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Fig. 15. (a) Schematic illustration of a planar metal-insulator-metal tunnel junction.
In an actual junction, the insulator thickness is about 20-30 A, whereas the mctal electrodes

zre usually films that are thousands of angstroms thick. (b) The polential energy versus

distance in the junction shown in Fig. 152 when the applied bias, ¥, is zero. (¢} The potential

energy versus distance in the junction shown in Fig. 15a when the applied bias is ¥,
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Electron micrograph of an array of
resonant tunneling diodes.

Current voltage characteristics of diode

(G. Sollner and coworkers at MIT Lincoln Labs).
at room temperature
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FIG. 1. }-¥and G-V characteristics of 1he device under vari-

FIG. 3. The schematic conduction-band encegy dizgram of
ous magnclic Gelds 31 4.2 K.

the device when biased in the valley curtent r2gion, under mag-
netic feld parallel 10 the z direction. Landaw les els with indices -
from 0 to § are shown as shont segmeats for both the source - [

¢lectrons and the mewastable states in the quantum well. The ar- ,
row with a solid lin¢ iodicates the elastic inter-Landau-level res- | i YV 7 - = ‘
onant twnneling {3n=1 is shown as an example), and 1he one Augaaixls T !/ s —' “
with a dashed line indicales the phoncn-emission-assisied reso- . | an=p A
nant tunneling (3n =2, i.e., M, = has o).
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Fig. I. Potentinl piofile and the time evoluricn of an electron wave
pachel in & resonani tunneling system, where barrier beight b=

mV, barrier thickness d=2 pm, well widith L=5nm, average wave
number of the incident wave packel &, =4 410" m™" and wave

number width A4 =1%0"m"",

ponents, therefore there is a reflected wave. The wave
packet in the well is in a quasi-siable resonant siate and
ity amplitude decreases with Lime. Figure 3 shows how
the amplitude of the wave packet in the well vanes with

Naoli Hanapa aad Shigeru Kunooa l (
Ten, 7. Rpy s Léai{laee)

[ BEgS LN

[}
[t]
Turrw!ing Probobitlty

Tumeling Probabiitty

=]

Ky
Wove Number Enwrgy
L] ib}

Fig. 2. Schematic illustrations of the tunncling probability as a fupc-
tion of wavc number & and electron encrgy E. Definition of half
widihs I, and I arc.abo given,

IntE0, 112
20

¢5
() 05 I Hpsl

Fig. 3. Time dependence of amplitude of the wave packer shown =
Fig. 1 81 the center of the quantum well. Here, g | is 22 mormal-

Table I Lifetime t of the quantum well obtained from simulation of
a wave pachel.

¥{mY) L{am) d{nm) ring}
1 0.022

400 2
. 0.37
6.1
.23
e
350
2.
YT 110
3900

L SN VR

¥: barrier height, L: well widih, J: barrier thickwess.,

time. It is seen that the amplitude decreases exponen-’

tially. We define the time-constant of the decay as the

lifetime 1 of the resonant state. Table T shows Jifetime of

resonant states under some device parametes. As barrier
thickness increases or well width increases, the wave

packet is trapped more tightly in the well and the lifetime

becomes Tonger. Next, notice the transmitted wave

packet. Since the wave packt tunnels out from the reso-
nant state in the well, its width in &-space is J and is - -3

smaller than that of incident wave packet. The transmit-
ted wave pachkel has well defined momentum {and energy)
and its width in real space Ax=1/f; is laige in com-
parison with the incident wave packet.

Here, we comment on the choice of the widih Ak of
the incident wave packet in A-space. Since widith of
energy dastribution AE of a wave packet is given by

AE=KhAkSm, ()

the time width Af of the incident wave packet becom=s

i
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o Vi " duowet EXCH G S :

Abtract: The paper shows, for 2 ample model, how the wave [unchions helonping 10 comples cnergy
. { rigenvalues (resonance slates) can be regarded as parl of a complete sey ol dlales, contaimimg also
LA NN \ . hound siates and a conmuum of (generally complex) wave funchons This forms the b, [ 2
. | \ . ound slates and & 2 y compl a s Ao ¢ basis ol an
\ v Ma AR ASN ' 'LS tn ‘f Vo 71 .__' v expansion, which is used 1o deseribe melustic scollenng in the plane-ware Barn approaimatuon,
taking the same simple mode! for the largel

1. Introduction
Bodw a0 fen Lo b oL mesmancg

In tecent years there has been increasing interest in the theoretical descsiption of
reactions leading 1o resonant, or decaying, states. In dealing with such, i principle

A J( 4. unbound, inal states, some authors have made use of scattering states '): others have
A ? - O = ".!-_ v N ~ . d 1A e used the complex states defined by Weinberg 2}, In this paper we shall use a descrip-
AR A iy tion based on a physical definition of resonance states.
- Resonance stales were first used by Gamow *) in his work on a-decay. They are
f Uy of '“J_ ol ot f somctimes called Gamow stales.
o tpeat { LR SR U {0 ] . To describe such slales we consider sotutions of the Schradinger equation which,

- at large distances, consist of purely oulgoing waves. In other words, we require wave
t * Coeng functions which do nol contatn any incoming companents at infinite distance. This
Slanae e ot et condition exctudes stationary states, wilth real positive energics, but there exist
complex encrgy eigenvalues, corresponding to states for which the density at cach
. 3 .
{ [ viaan 4 point in space decays exponcntially in time.
. The amplitude of wuch 3 wave function increases exponeniufly i space (rep-
| . resenting the presence, at Targe distances, of parhicles emitied carhier frony a stronger
\ l Y \)Q\-\, 4\ & _\J K _(\ J\\\.l‘ \ -—“ AV N B source) and therelore the wnuil rules concerning normahizetion, orthogonalivy
RER e TS T 3 : s . ) and completencess of the cigenfunctons do not apply  bos these repsons 1l was
\( { generally belicved that the cigenfunctions hekongmg Lo resonant slales were not very
\ .
o '\! \-\ A ~ uselul tools for calealation,
1o the tast decade the propertics of soch functions have been studhed. ind an
impertant step bhas been the formutation of a useful rule tor ther nommuadizanon
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first used an arguiment based on analytic contimuatwon. 1Ths rule was adopted by
Berggren ') We preler a dervaton starting Niom the behavious of 1he Green
function ol the probiem near s poles (which include the resonanl statesy. The
normalizmon rule so obtained i physically satisfactory in that il eatends the vahduy
of the standard result of first-order penurbation theory for a change m the internal
potential of the system, by which the change in the eneigy eigenvalue is expressed as
Lhe imtegral of the perniurbing potentaal times the squarc of the wave function This
point was made by Hokkyo *). We shall consider ihe derivation of the normahzation
of resonani stales in sect. 2.

Using the relation of resonant stules with the poles of the constant-energy Green
function, ene can derive expressions for the time-dependent Green function, in
which resonant states enter in a very similar manner to bound states. Sect. 3 will
discuss this representation, and show that there is some freedom in dividing the
contribution between diserete resonance terms and a residual continuous spectrum.
The limitations of this freedom of choice will also be discussed.

Sect. 4 contains a discussion of 4 simple model of inelastic scattering, including
events which leave the targel nucleus in a resonant state. For simplicity this is done in
the [ramework of plane-wave Born approximation.

This approach has some similarity to that of Berggren 7). It differs from his both
in the arguments used and in the results. We do nol propese 1o ¢riticize his method
in particular, but we found it difficult to convinee ourselves of the validity of his
arguments. For instance we found it hard 1o see how to interprel a Dirac 6-function
of complex argument.

2, Normalization condition for complex energies

o this section we introduce the definition of resonant siates and discuss the
normalization condition for complex energies. For the sake of simplicity we shall
initially restrict ourselves to the case of & particie of zero angular momentum in a
stalic potential. The extension to higher angular momentum is straightforward, and
we shall just state’the results,

We then have (o consider the radial Schrodinger equation

wird+ A= Vn]uin = 0. 2.1

We have chosen unity in which A = 2m = 1: the energy is £ = &? where & is the
wave veclor.
We ussumie the polential {r} to by of finite range 1e

bir) = @, 1 > R, 22)

At the ongin the radial wave fanction must vanssh,

T T 23

RISONANT STATLS 345
At larpe distances, r > K, the peneral solution of {2.0) 15
ulr) = Ae* 4 He 't (]

Here the A-term represents a radislly outgoing, the B-lerm a radially incoming
wive !, The decaying stale represents a situation w which there are no particles
incident, und therefore 8 = 0, which comresponds 10 the condition

dulr}

- —thu(r) = 0; re R £2.5)
dr

We shall lubel the eigenvalues of k for which {2.1) has a solution satisfying boundary
condition {2 5) by &, and the wave functions by u,(r} Since, for real &, the relation
Alh) = B*& ) holds, it becomes evident thal we cannot satisly the wave eguation (2.1)
with the boundary condition (2.5) for any real k,. One easily venifies by using Green's
formula between eq. (2.1) and its complex conjugate together with ils respective
boundary conditions that, for Re k # 0,

L3
Imk, = — (R J ludridr. (26)
u

If we choose the real part of &, positive, which is consisient with our interpretation
ol the two terms of (2.4) as outgoing and incoming, repectively, the energy k7 has a
negative imaginary part, corresponding to an exponentia! decrease of the modulus of
the wave funcuon with time, as expected. For such siates we write

k= a,—ifi,.
wilh posjtive f_.

A negative imaginary parl of k, means also that the radial dependence of the wave
function increases exponentially with distance. Thus property of the eigenfunction
for decaying states has often led people to reject them as physically unreasonable.
Yet this increase is entirely reasonable, because i reflects the fact that we are
assuming an exponentially decaying state, and thus we see at distance 7 the particles
emitled by the system a time r/v ¢arlier, where v is their velocity, and these are more
numcrous by a factor exp (r/i1); 1 being the mean life.

The above considerations mean that the usual methads of normalization and
cigenfunction expansions are not valid for resonant stales. This is not surprising
burrause resonant states do not represent physical states of the system. In any real
physical situation decaywing states cannol have existed forever, but must have been
creaied by some other physica) process in the past. Nevcrtheless the pure decaying
stitle 15 w convenent idealization i we are notinterested 1n how it was oblained, just
as 1t is convenient to use plane waves, which alse cannot be nermalized. when we
ate not interesied in the practical limnations 10 our knowledge of the momentum.

P Thmterpetanmon s eriHy applieble i abe real pant of Lo osive, bag 10s convenient lor lormal
P poses I allow Borh sgn.
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A conmvenient way 10 conneet resonant stiates with processes of phasical merest is
via the Green tunction of the Schrodimger equation with an eulgoing boundary
cendnion.

In what fotllows we study the hehaviour of the Green Tunction near one of ats
complex poles We shatl show that the residue of the Green function at the pole &
is proporional 10 the functions w(r) and w (7). and that a convenient normahization
condition for stutes of complex energy can be oblained by requiring the factor
of proportionality 10 be the sume as in the case of stationary stafes.

The Gireen Tunction of eq. (2.1) satisfies the equation

arp
Rh B G b = B, 27

with the boundary conditions al r = 0 and r = R given respectively by

G0, ¥ kY = 0, {2R)

o — kG, e Ry =0 129)
A

[.‘f;(a. [y

Near a complex pole E, = &7 the behaviour of Gir, r': k) can be expressed as

Clr.r
Glr,r'ih) = k;‘E 1,’ +lr v, (2.10h
where O (r, r'} is the residuc and x{r, r'; &} is regular a1 &,. Let us substitute (2.10)
into {2.7). Rearranging terms the result may he writlen as
! {(’z('_tr‘ r')

r“‘,r‘lr. k)
e |

+ [AT= F(R]Cir, r'l} + { - + A= V(A Yrlr k)
ir

ot
7:5(r+r')} =0, (21

Next we add and subtract in the above expression the quantity k2CAr, r)j(k® — k%)
and take the limil as k? - k2. For consistency the terms containing (k¥ —4&3) !
and those hiving a constany limit as k — & must cancel separately:
Crpe
O r,r) . . . ,
o, Ak B C e ) = 0. 212)
ior
s

;
Y AT SRR E S NPT P T S SN G T S I | (AR
art

T noss com ement 1o substiaie (2 Hgpinto the boundisy conditions (2 81 and (2.9}
We then proveed as i the previous Giseand ke the ine k2 - &7 we obtam,

C TN, [ARE
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AQ k) =0, 12.15)
and also .
{ ¢ ’
l L CAr ) gk O, r']} =0 {2.16)
AT '
’ trrok )-ft: ;E:[r vl =t caron, @21
(‘r"'n -,v-.”l 2%, "

We note that eq. (2.12) for C,(r, ") and its boundary conditions (2.14) and (216} are
identical with eq. (2.1) for the Tunction v {r) and its boundary conditions, (2.3) and
(2.5). Therelore the two functions must be proportional:

Cr.¥) = uinPir). (2.18)

In order 10 obtain an explicit expression for P{r') we consider Grccn‘s.furmula
between Lhe cquation for ir). {2.1), and that for ytr, r'; £),42.13). Integration from
r=0tor = Ryilds

A "

udr)C gr.ridr = J u, tridir — ridr, (219

o

[utriytr e sk}~ xirr's kit (1] + J-

o
where the prime denotes the derivative with tespect to the vanable 5. Using the
corresponding boundary conditions (2.3), (2.5), (2.14), (2.17), and eq. (2.18), we
finally have

Py =y (2.209
J wieidr + (i A R)2K)
0
Therefore the residue of the Green [unction at the pole may be writien as
Cirrye o A 221)
e + 4720, A R)

o

The appearance in (2.21) of the denominator suggests as 1 chuice ef normalization
the condition

" ,

! i)

j wiedr+ o Ry = | 12.22)

o 2"«

It is casy to verify from 2.1y and (2 5) that the appearance of Ron shis condition is

spursous, and that the condibon reminms vahd for any ¢howe of B large eoviagh 10
5 N " L] . . 1

mike the potential vanish ot hound states the limil B+ ¢ can be lhenand ¢2 22

then s the useal normatization rule. .

The normalization condition {2 223 is cquisalent to it suppested by Zeldavich
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using an argument bused on analytic continuation. Choosing a normalization
selated to the residue a1 the pole of the Green function was suggested 1n the specal
case of the Lee model by Araki er of. ") and Goto ).

It is interesting 1o see that the normalization convention (2.22) has also a useful
physical consequence in dealing with first-order perturbation theory. If one adds o
the potential ¥'(r) a small perturbation 8¥(r), which is assumed to vanish beyond R,
then the change in the energy of a bound state is, Lo first order in oV{(r), by standard
perturbation theory,

L]
LI j SV rpdirydr, (2.23)
0

provided uir) is correctly normalized, With the conventien (2.22) the first-order shift
of a resonance level is given by the same expression. This is easily shown. Let usadd to
the potential of (2.1) a small penurbation, which is also assumed to vanish beyond
R, then both the wave function w(r) and the energy k2 change by small amounts.
_ The new function & (v} will thercfore satisfy the equation

i+ {K~ Vinlan = o, (224
with the boundary conditions
id0) = 0, {2.25)
da,
[? - lf.m__]"'l =0 {2.26)

Using_ Green's formula between the equations for w {r) and 4. (r) followed by in-
tegration from 0 to R, and the boundary conditions {2.3),(2.5), (2.25) and (2.26), we
can wrile Lhe result as

X
I ulrl{ Pirk— ¥ir)]a trdr
(5’;3 - [37*1 = .20 R

L
J e fridr +Gifk 4 K Ju L R)i(R)
9

(2.27}

Tuking the limit &, — w, and &, — &,, we find the change in energy to first order in
&¥(s) = ¥{r)- Vir). With the normalization convention {2.22) we obtain 1he same
expression as in the case of a bound state. ic. ¢q. (2.23). This result was noticed by
Hokkyo ®), who also expressed the normalization condition in the form (2 22).

For higher partial waves, analogous arguments lead 1o a boundary condition like
(2.5}, but with ik replaced by &L (kR). where

FAARY = Bt RY AiAR) 12.2%)

w the leguriihmie derivative of the Riccati- Hankel fungtion, hix)y = By vk being
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the sphenical Hankel function. The normalization becomes

b d

wirdr +ud(R) [ -~ (AL,(AR))l 2.29)
o L] dkl -,
The same arguments can be used 1o denive the normalization condition for a many-

body system, but its formulation is lengthy and wili not be given here.

3. Time-dependent Green function

In the present section, we apply the result of the preceding section relating the
resonant siates with the poles of the energy-dependent Green function, to derive
expressions for the retarded time-dependent Green function, in which resonant
states ‘enter in a very ‘similar manner to bound states.

Since the retarded time-dependent Green function yields the sclution of the initial-

- value problem for the time-dependent Schrddinger equation, we also discuss

expansions of the time-dependent wave function in terms of bound and resonant
states.’- - o
- I is well known that the retarded Green funclion of the time-dependent wave

" cquation, which serves to oblain the time evolution of the wave funclion, may be
© eapressedas o i

"‘ et T fivwm
. ﬂr,r’;l):z—l’lj Gur, ¢ k)~ dE, Can

where the integration in the E-planc passes above any singularities of G(r, r'; k).
Inthe present onechannel case, the discussion is simpler in the plane of momentum k.

“TThis is due to the fact that, as a Tunction of energy, G(r, r'; k) is no longer single-
' ‘valued, because it has different values for k and —k, which belong 1o the same energy.

"As in the previcus section, we shall, for the sake of simplicity, restrict ourselves 1o

- -the case of zero angular momentum. It follows then that G (r, r'; 1) satisfieseq. (2.7)
" and thal g(r, 7*; k) obeys the one-dimensional equation

¢ . .
(t’ i H)g(r. i) = idr— i), (K]
O
where the Hamillenian # is given by
?
I = i + ¥i{r). (3.3)

Ft is well known that for finite-range potentiaks ! we may write the Green function

Y Actually expression (345 temains valid for o more peneral cass of patentals, namety (hose sty i,
ehe comdiinnsy o 1 grpde < a and o)l (bpde < s
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Gir.rik)as

Gir. 'kl = —@th.r 1fthor 1 K 134y

where r_ indicates the smaller of r and r'. and r . Lhe targer. The function k. rpis
regular solution of the ime-independent Schridinger equation {2.1) with boundary
condilions at the ongin ¢ik, 0} = Oand ¢'tk, 0) = L. the function f{k, rhrs irregular
at the origin and is defincd by the boundary condition .

flkry=¢" r>R

finally, J(k) = f(k, 0} is the Jost function.

1t is also well known that for finite-range potentials G{r,r’: &) has an mfinite

aumber of poles corresponding 10 the zeros of the Jost Function Jtk). These poles are,
excepl in special cases, simple, and we shall assume that this is the case. They are
distributed in the complex plane as shown in fig. 1. 1n general they lie either in the
lower half of the k-plane or on 1he positive imaginary axis. The latter represent
exponentially decreasing functions and belong 1o bound states; the former are
‘associated with exponentially increasing funciions, which are called anti-bound
states when 1he poles are situated on the ncgative imaginary axis and resonant
states otherwise. Actually, we shalt be interesied in & description involving resonant
poles situaled in the fourth quadrant of the complex k-plane such that Re
k, > [Im k| > 0 These poles for which Re E, > 0, Im E, < 0,are commonly called
proper resonant poles.

In the momentum plane, the integration contour of eq. (3.1) becomes the contour
co shown in fig. {. Since we are interested in the physics associated with the known
poles, we are lempled 10 try 1o close the integration contour in the k-planc. However
the factor eap (—ikr) diverges at large distances in the upper right and lower leht
quadrants, while it decreases rapidly, for reasonable ¢, in the other two directions. One
can verily that the variation of Gir, r'; k) with k is at most exponential. This lollows
by looking at the behaviour as jk} = oo of the functions @ik, r), fik, ryand Jik)as
studied by Newton '), and then using eq. (3.4). Hence the behaviour of the integrand

Imk . Lm ll':
-

‘ ‘ 1

)

€. A s
e LTI N A M e
. v g ;
. r - Rek - \.\ e Rek
. . v . N .

| i . /

Fig 1 1ocanon of poles in & planc Ty 2 Contow of siecpesl deseent Inr nime
toctor
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in{3 1) at large & 1s dominated by the factor eap( -1k 24y Asaresult it pot possible
1o remove the whole contour to infimty, but we can deform itin the wecomd and [ousth
quadrants. One wseful chonee is Lo deform the contour as shown schematically v hyg 2

The straight line is the hne of steepest descent of the factor expl- 430, and
should lead 1o 3 moderately rapidly converging, and non 100 raprdly oscillating.
integral for not too short times. By deforming the contour we have passed over same
poles of Gir, r'; k), weluding 4ll those belonging to bound states, and the proper
resonant states. We may now write the time-dependent Green function in the form

gir.ritl = Z u (i gre” il y ! I zdze TGl F vk [RIR)]
» n -

Here the summation includes all bound states and all proper resonant states. 1n the
integral contribution we have made the change of variable & = yr, where 2 is a real
variable and y is an abbreviation fory = /=i = /1! - ¢ This simple representa-
tion of the time-dependent Green lunction was used by Schefller "y,

It is convenient to combine, in the integral term of (3.5), the contributions {rom z
and -z, so that the integra"l becomes

1 (=
- J- wdze P [Gln Y - Gl — )] (3.6}
o

The difference between the two Green functions in the bracket is, as a function of r,
a solution of the homogeneous Schrbdinger equation, as can be scen by sub-
tracting (2.7) for opposite values of k. Thus the dilference is proportional 10 k{E, r).
the solution of the Schrédinger equation for energy £ = — iz, which vanishes at the
origin. Because of the symmetry of the Green function, it is also proportional to
ulE, r'). In order to wrile (3.5) as

ginrin =Y ulrutre 4 I JdEu(F, E. re amn
L) o

we have 1o choose a suitable normalization for u(E, r}.

In order to have (3.6) take the form (3.7}, we require thal

z!ntc(r, Pk - Gl s — k)] = WE. rlalE P (1%)

From the defining equation (2.7) and the Schrodinger equation for u( E. ry one casily
derives by cross multiplication and integration

wlE, RIGTIR. ' k) ' (E, RWI(R, 7, A =L r) (39)

where the accents denote derivatives with respect 1o r. The same equation is also
valid for G(r. r’; — k). Using the boundary condition (2.9) for the Green funclions,
we find

Grriah- - T
W E RV T hallL R)
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s0 that

i kulE, RJulE, r'}
IR\ R -GR Y —k) = — - 202 T iio
Ry M- GIR ' —k) alu(E. Ry + kI E, RV7] 310
The convention that will ensure {3.8) is therefore
u(E, R+ K*uE, R = k/n. 3

The lefi-hand side of (3.11) is independent of distance beyond the range of the
potential, so that the equation also holds for any radius greater than R. I is easily
verified that for real positive energy (3.11) becomes the standard normalization (per
uni{ energy) in the conlinucys spectrum.

For the Jth purtial wave, the same argument leads to the result

[WiE. R)— k L{kRWKE, R)[W(E, Ry~ k L{— hRWAE, R)] = .zfu [L(KR}- L~ kR)],
{3.11a)

in place of (3.11). Here L, is the logarithmic derivate of the Riccati-Hankel
function, as in (2.28). Itis again casy 1o verify that (3.11a} is independent of R, and
that for real £ it reduces to the conventional normalization in the continuous
spectrum.

Let us now discuss the solution of the initial-value problem in which the wave
Tunction is given, a1 r = @, in terms of an expansion involving bound and Gamow
slates. We have

Vi) = J g, r gy, O, (313
o
where y(r, 1) obeys the time-dependent Schrodinger equation
3
(.' ‘ kH) .0 =0, (3.13)
&

and H is the Hamiltonizn given by (3.3).
Substituting {3.7) into (3.12) we find

—im
Ylr.ny =¥ aulre g _[ MEWE, r}e 'EE, (3.14)
[ o

where the coeflicients a, and 5(F) are given by

d, =J u (ri(r, O)dr, (3.15)
[}

KE) = I;:(E. . Oxdr. (3.16)
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If the iniial wave function @{r, 0) vanishes beyond a certain range, then the integrals
(3.15) and (3.16) involve only finite integration and rais¢ no problems. If, however, the
initial function decreases only exponentially, say as exp{—ar), for large r, then the
integrals diverge if the imaginary part of k,, or k = yz, respectively, is Im.s than ~
In thal case we can deform the contour ¢, as shown in fig. 3. The new integration
contour runs parallel 1o the real axis from some suitable points with imaginary parts
—o and «. The summation in (3.14} then includes only poles above ¢,

It is convenient to observe that the normalization condition for continuum states
of complex energy depends only on E, but not on the shape of the contour. In
particular for @ = 0, when the sum includes only bound states, and the inlegrul

mhk

Fig. 3. Inlcgration conlour suitable when the wave funcuion goes asympiotically as exp{—r).

extends over real positive energies, it is casily venfied that the rule (3.11) for the
normalization of u(E, r} then reduces to the usual rule for normalization in the
conlinuous spectrum. . ‘ .

1t 15 inlefesting to observe that relation (3.14) can be applied at time r = 0°, and
then amounts 1o expand a general funclion in terms of a sum over bound and resonant
terms, and an integral over a continuum. Thal means we come close 10 treat resonant
states as part of a complete sct of eigenfunctions. 7

In this we should note some limitations: the completeness in terms of a specific
contour applies only il we restricl the space of functions to be crfpanded to those
decreasing fast epough at infinity. The most mmcnicpt contour, i.e. that of ﬁg..2,
which presumably gives the most rapidly converging integral term, goes only with
functions decreasing faster than any exponential. If we want 10 be able to expaad
any (unction decreasing exponentially we may use the contour of_ fig. 3. In the case of
Tunctions dccr:ﬁsing less than exponentially we take a — 0. This leaves us with the

Jconventional [ip[escqlal,:on‘_iq jerms of bound states and a continuum aver all real
posifive cricrgi'c_’s,l e s ‘ _ .

The other limitation is that the coefficients o, and h(E) cannot be interpreted as
probubility ziil{['a!illudcs. singe the sum of their square moduli dqcs nol add up 1o the
nGrm of the expanded funcuon. This is related 1o the occurrence in all these equations
of the square of an ergenfuncilion, not its square madulus.
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Nevertheless GGamow states can be useful in dealing with practical problems, such
as in¢lastic scattering of particles, resulting in an unbound state of the target. This
is the subject of the next section.

4. Inelastic scattering

We consider a simple reaction model. We believe that it contains the essential
qualitative features of more realistic models and that it is adequate to discuss the
main characteristics of the idea of using Gamow stales as final states in direct
reactions,

We assume a “nucleus” consisting of one particle, coordinate r, in a potential
V{(r} in the same units as above, initially in its ground state xq(r). The nucleus is hit
by a projectile, radius vector £, which interacls only with the r-panicle, by an inter-
action w(r—§). Hence the system is described by the Schridinger equation,

a

[iél —H,—'Q]d’('.{- 1) = wir - {W{r, §01) (4.1}
where T, is the kinelic energy of the projectile, which is assumed to have initial wave
vector p,, and M, represents the nuclear Hamiltonian. i wi{r—{) is regarded as
small, and its square neglected, this amounts Lo the first-order Born approximation.
To first order we then have to solve the equation

-
[.- ‘; -T,- H,] Br, 8or) = wir—Le'n Cpghrie et o, (4.2)

whete E, is the ground-stale encrgy of the nucleus.

We want 1o know the transition cross section for colhisions in which the projectile
is emined with wave vecior p° = p, + ¢. Then we may project from (4.2] the Fourier
component of wave vector p’ in &. This is easily done by first [orming the Fourier
transform of @(r, &; 1) with respect to the coordinates of the scatiered particle, i.e.,

Pir, i = Jdp"c"” fem "w'.(r. . a3

where ¥ (r, 1) represents the wave function of the nucleus Then we substitule the
above expression into (4.2) lollowed by multiplication by (1/(2n)")jexp ( - ip, - ).
and integration through space. We are left with an equation for ¥ _(r, 1), namely,

a . .
[ib; *”-]‘J‘Ar,tl = Wil Txlrke M = Fare T = Flr, (44)
where ¢ = E°+p..' —p" is the final encrgy of the nucleus, and w(q) 1s the Fourier
transform of the potential wir— {} with respect Lo the {coordinates,

We denote the right-hand side of (4.4), which acts as ihe “source” n out in-
homogencous equation, by F(r.r). The left-hand side of ¢4.4) s the tme-
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dependunt equation for a Hamiltonian of the same 1y < as that discussed in the
previcus sectinn. The most obvious suggestion would he 10 use the time-dependent
Green funetion, g(r, r'; 1), to solve {4.4) for . (r. 1} and then find the norm of the
latter. However, the Lransition probability 1,(r) to all states in which the projectile
ends up with wave vector p’, which is the quantity of interest, is given by the norm
of g, (r. 1) ie

0= j.dnp;:r. 0, r.1) @5)

This would require computing the space integral of the square modulus of an
expression of a form similar to (3.14) and would be very impractical. Instead we
notice that, by the usual continuity arguments, one can derive from (4.4) the retation,
a3 | - 1 .

3 Idrw:.(r,lw'tﬂ 9= J-dr[\b:.HUt',u¢,.(Ha}:',]']+ i Idr[w: F,- W, Fi1146)
Since H = H* it follows, by using Green's theorem, that the first term on the right-
hand side of {4.6) vanishes. Consequently, the transition probability, at time 7 after
the beginning of the collision is,

1 "
L= Ldl'-[dr[w:.(r, COF g )= §, (r 3 0] @

This is now a linear relation in ¥, (r, ). Since our quantities depend on vectors, in
order to use the ideas presented in the preceding section, one should consider an
angular momentum representation of relation {(4.7). However, il is more convenieat
1o continue the analysis in the present form and work out the angular momentum
representation afterwards. Therelfore we note that, in the present situation, the
Green function associated with y . (r, 1) obeys the equation,

a
[i a H,] or, Fit~1) = ib(r—rde - ). 48)
q
We impose the causality condition

glr,rit=10)=10, r<fr. (49)

Consequently we may write the solution of (4.4) as
1 ¢
l}l'.(r‘ N= J.dr'J degire, rit— I')I".{r'}(‘ o [ERIU]
' 0

Using the Fourier transform of g, as in (3.1}, we obtain an cypression in which the
lime integration over + can be performed without difficutty. Hence

PRI

v ir = 2; Jdrl"dn.u. CE g o WM




450 G GARUIA CAL DI RON AND R OPEFERES

i ¢ @in e or the
where 4 = ¢ - £ and E = k% Lsing this result in (4.7) we obtiin a result lmnmt.
o probabi . a3 : JIHT
transitivn probability which van be further simphfied by performaing the rem I3
time integration. 3 we define the quantity £,(1) by

L e R | I
htiy = r[dl p =, a2

(4.4}

the transion probability may be wrilten as

i F Gl 7, kW BN T K
L= - _||u(q)|1 Im {jdrc' " 'x;[r]Jdre‘ Xul”'[udflﬁ(f-' g ):,U)}
n

i ackets in lerins of spherical
It is now convenient 10 expand the expression in curly brackets in IFm:Iun :ﬂs nesl
harmonics, We assume for sumplicity that the gruundajéie wave fun
angular momentum and is real. The transition probability becomes

4.14)
1) = ¥ L UN (
i
i i 4 [ tum 4, is
where 1.(f}, the transition probability to a final angular momen

. .. 15
10 = _! |w(qnzi2f+1}J-drj,(qrk:ulr}fdr],(qr')tlulr)lmJ‘ dEG(r, r'; k¥igh). (415}
? ™ o

Here j(gr). u{r} and Gfr, +'; k) are, respectively, the !lhrsphcrical ?css:lot;‘uncllon.
the rac'hal ground-state wave function, and the f-wave rad{al t’."nocnr unc :.'03; of the
We may evaluate the energy integral in (4.15) by & sunal::e de| zr}l:;:n g3
i tour is the one . 3.
. In the present case the most convenient con I is | i
;%Tg::p:):c of:gis choice, as discussed in sect. 3, is to avoid divergeni radial integrals.
The partial transition probabilily now becomes

16)
1) = 2w(@*(2/+ 1) Re { ¥ Fltghe 0+ T F.’.lq)h;.(rH_[ dﬁfi(qwﬂf)}' 14.16)
r » r 3]

i and
where the subscripts b and r stand, respectively, for ?)r:)nnd and r-esonanl ;talc:, o
the wave vector k lies on the contour c,. The quantities F (g} witha = borr,

F,, arc the matrix elements

Filgl = jwi.(qf)"o(rlu.(r)dr. 14.17)
0
Flg) = jj,(qr)uu(r)ME. ridr. (4.18)
Similarly the ume factors A, (1) and A {1) are
it el 419
h {1y = 4.7 4 {419)

A
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it
hfny=-" - 1, 4.208
4, A7

where, af course, 4, =t ~F, and 4, = &~ F For bound states E, is real. How-
ever, lor resonant states E, = e, —4il", is a complex quantily, as are thevalucs of £
onc,.

From the expression (4.14) for the transition probability we can obtain the energy
distribution for the residual “oucleus”, by considering times long compared 10 the

natural periods of the system. For bound states, for which F, is real, the time factors
reduce to

21 - cos A,1)/4} = 2mid(d,),

which is manifestly linear in ;. For complex argument, on the other hand, the
exponential terms in the time factors (4.19) and (4.20) are small, and 1he leading
lerm is again proportional 1o ¢. The differential €Toss section is
d’c 1 g

e m o Ly, 4.21)
A dE" 42n)® p & T
where £ = p? i5 the energy of the scattered panicle, and @, 18 the transition
probability per unit time to a state of angular momenturn /;

1
Wy = ) = i+ u{za T FAHE~E)
»

+ L RF - FYNE =)+ 47 (F2 4 F22) [ }
I T P T A r +R dEFt 4 . 4R
- (€—c)+1r2 ¢! ., w/dg (4.2

It is convenient to introduce the real and imaginary parts of the complex matrix
element £,

Folq) = x,l9)—ip, (g (4.23)
We may then write (4.22} in a slightly more transparent form:

1
Wy = 1) = IIMq);’!2!+ 1) {21: L FiHe~E)
. 1]

- PO Oty f af8). 2y
. - +ir? o A

We observe that bound and resonant states contribute clearly defined terms, cach

peaked af an energy corresponding 10 an excited state of the “nucleus”. The integral

term, as well #s the distant Llerms in the sum, coninbutc a background which is, ip

principle, well definidt, and vhich will vary slowly with energy. The coniribulion of

each resonant term 16 the differential cross scction s real, but pot necessarily
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positive. However, if a level is narrow, compared 1o its dastance from 1he adjacent
resonances, its wave funciion is predominantly real, and its contribution positive,
1M the levels overlap there is no reason why some contributions should not become
negative, as tong as the total remams positive,

5. Discussion and exlensions

The main result of sect. 4 is that, for a moderately narrow resonant state, the
transition probability can be computed exactly as for 4 bound state, using in the
integral for the matrix element the wave function with the normahzatien coavention
(2.22) or (2.29). This result has been oblained for the very primitive model of scct. 4,
and in first-order plane-wave Born approximation.

The extension to distorted-wave Born approximation is straightforward. The
main further complication is that the right-hand side of (4.4) becomes less simple,
and depends no longer just on the momentum transfer, but separately on the
initial and final momentum of the projectile,

For real nuclei, containing more than one nucleon, the normalization role (2.29}
can be generalized. The first term becomes an integral over the “internal™ con-
figuration space, i.c. the region in which no nucleon is further than R from the
centre. This region is bounded by many channels: each corresponding Lo the escape
beyond R of a nucleon of given angular momentum and spin, Jeaving the residual
nucleus in a given stale. The second term of (2.29) now becomes a sum over
channels, each having one nucleon at distance R and involving an integration over
all remaining variables. Difficulties arise, as usual, wath channels involving the
escape of lwo or more nucleons, since their inleractions are not necessanily negligtblie
when they are beyond R.

The Green function now becomes many-valued, with a square-root type branch
poind, as a function of the eneigy, at the threshold energy for each channel.

Conltour integration similar 1o that in sect. 3 now leaves a continuous-specirum
type integral starting from each of these branch poinls. As in sect. 3 it is convenient
to avoid violent oscillations in the integrals by following the line of constant phase
of the dominant factor exp{ — iEr). This line is a vertical in the encrgy plane.

In fig. 4, ¢, shows the cut in the encrgy plane which is the image of the &-plane
contour ¢, of fig. 2b. Similar cuts ¢, ¢j, . .. starl from the new branch points, and the
generalization of (3.7) contains an integral along each of these culs.

Swinging the cuts down from the positive real £-anis, which ss their conventional
position, opens up a number of poles (which, with the conventional chaice ol cur,
would be on unphysical sheets of the Riemann surface), and they will coninbute
discrete decaying terms as in (3.7).

We have not investigated the distribution of pales which will appear exphcitly
with this choice of the cuts. It is plausible that they will include all long-hved
resonances of physical interest, bul this needs further dieussion,
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ImE
ImE
ReE
ReE
€, [ [ Gl
Fig 4. Cuts and contours in energy plane for Fig 5. Ay g & but for wave functions with
multi-chacnel problem. exponential ta:)s 1 all channels.

il one requires the expansion of a function which decreases exponentially at large
distances, onc has to bridge the gaps between the cuts by lines limiting the imaginary
parts of all channel momenta whose thresholds have been passed, so that the
generalization of fig. 3 would, in the energy plane, fook somewhat like fig. 5. If we
wish to combine the contributions from the two sides of each cut, so as 1o maintain
an expression of the form (3.7) the contour must reach and leave the cut at the same
point, as in fig. 5. One simple way of achieving this is lo choose the contour as a
horizontal line in the energy plane.

We have not studicd the general expression in detail, but it is clear that, as in sect. 4,
the differential cross section for inelastic scattering will still consist of discrete con-
tributions from the bound and leng-lived resonant stales, plus a continuous back-
ground, which may be expected to vary slowly with energy in the resonance region.

The discussion of this paper was based on finitc-range interaction and well
potentials, but it seems clear that there will be no essential change if either the
interaction or the polential well has an exponential wail. This must, of course, be taken
into account when choosing the limiting contours as in figs. 3 or 5. However, the
reasoning used here will fail completely if Coulomb foroes or other interactions
varying as & power of the distance are to be taken into account.

This work, begun in Oxford, was completed in the National University of Mexico.
One of the authors (G .G ~C.) would like 10 acknowledge support in Oxford from the
Nationat University of Mexico and the Consejo Nacional de Ciencia y Tecnologia
of Mexico. R.P. expresses his gratitude for hospitality in the University and the
award of the Elena Aizen de Moshinsky Visiting Professorship.
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238 TRAS:i1SSI0J AND RESLECTION TL{ES FOR EESONAMNT TUSKELING

We alse present a derivation for the

dwell time in YLerms cof the phase
derivatives, for transmission and
reflection, alternative to that of
refs. (8) and [7] . This derivation is

time independent and leads to the same
expression obtained by Hauge et.al.[7].

Let wus first consider the time
independent derivation of the dwell time
in terms of the energy derivatives of
the phases of the transmission and
reflection amplitudes. In deoing so we
apply an argument invelving Green's
theorem and the Schrodinger equations
for y and @ E,x)~8E [18). Consider the
Schrédinger equation for an electron of
mass m and energy E incident from the
left, =<0,

2 QH

W E, 3O+ [ V(XD -EICE, x> =0 €1

2m dx

whera V(> 1s an arbitrary potentlal
profile in one dimension which
vanishes in the region *x<0 and
x*l.. Beyond the range of interaction the
solutions to ©q. (13 may be writiten in
the usual form, WE.> = L{kdexplikx2,
and wWE,x)z explikxd+rlklexpl-ikxl,
wwmvmnﬂ.v\m:\. for x2L and x<0. Here
«=t2mE>* % %, and tCkd and rCkd stand
Tor the tranmsmission and reflection
amplitudes. Let us write the energy
derivative of eg.{1),

NN _\
(-2 9 eveso-m1 ¥R e 0s0

ca

2m  dx® at

multiply eq.(2> by Glnm.vnu and substract
the complex conjugate of eq.(12 times
I E. %D /IE. Integrating the resuliing
expresion along the region of
interaction yields, after dividing by
the incident flux .H.r =Ax~-m, Lhe dwell

time TCED.
L
m 2
TCEd = ‘_.__\_ dx =
[»]

L 3

£, 2% Sy 2y L ,
- . - > ¢

= -7x ¥ axeE ~ STeE 2Tax e 3

Substitution intc the previous equation
of "the solutions of w at the end points
x=0 and x=L yields,

1,2
m R

TCED=ALTE +Re* 1+ e [ TL+ " singl (45

Noting that our derivatives are
E-derivatives and those in ref.[7] are
w-derivatives, it is straightferward to
see i‘hat our expression for T, eq.(4),
ts identlcal to eq. (5.8 of Hauge
et.al,.{7]. It has been shown in refl, (8]
that for arbitrary potential prefiles
there are actuwally two different values

for the dwell time, each correspondi ng
to one or the oiher incident dirasction.
In the case of a sharp isclated

resonance of total width [, i.e. E >3
res

and AE >> [ CAE being the distance

between m_.mm and the nearest rescnance)

it is well known that the phase
derivatives at resonance energy are very
large. This is related Lo the fact that
the electron spends a much longer time
within the interaction reglon 0Sx<L tha*
the coiresponding Lime rou__ﬂ-\Ex in the

absence of interaction. Since, in
addtion, we assume that the resonznce
occurs far from threshold energy (E=0D,
the contribution of the last ierm on
the right nand side of eq.(4) may be
neglected and consequently one may
write,

o= AL T8'+ mﬁn.ur“_ (43}

where Lhe subindex oL in the above
expression indicates thatl scattering is
from the left. Similarly for an electron
approaching tYhe system from the Tright,
the dwell time reads,

4rcnm_.o-u| nil Te'+ mﬁrou (B
In writing egs. (5) and (S) we have made
use of the properties of flux
censervation and time reversal
invarjance of the 2x2 M-matrix
associated to scattering in ore
dimension, which for the transmission
amplitudes imply the relationship

roru_..rnnﬁ and hence the cerresponding

1¢ * =gt =g
phases fulfill mor m_..o &' [19,201.

In a previous paper [S] we have
derived an =zlternative expression for

the dwell tLimes = and T In this
oL Lo

approach the rescnance energy and the
total width correspond, respectively to

the real part., m... and imaginary part.T,

of a complex pole of the propagator of
the problem. Near resonance ene-gy one
may write the dwell times ag (D],

nre
7, CEd= P €7
CE-E 2%+ 1
r P
and
n ot
T (Ed= B
Lo

CE-E 3%+ ?
r ~ 4

width F=r'?+rY and the

partial decay widths ° and r are

associated, respectively, with the
crobablilities of electronic decay
through the end peoints x=0 and x=L eof

the potential profile.(Nolice r.Jmon. in

where the total

writing I', we have absorbed intc I and

r* the 12 factor appearing in rel, [(G]2.
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240 TRANSMISSION AND REFLECTION TIMES FOR RESONANT TUNNELING

172, .,..orn.......ung =2AT, which confirms a

result by Collins et.al.[B). This is the
resonant tunneling situation. The other
limiting case occcurs when we have a
closed channel, say, r*=0 which means
that electrons can not enter or leave
the system through x=L. Therefore T=0;
.«orn?ﬁmru#k\_x. which corresponds Lo the

resonant reflection situation [21), and
is reminiscent of the three dimensional
case for zero angular momentum [&2); and

T o=0. The above two limiting cases
provide unambiguous meaning to the
notion of +transmission and reflection
times. In gensral, however , for

arbitrary potential profiles the dwell
times, as Jis evident from egs.(5 and
(6, depend both on the transmission and
reflection phase derivatjives weighted by
the corresponding scattering
coefficlents T and R. The previous

discussion suggests to ..S.:.G a
transmission time as 7 =8’ and
r WHH ection times as 42."?90.. and
ﬂrougro. Hence at resonance energy, for
each incident direction, the dwell
times are giwven by,

r =Tt +R7’ T _=Tr'+Re’ 2o

oL oL Lo Lo :

An interesting consequence of the
above cconsiderations is that for the
slightly asymmetric potential discussed
above, i.e. with [ =[""+4A, the one for
which T"» A, egs.C170-€19) give,
-.w.mvanw»ﬁwpu? for the transmission time
.w..un)\_.r. and for the reflection times

7 a2hsp and T = ~BA/A € Lhe minus sign
oL Lo

here indicates a time advance). That is,
the reflection times become much larger
than the transmission time, As
discussed above this occurs for energies
within A of tLhe rescnance energy m_.. In

fact it follows, uwusing eq.(S), that
these times correspond to a value of
the reflection coefficient R~ Dn\ﬂ..nm
cr®-r>*cr® +rtat 1. Notice howe ver
that the above situation refers to a
limiting case. In the other limiting
case, that corresponding to a closed
channel . wae have obtained that the
relevant reflection time is twice the

transmission -time. Therefore, the design
of potential profiles intermediate
between the above limiting cases, will
always provide reflection times larger

vol. 71, Ha.

than the transmission time and may lead
in the foresesable future to
experimental distinction of these times
as may be expected given the recent
advances in experimental technigques for
time measurements (23], On the other
hand, the dwell times, for very small

b, remain of the same order of

magnitude as the transmission time since

R’ and Rt"  are both of the order
oL Lo

A%« 1; while for very large A, Lhe
dwell times are of the same order of
magnlitude as the reflection time since

Pe goes like rtocariea 1.
results of this work are

The main
eqs. (142-C18) and eqs.(1732-(183 which

relate, respectively, the phase energy

derivatives &', ' and ¢’ , with Lhe
oL LO

partial decay widths rana r* near

rescnance energy =-im a Breit-¥.gner

fashion- and at rescnance energy mn.

Another result refers to eqs. (5, (6

and (20 for the dwell time as a
weighted average time. Our results are
valid for the case of a sharp isclated
reschance far from threshold energy. We
must remark that for resonances near
thresheld the assumption that the last
term of eq.C4) is small is certainly not

valid, Therefore, even at resocnance
energy, the identification of the
transmission and reflection times,
respectively, as HA8' and Mg’ may not

This needs further
study. One should mentien that other
approaches [10-161] have paid little
attention to the situation at resonance.

hold in that case.

However, Biittiker {13)] has shown that
for a resonance abeve a symmetrical
single barrier the dwell Lime is giwven
by A8*'. The relation bet ween these
other approaches and the present work
requires alsc further study. Another
result of this work is the time

independent derivation of the dwall Lime
given by eg.(4l. This derivation shows
that, despite claims to the contrary. a
stationary calculation gives the same
results as a wave packet approach, at
least for a sharply peaked wave packet
in k-space,
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THE EFFECT OF ASYMMETRY ON RESONANT TUNNELING
IN ONE DIMENSION
Gastén Garcfa-Calderén
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Apdo. Postal 20-364, Mé&xico, 01000 D.f,

(Received for publicatien 30 January 1987 by M. Tosi)

This work considers the effect of asymmetric one-dimen-
sional multibarrier potentials on resonant tunneling, It
is shown, by using the properties of the propagater of the
system, that this effect may lead to naovel resonance pheno-
mena which affect the decay properties of the quasistatio-
nary states of the system, As a consequence it is shown
that in general the full width at half maximum of the
transmission peak at resonance does rot provide the corres-
ponding lifetime as occurs in the symmetric case. The abave
considerations are iilustrated by a simple analytical sol-

vable model.

In recent times there has been an in- vided the electronic mean free path is
creasing interest in studying electronig larger than the length of the system one
transport in double barrier heterostruc- may restrict onself te consider only
tures [31. It is well known, since the elastic processes. This is the case for
pionnering wark by Tsu and Esaki [2] and typical parameters of the problem [4].

Cheng, Esaki and Tsu [3], that resonanrt

tunreling [lays the relevant role for The basic physics of one dimensional
perpendicular electronic transport in resgnant tunneling for a symmetric po-
the above systems, which proceeds essen- tential is well understood {5]: It cor-
tially in one dimension, The problem respends to a situation where a particle
cerresponds  to the scattering of elec- of well defined energy € is incident
trons by a one dimensional potential and upon the system, formed by two consecu-
the quantity of interest is the tran- tive barriers of equal height greater
smissiocn ccefficient from which the I-V than E and a classically allowed region
characteristics may be obtained. Pro- between them. At nearly all incident
441
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consider an .rbitrary potential extend- «hich depends only on tre preopagator
ing through a region of finite length L evaluated at x = x' = 0. For an ejec-
i.e. V{(x) = 0 for x < 0 and x > L. The tron approaching the system from the
solutions of the Schrédinger equation right it is easily seen thet the trans-
for scattering from the left, i.e. x<0, mission and reflection propagators are
of 3 wave of energy E = K’ with units G given respectively by G'(L,0:k) and
= 2m = t, mey be written outside the m+nr.rpxu. The relevant point is that
interaction vrange in the wusual form near a complex pole x: = 8, -1 u: one
s{kox) = expfikx) + r{k) exp(-ikx}: x<0 may write the propagator as [5,7],

and y{k,x}) = t{k) exp(ikx); x » L, where .
- 6 (x,x';k) = up(xJup (x*)/2k (k- k) (4)

r{k}) and t(k} are respectively the re-

flection and transmissicn amplitudes. It is well known that the functions
Here for simplicity I do not include the c:ﬁxv provide a description of the reso-
mass variation i1n the different regions. nant eigenstates {n a similar fashion to
Using Green's theorem between the equa- bound staltes. They cbey the Schrédinger
ticn feor o{k,x) and that one for the equation with complex eigenvalues xm =
full precpagator GY(x,x':k) of the pro- i ﬁ:\m with €. mm - Um and ﬂ: = 4 a,
blem, which obeys outgoing boundary a: and fulfill gutgoing becundary condi-
conditions at the end points of the tions {6]. Using Green's thecrem be-
system, vresults in the following rela- tween the equations for u (x) and cmﬁxu
ticnship for the wave function along the and wusing the «corresponding boundary
internal regicn [7], conditions gives an interesting relaticn

+ for the width &_ in terms of the value
Slkax) = 20k 6T(0,x0k) 3 0« x < L (1) n

of the resonant eigenstate at the end

§¥ considering the scluticn of the wave points ¢f the system,
function at x = L gives Lthe transmission _ 2 2
by = (lu (0)]° + Ju (L)I%)re 1, (5)
anplitude as '
where b, is a quantity of the order of
' . + -
Lk} = 2ik G7{0,L;k} exp(-ikL) {2) unity [7]. The above relationship de-
o . . fines the partial widths b® = ju_(0) |2
The above expression is very interesting n n
) o and bt - [u arv_m. The relevant paint
because it relates the transmission n n
. o here {s that the partial widths repre-
amplitude” with the propagator evaluated
) L sent the coupling of the resonant eigen-
at the point x = 0 and x* = L. Similar-
' ] ) state with the end points of the system.
iy the expression for the reflection
Usin 4 and (5) into (2 ives the
amplitude reads, 9 (4) (5) (2) 9
transmission coefficient near resorance

rik) = 2ik 6% (0,0;K) - t (3) as,

- 13-
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and

61 (0,0:k) = (2ik +
AL (exp(2ikLi) - 1) }7 J(k) {10)

(2ik)2 - (A, +

AghL fexp(2ikl)- 1) . The

where J(k) = >rvmmx -
poles of
6 (x,x';k) correspond to the zeropes of
J(k})).

sufficiently high barriers, OT in this

Since sharp resgnances require

case, large intensities, it 15 easy to

see that under the condition where both

>o and >r mwmacn:~mﬂum1ﬁ:m:c:wﬁ< H:m

fullowing approximate analytic solutions

are obtained for the poles rs a, - i
n

k, =0k ii-(Ag + ALI/LAG ALY/ L -

: - 2,3
iqn T{A, + >rvx A AL /L (11}

where n=1,2,3,...4. The above expres-

sicns are a good approximatien for the

first quasilevels. Since the Schrédin-

ger eguation is analytic in the parame-

consider the

ters A_ and >r. one may

0
limit in which both Aj and A, tend to an

infinite value. That leads to the ele-

men:ary text beook result for the box of

infinite walls with eigenvalues x:u:m\r.
Since n:urm one may obtain from {11) the

energy shift se and the width for

Tn

every eigenstate. for sufficiently

large intensities one always gbtains

and also ¢ _>>T . Using (5) and

n n n
one to write the

Ace_>>T
):

(11) allows partial

decay widths cm and cw. respectively as

o - N2 2 3,
U: 2 (n )Y/ >o + 1/ >0 >ru\r ;

= ~nq.J

THE EFFECT OF ASVMMETRY OX RESONANRT usqizm.—h.zﬂ IN ONE DIMENSION

aw z2(nm)e( 1/ >m s 1/ A >~,\rm (12)

As expected the partial widths, which
represent tne toupiing nf the corres-
ponding resonant eigenstate to the end

peints of the system, depend on the
parameters involving both barriers. As
pointed out above the relevant quantity

is the ratio Uw\cm. which using ({12)

becomes, to leading order in the-inten-
sities,
bL/b® = A_/A (13)
n' " n o' "L
In the symmetric case >o = >r = A one
sees from {13} that um = ww and hence

it follows from (7), as expected., that

2
1t} = 1 at the resonance value k = a,.

It is well known that the above situa-
tion is independent of the well width L
and depends only on the equality of the
barrier intensities [5]. The inter-
esting situations occur for the asymme-
tric case >o # >r. Actually if >r\>ovVﬁ
one sees from (13), that owvvcw and this
to the reduced value

leads, wusing (6).

for the transmission peak at resonance

_ﬂﬁm:uwma>o\>waa_. The same conclusion

is obtained from the exact expressions

for the transmission and reflection

propagators given by (8) and (9}): Cne
sees that the transmission Green's func-

tion becomes proportional to VAL

which reduces the value for the trans-

mission, whereas the reflection Green's
function becomes essentially indepencent
of A

Le The above example illustrates

that an asymmetric potential may sustain

445
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