beam shaping can also be investigated.

4.8.4 Plasma Wave Nonlinearities

Nonlinear frequency shift

Both the BWA and the PWFA are sensitive to the nonlinear behavior of
plasma waves. Perhaps the most fundamental point is the frequency shift at large
amplitudes, a critical factor in the derivation of the Rosenbluth-Liu formula, Eq.
(12). For nonrelativistic motions, Dawson (1959) showed that the frequency Wy is
unchanged up to wave breaking; and for the relativistic case, Akhiezer and Polo-
vin (1955) showed that the only change is a redshift due to the mass increase [Eq.
(21)]. That all other nonlinearities cancel is, however, 2 subtle point which has
only recently been clarified by McKinstrie and Forslund (1987) and by Mori
(1987a). The source of discrepancies in the literature (referenced by the forego-
ing authors) lies in the dc component of the second order current
i = nivy+ v Ampére’s Law ¢V xB = 4nj+3E/dt = 0 shows that
Jac e 0O for electrostatic waves, so that the sum of <nv;> and novg) must van-
ish. If v{2 is arbitrarily set equal to 0, a spurious blue shift is obtained due 10 the
Doppler effect of <njv)>. There is, of course, a blue shift due to thermal motions

in both the linear (Bohm-Gross) and nonlinear regimes.

Wavebreaking amplitude

As plasma waves become large, their wavefronts steepen until the electron
fluid velocity v becomes comparable to the phase velocity vp, and the particle
positions become double-valued. This "wavebreaking” limit for cold, non-

relativistic plasmas is given by Dawson (1959) as

eEqu/mepvp = 1, (74)

ry =
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which coincidentally agrees with the naive equation (7) even though Ep,, and
Omax are no Jonger trivially related because of the development of harmonics.
When finite T, is introduced, E,, is reduced because the electron pressure resists
compressions, and because thermally moving electrons are more casily trapped.
Coffey(1971) gives the warm-plasma, non-relativistic limit

eEqu/moogy, = (1 - 80 73 + 2044 — a/3)4 s

where o, = 3KTelmv§. Relativistic plasma waves with vp=¢ can have ampli-
tudes much larger than this because the electrons become heavy (v =c) near
wavebreaking and their orbits cannot easily overlap. Akhiczer and Polovin
(1956) give for the T, = Qcase

cEmax/maye = 2% (y, - )% {76)

for v, = 100, this predicts a value 14 times larger than the non-relativistic ampli-
tude. However, Katsouleas and Mori (1987) have found that thermal effects
lessen the effect. For oy « 1 and 1, » 1, they obtain

eEma/mone = arVilIn(2yla)% | on

which is 8.55 at KT, = 10eV, y, = 100. Though this value is larger than unity,
even the Jatter may be unattainable because of instability limits.

Steepening and harmonics

Since the equation of continuity for longitudinal waves {Eq. (16)] gives
¥1 = (ny/ng)vy, there is a nonlinear effect causing electrons to move forward in the
wave frame wherever ny > 0 and backward wherever n; < 0. This has the effect
of bunching the density into striations and steepening the E-field sine wave into a
sawtooth shape, thus generating harmonics in the © and k spectra (Dawson,
1959). The relative amplitudes of thesc harmonics in the nonrelativistic case
have been given by Jackson {1960) and by Koch and Albritton (1975) for T, =0
and may be summarized as follows (Umstadier et al, 1987):

[ & S

Nm _ n = m
-rf—cm(—-ﬁ:)’“, Cm-?,;,r%;'!' . (78)

Thus ¢; = 1 is the linear amplitude by definition, ¢; = 1.0 is the coefficient for the
second harmonic at 2y, 2kp, and so forth. When kinetic effects are taken into
account for T, > 0, Kuz’menkov et al. (1983) give modified valucs of Cm; for
instance, for KT, = 10eV, vp/c =002, one finds c3=1.3,¢3=19. In addition,
there are particle trapping effects, which have been studied extensively in the
computer simulations of Buchel'nikova and Matochkin (1987). Steepening of
relativistic waves has been shown by Rosenzweig (1987). The change in wave
shape does not in itself remove encrgy from the wave but does affect the phase in
which accelerated particles must be injected.

An experiment to detect steepening in a laser-driven wave has been reported
by Umstadter ¢t al. (1987). Stimulated Raman scattering of 10.6-um laser light
was used to gencrate intense plasma waves in an apparatus similar to that of Fig.
5. Thomson scattering of a ruby laser beam (0.69 pm) was detected at scattering
angles of 7° 14° , and 21°, comesponding to the harmonics €|, €2, c3 defined
above. Fig. 10 shows the relative amplitudes ny/n, and ny/ng, in agreement with
the dependence predicted by Eq. (78) and the coefficients computed from
Kuz'menkov et al. (1983).

Mode coupling

Plasma accelerators, particularly the beat-wave accelerator, are sensitive to
deviations from uniform density. In the BWA, an inhomogeneity in the form of a
density ripple often arises because stimulated Brillouin scattering of either pump
beam has a low threshold and excites an ion acoustic wave of typical amplitude
m/ng =110 10%. For simplicity, we may assume the ion wave frequency to be
essentially zero so that, from Eq. (1), the ripple is stationary with wave number

ki = 2k;. The plasma wave is then described by the equation

2 2
a%f + wi(z) - 3"‘2.%1 n = CEE; , (19)



where v =3KT./m, C is a coupling coefficient, E, and Ej are light waves, and
w?2(z) has the form @}(z) = w2 (1+E; cos2kez). This equation was solved by Kaw
et al. (1973) for the undriven case C =0, by Darrow et al. {1986,1987) for the
beat-wave case with E, and E; given, and by Barr and Chen (1987) for the stimu-
lated Raman instability, where E, is a pump but E; is driven and follows a similar
coupled equation.

In all cases the effect of the ripple is to couple energy from the fundamental
mode (y.kp) into other modes with © = @, ky = kp T mk;. In the BWA where k,
and kj are in the same direction, Eq. (3) gives k;, = apfe « 2k,; hence, the cou-
pled modes are slow waves in cither direction with |vp| = w/k;. In Raman back-
scatter (which occurs as an undesired process in the BWA), k, and k; are in oppo-
site directions, and kp = - Zko - @pfc < ki This special case, with kp =k;, has
interesting consequences pointed out by Barr and Chen (1987). One of these, the
existence of a backward slow wave (k =-k;) of large amplitude, has been
confirmed experimentally (Umstadter, 1987).

In the case of relativistic plasma waves with kp = wy/c = ko/Yp, Darrow et
al. (1987) show that the coupled modes oscillate in time and can be expressed as
sums of Bessel functions Jo(€i0,0t2). Fig. 11 shows the behavior of the first four
modes. Loss of energy to these modes can cause the beat wave to saturate at a
level below that predicted by relativistic detuning {Eq. (12)]. Damrow et al.
(1987) find that mode coupling dominates at low intensitics such that
a0 < [ 1.6E/M(T N2, where f(T,) is of order unity.

Coupled modes have been detected in 2 beal-wave experiment in the pres-
ence of Brillouin scattering (Darrow et al., 1986, 1987). Fig. 12 shows waves of
various @ and k detected by ruby laser Thomson scatiering. In this experiment,
both SRS and SBS occurred separately for each of the CO; laser pump beams,
creating reflected beams strong enough to become secondary pumps. Thus, in
addition 1o mode coupling, various processes of optical mixing between co- and
counter-propagating pumps are also possible, and analysis is difficult. However,

by using picosecond pulses, $BS, ripple formation and other instabilities involv-

ing the slow motion of ions can be suppressed.

Modulational and decay instabilities

A modulational instability is the tendency for a ripple in the envelope of
wave intensity to grow, causing even a plane wave to have large fluctuations in
amplitude. It is well known (Mima and Nishikawa, 1984) that instability requires
the nonlincar frequency shift Aw/A |E2| to have opposite sign to the group disper-
sion Avp/Alk|. Since the latter is > O for a plasma wave (v & 3kv}lm,), the rela-
tivistic redshift of EPW’s causes them to be modulationally unstable. This effect,
however, is weak compared with the redshift which occurs on time scales long
enough for jons to move. In that case, the ponderomotive force pushes plasma
away from regions of large |E?| and thus lowers the local value of wp. The
importance of this instability to plasma accelerators has been pointed by
Bogomolov et al. (1987) and examined in detail by Pesme et al. (1987), who
found growth rates as large as wg!. Since ! = 2.4 psec for hydrogen at
ng = 10'7 cm-3, very short pulses are required to avoid such effects. Related to
the modulational instability, which is a non-resonant, four-wave process, is the
resonant, threc-wave process of parametric decay into an ion wave ané a lower-
frequency plasma wave. The small value of kp in relativistic plasma waves, how-
ever, causes the coupling o ion waves (0 be rather weak. Experimental evidence
of these phenomena is embodied in the extensive literature on envelope solitons,
cavitons, and collapse. The strong effect of the ponderomotive force of a two-
dimensional EPW manifests itself in the resonant self-focusin‘g phenomenon
noticed in the beat-wave experiment of Joshi et al. (1982).

4.8.5 Instabilities

The most important plasma instabilitics have already been discussed in the
relevant sections; here, we give a catalog of known instabilities found in the work
of Mori (1987) and Bingham et al. (1987). Table 1 lists instabilitics by the energy
source that dnives them. Those in the first column involve only electron motions
and may have fast growth rates; those in the second column involve ion motions

and can be avoided by using sufficiently short pulses. The wake-field accelerator
avoids all the laser-driven instabilities.
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The stimulated Raman and Brillouin backscatter instabilities have well-
known thresholds and growth rates, which are modified when the laser intensity is
high enough 1o affect the electrostatic wave dispersion relation, and when Landau
damping causes the decay wave to be in the Compton (single-particle) regime.
Raman forward scatter is 2 four-wave process similar 1o self-focusing. The latter
is the same as filamentation except that it involves the whole laser beam. Self-
modulation is @ change of intensity in the axial rather than the radial direction.
The relativistic and ponderomotive mechanisms both change the value of ay; the

former by increasing m and the latter by decreasing n,,.

In accelerators, the parametric decay and ion-acoustic instabilities involve
long-wavelength ion waves, which grow slowly. The sausage and firchose pinch
instabilities cannot lake place with short bunches. The other beam instabilitics
can be suppressed by transverse temperature. The most troublesome instability
for the BWA is likely to be SRS; and for the PWFA, the ponderomotive modula-
tional instability. No instability has been shown to be an insuperable obstacle.

4.8.6 Cross-field accelerators

The phase slip of an accelerating particle in a plasma wave can be elim-
inated by the addition of a uniform, dc magnetic field B,. Arbitrarily long stage
lengths are then possible, limited only by pump depletion. Suggested by studies
of wave damping (Sagdeev and Shapiro, 1973; Dawson et al., 1983), this idea has
been worked out by Katsouieas and Dawson (1983), Sugihara et al. (1984), and
Gribov et al. (1985). It has been named the "surfatron” by Katsouleas and Daw-
son (1983} and “vpXB acceleration” by Sugihara et al. (1984). Consider the
geomeiry of Fig. 13a, in which a particle being accelerated in a plasma wave with
¥p in the x dircction is subject to a field B, in the z direction. The Lorentz force
Fy = —qv,B,/c gives the particle a velocity in the -y direction; and vy, in tum,
exerts a Lorentz force in the -x direction which prevents the particle from slip-
ping forward in phase relative to the wave, Though the Lorentz force cannot give
energy to the particie, it helps by keeping the particle at the position of maximum
E,. The particle is thus constrained to have v, = vp. but its ¥ can increase because

its total velocity is at an anple 8 = tan~Yvy/v, {the "surfing angle") relative to the
wave. This angle is shown in Fig. 13b, which also shows how a particle injected
at an arbitrary phasc will oscillate about its equilibrium position in the wave.
These oscillations are damped as the particle approaches the light cone, partly
becausc of conservation of action and partly because of its increase in mass.
Therefore, in addition to unlimited acceleration, the surfatron offers the second
advantage of a narrow energy spread.

In the wave frame moving with vp, the field B, transforms 10 B, = % Be.
while the longitudinal field E, is unchanged. The Lorentz force Fj = qvyBy/c
can never exceed the electrostatic force qE, if Eg » TpBo, since vy < c. Thus, par-
ticles always remain trapped if Eg > ;B or, from Eqs. (7) and (8), if @, < EWp/Yp.
From the triangle in Fig. 13b, we see that v, = (1-By) = chy, after the particle
reaches large ¥, and therefore the angle 0 is given by sin@ = @ = v /c = 17
From the relativistic theory given by Katsouleas and Dawson (1983) and Kat-
souleas (1984), the energy gain is AyAx = €kp. For example, to obtain 1 GeV
elecirons, one could beat CO;, laser beams in a plasma of 10'7 ¢cm-2 density in a
20-kG magnetic field. One then has Y =10 and 8 = 5.7°, and if £=0.2,
Ay = 2000 is reached in a distance Ax = 17 cm.

Since the particles move laterally a distance Ay = 1.7¢m in the above
example, the plasma wave must have that width unless it can be made to follow
the particle beam rather than the phase velocity ¥p- This can indeed be done by
finite-angle optical mixing of laser beams at an angle ¢ = ¥? (F. Chen, 1985).
Only onc of the laser beams then needs to be defocused to cover the aceeleration
region. Another finite-angle effect has been pointed out by Sugihara et al. (1984)
and extended to the relativistic case by Sakai et al. (1984). If the field B, is at an
angle W # /2 relative to kp, the acccleration gradient is larger for given E/B,
than for y = n/2; but the ultimate value of yis no longer infinite.

Experimentation on the vyxB effect has been done only in the microwave
regime. Using 2.86-GHz microwaves to excite plasma waves by resonance
absorption in a large filament-discharge plasma with n, = 2x101! cm-3, Nishida
et al. (1985, 1987) observed an increase in the hot-electron current when a

transverse magnetic field By, <11 G was applied. The hot elecron flux



(=90 eV ) is directed in the —ev,xB,, direction and shows a peak for values of B,
ncar the non-relativistic trapping limit E,/B, = vy/c. In a subseguent experiment,
Nishida and Sato (1987) also demonstrated the bencficial effect of varying the
angle .

4.8.7 Plasma lenses

The final focus in linear colliders presents challenging problems to the
plasma physicist. In an unneutralized, cylindrical beam, the outward space
charge force qE; at radius r is qE, = 2rrq?n, where 0 is the average density inside
radius 1. The inward Lorentz force is - (g/ic)v,Bg = —2xrq?n(v#ic?), since
Bg = 2l/rc and I = nr?fiqv;. Thus, for relativistic beams (vy =) these forces
cancel at all radii. At the focus of an e* — ¢~ collider, however, there is no space
change if the beams are of equal density, and the pinch forces are uncompensated.
The effect of the pinch force in focusing the beams is characterized by the disrup-

tion parameitcr D:

> [ ]

where N is the number of particies in a bunch of length L and radius =1,. This
can be understood by considering the pinch force F, = —4nrelnon a paniélc due
to the Bg of both bunches. In traveling for a time t = Lic through the focus, a
particle of mass ym is displaced radially by the distance
Ar = (Fri2ymy? = —(e2ymc?)(2nrl?n). Since N = nrlLf, the fractional dis-
p!.accmcnl is — Arfr = (e2fyme?) (2NL#2), which is essentially D. For D > 1, the
focal radius is radically modified.

The luminosity is defined as = R/g, where R is the number of collisions of
cross section & per second. If f is the repetition rate of colliding bunches contain-
ing N particles, then R is clearly N2f(0/A), where A is the effective cross-
sectional area of each bunch. For Gaussian bunches of density n,exp(— 2r2/r3»
one obtains

£ = N H/4nr?. (81)

Here we have included the pinch-enhancement factor H, which must be computed
numerically as a function of D for real beam profiles. In practice, @is limited by
the speed of detectors to a useful value not much in excess of 10% cm™2 sec™!,
and H is no larger than about 5 regardless of D. f N = 3x10% and F = 2 kHz, we
sce that this luminosity requires r, =250 A. Two effects limit the finencss of
focus: the beamn’s "emittance” (analogous to diffraction in optical systems) and
the aberration of the lens. Plasma techniques may help 1o achieve the required
spot sizes and to center the beams.

Eminance is a measure of angular spread. If a focusing force is applied to a
particle which is off-axis, it will undergo "betatron” oscillations, defined as fol-
lows. Let the particle travel with velocity Zc in the z direction and be pushed
toward the axis by a force Fy, whose lincar term near the axis can be written
Fy=-PBy. The equation of motion ymy =— P,y has the obvious solution
¥ = Yo expli(B1/ym)* t]. Since z = ct, we may write y = y,exp(tikpz), where the
betatron wavelength Ag is given by

Ap = 2m/kp , kg = Byfymc? . (82)

The particle moves in an ellipse in vy-y phase space, exchanging potential and
kinetic energy. It is customary to use y'—y phase space, where
y' =dy/dz = vy/c = tikpy is essentially the angle of the orbit to the axis. A distri-

bution of particles will occupy an area
&y = (Ay)(8Y) = kp(ay)? (83)
in y'~y space, call the emintance, which is invariant if the motion conserves

energy. Changing kp changes the shape of the ellipse but not its area. A similar

emittance €, is defined for the x motion, and we consider g, = g,.

Damping rings remove energy by synchrotron emission, thus lowering &
and the possible focal width Ay. In principle, plasma particles could also remove
encrgy, but a more efficient mechanism is available. The plasma lens does not
change g, but instead increases Fy and kp to lower Ay. Fig. 14 shows the opera-
tion of a non-optimized lens. The force Fy is just the transverse wake function

W, in Eq. (62). Itis clcar that Fy is not the same for all parts of the beam in Fig.

T
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14, but the beam shape can be optimized in the same way as in the beam loading
problem. For constant transverse force, it turns out that the required shape is a
constant density bunch following Ap/4 behind a 5—function precursor. For such a
bunch of radius a and length b, containing N electrons, P. Chen et al. (1987) find
that

W ir
1 2 4Nk,
= = . 4
kg ymc2  yme? a? (1 +kb) @4

This force can be applied in a thin lens or a thick lens. In a thin lens, the
beam is given a focusing force in a length / of plasma separated a focal distance
Li»/ from the high-vacuum interaction region. The strength of W greatly
shortens Ly and hence decreases the spot size. For instance, a 5-TeV ¢+ or e~
beam of emittancesy €y = 4x10~8 m-rad with a2 = 3 um and b = 100 pm passing
through a 23-cm long lens with ng = 10’8 em~3 will be focused to a radius of 20 A
in a distance Ly = 4.8 m (P.Chen et al., 1987). The focusing force is equivalent to
a magnetic field gradient of 830 MG/cm. A thick lens is one which envelopes the
focal point, so that high-energy events occur in the presence of plasma. The
motion is so nonlinear that one must depend on computer simulations, such as the
one shown in Fig. 15.

If Fy contained only the linear term ~f,y, the plasma lens would have no
aberration, but in practice the nonlinear terms, which increase with the radius a of
the bunch entering the lens, cause an aberration which limits the spot size. The
emittance is a relatively small effect for large—y beams. As in diffraction, the
emittance-limited spot size is proportional to the f-number f = Ly/a and therefore
decreases with a. Since aberration is dominant, plasma lenses are best used with

smal! a, serving as a final foces device after focusing by conventional quadru-

poles.

4.8.8 Related concepls

In the original work of Tajima and Dawson (1979), a single laser pulse

rather than a coherent EPW was envisioned. Triple solitons (Nishihara, 1975) are

I

puises which can contain two beating laser beams and a plasma wave, phased in
such a way as 1o lcave no wake (Mima et al,, 1986; McKinstrie and DuBois,
1986; McKinstrie, 1988). The energy of the EPW is given back to the light
waves at the end of the pulse, thus increasing the pump depletion distance. How-

ever, loading was nolt considered.

Another solution to the pump depletion problem is to use converging plasma
waves (Katsouleas et al., 1985a), in which two beat waves are directed at an angle
to the axis (Fig. 16). The interference patiern on the axis has a phase velocity fas-
ter than vy, which can be adjusted between stages to account for phase slip. The
plasma waveguide or plasma fiber accelerator (Barnes et al., 1987) is essentially
the same idea, except thal the EPW is a finite-geometry eigenmode with large‘
k.

The plasma grating accelerator (Katsouleas et al., 1985b) provides another
way lo generate EPW’s of arbitrary phase velocity. Consider an ion acoustic
wave (w; , ki) propagating in the z direction and a laser beam (w, , k) propagat-
ing in the y direction with E in the z direction. The oscillating electrons in the
laser beam will cause space charges to build up in the density ripple. The result-
ing clectrostatic field has frequency @ = e, and k =k; and can be decomposed
into two counterpropagating plasma waves. This is essentially an oscillating

two-stream instability seeded with an ion ripple.
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Figure Legends
Conceptual scheme of a Beat-wave Accelerator module.

Injection and acceleration of electrons in the BWA. (a) A short pulse of
laser light, imbedded with synchronized electron bunches, travels through
non-resonant plasma. (b) As the light pulse and the bunches enter the region
of resonant density synchronously, an EPW grows around the electrons.
Sufficiently energetic electrons are trapped in aliernate half-cycles of the
EPW as the potential barrier grows up behind them. (c) Behind the light
pulse, the EPW is de-excited as its relativistic frequency shift causes a phase
mismatch with the beat pattern. The electrons also slip in phase as they gain
velocity.

Schematic diagram of fields in a two-dimensional plasma wave. (a) Isopo-
tential contours; (b) longitudinal E-field, with accelerating region (for e*)
shown enhanced; (c) transverse E-field, with focusing region (for e*) shown
enhanced; (d) wave potential, with region of both acceleration and focusing

shown enhanced.

-

Two-dimensional simulation of test particle trapping and ;cceleration in the
BWA. Laser beams of width 30c/wyp with a cos? y profile are incident from
the left, and test particles are uniformly injected in x-y phase space. The
trapping of bunches at the appropriaie EPW phase is seen at T = 180 w;l,
Al later times, planarity is lost because EPW saturation depends on radius.
(Joshi et al., 1987a).

Experimental arrangement of Clayton et al. (1985} and (inset) signature of
beat wave detected by Thomson scattering.

Physical mechanism of the Plasma Wake-ficld Accelerator: (a) equipoten-

tials and E-vectors in the plasma-wave wake following a driving bunch; (b)
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10.

13.

density profiles for optimized driving and driven bunches; {c) longitudinal

E-field in various regions. For clarnity, electrons arc taken to be positive.
Wake of 2 one-dimensional charge in the beam frame.

One-dimensional computer simulation of an ideal driving pulse, showing
both the wake field and the retarding field within the pulse, for the case R =
7.1. {P.Chen et al., 1986.)

One-dimensional simulation of a wake ficld loaded with an ideal triangular
bunch with 75% efficiency. In (a} the bunch is located where the wake is
ﬂat-loppc& In (b) is shown the energy gain at wel = 40 of particles within
the bunch. (From Wilks et al, 1987))

Amptitudes of the harmonics nz/ng and ny/ng at 2y, 2kg and 3ay, 3k, as

functions of the fundamental amplitude ny/n,, measured experimentally by

" Umstadter e1 al. (1987). The lines are theoretical predictions, and the dashed

limits reflect the ervor bars on ny/n,,.

Temporal behavior of mode coupling due to an ion ripple. (a) Beat wave
and first four coupled modes in an 8% ripple. (b) Beat wave saturation with

increasing ripple amplitude. (From Darrow et al., 1986).

Electrostatic modes cbserved by Thomson scattering in the beat-wave exper-
iment of Darrow et al. (1986). The desired beat wave is at (@y, ky). Open
circles indicate scattering from ion waves and their harmonics. Modes at
(wy, k, 2 mk;) are due 1o mode coupling. Modes at (2w, mk;) are mode

coupled from plasma wave harmonics.

(a) Geomeury of the surfatron accelerator. (b) Particle trajectory in v, — v,
phase space, showing damping of oscillations and surfing angle 6.

14. Mechanism of the plasma lens. A cylindrical electron bunch with density

profile shown by the dashed lines moves through a plasma. The plasma
electrons © are pushed outwards by the head of the beam, leaving an
excess ion & charge which attracts electrons in the tail of the beam toward
the axis. For positron beams, the electron motion is reversed, but the effect
is the same. (P. Chen et al., 1987).

Simulation of the focusing effect of a thick lens. The precursor electrons are
not focused. (P. Chen et al., 1987).

16. Schematic of a converging plasma wave accelerator. (F. Chen, 1985).
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Fig. 1. Injection and acceleration of electrons in the BWA. (a) A short pulse of v \/

laser light, imbedded with synchronized electron bunches, travels
through non-resonant plasma. (b} As the light pulse enters region of
resonant density, it excites an EPW. Sufficiently energetic electrons pass

over the evanescent wave region and are trapped in alternate half-cycles Fig. 2. Schematic diagram of fields in a two-dimensional plasma wave. (@) Iso-
of the EPW. (c) Behind the light pulse, the EPW is de-excited as its rela- potential contours; (b) longitudinal E-field, with accelerating mglon {for
tivistic frequency shift causes a phase mismatch with the beat patiern. ¢*) shown enhanced; (c) transverse E-field, with focusing region (for e*)
The tlectrons also slip in phase as they gain velocity. shown enhanced; {d) wave potential, with region of both acceleration and

focusing shown enhanced.
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Fig. 4. Experimental arrangement of Clayton et al. (1985) and (inset) signature
of beat wave detected by Thomson scattering.
Fig. 3. Two-dimensional simulation of test particle trapping and acceleration in
the BWA. Laser beams of width 30c/wp with a cos? y profile are
incident from the left, and test particles are uniformly injected in x-y
phase space. The u-arping of bunches at the appropriate EPW phase is
scen at T = 180 wy’. At later times, coherence is lost because EPW
saturation depends on radius. (Joshi et al., 1987).
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Fig. 5. Physical mechanism of the Plasma Wake-ficld Accelerator: (a) equipo-
tentials and E-vectors in the plasma-wave wake following a driving
bunch; (b} density profiles for optimized driving and driven bunches; (c)
longitudinal E-field in various regions. For clanity, electront are taken to
be positive.
Fig. 6. Wake of a onc-dimensional charge in the beam frame.
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Fig. 9. Amplitudes of the harmonics ny/n, and ny/n, at 200, 2k, and 30y, 3k, as
functions of the fundamental amplitude n;/n,, measured experimentally
by Umstadter et al. (1987). The lines are theoretical predictions, and the
dashed limits reflect the error bars on ny/n,,.
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Fig. 11. Electrostatic modes observed by Thomson scattering in the beat-wave
experiment of Darrow et al. (1986). The desired beat wave is at (ay, kp).
Open circles indicate scattering from jon waves and their harmonics.
Modes at {wy, ky 1 mk;) are due to mode coupling. Modes at 2wy, mk;)
are mode coupled from plasma wave harmonics.
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Fig. 12. (a) Geometry of the surfatron accelerator. (b} Particle trajectory in
v, = vy phase space, showing damping of oscillations and surfing angle
0.

g

Fig. 13. Mechanism of the plasma lens. A cylindrical electron bunch with den-
sity profile shown by the dashed lines moves through a plasma. The
plasma clectrons € are pushed outwards by the head of the beam, leav-
ing an excess ion B charge which anracts electrons in the tail of the v
beam toward the axis. For positron beams, the ¢lectron motion is F

reversed, but the effect is the same. (P. Chen, 1986). |
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Fig. 14. Simulation of the focusing effect of a thick lens. The precursor electrons
are not focused. (P. Chen, 1986),
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Fig. 15. Schematic of a converging plasma wave accelerator. (F. Chen, 1985).
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