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"Extemal Electromagnetic FField"
Pext+ Jex) = Beyy s Beyp)

may generale charge separation in plasma, then plasma oscillations and
plasma waves.
TWO FLUID MODEL :
- cold and collisionless plasma;
- infinitely massive ions;
- unmagnetized plasma;

- relativistic electrons;

- electron momentum equation:

(g‘- + vVip=—¢(E + Ee“)

¥
- CEX(“-l-Be“) s

p=myyv , y=(1-v¥2yV?
- electron continaity equation:

2‘—‘-+ div(nv}=0 ,

73

- Maxwell equations:

rotE=-%-—— . divb =0

initial conditions for the
electromagnetic field

otl=—— ——env . divE = 4rtc(l|0-n)

WEAK RELATIVISTIC LIMIT:

dv ¢ 1 7,_19 ¥? !
a.,.m(;E:—,z-grad(v" )-55(;{")+Epcxl‘

rot E +l,9—|1=0.
C X

BIQE 4n _ 41:5
rot -ca‘-i-cenov——ccnv.

divE+4nebn=0,

where Sn=n Ny

By using momentum and Maxwell equations we obtain:

B+ Bm = rot( %p).,

The extemal force Fext depends on the particular kind of excitation:

Fexq is assumed known.



BEAT-WAVE DRIVEN PLASMA WAVES: PLASMA ELECTROMAGNETIC WAKE FIELD

positive charge
plasma electrons

X region
0, ki flow eround electromegnetic pulse
w, Ic1 w, ky . - "
wa Ky z TN « N\ RRR A W MRS
Yy E. ¢
forward forward—backward — ik — .
zZ-c
_._,,.,_4\4\4. + : + +
Ayl = Zi Ag; A; (1) leos( kiz - it + dy) €, +sin(kiz- @t + ¢y) e, ] ’ - M-t
negative charge electromagnetic pulse
region
A, = A(r 1) describes the spatial-time envelope of the i -electromagnetic wave
Ayri) = AgA(r.t) [cos( kz - oat + ) e, + sin(kz- wt + ¢ e, |
Ay Ay A & Fox =-¢ grad'¥y,
~— 2
8 Y= —T;’ﬁyf(r; 1) (no-resonant interaction),
. where:
X am Escq; . volma? |, vHr =ANr Ovet
F,=-cgrad¥y, , PLASMA WAKE FIELD
NSRS o0
2 \_,"’ +\+’+ +
W = Tf_'—vz(r; t) cos(kpz -Amt +Ady), AnEmp {resonant interaction), 3 £ -
g [ 4 »
where: e ' z-ct
eAy - beam .
ﬂi.ﬁ . V02 ’alaz ’ vz(r.t)sAl(r. l)/\z(r, I)Vuz, +,: +\+ + +I + T+ o4+
s N 7 N_ s

Aw=w -wy, A= Oy -dp,
pcxl(r'l) = qnbum(r'l) - Ecxl

Forward propagation k, =k -k, F, =¢tE,

divF,,, = - 4ameq Ny, (r,t), ral, =0
Forward-Backward propagation kp sk, +ky ext beam et

T
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LINEAR THEORY
dv ¢ 1
—+-=E= —F, ,
o ™  m, AL
12D
E+c"5'[-—0,
mlﬂ-%%?-'-%—enov-o,

divE+4xedn=0.

with the initial conditions:

y(1=0)=0, B{=0=0, E(t=()=0.

We may decompose the field quantities in the following manner ( Helmholtz H.):

v=vptvy . B=B,,, E=Ein+Eso[,

Yi Eiprs (Fap)ie? curl-free components; vy, By, Egy, (Fy)i,: div-free components.

Equations for the curl-free components:

dv; 1
=ity %Em = Fadine -

dE.  4x
—i - < & Ng¥, =0 .

o=

Equations for the div-free components:

ov [] 1
_a‘lnb, EE”' = ﬁi:(FNL)wI .

The curl-free component of the clectric field is solution of the

ordinary differential equation:

I E, 4nen
St O B =

a‘ n]e (FNL)iI'T'
. .., . Ik,
with the initial conditions: E,. =0 —-D-lﬂ-z 0
t

The div-free component of the electric field is solution of the wave

differential equation:
v, - -
P e

with the injtial conditions: Eg =0, a_f;tm.l=0 and with

conditions.

suilable boundary
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BEAT-WAVLE DRIVEN PLASMA WAVE

v (r t)

E=- Ep(m,0) p—z—gmd[ sm(kpz —wt+ adg)],

- Ep Dawson limit electric fiekd: E;,w 4reng/k
-Py= mlj(kpc).
1f vX(r,z) does not depend on z coordinate ( in the waist of the external clectromagnetic

waves) then we obain for vi= vozg(x):

Fedele R. et al,, Phys. Rew. (1986).

-Ep a's-(mt)sm(kz Wt +Adg) e,
2|3 kp
E=
2
'ED 2'32 glx) - (m t) cos(kpz — oyt + Adg ) ¢, .
+ A,,»‘Jz Ay iy
h‘* 'y
X
E 3 ;
g ig
» -qg X
dx
o~ -dg
N dx
X
] »
X

Miano G., Ph.D. disseriation, {1988).

AN APPROXIMATE NONLINEAR MODEL

publicaticn, 1989)

oy e 19 ,v?
atm (@ e

10E  4n
Ca' c

then we obtain

d2E E dE,dE 4men
W Same )231'[(%_ Wt B P

with the initial conditions:
E(rz;1=0) =0,

dE

The0=0-
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(Miano G., de Angelis U., Bingham R., Plasma Phys. and Controlled Fusion, accepted for
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Gaussian transverse profile

enB'mvm, T=Awt , I!E)n- =1+e0, Rek r, Z=k 2
f AW 4 P

E=E, BB v vRZD, E,mE; f*Av¥3 wRZT).
In the limit e<<1 eq.(A) becomes:

v+ l+e(o—%§2—%-ilz )}v-eﬁ-i«v=%’icos(zo-'r+a¢u).

i+ e -Fu? - 3v2 u-ei-vu=Fsin (Zg-T+ady

1

whe » dvz_
fea®-I|®32 -

Initial conditions:

v(T=0) = 0, w(T=0)=0,

u(T=0) = 0, u(T=0)=0.

We try a solution in the form (variation parameter methiod):
WRZT) =& (RiT)cos [ Z- T + & (R;T) + Ay ,

v(RZT) = a)(RiT)sin [ Z-T + D,(R;T) + adyl .
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COMPLETE NONLINEAR MODEL
el
e (vo?B )P, twAw!T, f=o/Aw, r =kBYTR Lf=14+5,0-0ED
SnwengN,vsech, EweEpfle, BmeEyf ' b Fy 5v?mocly.

2 d
%l_p—+e-_-—;-I;rad(l-'uz)-%-[cre'rﬁ(ﬂ2 B) - fe ).

ab
S=p,
rote +aT
2 3
rolb~% +B = —eNp-S2p-5E np

2
dive + N= - 52N,

where:

fuL= By Eradgl4(R) Ax(R) cos(By 'Z - T + Ady)).

By using momentum and Maxwell equations we obtain also:

b- rolB-E;-rol(Bzﬂ-o ro1f) .

MULTIPLE TIME SCALE MET}IOD

2= 80(Tg, Ty Tp s Ry + & 0y(Tp, Ty, Ty, i RY + €2 2y(Ty, Ty, Tor i R) + ...

2 a2,
—w—mp fmem gl — s
ar I, I, A

The expansion contains arbitrary functions of the time scales T, , T, , ...

In order to deternnine these functions, additional conditions need to be
imposed. If the expansion is to be valid for times as large as eMT, eMay,
should be a small correction to eM-lay, | which in turn should be a smali

correction to eM-2a,, , . Thus we require the so-called:

Lighthill conditions (Lighthill M.1.)

|n—“ml-|<o- m=1.M
m-

forall Ty, T,, ... Ty, .

16



17

ied:

ap

L tey=0

ar, 0
db,

rotey + —-9-=0.
aro

de
rothy-—L 4+ B, =0 ,
03T, Bo

dive; + Ng=0 '

by - rotfg =0 ,
and with zero-initial conditions for By, e, by ;
ify ekl;

%+ &) = -':—,En' -;—zrad(ﬂoz)

rote, +2’-sz= —:—%? )

dive; + N, =0,

b, - rof; =0 ,

and with zero-initial conditions for By, e by
iy el:

af ap ap 1 1 9 1
mlez +a_b1 - — -a—-b-q__g-l-,-l. .
T, ar, T,

de de, de c
“’”’2‘#{) +B, = a_rl:'*g;.ll‘ ~ NoBy - NyBo - 5By,

divey « Ny =~ 7 N,,

bz—(]-g')mlﬂ2= II rolﬂozﬂo »

and with zero-initial conditions for B, e,, b,.

SOLUTION TO 0™ ORDER
N
— =0,
BT,‘+ No G

No=Ny(Ty, Ty, i K) e 4+ e,
where 6, = p'Z- T, + A, .
Initial conditions for Nu;

Ny(T =0,T,=0,...)=0.

d e
Eﬂ (rothy)} = aT——-—QUz +ey,

d
e ~ T 4 by =0,
0 aTo o

bo = bo(Tl, Tl' ey R) - mleo =),

I'Oteo=0,

diVl?o =- N() .

18
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SOLUTION TO 1™ ORDER

N
|NE|’-| <o for all Ty, Ty o Ty

l
N; =No(Ty o B [ﬁt(Tz. P20 4 cc] .
where:
Nio= VAEGE," ), N, ci20= -%[mw(ﬁuﬁuei%)- %v’-(ﬁuf-:oemo ).

€ =E (T, .; R+ [ El(Tz. —— E) ei20 4 e |,
By =BiolTy i R) + I By(Ty i R) P04 cc. ],
by = b, o(Tp ooi R)+ [ By(Ty, ..:R) 290 4 c.c. ).

rotrot B +Py=-i ﬁoﬁo +ce.,

rot ror (Bl ¢i280) . 3~Bl €280 = _ § grad( Eoiuemﬂ) + iﬁuio iy

E o= - grad(By £y’ ) |,
E, ei200 =1',-gmd( EyEgei?9 )4 21, /200,

byg=rot Byg.
E, ¢i290 = o ‘(.Bl ci2fo),

In the monodimensional limit we obtain:

N, =2 ﬁoz P R

Bio=-2INge, B = 282e,
E;g=0. E, =2,
b“): 0. B] ={.
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SOLUTION TO 2" ORDER

N
|N}|"<°" for gbf Ty, Ty, . Ty

l
N, ~
(2i—2 -0 Ny %+
dT, l
~div[ y(2Ey(EgEg )+ Eg* (EyEy) )] + (A)

div [ itNgB g + Rg* B -i Ny, Eg+ N B )i | +
VAiEy* B |- Eg-Bg)e®] + diviTye) =0,
where:

div(Ee™®) = - Nyelo,

rot(E,ei%) =0,

rot rot B, + Byg = - i Npky +c.c.,

TOL rot (."[3I ¢i280) . ﬂ}l 0 = . ; grad( Eﬂ-ﬁocmﬂ )+ iﬁoﬁu &i2fp |

Nyo= VAEEy")

N, €20 = 1 [div(Rgei2) - v2(Eg Egeizto ),

with initial and suitable boundary conditions.

NONLINEAR FREQUENCY SHIFT:

Sy ¢ - div [ (2 F BBy 1+ By Eygle]
Sc 0% div [iNgB,g + No* B, -1 Ny Eg + N By xiw |
Scony €00 Vi(Ey "B , - Fg:B)ei®)

In the monodimensional limit we obtain:

3 b d vy N b - el
Su = 3102 Ry Suc = - N2 N, Scomy = Ny .

then eq.(A} becomes:

Wy 1 3o |
Eq +i (30~ FINGINy=-7.

[Be® Ar.,Gibbom P. ,(1988)]
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By using the variation parameter method ( Lagrange G.L.), we
obtain:

Eg=L,(Ry),
B 10=Lal NoEg ),
B =Ly Noy EqEyp,

where L, L,, L, are known linear operators.

Then equation (A) becomes:
Ny~ . N, W, o
(mﬁf-auu) =N[N0.ﬁﬂ,-a-k—zﬁll+r. (B)

where N is a nonlinear integro-differential spatial operalor representing S, +Syc+Scony
and T = f(R) is known function depending on the transverse profile of the
ponderomotive force (we are assuming ¥"axisymmetric profile).

Equation (B) may be solved numerically (explicit method or forward
method):

N (m:)..N (n)+_2,2[0N0(n)+ Ny T ).

where N(W e N ® are respectively N and N, values at time T,=nAT,, with AT,<<I,

for every 0sRsR_, where R,, is the value of R in which we can assume
N

50, S-RQ_O -a——‘ls 0 Ny@(®,)=0. Equation (B) must be solved with:
-initial conditions 1 Ny(T,=0.R)=0 ;

-boundary conditions : 1—1‘1 Irag=0 » Ny(R_)=0.

No{™(R) may be represented as function of R by using cubic-splines:
Flu(")(R) is a C2 function in (OR__,).

A ie(g.etf) ,i(z..--r) 22
No(R:Z,T)= lN(zoézf)! £ FA +C.ln

'(.o"'go =0
o[lv !;o = =~ No

o -qad v, YsV(R2D

VzV = No

4 P(ri€"r) 4(z-T) ;

V(Rz,T)= |V(ret1)le J te.c.

A(r-T+¢) o 4(z-T+P) coc.
Eq 'ﬁllVlb +Avigte o]

. A(2-T+) !
El ==a V¥V £ + ¢e-C

-

AR(R, tT)= T { ‘8&1?1)}

vhase s&rpuua ow e 2dow Huw 300l
botwetn Pausoone aml Qauac_‘*uvtuﬂ umPoMs'



