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1. INTRODUCTION. )

In this leciure 1 will present some basic theory ol diffraction and fnage formation

that will Le needed in this Workshop, The foltowing topics will be reviewed:

— propagation of a wave ficld through space, based on the wave equation.

- diffraction from an aperture in the Kirchhotf approximation. An indication will he
given when Uiis approximation is reliable, in particular, the Fresnel and Frannhofer
diffraction will be treated.

- hnage  formation by a thin lens. Nere the concept of resolving  power will be

distissed.

image formation by a geueral optical systemm and the role of coherence.

basic principles of holography.

2. WAVE PROPAGATION AND DIFFRACTHON.

An anportant ingredient w the study of mage formation s the propagation ol waves
throngh a medinm charaterized by a constant (both in space and time) refractive index.
We start our discussion with the wave equation, which can straightforwardly be derived

from Maxwell's equations:

where e(r1) is the electrie field, For the other components ol the electromaghetic
lield Lhe samme cquation holds. 1o seme  sitnations we are allowed Lo consider the
correspolnling scalar cquation:
2
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For instance, when an eclectromagnetic wave which s polarised aloug Lhe grooves of a
grating is diffracted from this grating, the problem can be formulated in terms of a
single  scalar quantity. Also i other cases this sumplified approach ofter gives a
guod deseription ol the phenomena.

I the rest ol 1his paper we will assume thai the waves are strictly monoctironmatic, an
assunption  that can be fulbilled, for instance, when using light  from mode-locked

fast

. In that case the Giekd airt) can be represented by:

W - fE) explivt)+ e, (2.4}

where oo stands Tor "eomptex conjugate™. The dilferental equation for nir) lollows

direetly Irem eq.(2.2):
ci, L 2 _ R e :
Ny l\” yu(r) = U, where k“—u./( (2.4

Lep 2.1} is known as Helmbiolte' equation. while ku is the wave number: k=2r/A0 where A
v the wavelengll

a. Propagation through a homogeneous medinm.

Woeo will first study how the lield u{¥) propagates through space when ils valnes are
given on a strface (plane) Z=z u(x.y,z:z”} is known.

F'o this end. we first Fourier transformn this function with respect 1o the varialdes x
At v

. ik .r
nr.s ) (2 dkl U(R‘.z ) e b {20}

where r—{x.vy and kt:[kx’ky) are the two-component transversal coordinates il spabal
freguencies,  respeclively.  As o oo(rz) has  to o salisly {244 the  exponential  Taclor
(‘)\'|)(lkl.l'] las w0 be completed 1o a solution in three-dinwnsional space ol (2.00):
v,\‘p(:.kl.l‘] has to be replaced by exp [l{kl.r+kzz)], where on account of  lelmboles”

CUtation. ky has 10 be determmed Trom:

Kk ko= k2 (2.6)
Suowe Lind for the solation:
B ik .r+ k (-2 }]
nrazy = @20 dk Uik ,z) e t e 0 (2.0
i/2
where k= ¢ [kz-—kg . ] . (2.8
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An l(k‘,zt)] may be constructed from the given distribution by inverting the Fourier
transforin {2.0), the field u(r,z) can be catcwlated everywhere in space.

AU this stage we can introduce the concepl of transfer function. For this we need the
Fowrer arasslornm l‘{kl. zu) ol the inittal distribution u(r.z,“). l‘(ki.z"] wocalled U
spatiod progoeney specttame oF the fleld at 4=e Alter propagation o the plane 2 we

Tid from (A7) that the spatial frequency spectrum of the Fiekld ol 7, uirz). s given
[
: L . iy bk (- DXl

i |k1.z) l ;Rl./.ul ih|l[lkl(é AU)] (2.3

The generic notation for a wwanster function is given by:
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where | " a1 " deneite the spalial fregueney spectammn in the inpal and ourpat plane,
o S
pestectively . Wik is ocalled the transfer funetion. Consequently. inour example ol e,
2y the ransler Tunctiog s given by
1/2

Ik b expe|ih (7202 }“ whoere ko= 4 \k" . k“'] . RAER
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[ shondd T notert that thes expression snder e square Tool conld become negative.
hecanse k\ il k\ vary between sl 4 Ty Hiat case kl becomes purely imaginary aiel
lradks 1o plihe waves whose amplitiedes decrease exponentiaily e the chirection of
propagation: snch waves are called enaneseent waves. They do not play a signilwan
role in conventional microseopy. Therefore, we will ignore them, Plane waves Tor which
k, is a real mmber are called hemogeneouws waves. Inoowr presemtation we with only
consider homopeneons waves,

Iis inslructive 1o relale Hie inpaing Tielld u(tazu) and the outgoing field uree):
)

combining (2.7y andd the expression for Uik X3 ) in terms of U
1 ¥

u

-ik .r

J dr Il(l'.ﬂ“) e .
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we fid after a stradshtforvard calenlation:

[
t

wre) - J hr r’ u(r’.z“] dr’,

where The transfer tunction in the spatial domain, hir-r’) is given hy:

bie ey - (2m) " J dk exp [ik.{r—r'Hik[{z-z”} Cwhere k= +[k'

Notice that eq. (2,03} has the form of a convehnion.

We will now consider a related problem:

b.Diffraction from an aperture in a screen.

We consider an apertire ina flat opague sereen: Tig2. 1. We choose the nannal on ihe
sereen as the 7z oaxiso Aninciden! wave impinging npon a screen with aperture A will
pive tise 1ooa lield distriition on the right hand side of the serecis In principle.
we have 1o salve a rigorous boindarv—valie problem. bnt often we can pet away with a
simplified approach due 1o Kircliholf: we assimoe that the Tield “on The right haned side”
ol e sereen is zero on the opagne part and s eguat to the undisturbed  field nside
the aperture. I the 2 courdinate ol the plane ol the sereen s zay RE OW can solve

Far the el to the vight of the sereen twhich we suppose for simplicity 1o he @

SR SNV

Fig. 2.0 The geometry of ditfraction of w wave Trom an apertare v

A perfect consuctorys

. IO SAL IR .
wr.y)y - ||(r{“z,u] dkad\") td 1y
an’
A

where A denoles the transparant  aperture i the sereen. GiRzr. e ) s e
appraprisle Green's [anetion: this fanction can be considered as the response of the
svstem oo nnil delta point source located at (r.z) mothe point (Fl27) According to

the hirehhof! -Sommerteld construction we find (G bas to be zero Tor ' oon the screen):

iks
e o UK

Gireray= (im) — . (2.15)

where s is the distance betweert the point (P} and a point (roz) oand 5 is the

distanee between (Toz) and the snitror fnage (022 -27) ol (rl2) with respect 1o the
v

SCreen:

sl P vy P ie-e? 2,

/2

2 .2 -2 .
=HUX=X V- Y 2 2z“+z 1] (2.16)

Ao denotes e derivative i the direction of the outward notimal, in our case dfdn-
EIUS

The treatment presented here is not mathematically rigorens. becanse we assume that the

nothe apertare is the sione as when the aperiure and sereen were

ficld distribution
absent. The assumplion scems acceptabde i the dimensions of the aperbire are large
with respect (o the wavelength of she dight,

Comhinine 12,01 and ¢2.05%) we Tisd the basic Tormuba:
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where po [dr r“|ze i/ /.”;3|‘“ # s the angle between dhe normal wand the vector

Jeining the pomis (8 4 el (Raak P 12001 i known as o the Havgens Freandd
o

formatn. s owe will exelnsively deal with paraxial image formation. which means Ul

the angles ol the normals o’ e wavefzonts make suall angles with the opti aNis. we

il salels approxinale cospier r“) Iy tnity. bhe cosine Tactor in (2073 05 Known as

the ebliguaty factor and b been subject of moch stndy and controversy.

In he paraxial approxmation. tor large values ol 20 we may approximale ir r“| by

" 2
| | ¥ ru| .
P D I T (2,18
N - f2z-2 |
Ly, {207) then reduces 1o
IR ik )
wezy = ¢ T - dr exp | === ——— |r-r | ] w{rz ) (2.19)
O u 5]
|/\|z—zu| 2§z—zu\

Nolice, thal the integral in (2.19) has the form of a couvolution, The approximation
(2,19 is known as the Fresnel approxometion. An even more drastic approximation is
‘ - . . 2
oblained when neglecting the ters guadratic in r,m the evaluation of (r—r ¥
2 2 2 2 "
r-r }'= '~ 2r.r_+r =1 - 2rr (2.20)
0 6w 0
This approximation can only be trusted in the “deep” far field and is known as 1he
Frounhofer approximation. The corresponding far—field amplitude is given by:
- ik

dr n(r,zo) axp l‘—" I N o
o .
| z- “\;

(‘xp(ik|z—x”|)
ulr.ey = et 1
PA|e-z |
U

o

(2:21)

The lactor exp(ikz) is a constant phase faclor i a plane z=constanl apd theredore las
no observable conscguences in that plane. We will henceforth omit this factor. Apan
from the phase curvitore factor ('xp(ikrz,'z}z—zul}. u(r,z) and u(r,zU) are rolated by u
Fourer trawsform. Notice, Ual the Frannbofer approximation ne longer has the form of
a convolilion ke mooeqo 2093 Weo will osee that under  certain cirempstances 1he
phase corvate factor is compensaled by other factors. As an example, it can casily be
chierked that an apertire that is ilhmpinated by a spherical wave which converges 1o a
point I o a sereen which is paraliel to the plane of the apertare. leads o a Lield

distributions around P owhich 5 the Funrier  transtorm ol the  distribution iy the

apact e s stiialion ol e atises i Hnaeing.

3AMAGE FORMATION BY THIN LENSES.

Lot ns vonstder g thin lens s discussed o clementary treatments ot geomelrivad oplical
imape Tromation (g0 The lens s speailiod byoats thickness function dirp. wliere
ro the rassversal coordinates The assumplion ol a thise lens s used when relating
e Lield distribution s the put plane ”in[” and e distribntion o the o

)

plane 1

|

(#1311

Nt E) = U ), {31

where 1) s the optical thickness ol the leas: Grj—explikin - Didir)

i (l{l') idenoles
e geomctriead thickness of the lens and i the relractive index of the maderial of the
lens, Note that the amplitude transmission function 3(r} s assined naot to depend apon

the incidem distribution: of conrse, such an assamplion cannol hold for a wick lens,

b jeat thin bews focal Pmage
plauwe plane plane
2= = =z

0 i

Fig. !‘ﬂ A thin Llens

whoere He) depemds on the angle of incidence of the incident Tieled.

Woe consider a donbie cotivex lens of which thie Tfront face has a rading of covaloee RI

and the back face a radius Ry, H o s the thickness of the ens in the centre. U is
<z 0w

direct]y shown that

L/

diry =R (Ri—rz)'” Ry - (R (3.2)

I the paraxial approxmition (ra< R;'Rz) this reduces 1o:
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Remembering from clementany geonettival optics the relation for the Focal leneth Tn

terms ol the radii of corvature of the front and back surlaces of The lens:

.!, in- 1) [ l - l ] (31}
f BOR,
we directiv find the relation:
1k )
M {T1 Cxpiikod ) ‘.x"'_ -;f t } Ui [RR0

We i ol specify the % coordinates belonging 1o te input and outpit planes. Yhis s
fol necessary, beeanse  these planes  are supposed  to - coincide in the thin lens
approximation: their plivsical sepatation has already been aceonnted for by diry).

Iois of particalar interest 1o calenlate the ekl distribution in the back Tocal

plane of a thin lens, Combining the resilts (3.0 amd (2.21) we Tind:

vxpﬂikri!?l’) ~ik
”l“rl') L e e —e n”m{r) ('\11[ - ; r.rfJ ir
1Al A

inksl o

v [ -1k
n. ey vxpl- C r.r] dr (3.0}
DAt dom n f
A

Here T detiales the Transversal coordinale in the back focal plane z=f. We see thal the
ghadratic phase factor (Hhe phase carvatuze} has dropped ot

WMo osee thatl apart [rom an irrelevant constant pliase factor vxp(iklnlu) and o constant
factor (A " the frid distrbation in the back foral plane is the Fourier transform

of the incident fretd, o e Tollowing we will omit constant phase Tactors.

4. IMAGE FORMATION IN GENERAL.

We o will ser that the simple  considerations of  the  preceding section can - we
extended o more realistic imaging systems. We will study the sehematic setup skelched
in Fig. V1o Ve procesd henristicabiy: if the wnaging systan s wleal it muost image
poinl sonrce me the object plane it a point age in the amage plane. The imaginge
process is described as follows: the svstem s characlerised by an entrance ad an exit
pupil. These apertures do not have 1o correspond to real aperiares: they can be
elffective apertnres that can Iwe {;llt'ul;llv;l from the physical diaphragms wside 1he

apticat syster. We o suppose 1t the wave propagation throneh e oplical system,

denated by "Optes™ in Figa 11 can e deseribed i tenms ol geometvieal opties. The
il pupil i delied as o the geometrical optical image ol the entrance pupil. The
entratwe pupit can be chosen ad it

1ol ux now nsert the wave character of the fields: the unit pont .wu.ru‘ at the

posttion T in the objecl plane s represented by the a-function o r -rf ) The
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Fig. 1.1: a general Bnaging process

ompome wave produced by the system s a spherical wiave cianating Trom e exit pupil,
This wave gives rise to a diffraction pattern h(ri rl') aronmed the peometrical ilgape
ol the point sourcein T 10 M denotes the Lateral magnification. including - the
sign. we have ri'-f M r"l. By choosing the seale in the image pline such that the mage of
the nniv of length in the object plane s imaged into the it of dength in the image
plane, we can wrile ri':r‘;. The diffraction pattern |I[I"i— r"]) 5 snppesed ta be varian
wdder a shift of the object poim source e the obgert plane. s inaging svstem
satisfies stch @ condition, iU is saud to be taoplanate.

As Uhe imaping process isoa bmear process. the superpostion grinciple 1ells ns that
the tield  distribution () v the image plane for a peneral ficld distribotion

The oliject plane oo (r ) s given by
" [l <) :

Hiljl'il = ||(ri r) n”(rU] dr“ N
A

e comoltion in (L1} & a conseghense of  the isoplinaey Galso referred ta s



spitial stationarity ). The briwslor function ey s a good clhraracterisalion of the
perforinance  of  the optical  svstew, (40 becomes . very  simple  attey a0 bonrier
traesoration: Tk k) U (k) {1.2)
Hek) specilies how strougds the spatial [requeneies k are transminied by the systen,
Ldeadly Diky should he equal o uniey for the range ol spallal (requensics et o
transinittexd by the syston. Remember that Wis range is ¢determined by the extent ol the
(eltective)  entraice pupil: il we model the object as a dilfraction grating. an
meident wave will be diffracted  ito different oeders. 1IE the first order difivacted
beam is not transmitled through the entrance pupil, the optical system will net “see”
this grating. We sayv that the grating is nol resolved by the system. More generally. il
we have an arbitrary objecl. this object can be written as a superposition of different
gratings. This is what we do when we Fonrier transform the wave field at the objecr.
Fach spatial lrequency & corresporuds 1o a grating with a grating constant (k;l. k'\I).
From this picture it is clear that not ali spatial frequencies are transmilled: thuse
plane waves which have been diffracted over angles larger than the acceplance wugle of
the enlrance pupil are not ransmitted: for those spatial frequencies HiK) equals zero.
The Tinite extent of the entrance pupil leads to a fipite vesolving power of ke
system, which is defined as the maximal transmitted spatial frequency.
There are Lwo reasons why i actual situations the assumptions made in this secijon are
nut satisfied:
(1) The systemy has aberrations, e.g. spherical aberration, The system may stll be
isoplanatic, but the magnitude of 1l(k) will become less than unity.
(it} the system is oot {ully isoplanatic: some  aberrations violate isoplanacy: the
shape of the diffraction pattern of a point source depends on the position of the
sOUrce.
In the latter case we may apply our considerations to areas of the object plane for
which the suplanacy condition is reasonably well satisfied. Fhese areas are called
Misoplanatic patches™.
lip 1l now we have assamed the light to be fully cokerent. because we assuned Lhe
amplitude and phase of the hght o be fully determined in every point in space. In
practice, this situation cane be approximately realised by asing laser light. but the
deviations  Trom Dl coberence are so significapt that we have o investigate e
inflnence of partial coherence of the wwident ilbmiination on the performance of

uplical systems.

1)

5. SPATIAL AND TEMPORAL COHERENCE.

B i tiel stnatioos the highl Liell s oa stochaste quaniing. This s sue o e Tag
that ise times of enission of phiotons by the atoins is randomn. white the different atoms
of the light sonree gadiate independently. The Tact that asn exeibed stale of an atom
has o tite Ntetine 7 ks as a consequence that the omitted speciral fie has w
finite: width of the order of ', Also he spatlitl extent of 1he source manilests
isell i the statistical properties of its light. T will discuss two exirene cases:

w. Temporal colerence.

Lot s assume a pointlike light source hat emits palses of light. The ligln therefore
has a certain =spectral width, The pulses are directed towards an opague screen with (wo

Aperiures l)l and O (Fig. 5.1). ()l and O, become secondary sonmrces which generate an

2

excitalion sl he point P in the plane of ohservation. It the distances ()IP Al ()QI’

differ by an answnmt o, where 8fc (¢ is the velucity of tight) is larger than the palse

|()
1

7
I-//
'1\\ ‘4 |()

——

sanurre BTEE N plane of
olservatlion

Fig. 5.1 lilustrating temporal coherence

duration v thea the pulses will not “see™ each other in the point P ool the plane of
observation. The resulting inbensity at )0 will be the sumy of the infensities ol 1he
pilses emitted by ()l aml O There will be no imerference. 10 ofc<r then inerference
will ocenr, s s expressed more guantitatively in terms ol the visibility of 1he
imerference patlern from which we can determine 1he degree of temporal coheremoe of
the  light. Weo will not dwell further on Lhis snbject which s so importast Cor
SChrosCepy.

The olHer exIreme viese s

g

e
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b Spatial coherenee,

Hete we hive a similar situation as in Fighb bt now the sonrce has a finile extenl

(Fig. 3.2). Fhe source s ,mﬁunu-tl Lo he tilby monochromatic and 1o be composedl of atoms
Hial radiate cdependently of cach other. Lot os consider 1wo atons H‘I and ?1'2 which
vadinte  imndependemtly  lipght of & Trequency e Each atom  will give rise 1o an
interTerence pattern in the plane of observation, The patterns due to Hl apel N, are
hifted with respect too each other. 11 the pumber  of atoms  becomes  larger. the
resulling inlerference pattern witl be washill ont almost completely, deperding on the
istance helwesn “I and ()2 as we will see soon,

The calenlation of the interference pattern can be done as lollows: let " and LIS
denote e Tields penerated by the secondary sourees in ()] aticl ()2 . respectively at the
point - of ohservalion. eh Al n,oare slochaskic  quantities,  hecause they are He

amplitiles resulting from the emissions ol many atoms mothe souree. “The resniting

interferciee pattern s al average Gever e collection of radiating atoms. lo this way
we lind for the obsepved intensisy at 1%
0
| |
A
.Hg W
,
= “
il
sonMrL e sorien plane of
obseryvation
Fig. 5.2 astrating temporal coherence
) 2
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bhe anenlar hrackets (<=} denote wveraing over the seuree, The Tirst tao borns ane Ui

rhss ol e (50) are the intensities generated when only UI ar O are present. The
list two leriis deseribe the interference pattern as a function of the position ol 1he
poitt of observation PP They give information on the tight source. The dogree of

sputul colerence ﬁ(rl,rg) between two poinls r and T, oin ospace measures e spatial

B
correlation ol the tight Tield in the poinis r and r, aml s clefined by
! A
cuf{r g o {r,;>
HPLE) = T e i5.2)

[ ”rl”‘rz’Jm

wlhiere Hrl) el I(I‘E) are the intetsities at rl E| rz. respectively, The interlerenee

a 1 LI H . B
pettern i P s described in terms of the degree of spatial colwrence in the plane ol

and r,,.

the apertires O and Oy docated atl r 5

1

Woowill now disenss a Tamons relation between the characteristios ol a source aned the
deproe ol spatial coherence in the Tar Teld of the source which s expressed by the
Pan Cittert - Zernthe theorom.

We consider a planar source § which is deseribed by its correlation mnction Firor’).
B . - ’:.
whire r ad £’ oare any two points uh 5

(h)

Wo assume (uether the sonrce to be statistically homogeneous, by which we mean that the

I'H(rﬂ.r“;) = <us[rs)n;(r_;)>

cotiwrence function only depends upon the relative position F-r of the two poings T
= ~

i and that the  intensity across the source does not change appreciably™ over

distances  (or which 27 s different  [rom  zero, This  means  that [ (¢ e} can
R

approximately be written in the Torm:

r +r
s

!'N(rh.r.; = )(rs rh") I[ l‘ (5.1}

W now caleulate the far Tield of S in the Frannboler region:

-1k
e} = dr u(r ) vxp[ "
5N N

s

Bere r i a0 pomt in e plane 2o the far field ol 5 and e is w0 point oon S0 The
“



Far-Tiehl correlalion fancthion can now  straightitorwardly  he  caleulated:

-

\ -ik

-;u(rl)n'[rgp - I {lrh.} (ll'h-;uﬁ(rs)u;(rl\).- exp [ _4_ trl.rs—rz.rs) ]
- r + r; \ -ik )
_ J clrﬁ j «lr-h ViR TL) 1"-— ) - *)-- Q‘XP[ : (rl.rh—r2.rh}J
Lintroducing new courdinates X= r -r” and X = A {r +r’) we find:
5 05 2 s s
_ ik it

<ll{l‘l]1i“(r2]>--Jl|XJi|X}(X]HX](‘X|) —; {x.(rl—r2)+ §x.(r1+r_2)} (h.6)

The rhs of (5.6) is immedistely recognised as the prodoct of the Fourier transforns
of 3 and It
oy Sl .-

SH(E Py — |(rlf—r2} 3 l-2 (rl+r2)l‘ (5.7}
where 1 oand 4 are the Fourier transforms of | oand 4, respectively. ‘The result (5.7} is
a generalisation of 1he Yan Cittert=Zernike theorem as we will show i a moment. We see
fronn eq. (5.7} that the far-tiehl coherence function has tlie same form as the coberence
funclion of Lhe source as specified in eq. {(G.4).
We  theretore conclude that the far fiekl coberence is described by the Fourier
transform of  the  imensity  distribution  across  the  source, while the  far-Ticid
intensity distribution s the Fourier transform of the source coherence function .
The Van Citlert—Zernike theorem  deals with the special case of a  compietely

inceherent source: T(rs*r‘;) = o(rﬁmr;]. Eq.(5.7) then reduces o
<u(ri)u*(r2}> = l(r]-rz) (0.8

The far-fickl correlation fnwtion s the Fourier transform of the source inlensity
distribution. wineh is the content of the Van Cittert=Zernike theoreo.

Also withoul caleulations we  can aderstand  why  a  completely incoberent sonree
generates a partially coherent field. Let us consider 1wo arbitrary  source points Hl
anel H_z. We shidy the Tield s 1wo points in space l’l and 1’2. These poists reveive light
hoth from Hl and 5, and Lherelore become correlated. This corvelation s made move

guantitative b the Yan Cittert Zernike thearens.

6. PROPAGATION OF COHERENCE,

We consider o general asoplanatic maging syvstem as depicted in g G The transfer

relation between inpul and output fields reads:

”U”I‘“'“) = J‘ h(rl}iri] ||m(r|] (lri (6.1}

Por the relation bewtween the  correlation Tunctions ol the doupsat amld outpd

dlistribnitions we find:

~;“Ulll(ru’“(ull(r())) - J- dri I dri(u ill(ri)“»ill“‘iP i'“'JriJ .,*lr&;iri"

"ullluhu l“;} - f ‘hli _[ ‘Iri’ Ii“(rfri') “(ru_ri) 'l‘(r(;—l'i') (6.2

iu oul
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iupul it put

plane plane

Fig. 6.1 A general imiaging system

The transfer Tunction ol the correlation function £ of the out=Tield

hir -r) hir” -r; ).

( +) l) { w i )

The transfer functions deseribe e properties of the optical systene e they alse

contain the aberrations, at least as long as (he gnaging s isoplanatic,

7. IMAGE FORMATION As A SUCCESSION OF FOURIER TRANSFORMS,

We consider the sistem as sketched in Fig. 7.0 The distasce belweet the object plane

rome

.
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big. 7.1 Tmage Tormation
and the entrance pupil s ll“ {the object distance), (I.l is the distance between the oxit
pupil and the image plape {the image distance).
Wave propagalion through this system proceeds as Tollows:
Assting  that the  entrance pupil s in o the far field of the object plane. the
distrilndion in she entrance pupil s the Fourier transform of e comples amplitude
1 the object plane:

I -k

nr - J lll‘U u“(ru) oxXp
1 f\(IU o

r.r ] (v.n
uoe

rois the coordinate in the entrance pipil. As the exit popil s the peometric oplic
-

(3]

e of the entrancee pipilh we o caboase T also as the coordinate e the exit popil.
When choosing e nnits of length e the exit pupil - appropriately. {7.1) also
reproscats the complex amplitude e the exit papil. The inlegration i (7.1) extemnds
over e aperture e the objert plane. 11 the image distance di i« s0 large that the
image plane 5 i the far field of the exit pupil. the complex amplitude in the image
plane is given by

! 1 k

LAY
. ] e _
e ' J de e o gr ) up[
1 Ad
b Y

=1
[

1 i
|

where we now exphicitly introduced the pupil Tanetion I’[r(‘; i order 1o cphinsise e
finite witth ol the apertuee in the exit pupil. This allows s to take the lanits of
integrationg as b il wc I’u'(‘) ~ 1 nside the <diaphragis aed zero odside, Combining,

(o) aned (520 we sce il e transition from e object plane 1o the image plane

t

cotdsln ol Two stecessive Fourker  transforms, [0 s instrictive 1o cansider the case
whetr ihere are no diaphragms in the systens Proy-1 evervwheres Inosuch a case the
.
imaging s perfect: the resolving power s ideal, hecanse two specessive Fourier
transforms reprodice the object distribiion up to a scale Tactar {which can b
absarbed by chouositig an appropriate scale for the coardinates). Aberrations can now
easilv be taken inlo accoust by dncorporating them in the exilt pupil funetion: replace
I’(r(,l by I'(rl‘ln-xp[i\h'(rp)]. where \'u(ro) = the wave aberration Tandtien in the exit

(BN

H.RESOLVING POWER.
Lot ns first shdy a coherently and monochromatically itimminated object. 1T the system

Nias o aberradjons, the spatial frequency content of the complex image  amplitude

distribution is given by the Fourier transtorm  of the complex image amplitnde: l‘lfk).
where ki 1he spatial frequeney. According to eq. (7.2) li(k] i proportional to the
comples amplitude  disiribution in the  exit pupil llfk! = u k) Pik). where kK

re""[/\di"

\e e resobving power s delined by the highest transmilted spatial Drequescy. the

resolving, power s determined by the width of the exit pupil and the transnission

fanetion s uney (or an abersation-free system Aberrations degrade the perfotinance

of e svstem, deading to valnes of  the transmission fusction smaller thage ity

i aneans that the strength of these spatial Treguencies s nod Pl ransntted. A

quatlitative exdtnple 5 sketehed in Fig.

If. as snother exemple. we consider the case ol an incolierently illunnated obgect, we

Pl from eq. (62 tie following relation hetween the inten=ity <istributions in the

mzree and object plane, l.l(ri) and IU(rU). respectively:
2
ir ) = jlun-“n [ur T )] dr, 1
I this example, the object s charactersed Dy itsintensing distalation. Such a
silbation  aries el i Tuorescence muctoscapy. The  rapsmission  Ninmetion s now
||!('I'l I'“}i"J_ the Fontier transform of which deseribes the transmission ot the spatial
frespencies, e corresponding ransfer function is the Fotrier transform ol II||"‘.

which i~ The ana correlation fnction of 1
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Fig. X1 Examples ol transfer fnctions
Alik) - J dk k) +iktk) (%.2}

For the case of ideal nnn_u'in.g (1 lor |k]\:km“ ) AlK) is given by a triaongnkar finction

sketehed n Fig, 8.2, The cut-off is now 2k, twice the valoe of the coherent case,
I e 4

All{ k)

Fig. ®.2 Transfer function for an incoheremly liuminated object

However. i wrong 1o sav thal the resolving power obdaied  with icoherent
ihunination 1= (wiee tie reselving power of e cobierent cases in the colierent case we
deal with she spatiab freguencies in the complex amplitude distribution, while o the
obierent case we deal \\‘l’lll the spatial freguencies i the intersity distribubon.

e treatmen! of wave propagation for the case ol partial coberence s oa direa

generalisation of e present reatment and will not be discnssed here.

9, HOLOKRAPHY.

Holographiv s another way of recording an object. The methods of Fourier Oplies can
also be muatfnlly applied here. A general arrangement for holographic recording his
becn sketched i Fige 8.0 A fully coherent taser Deam s spiit by a bean sphitter
into two beans, one of which is directed towards the object, the other being directed
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Fig. .1 A general arrangement for holographic recording

towirds a mirrer which becomes atter reflection from the micror the reference beam. The
object seatters the incident beam and gives rise to an object wave, Relerence heam and
ohjcel wave llave a common urigin and consequently have a fixed phase relationship, 1
the beams are made 1o interfere vi a phutographic pate 1L an mterference pattern s
recordel, 1 the Tilm s developed appropriaiely, the amplitude transiniltanee ol the
plate is proporiional to the recorded interference paliern. The developed photographic
plate s called the hotogram and contains information about the object i a coded Torm,
bat us Jook al e anderlviag Tormalism:

fal the ohject wave at the photographic plide be denoted By o(r). where ©odenoles an

19
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arhitvary point on 1 The reference wave on 1 er). The total eomplex amplitude on bl
b=

wr) oir) 4 riry e
Fhe interfetence patiern oncH s proportional to the absolnte square of nir):
Iry o | oie) + otr) |7 (9.2)
where we omilted the proportivnality constant. Fyvalitation of (9.2) gives:
2 z ¢ " .
lir) [rir1]™t Jo(r)]” + e(rir(ry + o (£ir(r) {43}

The fiest term oon the right hand side s a background tesm due (o the  reference
wave, The remaining terms i (933 contain information on the ohicct. This information
i retrieved when we illuminate the hologram with a replica of the reference bean: he
amplitude  tramsnutlanee  tir) is propurtional to I{r). where we  will ignore  the
proportionality constaut:s The wave emerging from the hologram is now deseribed by
uiry= riry e

— e ey o P (e Potey 4 e (o (9.1
We will now fiterpret the different waves on the right hand side of eq. (0.1

pry el i nT) i A plane wave, e

v.\:|b(ikr.r]. ot when ‘l‘(l‘}]2 i conslant,
i terms is o rephica ol the reference wave, apart fron a constan mltiplicative
[actor,

\r{r‘)\zntr): if ey s oo plane wave or when || is constant. this tern s A replica
of 1he abjecl wave. For this peason, bolography s sometimes relerred v as ofijeet ety
vrimatrn bronr, el belter pame. The observer receiving this wave will perceive the
ul.lit‘('l as il e were standing in fronl of the object: he can move around and obserse
parallax. The observation s degradesd by the other unwatnted Terms,

|"’{r3n'{rp1 this letm gives tise o another type ol reconstenetion of the objedt,
calted e Zoen speyge. We o will lisenss this termin sone more detail ina menient.
|(!‘|'utl'1|z: s non- linvar relation with the objeel and does not have a directy
appealing plcsical mierpretation.

We will reviait the terms anomore detail for the important particalar case that e

20

referenee wave s oo plane wave r{rks= R.) (‘\‘|l{|kr.r1. where kl 15 The wave vector,

I s ampartant for the reconstrction of 1he ohjeet wave oiry from the tolal ekl
ey behid thie hologran, that the different terms on the vight bl side of 1)
can e shserved separately, We will show that 1his can e achioved by having, the plane
relerence wave make a sulficiently large angle of meidence on the hologram. s has
heep Tally appreciaded Tor the Tirst tme by Leith and Upatnicks. who developed this
techinique which erns ont 1o e We spatial connterpart of the carrier wave concepl in
the time domain well known from communication technigque, his beconies clear when we
stindy the Fonrier transtorms of the terms considered a moment ago:

|1(r]|2u{r} - R“: oiry is a direct reconstiwction of  Uw objert wave, s Fourier
transfom is the spidial frequeney spectrum of the object,

|2(r)n‘(r): toking  the Fonrier  transform with vespect too roowe Lind its spatial
Iresueney speclrim; ()*I(kﬂkr]. Apart [rem complex conjupation this i the original
spaticl Trequency speetrmn shifted by an amonnt ‘Zkr. We will comment on the physical
meaning of the complex copjugation in a moment.

r[rl\n(r)|": taking the Fonrier transtorm leads 1o the antocorvelation function of 1he
ohject spectram shifted by an amowit krA

For a reliable object wave reconstruction we have (o be able to chserve the
recunstricted object wave without cross-talk from the other terms, This can he dane
by choosing 1he offsel angle of the reference beam appropriately: let the relerence
Ieany be i plate wave whose wave vector makes angles 6 and o with the normal oo the
plane of ahe hologram: r(r): R“ vxp(ikl.r). The components of kl ares {hosing cosen,

k sind# sing, k ocosf). where k=wmfe. Let ns continie the discission with only - one
trasversal cooplinate, e, X At the plane of the hologram we chouse 2.0 so That

the reference wave is deseribed there by the compless amplitnde:

) = R” t“-;[)('lkl\) {00
The spatinl fregquency spectrum of the object at B determned frone
W
O(x) - (2m) e [ ()(kn) explik ) dk | {46}
W2 s

where we assumcd that tle ohject has a findte bandwidth W,

Fhe spatial Trequeney spectngn ol T oroolx) s onow given b



Wz
vixtorg =m0 exp itk -k ] k|
W2
W2k
- lzﬂa"""f I OF-K ) expiiex) de {0.7)
W2k
The speetnipn of this e is !Inl- samwe as the object spectram shifted over an amonnl k.'

+
We pow calentale the speaismn of o(x)ju {X):
+x

Flo(xwo (x1) = (227 J o(xju (%) expliky) dx

ey
w2 W
- () '“I dk_ _[ kO 0 (k) exp itk -k +K)xjx
W2 Wy
w2 w2
- om f k. j dk” Otk J07(K)) ok K +k)
W2 W2
+W
J dk Ok )0 (k 1K) 8(k #k). (9.5
X A x x
%

where #ik)=1 for [K|<W /2 and 0 otherwise.
Ihe spatial Tregoeaey spectra of Lhe terms  discussed  above have heen sketehed
schematically i Figo 9.20 We see that the spatial freguency spectra of the terins do

Gy Flrivié) Flrir)
e e e (——k—q -
- b ot Wk, ok oo <

Fig 9.2 Spatial freguency spectra in the wave cioerging from the hologran

[
[P

nut overlap i the Tollowing condilion s salislied
k > 4 W (1.4)
T 2

So the oftsel angle & has to salisly sing I (410

Duity

Weo now want to expHain how the different Tiehds m the wave behind the hologram

niabilest themsetves:

In particidar. we want 1o investigate the physical meaning ol the complex conjugate

field ot(r). This can best be done for Lhe special case of a point sonrce. This s

hardly a restriction, becanse a general object can be considered as a collection ol

poini solrces (see eq.(2.07}):

Let alie objecl point sowrce be located at the point (¥ -z ) (sec Fig, 9.3y Fhe
N -

ubject wave al a point T in the ptane of the hologram is given by:

2 ]1,'1

5

dependenee o the object  wave, we have the object fieid: e*xpli(kr—u:t)‘l,fkl‘. which

. 2 A . :
ofrz=)= a expiiky)fkr, where r=[|r—r"_| + 2 LI we lake into account the tinw
densies a spherical wave diverging from b.

+
The Tiell o (r) s a field that propagates in the direction of the positive z-axis. At

the holegram this corresponds 1o the following time—dependent ficid:

- —iwt .

olrdj=o*irje = a* exp[-ike+el)] ke,
This fiekd corresponds 1o a converging spherical wave which converges (o the point
(r.z ). Now we nnderstand that the reconstructed ohject lield corresponds to a

virtual object, while the twin image corresponds to a real objecl as shown in Figo 908

Fig. 9.3 The wave Tiekls behipd the bolugram

i

ry
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Ihe two images are each othor’s mirror images with respest to the plane ol
tolgeyam,

The pon lincar term does not hiave a siiople phivsical interpretation.
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