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Stochastic Approach of Soil Water Flow through
the Use of Scaling Factors: Measurement and
Simulation

GEORGES VACHAUD. MICHEL VAUCLIN and PANOS BALABANIS
Institut de Mécanique de Grenoble, B.P. 68, 38402 5t. Martin D "Héres Cédex (France)

ABSTRACT

Vachaud, (i, Vauclin, M. and Balabanis, P., 1988, Stochastic approach of soil water flow through
the use of scaling factors: measurement and simulation. Agric. Water Manage., 13: 249..261.

The method uf scaling, which is extensively used in hydraulics and fuid mechanics, has not
heen widely developed in soil physics, most probably due to the fact thai vigoTous assumplions
are rarely met in nature. It will, however, be shown that heterogeneity from location to location
within a field or at the scale of 2 watershed may be approximated with the use of a scaling coeffi-
cient for each site.

INTRODUCTTON

One of the major problems met by hydrologists and soil physicists is related
to the spatial variability of soil hydraulic properties. They must be used to
describe water flow in the vadose zone, but they can exhibit a very large degree
of spatial variations, as shown by many authors.

The scaling technique appears to be a promising simplified method for de-
scribing spatial variability of these properties ( Warrick et al., 1977; Simmons
et al., 1979; Russo and Bresler, 1981) and for modeling unsaturated-flow pro-
cesses on a large scale (Peck et al., 1977; Sharma and Luxmoore, 1979; Warrick
and Amoozegar-Fard, 1979; Clapp et al., 1983; Ahuja et al., 1984).

The purpose of this paper is to elaborate on this interesting technique.

THEORY
Scale factors derived from similitude analysis were introduced in soil science

by Miller and Miller (1956), for soil water properties such as hydraulic con-
ductivity K(#), soil water pressure head h{f), and diffusivity I)({), on the

O TH-3TT4/RB/$00 540 © 1988 Llsevier Science PPublishers B.V.
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assumption that water flows are governed by hydrodynamic laws of surface
tension () and viscosity (u). ) _ _ .

With the concept of similar media associated with the invariance of o and
H, it can be shown from dimensional analysis that:

hn}w:("l! Kr/A'sz‘J: Do/’ll'zc.‘) (l}

where A, characterizes the pore scale of the element i, and C,, C, and C, are
three constants for isothermal conditions. _

For similar media, the internal geometry differs only by 4,. Such materu.als
would have identical porosity and the same relative particle- and pore-size
distributions. The consequences are that, for a given volumetric water content,
h (), K,(8), D,{0) are related to reference values h*{{}}, K*{(0}and D*(0)
by:

h{0) =1/, h* () ; K(O) =ax? K*(8) ;, D{(0) =ax, D* () (2)

where «,=24,/4,, is the scale factor, A, being the characteristic length of the

reference medium. _ .
From dimensional argument, it is possible to develop a generic expression:

W, =l W* (3)

with p=2 for hydraulic conductivity or flux, p= —1 for water pressure head,
p=1 for capillary diffusivity, and p=1/2 for capillary sorptivity.

In fact, soils do not generally have identical values of porosity, therefore the
theoretical concept of similar media does not hold. It is the reason why several
authors use the degree of saturation 8 =#/8,, where 8 is the saturated water
content. Furthermore, one can always scale soil hydraulic properties throggh
the functional normalization method (Tillotson and Nielsen, 1984), assuming
that equation (3) takes the form:

W;:a%,,,w* (4)

where «,, is a scale factor associated with the location { and t_he proper-ty W,
Considering that the physical model function W, for each IOCHtl-OD is similar to
the reference function W* the model functions must have the form:

W, =aq; (S, parameters) and W*=g* f (5, parameters) {5)

where the curve shape function f(S, parameters) is independent of i
From equations (4) and (5):

a,=abyat (6)

or, with the use of complementary constraint such as:

1 N
N Z] “w.=1 (7
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1 N
(l‘”‘”:N Z al.h’ﬂ (8}
=1

where N is the number of measurement sites.

A proper choice for the function f( S, parameters ) depends on the soil-water
properties of interest. This function constitutes a physical model if it describes
the measured data within limits of statistical error at each location.

Any soil-water property can be scaled with respect to a given physical model
(5) if and enly if a common set of parameters can be estimated so that the
function fits the measured data at each location. More generally, we will say
that scaling applies to a soil if different soil water properties W, can be scaled
independently according to (4), and if the scale factors aw, defined by (6)
and (8) for each property are identical for each location.

It should be pointed out that the scaling factors thus calculated depend on
both the choice of the functional model and the normalizing constraint (equa-
tion 8}.

They have to be viewed as conversion factors which empirically relate prop-
erties of two or more soils or locations.

On the other hand, scale factors obtained from dimensional or inspectional
analysis have physical meaning in terms of the system being studied.

APPLICATIONS

Four illustrative examples of the scaling theory are given: scaling of water
retention and conductivity soil properties; prediction of hydraulic conductivity
curves from knowledge of retention curves; scaling of an infiltration law ob-

tained by double-ring infiltrometer tests; and stochastic modeling of infiltra-
tion and drainage.

Scaling of h(#} and K(#8) curves

Soil-water properties were determined on 1 ha of bare sandy soil (Imbernon,
1981). The experimental procedure is described in detail by Vauclin et al.
(1983). Briefly, two sets of data are available for our analysis: {a) h({) and
K (&) curves obtained during internal drainage experiments, with use of neu-
tron probe and tensiometers on four sites, at ten depths; (b) h(0) curves ob-
tained during redistribution following infiltration at 19 sites, at three depths,
with the use of neutron probes and tensiometers.

The experimental data are given in Figs. 1a and 2a. All the data were scaled
by using the regression technique proposed by Simmons et al. (1979) and
through application of the Brooks and Corey (1964) functions. The corre-
sponding mean scale functions were found to be:
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Fig. 1. Bambey, Senegal; Comparison between measured (a) and scaled (b} soil water retention
curve i{¥).

K*(S)=K*S* with K*=6.75x10"% m/s, b==6.87 (9)
h*(S) =h%S"  with h%= —0.166 m of water, f = — 1,294 {10)

The scaled values are reported Figs. 1b and 2b as well as the curves given by
(9) and (10).

The scaling factors of the water pressure head «v,, calculated at 23 locations,
were found Lo be log-normally distributed (e.g. the probability function of X=1In
«, is normal with mean value my=—0.1229 and standard deviation
a=0.5247).

Furthermore, the good linear correlation between v, and oy (v, =097,
with a coefficient of determination r*=0.85) tends to show that the concept
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Fig. 2. Bumbey, Senegal: Comparison between measured (a) and scaled (b) hydraulic conductiv-
ity curve K(5).

of similar porous media can be adequately accepted. Figures 1 and 2 show clearly
that the result of the scaling procedure is to coalesce the original data into a
narrow hand around the scale mean curves.

Prediction of unsaturated hydraulic conductivity curve

An experiment was conducted in Tunisia { Vachaud et al., 1985) in order to
determine, at the field scale, soil water-balance for different surface covers: 1
ha of rainfed wheat; 0.4 ha of irrigated grass; and 0.4 ha of bare soil. Nine sites
of measurements were selected. At each site, textural components and hulk
density (by gamma-densitomer) profile were determined. Time evolution of
water content {by a neutron probe) and of water pressure-head (by tensiom-
eters) profiles were routinely measured. In addition, classical internal drain-
age experiments were performed at two sites, in order to determine hoth K ()
— and h({}) — curves at several depths.

All the raw data K;({/) and h;(#) were analyzed through the functional nor-
malization procedure previously described. The resulting mean scale functions
are:

A*(8) = —0.06138 -*** (m of water) (11)
K*(8)=246x10"°% 8" (m/s)
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Fig. :l.hh('l::;nag, Tunisia: Comparison between measured (a) and scaled (b) soil water retention
curve A(S).

_ Al:l example is given in Fig. 3 for the water-retention soil property. The scal-
ing factors «, and ay were found to be log-normaliy distributed and linearty
correlated (), =0.98 ay; r*=0.89). In addition, a multiple regression between
o, the silt +clay contents [Si+C] and the dry bulk density () led to:

In a,, = —2.09In [Si+C] —4.22p, +13.53 ) (12)

{with r*=0.69 for 29 points).
:_I‘his regression was used predict the K({) relation at a site where p, and
[8i+C] are known, using the relation:

K. (8)=o? K*(S) (13)

In order to obtain an evaluation of this prediction, the site was chosen at a
location where K{ )} was known, but not used in the original scaling treatment.
For this site, [ 8i+C] =8%, p;=1.62 g/cm” and, from equation (12), o,=10.2,

The corresponding hydraulic conductivity curve calculated by equation {13)
with 0,=0.354 cm”fem®* (estimated by 90% of the porosity) is reported in Fig.
4, and fairly agrees with measured values. It should be noted that errors asso-
ciated with the experimental and caleulated values can be estimated (Bala-
banis, 1983).

10! ‘ ‘ -
hod
el
E
£
»
= 1]
>
E
(&)
3
=
z
a5
o
Q -
= . olp.nmcn!all.ti
Fl 1
5 — predictad : le
* |

o | L

al 0.2
WATER CONTENT, cm®/em®
Fig. 4. Mornag, Tunisia: Prediction of K(S) from scaling factors of Fig. 3 and comparison with

measured values.
Scaling of infiltration laws

An experiment was conducted in the People’s Republic of China {Henan
Province), on a scale of 3000 m* Apart from the spatial analysis of various
observations, such as grain size, bulk density, hydraulic conductivity, etc. (Lei
Zhi Dong et al., 1987), a series of 10 double-ring, constant-head infiltration
tests was also done on the site. The cumulative infiltration measurements were
analyzed in light of the vertical heterogeneity of the soil profile and of the
horizontal spatial variability of the field.

Infiltration parameters were identified from equation:

I=st'* +At (14)
(Philip, 1957). A special procedure developed by Lei Zhi Dong et al., (1987
was used to test the validity of the parameters S and A, whese values are given

in Table 1.

The probability distribution function of both A and S corresponds to log-
normal distributions. In order to cope with the large variability of these two
parameters, and to obtain easily an estimation of the infiltration of water,
under the same conditions as during the experiment, at any time, and in any
point of the field, we have used the method of scaling published by Sharma et
al. (1980).

By application of (3), we can define scaled infiltration /* and scaled time ¢*

such that:
L=a;'I* and t=o {15)

g
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TABLE 1

Shangiu, Henan Province, People's Republic of China: Vaiues of parameter S and A determined
for every infiltration test, and corresponding scaling factors

.. A, A, e s, !

Bite th,«‘«(f) S, cv,;(;) [ITP

Fo 04 1.31 1.75 0.73 0.94

F1 015 0.80 4.4 4.7 1.37

F2  0.18 0.88 0.9 0.2 0.325

F3 05 1.46 09 0.2 0.35

F4 0.06 0.51 3.1 2.3 . 0.82

F&  0.08 0.58 2.8 1.87 0.81

6 015 .80 18 0.77 0.79

F7  0.10 .65 25 1.5 (.91

F&8 0.36 1.24 2.2 1.15 1.19

F9 0.4 1.21 0.1 .02 4.0 !
A=0.232 §=2.04 " Yev, a0,

e . AT v,
—n.;ﬁA' »_HIZI&

If the theory of similar media applies, ev;, at a given site, can be computed
from measurement of s, or A, at every site. On Table 1 are also given the values
of vy, and «,, relative respectively to those two parameters, and given by:

A 1/2 P
a,a‘=(—_‘~) and a,l=(§§) (16)
A §

where A and s are the arithmetic means of measured values. Obwviously, no

correlation can be obtained between the two sets (Sharma et al., 1980; Tillot-

son-Nielsen, 1984} . This discrepancy with the theory will be discussed later.
Following the suggestion of Sharma, the harmonic mean:

2a,, o

1

o, + o, {17)

AHp .=
was finally used to determined the scaled infiltration f* and the scaled time ¢*
from (15). This combination accounts for some weighting between the initial
stage of infiltration (s) and the late-stage period (A ). Example of results ob-
tained with this parameter is given in Fig. 5. All the measured values, after
scaling, coalesce around a unique scaled infiltration curve which is given by:

I*=§t$l/2 +At* {18)

In the present experiment, the fact that factors of similitude obtained for A
and § are quite different would tend to reject the assumption of similar media,
contrary to what has been obtained previously. A caretul analysis of the ex-

[IER A

o an e Bt

Fig. 5. Shaniyiu, Hean Province, People’s Republic of China. Scaled cumulative infiltration curve
using from o, the harmonic mean between «, and «, (Table 1).

perimental techniques which are involved here should, ‘hnwever, have‘ b_een
done before generalizing this conclusion. The identiﬁcat_mn.of s (sqrptmty)
is indeed extremely sensitive to measurements of cumulative infiltration t.akt.an
within a short time-scale, a domain where in practice very fgw (.iata are ay‘all-
ahle. To the contrary, A is affected by measurements taken within a long time-
scale, where experimental values should be taken cautionly due to probable

inference of lateral flow. . . ‘
We sould therefore tend to say that in this last case the scaling procedure

should be viewed more as a technigue of similitude appli.etd to a give_n experi-
mentation ( Tillotson-Nielsen, 1984) than as a method of scaling soil proper-
ties in the sense of Miller and Miller (1956).

Stochastic modeling of water flows

Let us now look at the consequences of the variability of soil watm? pl:opert-les
for water-flow modeling. Isothermal soil water movement such as mhlt,ratlon
or drainage is classically described at the macroscopic level by Richards equa-
tion which, in one spatial vertical dimension, has one of the two following

forms:

a1 0 a0 9K(0) (19)
azgz[nw)('}z]“ dz

ag a dh )] (20)
w9 2y

o OZ[K(O)(az

For homogeneous soils characterized by K(#), h(0) and D(0) =K{0) dh/df
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curves, the solution of (19) and (20) for relevant initial and boundary condi-
tions provides time and space evolutions of soil water content (Haverkamp et
al., 1981).In non-homogeneous soils we can consider a field on its horizontal
extension as a collection of vertical columns, each of them being described by
its proper K, (&), h,{#) and D, () curves. If all the soils columns can be ap-

proximated as similar media, we can easily show that the following set of
transformations:

S=0/0y, t*={(a’/05)t, 2*=az (21)
applied at (17) or (18) leads to:

08 ol 48] BK(S)

os_ o[, o fon ,
ilt*_ﬂz*[K (b)(f}z“ 1)] (23)

The solutions of (22} or (23) are space-invariant and unigue for a fictitious
soil characterized by the ‘mean’ hydrodynamic suil properties: K*(S), h*($ )
and D*(S). Applying the inverse transformations (21) we obtain stochastic
solutions of (19) or (20) since &, can be viewed as a random variable defined
by its probability density function.

Two short examples of application can be given un the measurements done
by Imberdon in Senegal;

Infiltration using Philip’s quasi-analytical solution. With the proper conditions
(Philip, 1957), equation (20) has the following solution:

28, )= T f1(S) o (24)
g=1
for the water content profiles, and:
I*(t*) = ZA:(S) prase (25)
g=1

for the cumulative infiltration. f% are solutions of ordinary differential equa-
tions and 4*, are estimated by:

_[:“f’;(S) ds

The distribution of water infiltration at the field scale can be described by
the ‘inverse’ stochastic solutions:

400 | !
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Fig. 6. Bambey, Senegal: Comparison between measured and stochastically simulated values of
cumulative infiltration for 19 siles.

28, 1%, ) =2 24 (8, 1) (26)
44

o= e )

here t* stands for (a®/0)¢.
" As an example, Fig. 6 represents the expected value E{[f }.ca]cuiate(.i by (22)
(with n=4) and {27) as a function of time. Soil hydraulic properties corre-
spond to (10). o

pAs a validation of the method experimental measurgd cumulath infiltra-
tion values are given in Fig. 6 together with their domain of uncertainty.

o [
Y w

WATER CONTENT  m¥%m®
o

1
TIME, days

Fig. 7. Bambey, Senegal: Comparison between measured and stochastically simulated values of
change of water content a 1.1 m at 19 sites, following infiltration.

e

o

e SR

i

e



260

(:'{'avity drainage. Similary, one can describe the drainage of soil under gravity
w!th the, use of the simplified approach of Libardi et al., 1980, the solution of
Richard’s equation can be written as:
b 1 t:I 1/l -8&)

0(2,t) = [1 +o? K
5

P (28)

z

where b is aiready introduced in (10).
On Fig. 7. are given the expected value of water content, at depthz=110¢cm

undgr gravity drainage on the site of Bambey, together with measurements‘

obta{ned from 23 sites. Again, a fair agreement is obtained between stochastic

predicted values and measurements. o

CONCLUSIONS

In light of our experience, the following conclusions can be drawn:

(1) Even if, strictly speaking, the conditions of similarity are not found in
natura].soils, it is possible to use normalization methods to scale soil water
properties and to obtain a strong coalescence of the natural variability.

{2) If the scaling factors are the same for both the hydraulie conductivity
and the soil suction relationships, the similar-media theory can be extremely
useful: (a) topredict K{(#), or k() in sites where measurements are not avail-
able; (b) to develop stochastic solution of the equation of water flow in unsat-
urated soils which gives the expected values of the variables, together with its
expected domain of uncertainty over the site.
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