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The physics and technology of computed tomography {(CT) ap-
plications is summarized in Table I (modifyed from {1]1). In that
table the emanations (i.e. the sources of energy’ used to test
the object are listed along with the measured physical gquantities

and the transducers most usefully employed.

This is to remember the large number of today offered.

technological possibilities to perform a computed tomography, as
well as the vast application field for the various methods of
image reconstruction from projections.

Most used emanations are X-rays, acoustic waves, magnetic
and radio-frequency electro-magnetic fields which have permitted
the realization of practical systems for CT, echography and NMR

{nuclear magnetic resonance) tomography.
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TABLE I: PHYSICS AND

Gamna-rays

Conpton scattered
X-rays, Gamma-rays

Heavy particles

Electron beams

Aooustic waves

Low-frequency
electric currents

Magnetic fields

Radio-f requency
fields

Spatially incoherent
electramagnetic
radiations

Densities
measured

attenvation
coefficients

ooncentration
of radic-labeled
suhstance

electron density
or distribution
of atomic nwmber

scattering/absarbtion

croas section

sawingn pormsia

distribution

attenuation;
refractive index;
acoustic impedance

electr. conductivity

distribution

distribution of
nuclear spins;
blood flow

electron spins;

permittivity and
conductivity
distribution

volune temperature
distributions;

celestial brightness
distributions

TECENOLOGY

W e
ok I

Transducers
employed

X-ray sources;

scintillation
detectors

acintillation

counters

X-ray sources;
scintillation
ocounters

linear accelerators;
stacked detectors

electron quns; film;

photamltiplier / TV

electrodes

sagnets; BF coils;

capacitors; coils;
antennas; homms

horns; antennas;
telescopes

OF CT APPLICATION

Apnlicaticns

Diagnostic Radiology (DR);
Nondestructive Testing (NDT)

DR; Nuclear Medicine

DR; NDT;
X-ray crystallography

DR; NDT

Microscopy

IR; NOT;
Geological Prospecting (GP)

Imaging of blood vessels;

GP; NDT

Nuclear Magnetic Resonance (N
Magneto-fydro-Dynamic (MHD)

N'R; Mapping

Mapping temperature distrib.;
Astroncmical imaging



Regarding the degree of conirol we have on the sources
employed, three main tomography techniques can be defined.

When the sources are emitting from inside the body, nothing
the experimenter can do over them but remote sense their emana-
tions coming from the quy. This operation is <called remote
sensing computed tomography (Table II).

Ancther aspect of computed tomography concerns the use of
=ources applied externally of the body and measuring the emana-
tions passed through the object. This is the remote probing
computed tomography (Table III). B

In combined probing-sensing computed tomography we deal with
emanations generated from sources internally placed in the body
after a sort of stimulation or excitation from externally applied

emanations (Table IV).
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RECONSTRUCTTON METHODS

GEOMETRICRL PRELIMINARIES
First of all let us consider the projection ray geometry. In
fig. 1 a circular bedy, whose attenuation coefficient on section
z has to be measureéd, is.passed through by a ray hav__ing an angle
9 and a displacement s respect to the center of the body coordi-
nates.
In the bedy z plane the coordinates (x,y) of the peint I' may
be expressed in terms of s and Qas:
x = R cos ¢'=sc059-tsin9 (11
y-Rsin¢~sain9+tc059 [z21
The inverse relation also holds:
s -xcosQ+ysin9 (31
t =y cosQ - x sin O (4]
The problem of tomographic reconstruction from projections
is simply to find the function [5], in the section plane x,y at
z, Eiving the disfribution of the physical variable to be esti-
mated:
¥Ve=£f(x,vyv) [51
given the set of grrojections for each angle Qand displacement s:
p (s, 0= /f (scos@-tsinG, = 5in T+ t cos B dt
-7 (3

fig.

1
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vhere T { s } = (1 - 5% ) Is| ¢ 1 [7]
and pils ., Q@)=0 sl 1 (8}
Pleaes note that we are not in presence of a polar coordi-
nate system as:
plo,B)=pi0.9,) {91
Note also the periodism:

pls.9!=p(-s,9+1T) [10]

INTERACTION WITH MATTER

Figure 2 shows the effect of linear attenuation of a beam of
intensity I, when passing through an absorbing medium. The linear
attenuation coefficient p is a function of the energy of the
photons and of the atomic number and density of the matter. If
the specimen is not homogeneous, then'y is also a function of the
spatial coordinates. Moreover, if the beam i$ polychromatic, only
a mean of p over present energies can be measured.

At the bottom of fig. 2 the experimental projection function

[l

is determined as a function of the measured guaniities.
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RECONSTRUCTION METHODS fig. 3

< N

TRANSFORM METHODS -

SERIES EXPANSICON METHODS

TRANSFORM METHODS

In the transform methods the problem of reconstruction from
projiections is faced by formulating a mathematical model in which
known and unknown quantities are functionas whose arguments come
from a continuum of real numbers. Then solving for the wunknown
function with an inversion formula and adapting this formula for
discrete or noisy data [2].

The generalized projection theorem is the basis for under-
standing the two most important +transform methods of re-
construct:.on For any given angle 9 the following relation holds:

fp(se)wls)ds-j/{(n g w(xos© + yain® ) du dy (111

The procf is sxmply obtained by sustituting the left side
using (6] and then converting from rotated coordinates using [3]
and [&].

An  obvicus application of this theorem is obtained by using
exp ( -i2 TWRs ) as w(s). In this case it will follow that the 1-
D Fourier transform of the projection at angle £ is equal to the

central slice, at the same angle, of the 2-D Fourier transform of

12

_Wmmqn R

the resulting image. This theorem is often called as the
projection-slice theorem or the central-section theorem and it
allows for practical vreconstruction algorithm wusing Fourier
transform.
Now let us consider fhe last theorem which can be stated in
the following way:
E(R.Q)lgt-ncosg.RsinQ) {121
It is the central-section theorem whers B ( R.&F ) is the 1-
D Fourier transform of the projection Pl = ,G} )} with respect to
the first variable.
Taking the 1nverse Fourier transform of [12] we obtain:
f("' ’) j/ ’(R 9) ;z!R(u«sB-o,:mG)lRIJRJQ (13
As the follow;ﬂ; xdont;tv holds: .
7(8,6.)= jr{se.. iRy (141
for the projection angleé? and considering that we have to deal
with sampled data (i.s. we have to use a window function W (R}
to obtain a band 11m1ted reconstructed image fB (x,¥}) we have:
fs('t.'j) ff (RG)W{R)e'mR‘““’Q"”“‘e) JdRde  115]
Using [1&] wg obtaln
fale9)= f f / P (a0 e T o
now cons;derlng the follow1ng functions: )
(‘)‘,f,k” l‘l“’(“)‘d“’ (17]
§(R)= |kjw(r) [18 1

we have:
w4
fB (*.‘5)= ,,j_]' p{s,e') 1(:.@5 O +ys@ -:) ds dO (191

13




after having interchanged the order of integration over s and R.

Note now that the problem of reconstructing the Ffunction
f' (x,y) may be split into two parts.

At first we can integrate over s and then integrate over"ey.

We obtain: ‘ .

Fls.@)= [r(s.0) 3(s-2) ds
which is mathematicall;'a copvolution of p ( s , 2 ) using the
function q as a convolution kernel.

Then we have:

™
fs(m’-j)zlﬁ{uﬂose'-rvﬁ\g'e) de {21]
in which the parametesrs of the function p.are nothing but the
parameters of a'ray pPassing through the point (x,y} at angle® .
The [211 is simply the backprojection of all convolved
projections. - ’

The method so described is the well-known filtered back-
projection (as the convolution is nothing but a filfer) or convo-
lution back-projection method.

The errors arising from the reconstruction methods are main-
ly due to technological limitations. These come from:

a) insufficient sampling of the projsction

b) errors in estimation of 3

¢) errors in the Fourier domain {interpolation, sampling).

Rs regards the comparation between the Fourier re-
construction and the convolution back-projection one it is to be

said that the latter has a far better performance. The Fourier

14

reconstruction algorithm has its weakness in the inelegant 2-D
interpolation required, producing images of bad quality. The
Fourier algorithm, on the other hand, has the potentiality to be
performed with less computational effort respect to the convo-
lution back-projection and this makes the Fourier algorithm worth

of even more investigation efrort.

FINITE SERIES-EXPANSION METHODS

In this family of reconstruction methods we are formulating
a model which relates a finite set of know numbers with a finite
set of unknown numbers. The resulting system of equations is then
solved in a numeric way.

The line integral of the unknown attenuation function along
the path of the ray can be expressed as in fig. &, where it is
the sum of the products of the attenuation coefficient of each
pixel multiplied by the length of the intersection of the ray i

with the squared pixel j.

15
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In different words let us consider a set of basis functions

in polar coordinates in plane:

{j,j (r, ‘p)j,:l (22]

where e pwel }
1 el y
b (n¢)= (~9)€ (231
4 0 otherwise
The digitalized image is then represented as:

A
f(r,é):i lr.,'h‘(f.¢) [241]

Using a set of conti::Lua functionals which assign to any
picture f ( r , ¢ } a real number Rif. we can say that ®if is
the line integral of £ ( r , ¢ ) along the i-th ray.

Then: - ~ ”~

g, = £:f=8:f 'iz v &:L;(r.¢) zi‘?‘ i RCETS
so we obtain a set of equations:
.y «Ax . [26)

Unfortunately the number of pixel n and the number of rays m
are in the order of 10‘ and the direct matrix inversion is not
generally feasible.

One of +the best known reconstruction technique is the
Algebraic Reconstruction Technique (ART).

This i= an iterative method where the image matrix x is
initially assigned an arbitrary number. For each iteration the
matrix x is corrected (updated) by taking into account only a
single ray and only the pixels intercepted by that ray. The
discrepancy is redistributed along the pixels intercepted.

Iin formulas:

17




e R P x (271
1]
wed Pl ’."<."-')at.
x -k 4‘-—-—?-;"‘ [281]

where

<°';;‘k>= Zﬂ LI Ila:ll2- q: G:) . al‘_( .\
VR Rt I =<a, . = ‘v)m

The ART method, and those derived from that ,are very useful
in image reconstruction ;s they are feasible for various
projective geometries.

They c¢an also be used in high contrast images, when the

reconstruction can use only a few directions of viewl or when

execution time is crucial.
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