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BOUKDARY LAYER METEOROLOGY
INTRODYCTORY LECTURES
PREFACE

These notes form the basis of a set of introductory lectures on the
atmospheric boundary layer given to the 1990 MSc Course in Meteorology
at the Department of Meteorology, University of Reading. For fuller,
more detalled discussions of the concepts and toplcs introduced, the
student is referred to established text books on turbulence and the
atmospheric boundary layer. The lecturer made full use of such texts
and earlier lecture notes prepared by himsel{ and colleagues (in
particular Dr F B Smith) when compiling these lecture notes. A fairly
comprehenzive Book List is provided with the notes.

D J Carson
January 1930
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THE ATMOSFHERIC BOUNDARY LAYER

INTRODUCTORY LECTWRES

1, INTRODUCTION

1.1 The Nature of Turbulent Flows

Most flows occurring in nature and in engineering applications are
turbulent.

Some turbulent flows can be readily omerved e.g. the flow of water in
rivers or around bridge piers; the growth of cumulus olouds; +the develop-
ment of _plmngs from fr at%tion r indussrial stacks., Turbulence also occurs
in the jet ptream and along frontal surfacas.

We all have some idea what is meant by turbulent flow as opposed to
laminar flow, In laminar flow each partic_e follows the precise path of its
predecessors and the sssential feature is ~hat there is no mixing of adjacent
layers of the fluid.

It is very difficult however to give a precise definition of turbulence.
All we can do is list some of the characteristics of turbulent flows (see
e.g. Lunley and Panofeky (1964), Tennekee and Lumley (1372)).

(1) Irregularity or randomness. This mskes a2 deterministic approach
to turbulence problems impossible; ioastead one relies on statistical
methode,

{2) Diffusivity. This is a very impiortant feature of turtulent
flows and causes rapid mixing and ircreased rates of momenium,
heat and mans transfer., If a flow pastern looke random but does
not exhibit spreading of velocity flustuations through the
surrounding fluid, it is not turbulenz.

e.g. contraile of a jet aircraft,.

(3) Large Reynolds Numbers, Recall that the Reynolds number, Re, is
essentially the ratio of the inertielso the fricticnal (or viscous)
forceas in the fluid flow.

Inertia terms: p Y& ax o [T
nertia terme e_i:,e.)_;c-& Pl
Friction terms: Pu abe :
(viscous) M e s %‘; ol la“ "I
Pressure gradient terme: %h

¥

L
Re = eu_ M

u ig a ‘characteristic' fluid velocity

4 is a 'characteristic' length

y = f./e is the kinematic viscosity, F = I.L é& is the viscous
dz  shearing stress.

(



1.2

The Reynolds number indicates whether inertialor viscous effects predominate;
Re small, £ 1, thespattern of flow is shaped chiefly by the viscosity,
Re large, » 107-10", inertialeffects far more important than viscous effects,

Reynolds (18831) showed sxperimentally that turbulent flow is not
sustained for Re 4 2000.

For air at sea~level temperature and prespure: ¥ = 15 x 10—61112862-1;
for turtulent eddies in atmo spheric homada.ry.’layor (with UL = 0.5 msec
and £ = 300 m as representative valusa} Re~10',

Turbulent flows, then, always occur at high Reynolds nunbers. The
turbulence often originates as an instability of laminar flows if Re becomes
tco large., The instabilities ars related to the interaction of viscous
terms and non~linear inertialterms in the equations of motion and this
interaction is very complex,

The absence of sufficiently powerful mathematioal methods means that
the equations are virtually intractable. This leads to numerical and trial
and error methods where the non-linear concepts and mathematical toole have
to be developed slong the way.

(4) Turbulence is rotational and three-dimensional. The flow is
characterised by Hi@ Taevels of rIuctuating vorticity., An important
vorticity-maintenance mechanism known as vortex stretchi ig absent in
2-dim flow, The vorticity vector is a measure of the angular velocity of
small fluid elements; the equations governing its evolution relate to
those expressing the conservation of angular momentum - vorticity increases
when angular momentum is compressed into smaller cross-—ssction.

Vortex stretching is the mechanism that gives hurricanes and tornadoes
their destruciive force.

(5) Diseipation. Turbulent flows are always dismipative i.e. mechanical
energy ie being transformed into internal energy., Viscous shear stresses
perform deformation work which increases the internal energy of the fluid
at the axpense of the kinetic energy of the turbulence, Turbulence, then,
needs a continuous supply of energy to make up for the viscous losaes. If
no energy is supplied the turbulence decays rapidly,

(6) Continuum. Turtulence is & continuum phenomenon, governed by the
equations of fluid dynamics. Even the smallesi scales occurring in a
turbulent flow are wsually far larger than any molecular length scale.

The smallest wavelength in turbulence is called the "Kolmogorov microscale™;
in atmospheric turbulence, its value is typically about 1 mm.

(7) Turbulence is a feature of the fluid flow, not the fluid.

A Qualitative Definition of the Atmospheric Boundary Laver

Appealing to our iniuitive ideas about turmulen: ooundary layers, we know

that, i_‘or example, there exisis a region close to the vanizs of a river where
there is marked shear in the fluid flow and a much reduced flow as the pank is

approached, 1In this "boundary layer' the flow is determined by the nature of
the bank itself and the bank's presence partly determines the flow pattern
acroes the river. If the rough bank were replaced by a much smogther one
then we should expect the boundary layer to change in character and the flow
to become faster than before.

Although we have not yet reached the stage where we can rigorously
define what we mean by the atmospheric boundary layer we can relate it to
our intuitive ideas of laboratory and other natural boundary layers.

Definition. The atmospheric boundary layer is the layer containing
typically some 10% of the overlying mass of air in which the flow, driven
by the pressure gradient, is controlled and modified partly by the asro-
dynamic friction of the underlying eurface tut also to an important extent
by the density stratification of the air which resulte from differences in
temperature of the surface and the air.

Thege -differences  in tsmperature arise over the land primarily in the
course of the daily cycle of radistive heating and oooling of the ground,
but they may also arise from the overflowing of air from warmer or cooler
regions of the earth,

In the aercdynsmic sense the boundary layer is simply the layer from
which momentum is extracted and transferred downward to overcome surface
friction.

The important role played Ly the Wuoyancy forces generated by surface
heating and cooling and the presence of moisture helpe distinguish the atmos-
pheric boundary layer from classical laboratory boundary layers.

It is found that the flow in the atmospheric boundary layer is turbulent
except possibly in very stable conditions e.g. in strong inversion aituations
at night,

The density etratification is of no importance only in strong wind
conditions when the sky is heavily overcast. Then the depth and siructure of
the boundary layer are governed iy mechancial mixing generated by instabilities
in the shear flow due io0 the effects of the surface friction., This type of
boundary layer im ocalled a neutral boundary layer. We shall disocuss such
classifications later.

Another difficuliy with the atmospheric boundary layer is that the upper
bound of the layer is not uniquely specified. There is no obvious means of
fixing the depth of this layer. BEach of the factors already mentioned viz.
the extraction of momentum from the layer due to surface friction and the
iransfer of hsat and moisture through the layer, provides an estimate of the
extent of the turbulent atmospheric boundary layer. In certain conditions
the values obiained are reasonably compatibdle hut in other situations there
is 81ill argument about the compatibility of the aeparate values.

The daytime value of the depth is typically in the range -2 km
(50-200 mb thick). The night-time depth is generally much shallower and in
extremely stable conditions may be only a few tens of metres,



Fig. A gives a schematic reprasentation of a typical diurnal variation in
e depth of the atmospheric boundary layer. . ‘

~Consider the diurnal oycle of events close to a wniform surface covered
g. with short grass, on & clear summer's day when the synoptic PKSL chart
dicates emall horirontal gradients of preseurs, i.e. the situation is
noptically stable or.anticyclonic. . P N

During the day the surface tenperaturs rines congiderably above that of
e air immediately sdjacent to it and the flow becomes unstable and highly
rbulent. As the sun sets, radiation fron the surface causes the ground
mperature to fall rapidly bslow that of the air with the result that the
iyers imsediately in contact with ithe surface ars oooled and become denser
\an those above. The flow is mtable. : L

The maintenance of the turbulent state impliss thai masses of air are being
yed continually in the vertical. If the fall in density with height is very
rked then considerable work has to be done in lifting the denmer massos
zainmst the gravitational field, at the sxpense of the energy of the mean motion.
2 much cirocumstances turbtulent motion is less pronounced and may even be
supletaly suppressed, This weans that the supply of momentus from the free
tream to replace that absorbed by friction at the surface is reduced because
¢ the reduction in mixing and the fiow, sz a whole, tenda to settle down to
low motion in parallel layers. . ‘ .

.g. Smoke from a fire of rubbish or wesds, vigovrously scattersd bty the wind
uring the dmy, drifts in thin, dense sheets or plumes for considerabls
istanoes, without mixing, io the evening.

If the sky remains clear and the mynoptic situation wemains the same the
table period will last until shortly after dawn when the inocoming shori-wave
adiation heats the ground and the lowest layers. Less dense air is now
sarest the surface and the bucysnoy effects now enhance any mechanically
anerated turbulent motions. About an hour after sunrise the near-laminar
ight-time flow gives way to turtulent flow which contimues throughout the

w‘ ' - - . - E

In general, -then,-the turbulent flow in the atmospherio boundary layer,
specially over the land, exhibits a marked diwnal wariation, the turbulence
eing parked during the daytime and mmall at night, If the sky is completely
vercast and there is & moderste-high wind, buoyancy effects can be neglected
nd the degres of turbulence shows little variation ly day and night. Other-
ise the density etratification of the lowest layers ocarmot be igmored.

Pinally, it is very diffioulty to reproduce the atmospheric boundary
ayer flows in wind tunnels. We must rely then almost entirely on
\beervations made in the open whers gconirol is impossible and conditions are
-arely, if ever, exactly the same on differant occasions.

Because of the naturs of the basic parameters rsquired to determine the
stability of the flow in a fluid of variable denaity gradient, it is necessary
to obtain very accurate measuraments of the gradienis of velocity, temperature
and moisture content. L.

e

A schematic representstion of the struoture of the stmoaphere. Formally - = -

* pollvtants are smitted at relatively low level and are henoe within the lowest

layer described as the boundary layer. This layer i@ however of very variatle depth.
It is that part of the atmosphera that is under the direct influence of the underlying
surface and the flures of heat, momentum and moisture that exist between the ground
end the air. Since these flures depend on the nature of the surface, the time of day,
and the past history of the air, the depih of the laysr can vary from a few tens of
weires at night to One or two kilometres during a warm sunny day.

The boundary layer is by definition a rather well mixed layer slthough gredients
do exist. Pollution mixes fo £ill the layer after an heur or mo.
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The influence of the underlying surface ie sgread_through the boundary layer
by rendom motions on a variety of scales, called eddies or turbulence. .
Although random, the characteristios of these eddies do depend in a definable
way on height, on the depth of the boundary layer, and in particular on the

way they are generated. Ths two pictures below indicate the two main sources

of turbulent energy: the top picture indicatess that the roughness of the ground .
alows the airstream down and thereby generates s wind speed gradiemt with height
which only hes to be perturbed to generste a tumbling sction and turbulence.

The lower picjure hﬂiute‘s that & wvaroed ground gives off heat to the overlying
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Onstable conditions wsuelly occur during the day,-especially when the sun is
warming the ground, FNeutral oonditions are associated u{th windy and eloudy copditions
vhen mechanically genersted turbulence dominates turbulence generated from thermal
sources, S5table sonditions are normlly associated with night-time conditions ,
sspecially when there in litile cloud and the winds are rather light, The ground is

— then' pooled by radimtiomn i dmat 10 Yadlated Away Info Guter space....and the ground
1 » is then colder than the overlylng air, Heat then flows downward from the air to the

| I I [ I 1 I i
ground, The increase of temperature with height ic cam inversion and as we
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shall see turbulenos is drained of energy in an inversion, and tends to die

A‘}, out, Little wixing then takes place and, for example, bonfire emoke moves
away with almost no vertical spreading. 48‘ .
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The stabilily of the air has & marked effect on the behaviour of plumes.

In unstable conditions the vertioal motions are large and well organised.

They tend to break up the plume into disorete puffe, some of which reach the ground
rather quiokly, In neutral oonditions there is still plenmty of turbulence tut

“thé wcals of the motions is smller, These smmlier eddies help the plume to

expand but are not large snough to tear the plume apart so well. In stable
oonditions, the eddies are weak and amall. The plume only grows slowly,
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If the mean velocity so constructed is to be characteristic of the motian
as a whole then T must be sufficiently long to include ar adequate number of
fluctuations,

On the other hand a very long sample period might mask important changes
that are taking place in the flow.

}

LS )

e.g. the general level of the velocity might be steadily rieing or falling
during the period chosen, so that the motion could not properly be represented
by & single constant mean velocity. Strictly V= V(t),

A time-varying mean motion introduces many complications into the analysis
and we shall suppose that either the mean flow is steady or that the changes in
u, v, w are pufficiently rapid 1o allow an interval T to be defined in which
{& ¥, ) vary only slowly., This greatly sizplifies the analysis.

Having defined a mean flow Y ¢ the instanianeous departure of the actual
flow V from the mean is defined by

1

Vo= V-

~ ~

1<|

- (2.1.2)
i.e. (w0’ ') = (,‘-a, -V, w- )

f
The fluctuation ¥ is often called the turbulent or eddy velocity.

'
Note that in steady mean flow V= 9 since e.g,

T+, T
w o= L (u-d)dt' =

&1
|
3]
"
Q

t-hT

>



The relations &' = ¥ = &’ « 0 pust be satisfied, either exacily or to a
high degree of approximation, before progress can be made, and this 1s

equivalent to assuming that eome measure of regularity exists even in
turbulent motion.

Pecause the fluctuations in the natural wind have periods varying from a
fraction of a second to many minutes the choice of & period for the con-
gtruction of a representative mean value is usually a matier of importance.

The above procedure is used to construct mean values of any other entities
which fluctuate because of the turbulence,

e.g. temperature, specific hwmidity, concentrations of pollutants such as
502, CO ete.

¥ost standard meteorological instruments are designed to give good
approximations to the mean value over intervals of the order of a minute or Bo.
The study of atmoepheric turbulence means that the instruments must be
specially designed to record the fluctuations themselves,

Qther guantities are fundamantal in any general statistical description
of turbulent flow.

Let 8 be some fluctuating parameter such that
s = S +5'

Variance of 8 t4iT tolT
* pu— Y ) 1 ?
6, = L (S—S) dt' = L s' di
T T
t-4T -
i 4T
- s"
(2.1.3)
Standard Deviation of 8 C; = o §* (2.1.4)
Intensity of turbulent flictuationa
. S5
1, = T (2.1.5)
2 —_—
ex. S = ut represents kinetic energy in the component

of turbulent motion in the x~direction.

specifies the intensity of the turbulent
AL = fluctuations,

a
i)
™
h‘
)
Eed
F

Ty

The quantities 6" , 4 provide a specification of the spread about the
mean fiow and the mixing quality of the flow. However, on their own they are
insufficient to define the flow and its actions,

e.g. s 4

AN SN N A/

\._\__/

L\ SN /
e’ \/ pa——

>t

Both the above time seriea for s have roughly the same &g but the
variations in 8 are quite different, We do not as yet bhave any measure of the
rapidity of the fluctuations.

2.2 Concept of an Eddy and Prandtl l(i::ing:lengh Theory

In early attempte to provide a general theoretical framework it wae
agsumed that the turbulent fluctuations were a consequence of the random motions
of digerete independent masses of fluid, called eddies, This led to the
Prandtl mixing-length theory - pee e.g. Sutton (7953) p.72.

As a result of the general disorder within the fluid motion, eddies were
supposed to Bpring into existence in some undefined way and then after moving
unaltered over a certain path, were supposed to become once more indieiinguish-
able from the surrounding fluid. In thie the life of an eddy was suppoeed to
be something like that of & molecule of gas between successive collisions.

The idea of mixing action was implicit in the model and the length of the
path of an eddy, analogous to the mean free path of a molecule, was termed the

mixing.length,

Mixing-length theories are now mainly of historical intersst. They provided
a mechanistic picture of transport of fluid properties such as momentum, heat
and water vapour at a rate propsriional to the gradient of the particular
quantity.

Consider the transfer of the u~component of the wind velocity:

z+d T £ E(l-f--t)

£

L
z o

a (1)

TH



The absarptios of the eddy into the motion at the new level gives rise

to a fluctuation u’ where '/K
W o= &(ztd) — alz) £.()
L
= L 4oooe- (2.2.1)
dz
>
The mixing~length hypothesis ia that Lisa unique length which Y
characterizes the local intensity of the turbulent mixing at any level Imi e turbulence is homogeneous then the statistical properties R (‘K Y
which, unlike the mean free path, may be & function of position and the “low and S"{Lh-t) are independent of position and we can write sk
properties. -
The discontinuous action implied by such theories is gquite artificial s'(x) §' Cx-l-'r)
and the modern treatment of turtulent motion emphasizes the continuous nature R_s(}'_') = = = =
of the motion. O (2.3.2)

¥odern treatments stem from the work of G I Taylor (1921, 1935) - e=e
Papera 14, 27, 28 in Teylor (13960} — who ragarded the veloocity as varying
continuously in epace and time.

2.} Correlations, Scale of Turbulence and Taylor's Hypothesis

It is 8till useful to speak in terms of 'eddies® and a first siep 13 to
say something about their 'eize’, This is done in terms of the differenzes in
velocity existing instantaneously between one point and another in the fluid,

£x. Small eddies, as previously conceived, would impose differences in
velocity bDetween two relatively close points whereas large eddies would zore
often than not give velocities which would bs pimilar at ithe twc points.

The statistical representation is provided by the space-correlation
coefficient between the velocities at two points a specified distance apart.
If eddy sizes are large compared to this distance the correlation coefficient
will tend to be high and vice versa.

Consider fluctuations in s at two points X and X + I in a turbulent
fluid, the correlation between s’(x) and 8’ (x + x) will, in general, vary
with x and r.

The correlation coefficient between fluctuations separated by r is

R(%,L) = sKx s'(x+y)

!‘ f‘ .”'
[ sy S (’_H'f)] (2.3.1)

and ghould generally decrease with increase of separation r.

1y
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Llie shal'pLess ol lhe decrease of AglL) wiln I 15 a retlection of ilhe eddy
sizes and can be represented ly a length I along some axis, defined by

3 (2313)
'zs = fﬂ_’[r) de provided that the

integral converges,

The length { called the integral scale of turbulence represente the
taverage size of ghe eddies® or length scale of the fluctuations, without
implying any definite model of an’eddy.

Recap

Remember that we are irying to change our concept of an eddy from that
of the classical theories where eddias are thought of ae discrete independent
masses of fluid which spring into existence due to the general disorder
within the fluid motion and then transport propesrties of the flow over some
length, {, before again being mixed into the surrounding fluid, The mixing—
length, £, in such theories givee a measure of the size of the transporting
eddies,

We are now trying to reformulatse the eddy concept in terms of the
statistical properties of the comtinuously varying turbulent motions and the
first step is to say something about the 'eddy' size. For this purpose we
correlate the instantaneous fluctuations in the flow at two points in the
Tluid and an indication of eddy size is provided bty the sharpness of the
decrease of Rs(r), or, squivalently, by the area under the R.(r) ourve.

Ry(x) "

>

It is not easy to simply redefine an eddy in the new framework, The
‘eddy' must either be thought of in classical terms as a discrete mass of
fluid or this phyeical picture must be abandoned and the eddy concept accepted
in terme of scales of turtulence defined in a statisticsl cense.

A time-correlation coefficient, Rg(t,), an auto—correlation coefficient,

is also defined in terms of the eddy fluctuations at a fixed peint at instants
separated oy tee

R (L) =

SUxt) s'(x t+ty)

i
SR
for homogeneous, stationary

turtulent flow,

(2.3.4)

"



in an analogous fashion to the fall of Rs(_z:) with increasing r, ﬂs(t*) decreases
with increasing t,.

sty 4

%t

K;(-tI) A

ifr Hs(t*) falle away rapidly from t, = O then ths eddies are very amall,
if slowly then the eddies are large.

Just as we definsd an integral length scale [- in terms of R (z).so we can
define an integral time-scale 'I" such that

L --'j; R,U—'h) ‘u*

Taylor's Hypothesis for Homogeneous, Steady Turbulence

If the sequence of variations of 8 at & fixed point is assumed to be
determined by the passage over the fixed point of an unchanging pattern of
turbulence, it follows that, along the direction of the mean flow

(2.3.5)

A () = R(r)  wherer - ut, (2.2.6)

This is also called the frozen—turbulence approximation and it can bg
shown from considerations based on the equations of motion that it is valid

only if u is very large compared io the rate at which the fluciuations are
changing. e.g. A'/E 'an

Rt =  Se)s'(x,t4E)
TR

T

st (x,t) s (x-v,¢)

u

R 60)

F
12

bR

If the turbulence is *frozen-in' then
S (x b4t = 8 (x=v,t)
where £a = -r/-:;_

o R (&) = Rs ("f) .

Since flow is hom ogeneous, Rs(r) is an even function.

Rs(v) = s'(x,t) s (""’Y)t)

i

Put ¥ = sar = s (X=-v,t) ¥ (X,t) = RS("‘)

e

R, ()

"

LR (&)

It follows that "
o
L - [ LN de = Jl[g,(e,)gx, = BT

“e L - 27 (2.3.7)

2.4. The One-dimensional Spectrum of Tuftulence

The intreduction of H_(t,) and ¥, helps to characterize the rapidity
with which the variations in s are ocourring.

If the fluctuations are occurring mlowly then even for fairly big values
of t, the instrument will be affected by such the same value of s, R_(ta)
Will remain high, and T, will be fairly large. On the other hand, with
predominantly rapid fluctuations, R_(t,) will show a substantial fall even for
small values of t, and T, will tend to be small,

We can go further with this last idea, for if the variations are composed
of Some rather rapid fluctuations superimposed on some rather slow ones, then
the former will tend to make R{te) fall off rapidly at first, while the latter
will tend to maintain it at a moderately high level for appreciable values
of t_ . -

*

13

53



To generalise; the precise shape of the correlogram will reflect the manner
in which the whole variation is subscribed to ps various frequencies of :

oscillation. v dod-
) — F (k) aluave nunber power spectrum function sthere F (n) and F () along the
The variance §'° measures the average level of the turbulent energy and is < mean Tlow direction ars usuaily assuaed to .oe ralatdd by the qulor hypothesis
thus ouilt up by contribuiions from fluctiatiors of different freguencies. in the sense that '
The energy spectrum or power spectrur function F (n), where n is frequency, - )
is defined Buch that the fractional conirioution to the variance $7 from X ot E(n) & F‘ (lc) . ,‘ALDA. pNe UK ;{3-4 4)
frequencies between n and n + dn is F‘s(n) dén. A.L;.I we o datea oo ahnduks et et l,”_,_ t._:wr.’ -‘;(h): r F,(k‘)
o — - We note that . "0 el - ax Sp(m) = R(K) wlae =z AZ K
w3 = [T R dn R IAY R
[Rm] = 5| &l &t 3 (2.4.5)
-} “ne0
) 1 (2.4.1) : e 0 ® ' .
or = b - -
J FS {») dm . ) .
Q9

. fnoou e

Fs(n) is also called the speciral density. * ~

Q_.' I+ - Lt

Using Fourier analysis techniques Tajylor showed that R.(t‘) and Fs(n) are

el waf0d bl e

related by [ TG S S SR A
o The integral soale is determined Ry the wary slow or very large-scale
Tluctuations., Consequently.ths evalustion of the trus scale is often very
R (t..) = FS () cas 1ty dn (2.4.2) difficult or even impomsible im practios. . - - _ .. N
$ o CL
o Note that P.(n),‘ t’(k) are one—dimensional spectra describing fluctuationa
o . . wlong a 1iné. Thefe are to be distinguished fron 3-dimensional spectral
and therefore from the Fourier integral theorem - - functions. The finite limit of ¥ (k) as k-2 O represests & projected
L offect of "waves' with finite wavé mmber and with the normals to their crests
inclined to the refersnce line.
En) = 4 Ks(,t..) cat ﬂfnt.. dt, . (2.4.3) o He :
s .
° /Jind:ton of - -4
Therefore, knowing Rs(tﬁ)' Fs(n) can be calculated and vice versa. ‘r TE- messurement
The imediate practical importance of this approach is that it brings out ) : *

the idea of a continuocus range of eddy sizes (size being identified with inverse ,
frequency) and provides a way of iderntifring those sizes whick are of most :
significance as regards kinetic energy.

On phrsical grounds a relation must exist vetween Rs(t*) and Fﬁ(n).

For large eddies R _(1,) falls to zero with increasing t, more slowly than
when the eddies are small. Hence if H‘(t,,) kas a large spread on the ty-axis, ‘ -
the spectrum will be restricted to relatively low frequencies, and vice versa.

-2 | I“| 4 lﬂ/ k

Turbulent fluctuations are usually reasured as variations in time rather [
than space and hence it i1s approprizte to introduce the spectrum of turtulence
in terms of frequency. However, there is zlsc a need to discuss variations in ]
space and as then we can replace Rs(t‘) o Rs(r) 80 we can replace F‘s(n) by ¢

K>k

C YRR VOO, S Y IO S o I S SOPSU e Y W SPPS ekl tom M chadi te bk - W¥hen plotting F_(n) a wide range of frequencies is ﬁomlly involved,

~S PRI c\)t.-- desovmd o Ty momnkoiac | o plamon parmsk - though the mjority'gf the change in Fs(n) occurs at low frequencies. The
» ’ — ’

| G LUV OT result of the Fa(n) w. n plot is a very awkward spactrum shape.

: ! N P . v sk 4 1 ~L";r'
@ tr-l \,Jr:, Joe—- ; ":.m‘-v R {T:‘_":‘ ‘ _ i ‘f‘tt * ‘{N ’J‘ JJ_ A ‘\M‘ﬂj ‘ i
L ‘) ! i-ﬂ S F-u..u'T'\ o S‘: (h) = 5 f: { i [ ('(K [ S ey

J i
g S de = g 15
I 3h » T



It 1s more common to plot w F{mw. ban  which gives a much more
convenlent graph while preserving the condition that the area under the curve,
between specified limits of n, still represents the fraction of the total
variance contributed by frequencies between these limits

Ny n

i.e. nF(n) d(fan) = Fo(n) dn (2.4.7)

", n,

Furthermore the frequency n, at which the logarithmic spectral density is
maximum can be related to ‘C" {or alternatively, k‘ can be related ta?sj.

This is a useful device for estimating the time-scale {lengih-scale) when
the complete specirum is not observed on the low frequency side — though one can

only apply it by making some assumption about the shaps of the complete spectrum.

Example Two common one~dimensional specira

Some correlation curves have negative tails; many do not.

Consider a steady 2-dim flow such that ¥ = { &,¥,3) = (&,0,0)

P i.e. MoV =0,
Longitudinal correlation R_“{‘-) =J. F. (k) et awkr ok Xy
% \ : — v !
Longitudinal spectrum
L] -+ RS
Transverse corrslation RV(") = I Er(-k) cas ek ¢ dk L_ ‘ .._J

°
The shapes of E(k}and F,(k) are somewhat different.
Nessured values of R (r) do not ordinarily go negative (though there is no

reason why they should not). The transverae correlation R (r}, however, does
become negative for some values of r,

b r S

A
p\(\’) . R'(f} \

ol
¥

16

Y6

Consider a plane perpendicular to the y-direction.

3

A Acroas this plane there should be no net mass flux
|
'
1
1

s

since = o

i)
-

- u)

H .?
-

- o0 i :
J r(x,0,2) dedz = O
-l

’

il

Eultiply by v at a partioular point (o, , 9 Zu),
- o )

V(% ,0,%) | | v(x,0,2) dedz = O

. P !

ERARRp S
' [
T I‘J A (%,,0,2) ¥ (x,0,2) dudz = O.
- ':'l'“d .-d .

Put X ==Y, and Zre 2,7

- b

then
vi(xtr, 0,2t%) ¥/(x,0,2) dr, dr, = O

tate -

- 0 fl - A
Lie / Rv(r,,o,f,) dr, dr, = 0. o
-t - ]
\!
Therefore R must go nogatiﬁ somewhere in the ®,x-plane. In other words,

shack flow ia noc:uary somewhers in the plane in order to keep the net mass
flux zero. e e

Example The Exponential Correlogram: See Fig. B

Consider a oorrcl'ogrnm assumed to decay exponentially.

17
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Atmocpheric correlograms can sometimes be approximately represented in
this way.

R.‘(t*) = exp (— t"/’t’,) (2.0.8)
od
Ft = 4] R, (te) cos 2mnty die
-]
o0
Put t = t*/’t’ .
5 . tt dt
T, dt = diy = 47, | ¢ cs(2un?t)

= W T (2.0.5)

(zunt Y +1

F
-t
[ I-= f e o3 (1'1"11",*) dE = Som HT;Q +1e M(zun‘l’t}#
o ax, ‘t' .1”’[ t‘
-0
= - € eut (mu'l}t) _ (1-I)
(annty) i (mnt‘,}‘ (zrn,)?
T ]
(At + 1
From (2.4.9) we have F. < & {2.4.10)
2; ar ¢
where o = 27in T, (2.4.01)
Note that Fs(o) = &7,
nkln) = 4nig
(annr,) + 4
= 2a (2.4.12)

Tlarer)
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[ n F,(n)] = Iz ot Ny
mox
where amng T, = | (2.4.13)
i.e. L = "s/ﬁ = '/Iﬂﬂn
and 15 = X = ! , Sma Ne =< icy
T hg ke (2.4.14)

*

In this case there exist very simple relationships between ts and n_
and [3 and K‘* .
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5. MIND AND SHEARING STRESS PROFILES IN THE ATMOSPHERIC BOUNDARY LAYER

3.1 The Equations of Motion and Contlnult!

The basic squations of motion for amtmwospheric fiow are the Navier - Stokea squations

for a viscous fluid:
DY = W 4 (YWY =i Vp+Fysk ~gk + VY + Ly T(TY)
ot it e - 4= 3

(3.1.1)
vhere ¥ is the kinematic viscosity { = /‘/e vhere i is dymamic viscosity),
and the continuity equastion is

D+ VY =0,
v evi (3.1.2)

Further, let us assums at this stage that the stmospheric flow is incompressivle and
a0

gs = 0, 3.1.3)
The mowentum oqu-uonn becone L £ vk - Loy TV
}—; + (LY = 7 VP + 1 Yxk ~3% (3.
mnd the continuity equation is
vy = 0. ' : (3.1.5)
For turbalent flow we can write _
V= VY (3.1.6)
P =F*p , (3.1.7)

and we shall assume that the fluctuaticas in o from the -unvr-lu-Em--.u.

By introducing the fluctuating and mssn quantities into the equations of mution and
continuity and sveraging we obtain the equations for the mean motion

DY L WF 4§ Vak -9k + VY- (Y-T)Y .1.8)
Pt e _ -
where D oz 2+ (¥-9),
- 3 q.\_i)t'; o (3.1.9)

Comparing (3.1.8) with (3.1.4) wve see that we have sdditional terms which are
independent of viscoaity but depend on the fluctuationa;

(Y"Nhy = (42 2w @ (v )
}x 2y P 3

:(l._'*+;_;7F +3 wiet Dx'-\r'...lq-‘*)v'-r'

n ¥ P2 ”" w__o®
2 ar + 3 vl l wri® (3.1.10)
P D,

where we have made use of V- !‘ =0 from the contizuity equation.
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Nov the terw V Vz_\{ can be written in terms of the viscous etresses defined by

= A 3._‘?& arkart = M¥p .
F‘i = plod v, ) M=p (3.1.11)
»g The normel viscous stresses are
F, = Z/#%_‘i etc
mod the tangential etresses sre
W,
E’. = IJ. I + ')‘a) ate

Jaing these definitiocns of F and the continuity equation we can write
y vzv = 1L [). Fa + ?_ iy +l F\\ }Fll ¥ )Fn + )F‘ll ’ )Fll ¥ 3Fh 4 BF“]
~ gL ¥y n W k3 S

In an analogous fashion we see that we can now define stresses additional to the
viscous stresses by

o= ¢ “i uf (3.1.12)
wuch that
2 2 2G4t 42
- e (‘va .v)!l - [?’t'.. ‘V’;stn. +3 t,,s fﬁ + l‘t‘l “'ltll)uu"";’ .+ {;3]

fhese additional stresses are calldd the Reynolds stresses and as we shall ses they
indicate that the turbulent fluctuations causs transport of somentum across a sur-
tace in the fluid.

lsfore proceeding furthser we make two obssrvationa:

{1) In general the Reynolds stresses are much larger then the purely viscous stresses
in the atmospheric boundary laysr and we shall henceforth neglect the term V2 .

(i) In boundary leyer flow, changes im the horisontal plane are generally very smell
whan compared to changes in the vertical.

Bus we may simplify (3.1.13) to
- (!l‘v) !r (3 Ty, l T;; R %_z'r,, ) £3.2.2%)
ind define the vector T such that
('r‘nr‘a-‘rz) (1"‘! ,‘ru ,Tu)
= (- | —p v -p A )

Mhe basic equations of motion for the mean flow in the atmoapheric boundary layer
we tharefore

BV _ W 4 (T = -L9F + FVxk-qakh #2327
:_Bf = )‘t+( ) e F 'F"' "3 e}]'_" - {3.1.16)

[f we restrict these equations to the case of horisontal meas flow, o = O, w

(3.1.1%)

uve __ - =
Y, - E) A +(V-V)V - _’vr +'F\'1k +L}"Z
Pt ey - 3z (3.1.17)
mare Y = (B,3), V= £§1+1?%,
5% ]

it

('C-,_ X ) = (.tli Tuy = (¢ k! \"fvl"rl). (3.1.18)
7 3

o1 \}

V.al2) ia called the

E defines a tangential atress and is called the eddy shearing stress.

3.2 TIhe Eddy Shearing Etress
T may be thought of in 3 ways:

(1) It represents the tangential shearing force exertsd by one horiszontal layer
of air upoa a second layer immediately in the proximity of the first.
It is usually assumed that the force arises from the difference in wean velocity
of the two layers resulting in the simplest situations from the motion of the
atmosphere as a whole relative to the surface.

(11) It represents the verticsl transport of momentum by the turbulent fluctuatione.
Since the ground exsrts a drag on the moving sir above, the mosentua of the air
near the ground would be rapidly lost unless it were replaced by this vertical
flux of womentum downwvards from above., The balance of the sink of momentum at
the ground and the vertical flux of momentum largely determines the nature of
the wind profile.

Dafinition : We can define the atmospheric boundary layer as that from which

momentum is directly extracted snd transferred downwards to overcowe surface
friction.

The wass of air crossing unit horizontal area in unit time ispsd. The
vertical flux of any physical property s per unit mass of air is given by evs.

mmnuhmnrm‘m - fw‘ *f”“'
vhere it has been asspamed that eae

P"" is the nrtied flax 0f S by the mean motion (it is often assumed
that =0 ).

e"‘"" is the vertical.flux of 5 by the turbulent fluctuations.
Thus the upward flux.of somestus ¢ ( p '™, (’“’""*') .

Therefors T = (~p¥ ws “f"""") s the horizontsl shearing atress is »
usagure of tho dovnwvard flux of bhorigontal womentum,

{i11) It represents the correlatiom between the vertical fluctuations of the wind
vector and the bhorigontal fluctuations at any given point.
One method of messuring ¥ is to wee very ssnsitive anemomsters to fors the
eddy covariances a’n-l" v
Although direct, this nthod mﬂ-rl from the sampling errors arising from
lov-frequency eddies as previously discussed.

Most theorstical discussions treat T as a function of z only, although in reality it
will also be a function of %Y, .

It is useful, as ve shall see later, to define a velocity V,.(z)e (Zy(x), %(2))
such that -~

) = nmr't = (T
(3.2.1)
oo = | R - ()

and ite cowponents are essentially s messure
of the correlation between &' and o' , and v’ and w!

by



Conventionally, the term friction velocity is also used for the speed

i
4 (2) = [‘!‘é_‘.’] * (3.2.2)
A particularly important velue of Uy(Z) is the surface frictiop velocity defined by
Ma B Me(0) = [ ‘Eg’]"‘ (3.2.3)

wimre T(0) 1s the magnitude of the surface shesring stress.

The stress profile Y(z) depends on many factors but generally T(3) = [2(z)] 1es its
highest value at the ground and falls off to zero or some relatively smell residysl

value at the ‘top' of the boundary layer.

Definition This gives ua & more formsl definition of the stmospheric boundsry
Tayer or friction layer as the layer adjacent to the ground vhers turbulept atresses
are significant.

Lat I. , the top of the boundary layer be defined such that

T(z) £ € for 23 h vhere £ ia & smell parapeter,
ideally serc; ie we shall assume 7T(x)= 90O for 3 4.

Although many single values of the shearing stress have been measured, directly
ssssured profiles sre oply about to becoms resdily available. There is such a
lack of suitable stwcsapheric boundary layer data that even estimates of the nature
of the full shearing stress profile are very scarce and these requirs restrictive
assunptions about the general conditions or aome statesent about the relationship
batwesn the stress profile and the velocity profile.

3.3 [The Geostrophic Departure Metbod for Deriving X (2)

Assuming stationarity snd horizontal homogeneity for all the relevant variables,
including the pressure gradient, the basic boundary layer squations of motion reduce

to - -
}_‘F.. = - -F -V X h
IT f (Y' "1) - (3.3.1)
where Vg = {5'? (kxV¢) (3.3.2)
defines the geostrophic wind vector at any height Z,
The mean wind nu.r the surface -\f: can be regarded as the geostrophic wind
modified by friction.
Iotegrate (3.3.1): z _
(a) Te) - = -f ,[ e (L-Y)xk 4o (3.3.3)
[+]
or (b) T . g r‘e (V- Vq) k 4z (3.3.4)
z

Therefors knowing the profiles of i(-:.) and !&(.1) we can either:

(a) express I(Z) in terms of the integral of the geocstrophic departure,
.\.'."‘!.1 3 from the surface to Z 1if the surface value T(o) is known,
or (b) express T(z) as the integral of the geostrophic departure from the height Z
to the top of the boundary layer, § , if this is known.
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hin the Boundag loyer aM-fvrc;.CAﬂd.mShMLS
ess hos to be taken inle account.

kx.skecwingsﬁ-w vnﬂu.a.ﬁ;-fwuh d-mdoFﬂisfvund.

normally folls in ma.anlﬁ.d; wik Mab:.-hzma.t
Gp of % boundaw layer.

L}

Pressure

1;.,3.[.«.‘ #Caud b mrbd.m

hmwm‘,“m:

V()

= (s00m)
/(-:'_—:_-“'“-—\-;z-
E’Piuﬂs V)2 4 @ and o, 20" dunng the day .
LYy

Lo
&Lg(\.«,-w*k dz

NB Tlo) = (3.3.5)
Example
Suppose !5 is virtually constant in direction with height,

ie the therms]l wind is parsllel to the geostrophic wind.

Choosa right-handed axss such that the x -~ direction coincides with the
geostrophic wind direction.

In component form the squations of motion bacome,

T = -fev (3.3.6)
= fe (&-Yy) (.3.7)
B N ‘ 8
Vg “ef 3y of I:“ (3.3.8)
with surface boundary conditions that
(1) T(z) 4 parsllel to the limiting wind direction ms the -urr-c.(n -m;mcnea
339
(1) Y(0)=20 apa © < 5c(0) ¢ T
vhere w(z) v to' (%) (3.3.10)
and (o) = o(z) is the surface turaing
of the wind from the geostrophic wind dlmtt_:n.
Approach (a); - Tulz) ® T ealo) -~ § | o¥ dz’ }
gta) = o) Stle) 4§ S‘ ¢ (A-Vg)d2' (3.3.11)
Approach (b}a Tulr) = £ e“’ dz' * } -
‘E’('l.) - -{' I e (“_v’) dz (303-12)

These methods are suitabls only inm htrly idea) thtionlry conditions vlun
s wall-Gefined.

3.4 Ylux-gradient Relationships
Recall that from molecular theory the fully viscous stresses in laminar flow cen be

¥y

defined by _
Foo= %+ B
oo that in conditiona of horigontal homogeneity the tangentisl atresses becomse
Fo = p & (3.4.2)
le f" l?
ie Ve can write F = (F...F,) = (Fy .Fl-l)
I/. L34 c V ’ (3-"-))
I
vhere, from moleculsr theory
N .st el (3.4.4)
. LY A 3



wvhere ¢ ia the sean wolecular velocity and {  ia the mean free path
of the molecules.

"In contraat po adeqatephyeissl theory is known which expresses tha Reyno_ds
stresses in terus of the mean velocity components snd their derivatives. It
becomes nacessary then to introduce empirical or semi-empirical relations between
the turbulent stresses and the mean flow.

A Datural first step is to carry over the results fros the kinetic thwory of geses
and to relate the local rate of transport across a fixed surface, F; , of some
quantity § per unit mess of air, to the local gradient of mean § meagured no~mal
to the surface such that

[ A —
" Fspans = -AR = -pK ¥
s < € $5 €% o=
[K»'«-,-»h‘c oy = F'/e = Ay (3.+.5)
where A; is called the sxc cosfficient or sustausch cosfficient

vity or eddy dlffuelon cos?flcTest.

The uuit!.u sigo denotes that the gradient is being measured in the direction
of the flux. -

and k‘ is called the e

It ahould be streased that such flux-gradient relationshi for turbulest stmoapheric
flows are semi-supiricsl and bave not been .I:quas n&iﬂoﬁ in the atmcsphere.

The analysis up to this point is purely formal end we may lock upon (3.4.5)
as glving the definition, in e strictly mathematical sense, of the funotion K;.

i
Ki = — bl (3.4.6)
e/ 3n
which is indapendent of any physical modelling of the turbuleat tremsport
processes, and gives us no informetion about the behaviocur of the functiom K .
In general K; for turbulent transports is differemt for trensport in
diffarent directions and is a function of position and other parameters of
. the turbulent flow.

If we were to assums however, as in molecular theory, that K; is constant then
physically we would be iwplying a diffusion model which might mot be applicabls for
turbulent transports in the atmospheric boundary layer.

Two properties characterise sclecular motiont

(i) The molecules move very quickly but have a very short ssan free path
(st pormel temperatures and pressures) .

(i1) The velocitiss betwesn collisions are very weakly correlated.
On the other hand in the atmosphere slements of fluid:

(1) Move with speeds which are small compared to the velocity of sound tut
over distances which are of the order of the height above ground.

(i1) The velocity changes continnously with a slowly decreasing correlation-in-
time.

29 L_?

The analogy between molecular motion and the motion of elsments of the air is there-

::::1::t & very good one amd strictly the *K-theory' approech should be used with

In spite of the theoretical difficulties in full

¥y accepting a diffusion wodel ths
E-theories and the acoompanying mixing-length theories have their part to play io
the development of the theory of atmospheric turbulencs.

In particular we can deduce some simple properties of the wind and stre
[ 1] flles
An very vestricted conditions if we adopt the flux-gredient relationship Fre

T = ALlD }s%. e eKn(@) )5_% (3.4.7)

where A, (2) and K,(z) are taken to be scaler cosfficients.
Kn is oalled the eddy viscosity in mmalogy to V.

Note that this wind-stress relationship requires that 7 be W
parallel to Y
throughout the boundary layer. - 3

3.5 The Xxman Spiral

The simplest analytical approach considers statio
mary flow, horizontal homogeneit
the geostrophic wind and the eddy viscosity constant with l'uight. e T

Basic equations of motien are

. _ v
| = = -fo (V-y) xk (.5.1)
whare T = e]{," 3%[._;- (3.5.2)
with boundary conditions
Y = o0 (3.5.3)
amd L V) = Vg
Xy . —_
rite Vo= (i, 0) = V- }_l.) (3.5.4)
then the equations of sotion become
YV 4§ (L xR)=0, (3.5.5)
e K,

since 3V
229 =0,

with boundary conditioms Ve (0) = -V (3.5.6}

1,.:‘.:.‘ V..Q-Lz) = Q
In component form (3.5.5) becoms

):_E" + i :rc. = 0 ¢

}2" kH )-5-?)
MW, _fH =o

az* Ke

26.\'3



Uq_ = Uat < ;J’; then the above equations combine to

v o
2z* ”
= (i:fl)‘_i ‘U't..
- 2Km )(
= MV wise = (<) ry s (3.5.8)

choose axes such that the x-saxis coincides with the geostrophic wind direction,
n the boundary conditions are

’U;(o) = -—V’
gt
general solution of (3.5.8) is
Y )
Vo = Ae"z + Be (3.5.10)

. boundary condition at the top of the layer givea A=0

{3.5.9]

. that at the surface gives @~ —V,

| s0 the solution is
% = ~Vy op [-7 )] (5.5.11)

re X = /iix‘" .z : (3.5.12)

— _ -1
Mg = .U.-V‘ = - V’ e-‘t‘%‘T } (3.5’13)
T e v o= Vyg€Tiimy ,
' wind hodograph (greph of & against 3 ) for positive T , is an equisngula

ralwvith Le Vy , ¥ =0 as the limit point a8 Y —y =0
ded the Fcman Spiral.

.8 type of solution was derived by Exmsn for wind-driven ocean currents.

e -
s

It is easy to shov that the solution is an equisnguler spirsl with the constant
fle that the curve mekes with the radius vector from the ‘origin’ at (V, 0 )

45°, - - -
il to 45 V“ l!,‘l - V‘e.‘
tay = g__: 2 ~lamYy = tau(rr-]-)
ro= T (3.5.16)
— - r cat T e
Vo = V,Cﬂt"‘ = VI,C“ C? .4
-
27\ |

c.f. Equation for san equiangular spiral is Y= ﬂ.cadrf

s ¢ cmslamt
t&n(ft ;H_H_
= ru-ls

T+ -~ v $p

1]

¥ - 50
-

S'f + 1y “"“(ifﬂ)

L t‘““f:ﬁhﬁ {9

STJO"‘«VO Ff,‘ﬂ—?o -ﬁ +".] = Yi__‘f
d:
T T T amd i P cmstant
ot
Y = a.e" V

This classical enalysis has no prectical value; howsver, despite the adoption of
& quite unrealistic profile for K,, it does predict some broad features of the
obssrved atmospheric boundary layer wind profile.

(i) The angle o¢ which the wind makes with the geostrophic wind direction

is given by
T, Son T
tﬂﬂ\ o = g = 'er"—-—--_ pymre . (3-5015)

o decresses continuously from Ti at the surface to gero for the first time st
Y=,

Y

"

2E .rL’



The effect of surface friction rwsults in the wind being deflected towards low
pressure from the free-stream direction so that the nesr surface wind is inclined to
the isobars at an angle of(0).

The term Ecman h*cr is often ueéd to denote the layer in which the wind turna steadily
from its mear surface direction to that of the free-strean wind at the top of the

boupdary layer.

In reslity ot(o) depends on the atability of the boundary layer, the value cof the
fres-stresas wind at the top of the boundary layer (taken to be the geostrophic

wind throughout these lectures) and the roughness of the n;‘quyi.ng surface.
Typical observed values in wid-latitudes renge from abqut over relatively smooth
ground in very unstable conditions te about %0° over rough ground iz near neutral
conditions. Stable conditions give very large cross-isobar flows which are yery
difficult to deal with.

(i1) z(‘V ' :

7o
)

L —

*

¥

Profiles of & , %

. _ nuov supsrgeostrophic wind spudah the boundary laysr.
¥Ind speed approschss gecatrophic value fairly quickly bmt wiad Cﬁwtion becomes

parallel ummmmemmm-am.
The wind first attains geostrophic directien when X=T
is at Ly «® 3

= X
Vv 'F/ltn J*/ZKH

Trpleally =z, - | k. , F2 10 s {mid-latitudes)
LY - fi
Kp = -{3_‘! ~ 1 0 = & xi1o% e gt
n .40
= 7 mtre
et V o~ OUF gt gyt

= I X107 g sec!

Therefore, atmospheric wixing 18 on & scale much greater thap solecular diffusion.
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3.6 The Leipzig Wind Profile

There are many complicating factors in the atmospheric boundary layer which prevent
the claseicel Ecman spiral approach Seing of any prestisal valus,

The general lack of suitable atasepheric boundary layer data has messt that, until
fairly recently, undue atteation and importance have been given to some careful and
datailed wind measuremsnts made by Hildner on 20 October 1931 at Leipeig, vhich gave

rise to the so-called Leipgig ¥iad Profile.

The Leipzig data wers cbtained from o series of 29 double theodolite pllet balloan
sscents made during a seven-hour period (0515 - 1615 GMY), the wind field was
-umtohnmd{uduummm-mdmhpunhtuw‘hwtth
layer of 6.5 %103 k. m~! indicated that the air weg slightly stable,

Tigures C - E illuatrate profiles of i,‘! L A Vg y Sk, T A
through the atmcapheric boundary layer bused on a recent analysis by Carson and
Smith (1973) of the leipzig data.

See also: Clarke, R H 1970 *Obeervationsl Studies in the Atmospheric Boundary Layer®,
Quart J & Mot Boc 96, 91 - 11h.

3.7 Balance of Forces within the Stationary Atmospheric Boupdary Layer

Figure F illustrates the balance of forces in = stationary atmospheric boundary
layer vith np thermal wind offect, ‘

Nots: (1) Geostrophic balence at the top of the bousdary layer.
{11) Balance between 3jaomd . Tp  at the surface.

(111) 3% 1s greatest at the surface.
Eg ]

-\
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TABLE 5. Vertical profiles from the analysis by Carson and Smith (1973) of
the Leipzig Wind Profile data.

|
i
|

These profiles provided the best it to the hypothesis that the ghearing stress
vector and the velocity shear vector are parallel. Right-handed cartesian axes

J S S

SR ! [
are used such that the x-direction coincides with the geostrophic wind direction. o . ° ! St '
T : | 1 1 ] 1
Useful quantities associated with these profiles: - l 4 i’ 3 -i - :
' il Bt i 1 CoTT T
ot (o) = 25.0° o e - -
| -] -1 -1 : | 3 0
£ = 1.1 x 107 8, g~ = 9.80665 m 8 -, R = 287 joule kg = k 1 *
£ (o) = 1.25 kg m™>, T(o) 3 297.5 K (estimated) R
L =6.5 x 107 K o {constant temperature lapse rate}
P\‘hta\ = 2.33 x 107 N w2 (c.f Mildner's synoptic estimate of 2.5 x 10’3 No?)
Vs(o) = 16.33 m 3-1, T (o) = 0.b69 N n'z. Y, = 0.61 1 o !

* ¥p0)

Formulae: e(."-) = Q(o)[‘ + L"IT(O) -]-(‘
= p(o) (\-223 X157z )"'m,

N = W) el foe) .

£ in metres,.

e vs u <r v ol Y t e A K 1

kg e PR P PR I s deg [N N R deg | kg el s el s o F:+
PR

1.250 |46.33 of o 0125.0] 0.425| 0.198]0.469 | 25.0 0 o ) 0y Pt

1.264 [16.81] g.26) 4.17]10.93[24.3] 0.k00| 0.426]0.420 | 17.4 9.6 2.7 113.3 -

1.238 [16.49110.54] &.43|+41.43]22.8} 0.370] 0.079]0.378 | 12.1 15.4 12.5 |22.5 NEEE R

1.232 [16.57{11.67| 4.57[12.54|21.4} 0.338| 0.041]0.3h1 7.0 15.7 12.7 |2b.2

1.226 [16.65[12.70] 4.70113.54|20.3] 0.306| ©.010]0.306 1.9 16.0 13.1 |26.2

1.221 [16.75[13.58} 4.69114,36]19.1] 0.275]-0.015/0.273 | - 3.2 16.1 m.24z278 | T by e e e

1.215 [16.B1}1k bo| 4.61]15.12]17.8] 0.241|-0.035|0.243 | - 8.3 6.2 | 13.3 129.B

1.209 |16.89]15.06] 4.48|15.72|16.6| 0.209]-0.050|0.215 | -13.4 15.9 13,4 |31.1

1.20% 116.97[15.71] 4.29}16.28(15.3| 0.179|-0.061|0.189 | -18.7 13.6 11.3 | 28.5

1.197 [17.05116.36| 3.96[16.84]13.6] 0.151|-0.067|0.165 | -24.0 12.2 0.2 |27.5

1.192 §17.13[16.91] 3.66|17.30|12.2] 0.125|-0.070|0.143 | ~29.4 12.1 10.2 {29.4

1.486 |17.22|17.37] 3.36[17.69(11.0| 0.101}-0.071|0.123 [ =35.1 11.5 9.7 {30.0

‘1.180 17.%0 |17.76] 3.02{1B.02} 9.6| 0.079}-0.069|0.105 | -41.1 1.1 9.4 [31.7

1.175 [17.38|18.03| 2.71|18.25| 8.5| 0.060|-0.066/0.085  -47.6 0.7 9.1 133.1

11.169 [17.47]18.28] 2.37|18.43| 7.4] 0.043|-0.061(0.074 | -54.8 9.6 8.2 132.7

1.163 |17.55|18.46| 2.06]|18.58| 6.4} 0.0281-0.055|0.062) -62.8 8.1 6.9 130.1

1.158 |17.64 |18.64) 1.69|18.71| 5.2] 0.016|-0.049 0.052| ~71.9 6.6 5.7 {27.1

1.152 |17.72§18.69] 1.33|18.74| 4.1 0.0047(-0.047| 0.047| -Bh.3 6.2 5.4 |26.5

1.147 [17.81|18.70] 0.94}18.73| 2.9|-0.0011]-0.038 0.028| -91.7 5.0 4.4 | 2k.0

1.941 [17.89148.63] 0.54|18.64] 1.7}-0.0074{-0.034 0.0 {-102.3 ko 3.5 |20.4

1,134 [1B.00118.50) o |48.50 ~0.006]-0.018 0.019]-108.4 - - -
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4. TiT7 STRATIFIED ATIIOSPEERIC 30T, DARY LAYER

4.1 The General Egquations of iotion and fontinui: -

We now consider the dynamical equat-ons which govern the stratified
atmospheric boundary larer and work towards the definitiong and meanings of
stability parameters such as the flux anc gradient Richardson numbers,

Notation

(i} In the following all vector and tensor compenenis refer to the
usual right-handed Cartesian coordiiate systen, fixed in the rotating
earth, x; (i =1, 2, 3).

X =X X, my, 13 =z

(1i) Kronecker delta
S.‘ =11 1=
R 0 it}

{1i4) € =f 1 i, 3, kall unequal and in eyclic order
ik -1 i, j, k all unequal ut not in cyclic order
0 any t+o of i1, j, x are equal

(o

Alternatively: | 1 if i, j, = is an even permutation of 1, 2, 3
~% if i, j, £ is an odd permutation of 1, 2, 2

0 if i, j, - is rot a permutation of 1, 2, 3
{iv) General Coriolis parameter: f » 2.0% = {0, 2R e , 24 Sim ¢ )

{(v) Summation convention: whenever thz same letter occurs twice in a
product it is to be summed over all values (1, 2, 3).

PSR B (PP LR Wl w »r
ax, 3“-.'-.,( ) N 2 %*"ﬁ-‘z
{vi} 1f e,, 8o+ &, form a right-handed Cartesian oasis

i.e. they are mutually orthogonal unii vectors, then

iR = €y
3} f]
and from this ard the surmation corvenmtisn it follows that if

) a=a;¢ | bzb €t amd € zc,e = axb
tnn'] o~ L4 -~ -~

CietsC = €-0:8 % b e - .
CEECE o= L8 Nb&N = € 05b, .
Tharefore, the coriolis aeceleration cerponerns
(i*!)( = E(jhﬁ”‘h = %“h ‘*‘Fh My (¢, in C:’cl(ijjl:?f)zr)
ex. y—eomboneni: 1 = 1
(f"\ih - 2fcwy A& -210 o

~ -ty = (a’-!x!)x_

i

€4



The continull @ equatinng

—

Consider the mass flux vector p4ki. —— e

On tating mean values we have i = pA T M

It is obs ervnd that the relative flucfifations of density are much szaller than
the fluctuations wuf and we ta:e

Fi = P 10 a high degree of approximation. (4.1.2)

It must ve emphasized that while small compared to g“- ;he term e‘d
is not zero. In fact it will De seen that a term involving f“l plays an
important part ir the turbuleni kinetic energy equation.

The full equation of continuity is

D+ duy, = 0
Pe ¢ T (4.1.3)

or 28 0+ 2 (e =09 (4.1.4)
ot uh

Taxing mean values and using {4.1.2) we obtain

:_§ + g W =0 (4.1.5)
3t e,

or W O+ 2 (M) =0 (4.1.5)
Py L2

as the continuity eguation of the mean motion.

Alihough previously we toox 1’_8

= 0
p14

i-¢e. w = 0O
- "y,

it has been argued (Calder, ¥. L. (1343) Quart. J.R, Ket. Soc. 1%, 71-83) thot
although for small-scale turkulence

]
AL .
pE: k =0 (4e1.7)
3)(1
io a high desree of approxminatiorn, 1lhe corresponding result for ine rean mation
viz. )_I_i‘ = 0, 15 Mt tre1in gensral save as a rough approximation,
n,

e shall adent then {4.1.5) zr¢ (5.1.6) as the cont:iwnulty equation for the
mean flow and (.1.7) as Lhe eorianait - equation for the edd ' nmoiion,

cr

Tha phrssical s.mificsnce of (1.1.7) is lhat the small-scale motion does
rit navr the £luad 2lements f=r ensuth far them to be in a region af €iffercnt
densat-.

The eguations of motzon:

The general eguations of motion can be written,

e'bu‘ .‘_CE ; =—e}.:.§' +l¥£h

where i is the gravitational potential function and the siress tensor P‘
given by

P = by -P‘~a+r~[ g "‘G‘QH

= “:Sc‘ ¥ M“'h N 50-1. {4.1.9)

Introducing mezn and fluctuating componenta {as in Section 3.1) and tasing
the mean, the equations for the mean motion are

'éiﬁ +.é€*'jh.&inh =-'-?.:-£ ‘i‘) (P }

ol . (4.1.10)
Bt % L

- f
where T'-'h. = - P Ay -“i are the Heynolds stresses. [4.1.11)

4.2 The Tnergy Bguation of the Mean Motion

Let 'C: = (fi? ); be the coriolis acceleration for the mean flow then
4;5; = T + 4,0 +a,¢,
B, (T -6,5) + B (AR -F, &) + 3 (F3-f, &)
=0. (d.2.1)

The phrsical significance of this is that the coriolis farce veing
perpendicular to the flow does no mechanical worl,

“lip sirce the sravizational field is constant we cin wril2

- .
“; % . D8 St 28 _ O, R
[ L 3¢
“ultipd - {4.1.10) v &
e+ ) = “‘—(Pcu" Ton)
t *h ) ) -
= .%L (P.-hu.- +T¢tue) '(i"c.,,"' T‘h) PIT% . e
" 2y

3_’,((?



The L.H.3, reoresents the rate of increase following the nezan motion of the

total mechanical energy (“inetic + pstantial) of the mear otion of unit valune
of the fluid.

LN (‘Pi.‘u‘é + 'C;hﬂ-;) represents the rate per unit volume at which lne rzan

" total apparent stresses de wor: on the mean molion,

. . f
Tv-e mean values and neglect terms involving ¢
those containing 'é

in comparison with

- — = EY -1 i
1L (pee) (B2t ) = FU 45
(“ + T \ W represents the total ratc of transformation per unii voluma of e-& eui (e f)( o ' ) € ¢ (4.3.5)
h‘.l ‘h =" mechanical energy of the mean motion into other forms of — —— T
"Xy energy. (j‘u.tuhh (B (H 4 2w Mg +uy ) (W + )
4.3 The Turoulent Znery- Jalance Zquation -— —
— —_ g - o A
- . A M
ZSquatisns of lLotion: = ¢ ( s R Up + 20Uy Moy v 4 )
(4.2.6)
. b .
e dus 4 p €. h;J = -p 2 S | B (4.3.1)
It LN 3% However we must write
. - (""“BI = (?Ic"'("”‘l)?;_l
Zquation of continuity: I I, (4.3.7)
u = : ) -
};e + i (e h) o. (4.3.2) Although ea'-‘. L e & it is not zero, and since the final energy
it }xg equatisn for the turbulent fluctuations is one relating smell quantifies and
will be derived by subtracting two equatmns e¢ontaining muck larger terms,
and in particular both containing eu_ 2§ o it cannot e reglected.
Hultiply continuitv equation by u, and add to equat ions of motion IRy
+
‘o(u)+}(eu.ug+ € -——e 2, 2k . Loy '
¢ e , (4.3.3) P Yoo *+ P,
Yultipl: by u, and recall that € -F.u.._u.; Q0 —— - = —
(See {4.2.1})'and L] o o W a4 M,
3‘#‘1 }1- aK
3
...-(9““) + My )..(P“L“l) = eu )“" + % + eu;“kh“:
a, PY e it W Ty 1 e
. . x = ‘1 (ﬂk..)*\a,g:*_\ +2 (ipl) -p W
+ u; 3Apu L Ly M ®
‘ "ne i) b R (4.3.8)
L
-ie -;t eﬂi };‘ Substitutirg {4.2.5) - {4.2.8) in meaned (1+3.4) we obtain
LY
3 [.L Smt et u.
= i[ie“] +)[ C““‘"‘l] St L?(""‘*‘L“t) ),L E“h(“t"’ .
N e— T - .x,
-t u} 4 | 2 [ 0wy vy P “c“u_]
/ (3 N,
Therefore . J— )_.
* = U .
[yemi] + 2 eu.uﬂ = —euﬁi + by (d.3.4) = -pa el U 3(“ Pu) - P 2=
rit ‘ EL S PN :q,_
LY Duk
+ 3 (“:P'l] - "
2 \ o
34 Xy ,gh (4.3.9)

3



Put ,q{. = i(ﬁ(’- + u‘cl)

2 Y] -t;:[éufﬂ.] = %(WH@ s
) e
= LIy b'ﬁf
IF[’“ te '3‘:] ® 5t
=g 2¥ using (4.1.5)

Squation (4.3.9) becomes

Ei{l(“ +u‘1)+I} —.e_‘::‘; }_I -+ };(F I"f—r«l"t‘_‘!)

it oK, }Kk ‘e
— —_— t ¢
b TR 4 (MR - prae
Pon m.( k) - P o

LY . (4.3.10)

This is the eguation of the mean rate of crange of the total mechanical

energy of the motion.

Subtract (3.2.1), the energy equation for the Zean motion:

g e R ?
oy

))l‘ Xy

Uf

—
- h‘hg::; - %‘[i ;4 ‘]

This is ‘he equatinon far the mean rate of change in the necharicul energ;

of the eddy rotion per unit volume,

Let us now consider the form of certain of the terns in {4.3.1%):

(i) —_P_'*:i)f :-13-(_3‘—':’7

0

Tris is the rate of wortiins of tha gz rtational freid a7 the eddr

flux of rass arising from the correlation velwepr the dersit. and the
veloeit:: fluciuations,

Lt
[an}

>)

(4.3.11)

(ii) Recall from {4.1.7) that

= -p St My,

How - , - r—
Pt = - p o+ M e

3 v
}ﬂ-h } Ty

The first term on the R.H.5. is zero since !‘.“; = 0 from (4.1.7)

t

Ny

muh.):_a ,u{ W e 2)-3 0 )&‘) x

= e £ su‘
Thls term which is essentially positive, represents the mean rate
of molecular disaipation per unit volume of turbulent kinetic energy.

SL-‘ = {N:v h‘;l(

i-“') b LN
- 4 L !‘ ks
SL'SSL" = (2‘.‘;) t ()_‘_*‘) 1 1);. hl
M % ™ am

2 [ (&Y oW
; o M

aut Y —
+ —_ = S..' S.,“

: @'5
8N

In \-\wi'zonbull-a \\o'vnﬂal-nuus Comdtigns |

{-"’ST;-_';'LT‘.: h')"-*}_‘?"'*l)"‘
L 3z 2

Sham i, i + » +}_‘:"=o {incompressible)
2z

> THFD) - -2 (P + 3 (i,
My, kh n, P) auh( ‘ h)

o 2 (i)

(B
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How 3 (#ifa)
Iy,

= /‘i- P ) 4 2 ()
}*: 3‘1;}1*

These terms have the character of a molecular diffusion effect and
depend upon tnhomogeneit; of the distiribution of mean values. They are
assumed to be small and are neglected in comparison with the other terms
in (4.3.11).

e———

(iv) The remaining term from {iii) lkLEk: can be coupled with the last

ierm in {4.3.11) to give, my

' - i, B - 1
“E 42 BE ‘*i“'h] = l[“i(l'*i(“ﬂ' )]
Rh )’Lh }')(h

Collecting the results from (i) - (iv) we can rewrite (4.3.11),

i
ool

3

= —q pler .1.1:;};1; -3 ul (pespalt)] - €
3¢ B -3 K] ((;m)

el
‘+

1 L L rt
where E = ‘\ii*: = ‘}_ (‘u“ +¥' """r') (4.3.12}

is the mean turbulent kinetic energy.
If we further assume that the mean flow is horizontal, i.e. WeO

and that horizontal gradients can be neglected compared to vertical
gradients then {4.3.12) reduces to,

2E

T+ R + BB _;%[w'quas)] -
e Z

ot ¢ AR Iz
=9 po - W W -V B L) [w'(p+gB)] - €
¢ " e £ 97
(4.3.14)
ri
dhere & = Y { (% ) +(%{)* +2 /%L-é,_')l} (1.2.15)

~. L

The Turbulent Kinetic Epergy Balance Equation - Resume

For a fuller discusaion of the Turbulent Xinetic Energy Balance Equation
see (hapter 5, An Introduciion to Boundary Layer Meteorology, R B Stull,

1988.

Turbulent kinetic energy (TKEY is one of the most important variables in
micrometecrulogy. because it is & measure of the intensity of

turbulence.

It is directlv related to the momentum, heat, and moisture

transports through the boundarly layer. TKE is also sometimes used as a
starting peint for approximstions of turbulent diffusion.

The individual terms in the TKE balance equation dascibe physical
processes that genarate turbulence. The relative balance of these
processes determines the ability of the flow to maintsin turbulence or
become turbulent, and thus indicates flow stability. Some important
dimesionless groups and scaling paremeters ara alsc based on terms in
the TKE balance equation.

we shall adopt (4.3.12) as our moat general form of the TKE balance

equation
g 2E
3t
- ?‘é
ot
I
where .

g 28 , 34 dE _ w4 G B [ (p4pE)] -5

é + 04y R YA A R A &1 ]-¢¢

) N i - (GO L TP
¥ e _ox, @y, ¢
= = = ¥ W

J:-'AA::‘ :{(M"flr"fd"l)

is the mean turbulent kinetic energy (often represented by;EJ

nd z =7 Mol
a -E‘k 0 MMk

Term I

Term 11

Term II1

Term 1V

are the Reynolds stresses.

represents local storage or tendency of TKE.
describes the advection of TKE by the mean wind.

it the buoyant preduction or consumption term., It is a
production or loss term, typically positive during daytime
gver land ti.e. in convectively unstsbie conditions) and
negative at nziat over land (i.&. in nocturnal stable
conditions).

is a mechanics. or shear production/lcss term.  The momentum
filux mlw)y it usualiy of oppozite sign trom the mean wind
snear, becaus: the momentum of the wind is usually lost
downward to tre ground. Thus, Term [V results in a positive
contripution t> TWE when multipliea by & negative sign, 1. &.
this normally 2 production term.

34



Term V Lepresents tne turculent transport of VKB, It deziribes Low
TKE is moved around by the turbulent eddles.

Term VI is & pressure correlation term thet describes how TKE is
redistributed by the pressure perturbatfons. It is often
associated with oscillations tn the air, ¢.g. due to
buoyancy or gravity-wave effects.

Term VIl represents the viscous dissipation of TKE
1.e. the conversion of TKE into heat.
Kecall that turpulence is dissipative This term is a loss
term that always exists whenever TKE is non-zeroc.
Physically, this means that turbulence will tend to decrense
and disappesr with time, unless it cen ba generated locally
or transported in by meen, turbulant, Or pressure processes.
Thus, TKE 15 not a conserved quantity. The ABL can be
turbulent only if there are specific physical processes
generating the turbulence.

NB € , the viscous dissipation of TKE was introduced (in a
physical sense) in Section 2.5, The Inertiel Subrange.

1{ we mesume horizontal mean flow, i.e. w = O, and horizontal
howogeneity, then the above genersl form of the TKE balance equation
reduces 1o the simplified form of (4.3.14).

BT L g e B VW L !
It £} 0 o oen R
T W W W v Vi

Termz V and VI are often combined to give

_ 2 Luw(p'+p
D=3 pee €))

where [ vepresents the divergence per unit mass of the vertical flux o
eday Hlrnetic enargy and potential energy due to the pressure
fluctuations.

3

4.4 The Buoyancy Term in the Turbulent Enar, Balance Egquation

4.4.17 The Perfect Gas Law and Virtual Temperature

The equation of state for air is, to a v od N
perfect gas law t ory geod approximaiion, the

+*
b= %.. PT (4.4.1.1)

* .
where R~ is the universal gas constant (8.31 joule pole™ ! K '1)
B ig the mean molecular weight of all the gases. '

The mean is usually taken as a harmonic mean, weighted accordi
u rdi
to the concentration Yty mass of the various oompo;xent gases. e

We oonsider the air as ocomsisting of dry air and water vapour and
so

= (=1 4 8

t\" | LY
m Lo+ o (5]

L [itotq] | siha w29
rd Mo 13

L
"

L}

(4.4.1.2)

where § , the gpecific humidity, is the mass of water v
e oF oiny 2R ' er vapour present per

) . et .
T - eV (1+obig) (4e4.1.3)
d
It is customary to define the yirtual temperaturs, Tv, guch that
T, = T(t+abtg) (4.4.1.4)

and then we can write

P o= %;4(’7; = By (4.4.1,5)

where R, 16 the gas constant for dry air {0.287 joule gm-1k _1)_

The virtual temperature of a sample of moist air i
[ _ air is that temperature
al which dry air of the same total
_ pressure would have th 3
as the given sample, © mane denaty

39
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The relative fluctuations of p, and T are very small compared to
the turbtulent velocity fluctuations, % , and so since these properties
are related by the equation of state (4.4.1.5) we have to a high degree of
approximat ion

.
F 7 "=r'_— (4.4.1.6)

v

Further, relative fluctuations of p are in general very small compared
to those of T and e and so

L
(,r = -C- T, , (4.4.1.7)
7—"
again to a high degree of approximation.

4.4.2 Heat and Water Vapour Fluxes

The buoyancy term of the turbulent kinetic energy balance equation
can be written, using (4.4.1.7), as

i—
——

....i (,ru., - l N’Tv'
3 Ty
~ T . Arg!
* 3 W@T +oblg My, (4.4.2.1)
T
neglecting higher order terms.
We can therefore define
H = fg ~T (4.4.2.2)
which is the vertical flux of senmible heat due to the eddy motion, "P
being the specific heat at oonstant pressure, and .
E = § vy (4.4.2.3)

which is the vertical flux of water vapour due to the eddy motion, related
to the latent heat flux Q by

@ = fe = gL wy (6.4.2.3)

wherex ig the latent heat of condensation of water.

40

»>
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2 (H+obiqTE) = (ﬂ+n(,crE)

'}
¢ 1% 54T

(4.4.2.5)

9 (#reugT Q) = 2 (Keoo10)

f4T £ o4t

whare ?7-"5'6"‘1““, o-sl”faﬂbk, o-blf ~ 0 01,
F4

We note that Q must ba about 15 times larger than H to be of equal
importance in the buwoyancy term. Thie term is therefore often neglected,
particularly over relatively dry land surfaces, It can however be very
important over vegetated land surfacee or over water surfaces.

W

Ag with the eddy motentum flux we can formulate the flux-gradient
relationships

Ha -3¢ Ku %’% = -G M (4.4.2.6)
and E = -7 Ku W o= - M (4.4.2.7)
dz

thereby defining the turbulent exchange coefficients K, and K., and also
the scaling parameters ‘1‘*. L *

Recall that -T = __é‘ Kn P T _é‘ N:_ ;
FE2
where the x-axis is assumed aligned along the mean wind,

We could also write

HtowgTE . H *ngg_ = ~ata (Ta +/7¢4)
6(7‘ Fcl' e

= sl (F* 3 Sey,
dcee H o= HYobigqTE = —f6 Mufy (4.4.2.8)
Note that the temperature used in the flux—gradient relationship for

the sensible heat transfer is the potential temperature § since this is
the temperature which is conserved in the large ecale mixing.

a
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Recall 6 = T (\W‘J)" where p is in mb

and X = R lc‘,

6 is the temperature that a parcel of air would have if it was
brought adiabatically to the 1000 mb pressure level.

If the atmoephere is a perfect gas in hydrostatic equililteium,

l.e. 'P.: geT
and -
AR L
then AW 2 LT Kk R
& 32 T a2 P n
= LW o4 R
Al
= L (37
¥ O-.—-,_ + )
where = o - is called the dry
P 9/(\. x 98 Kbﬂ' ::iac,batic 1a;5e
rate.

4.5 Special Cases of the Turbulent Energy Balance Equation

With the results of Section 4.4 the turbulent energy balance equation
{4.3.14) can be rewritten,

BA l::'_r_wo-ugﬁ-mg T O,
1 T Fx A ¥ (4.5.1)

where D = f }_ [_'-""(r'-f-_é E)] (4.5.2)
P 9z

which represents the divergence per unit mass of the vertical flux of eddy
kinetic energy and potential energy due to the pressure fluctuations.

42

f

Alternative representations of (4.5.1) are,

VE L8 (WrougTE) vEE 4 BB —yoe ..
& g § e #23)
f\.

- - 3 4 ouT KL Y WV -_D-€
= %[k\.“;_iwmtw% +Kn(u\ +kn(ﬁ) D (4.54)

The divergence term and the buoyancy term may take either sign.

It is often assumed that conditions are stationary, hence 1‘8/51; =0,

and this ie an acceptable esimplification in many circumstancee, BEven with this
simplification there remains s complex balance in which the relative importance
of the terms undoubtedly varies substantially.

Let us consider a few special cases where the balance may be mimplified,

(1) Heutral flow

The general impression ie that mechanical production and dissipation
are the dominant terms.

SR (CA G
(4.5.5)

(ii) Stable fiow

Near the ground the energy budgetterms are not reliably estimated
but the broad expectation is of a rough balance between mechanical
production and loes by viscous dissipation and working sgainst buoyancy
forces.

(4.5.6)

™M
4
oiie

DAY ¢+ L (A+ougTE)
¥z e
(111) Unstable flow

The vertical divergence of the vertical flux of turbulent Zinetic

energ; mar ve significant typically decreasing from a positive value near
the grounc to a negaiive value in the upper part of the layer.



At some intermediate level there should ve a2 negligivle divergence
term, leaving the halance essentially between the mwoyancy production and

dissipatien,

e = 3= (wtowigTE), (425.7)
ey’
the mechanical production aleo possibly having fallen to a negligibtle

value.

However the details of the precise balances are not yet settled and
much more work is required to clarify the position in general.

4.6 The Richardson Numbers

In hie original analyis Richardson, L.F. {1925) Phil, Mag., London, 43,
p.81, neglected the dissipation and divergence terms and used the pimple balance

equation for the case of initially very slight turbulence

3 ¥\ 8
?%E = Kn 33.) 4%- *:“ %;i

N 9 Whe
) L 3 Oy

- Y1 kn _p.
= Ku (‘7—) Ku &] (4.6.1)

where the x-axis is directed along the mean wind and the muoyancy term due to
the water vapour flux has been neglected,

Purther, assuming K_ = K.,y Richardson ooncluded that slightly turbulent
motion would remain turtMientlif Ri € 1 and would be euppressed if Ri 1.

The question of the suppression {or jnitiation) of turbulence is much more
complex than this,

al suppori and experimental evidence for initiation
luid at Ri<3. There is still much
urbulence but the

v and simply estimated.

There are now theoretic
of turbulence in a stably stratified f
discussion on the value of Ri needed for suppression of t
current tendency is to accept a value near 1 as originall

Quite apart from consideration of its critical value for suppression of
turtulence the Richardson number is used as & general stazility parameter.

gl

The ratio of the production due to bucyancy farces to that due to the
Reynolds stresses is called the flux Richardson number, Rf.

& = i i

wr Ha + U 2?
L

z

R

4~ + o6l g Y

aa P 4 g
z Iz

= —9— (H-c-o-ucr?e)

£eT
-Z .Y
€ ?Z

Kun }g‘g,_ + 0T ku

N

1
A

-\ RS
ke LCEY + (7] e
and sﬁe usually accept KH ] va
R = 9 ke §1+o-bl?§%_
T okl (Ey-(E) (4.6.3)
[Et 15 usually seen asg
ke 2 (4.6.4)

R{ =

<lijas

- %
kﬂ (’“41)
where the effects of water vapour are nepligible and the x-axis is aligned
along the mean wind,

In (4.6.1) all the quantities except K,/K, are directly measuraadle and
it is not obvious how ﬁ‘ Kn will vary with conditions.

45
L



For these reasons the gradient Richardson number, Ri, is commonly used,

where
Q= %[g -+ o-u-‘f}s‘é_ ]

(BY+ (¢} (4.6.5)
= ‘.E.f.: Re , o K=k,

(4.6.6)

Dften seen as & ~ %_ . ﬁ/}‘?_
T (}‘:[)-LY'

Ri, R, 7 0 for stably stratified flow
= O for neutrally stratified flow

< © for unstably stratified flow
Large values of Ri, R, indicate that buoyancy dominates whereas small values
indicate that btuoyancy has little affect on the flow.
m over grasaland in mid-latitudes Ri is typically in the range

AtZ =1
[-0.1, 6,1

&
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5. THE SLHFACE-STRESS LAYER

Adjacent to the surface we can define a layer in which the etress has
changed by less than some small pesrcentage from ita surface value, i.e.
formally we oan define a layer such that

T(o)-T
l—ﬂ- L€ for all ¥ in the layer (5.1}

T(o) -
where £ ie some small value, say about 0.1-0.2,
The layer so-defined is cemmonly called the constant-gtress layer since,
by definition, % (D) is a good first order approximation to ¥ {2) at any
level within the layer.

Unfortunately this terminelogy can be misleading and it is better to avoid
it by using the more appropriat=e gurface-streas layer.

It is most important to realise that we have said nothing here about the
value 3% which we have alreadr peen has its maximum value close to the surface

T 5
in the simple stationary atmossheric boundary layer {see Section 3.7 and
Pig., F).

e.g. Consider the 3 profiles as shown,

z A =, Let §; be the depth of the
‘ surface-stress layer.
Curve (1); 3% _
3" o] "'vv ol z
o P
ey .
Curve (2): W - ocomst . z<h
P2 ¥
J ) 4 z canitont arthin
N - n
N T the surface-stress 1‘“3""
oqty T s 4 2<%
- A

Curve (3): 3¥ has its maxioum value as 2-3 0
FE
Wy gasz—>h
3T
-“/)z bas -ts maximum value within the surface-etress
layer, Z £3§,.

It is the third situation which -ypically applies in the atmospheric boundarjy
layer.
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Therefore T (@) can be treated as s constant in the surface-stress layer only if
it appears undifferentiated, Recall that as z—y Q the corioclis term in the
equations of motion becowes increasingly less important in the balance of forces
until _é..::_:z effectively balances the pressure gradient acceleration E‘,YP .

1

The depth of the surface~stiress layer ie generally some small fraction of
the total depth of the boundary layer and is determined by the gradient of ¥
rear the surface. The higger the value of 3t the shallower the laysr where the
eriterion (5.1) will hold. 2

It can be shown that, typically, a good approximation for 3% is given by
T

% ~ .
32 = %’% P ol (5.2)
and s = wewx(e) (1- zt) (5.3)
. . 2
L T@-T) = '%\.'; sot{0) . Z (I .5_..‘)
i.e. T) = -— pmal0) . &
3\3 PR
o W)-T(z) o~ 22 (,_ = ')
T - * (5-4)
= 22 fv E 24
Therefore 14 k
°1 € €& £ o2
= . 2t
= otd <5 & o2k

Typically, he 1 kn and a0 § = 50-100 m.
Therefore we are dealing with a layw perhaps some tens of metres thick.

We can extend the definition from surface-streas layer to gsurface-flux layer
in which, by definition, the coriolis force (and hence the turning of the wind
with height) may ve ignored, and the vertical fluxes of momentum, heat and water
vapour are closely approximated by their surface values {i,e, in this layer
they are assumed to be virtually constant with height).

. There will in general be three estimates of the depth of this layer,
BH\SH‘SR corresponding io the profiles of the different fluxes. On many
occasions $u, 3w and Tu will imply approximatel; the same depth out on other

occasions they could differ widely, e,g. Night time conditions with a
radiation flux present are difficult to deal with.

8

6. THZ STRATIFIED ATHOSPHERIC BOUNDARY LAYER NEAR THZ GAJULD:

THS SUFACE-TLUL LAYER

6.1 The Lonin-Owhov Similarity Theory

The Fonin-Omurhov similarity hypothesis for the surface-flux layer 1s
the most widely accepted approach for describing the properties of the surface
layer.

Brought down to the very simplest terms, similarity methods deperc on the
possibility of being able to express the unimown variables in non-dimensional
form, there being suitable argument for saying there exist a length-scale, a
velocity—scale {or time-scale) and s temperature scale relevant in doing this,
The non—dimensicnal forms are then postulated to be universal in character and
this will hold as long as the woales remain the relevant ones.

The Monin-Oouthov similarity hypothesis for the fully turbulent surface—
flux layer (whers the coriolis force is negl.oted) astates that for any trans-
ferable property, the distribution of which im homogeneous in space and
gtationary in time, the vertical fluz/profiln relation is deterrined uniquely
by the parameters

g , T, o | E) (6.1.1)
T [ e

which is equivalent to the pet
§ , M, Ta, Qs (‘[, = Ty ‘*n‘“‘lt) {6.1.2)
T

where 3§ is the Archimedean buoyancy parameter.

¥.5. In the atmosphere it is well-established that, except possibly within a
very thin layer adjacent to the surface when the ground is quite smooth, the
molecular fluxes of momentum and heat are negligibly small in comparison with
the corresponding Reynolde fluxes due to turbulence. In this case the flow
is said to be fully turbulent and no longer depends on molecular parameters
guch as ¥ andK where K is the thermal diffusivity { = kK, /if" , hy = thermal
conductivity), There is then close to the surface a very thin viscous sUD-
laver.

49

¢



Instead of using the bulyancy parameter g/i-' it is convenient to use the
ength-scale, L, uniquely defined by 3/7 , uy » %x by the relation

L= .u:-{’

3

b
®

i
= - 2 el {from{4.4.2.8))
ke #

M*l Fﬁ? (6.1,3)
kgl hrougT E]

ind called the Monin—Obuxhov length, L is effectively constant in the surface-
flux layer. k is the von Kirmin constant (= 0.4) and is conventionally intro-
duced solely as & matter of convenience. With upward heat flux taken as
positive, L is negative.

Thue L, ug, Ty Lau (?*) (6.1.4)
may be taken as the set of basic parameters which uniquely determine the
vertical flux/profile relatisns.

Dimeneional analysis leads to flux-gradient relationships which may be
expressed in the general form -

x5 - % 9 (%) (6.1.5)
z
where B is related to the vertical flux F‘8 such that
)?A
Fo = —gmss = —gae k27
¢ (4
= "E Ks % . (6.1.6)

E is the mean amouni of the property in unit mass of air,
6, 15 a staling parameter for B in the surface-flux laser,
Ks is the effective eddy diffusivity for the transfer of s.

The ¢ (%fL) are universal functions of Zfi only and may be different for
different properties. The s are nat specified by the theory and must oe
determined by observations. The overall observational evidence is that the
decrease in unstavle stratification {I€0)} and increase in stable stratifica-
tion (L20).

5C

&8

Ths profiles thempelves are obtained by integrating (6.1.5)
— _ Z,
§(z) - Sz} = 5,: [Es( "-) - ES(ZT/L)] (6.1.7)

vwhere z _ is Boma reference level at which 8 is known.

In particular the nature of the similarity formulation implies a
logarithmic singularity in the Is *s as 20,

_ This is avoided by defining the level z_ as the virtual height at which
® attains its surface valus. In general, z_ which is characteristic of the
underlying surface, is different for the wigd, temperature and specific
humidity profiles. However in the absence of further informetion it is usual
to use T, derived from the wind profiles for all three.

This level, denoted z_, is defined as the virtual height at which u = 0
and is called the surface roughness length. It is a characteristic of the
surface and is usually independent of the flow.

Values of z  range from 1.2 x 10_2 em for a relatively smooth sea surface
t5 about Im over a city or forest,

A typical value close to an extensive and uniform short grass surface
would be 1-3 om depending on the height of the grass.

¥ost of the standard text books on the subject will provide a table of
values for different aurfaces.

From (6.1.5) and {6.1,6) our complete set of profile relationships is:

liomentum W _  Me (?H(:]L) LT gy = ¢ K,.),;_i . {6.1.8)
3z k2

Heat W o= I () He -poiaTh = -'e'q.K“%? (6.1.3)

- 3 A Lo z

Water Vapour )j' - q___:« qw(zfl.) ', =
T kz

=-é MaQy = -E Kug_j; (6.1.10)

Other general relations ares:

(i) K = h\klz (6.1.11)
g cfs (z"L)

ang therefore Hs?s = ku*z which is independert of s,

i..2. kh‘_e" - K““e“ - k‘w"?w - h“‘z in the surface-flux layer.

51

¢t



(11} R = g (Mt owgTE)

= = ._L____
T [_ q:n(tn.\‘& (6.1.12)

and e = kn, R{ (tn.hing k“"kw)

T ()

2 (0 )
(. tf:("h.)

(6.1.12)

6.2 The Neutral Surface-flux Layer

In neutral conditions the buoyancy effects vanish from the relations and

we find that q;n':. ! when k is the von Karmén constant,
Therefore L— Zog, B,=Hi=0, K =iz (6.2.1)
T
2 %z (6.2.2.)
- AL =
o mz) = 'E" L z, {6.2.3)

The neutral logarithmic wind-profile can be derived alsc b, appealing to
laboratory studies or from the classical mixing-length approach. The von X&rmin
congtant, k, is the constant of integration established for equivalent formulae
for laboratory flows in rough pipes ard over rough plates,

iz is normally taken to be asout 0.4, although there are zrgiments which

suggest that k can vary within the range 0.35 ¢ k £ 0.42 in atrospheric flow.
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NeuTRAL ConNDITIONS

(zero heat flux)

WIND ProFiLE

lnz
du@m . Y
dins) h

_ u(z)
tn :./

z, is colled he SURFACE ROUGHNESS

T is he SURFACE DRAG or SHEARING STRESS
dimensions [t] = force /umit areo.

= mass x acceleration
Orfea,

= densilj x volume w acceleration
area

s densily x SRS
Ll
s density x [1T7]°

§= (...1“;5)‘; Uy , e Fricion VELOCITY
%)




RELATION OF 1, TO YARIOUS TERRAIN TYPES {ESDU, 1974)
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Repnnted with permission.
Table 1, Reproduced from Fanofsky ard Dutton (1984}.
¥

x>

In a plot of fuz ve. T(z), the gradient gives u,and the intercept on
the Lz- axis provides EI

Over certain iypes of terrain e.g. cities, foresis or other vegetative
canopies the log-profile becomes vatid for z» 2h_whers h_ is the height of
the roughnese elements, Below this height the afr flow if determined by the
nature of the roughness elements and the flow within the roughness elements,
the canopy flow, is governed by a @ifferent balance of forces than for the
flow above.

Tt is found necessary to shift the height origin to a level d, the zero-
plane displacement such that the profile becomes

Ea) = A L[z_-_i']. (6.2.4)

Ze

In general d is a complex function of height and nature of the roughness
elements, spacing of the roughness elements and stability.

€.g. Por an extensive uniform pine forest at Thetford, d 2 0.75 h , with some
variation related to variations in tree—spacing, and zox 1o,

(See e.g. Smith, F.B., Carson, P.J. and Oliver, H.R. (1772)
*Mean wind-direction shear through a forest canopy', Boundary-Layer
Ketecrology, 3, 178-190).

z, for a given surface can also be a funiction of the wind speed.

e.g. (i) a surface covered with long grass or certain crops becomes
smoother in appearance in high winds because of deformation of the
individual roughnsss elements oy the wingd giving rise to streanlining
effects,

(i1} the sea~surface changes in nature according to wind epeed.

The shearing siress im ofien represented in terms of 2 drag coefficient,
3 by
Dl

) = g = gHRE (6.2.5)

go that in neutral conditions
PP TR N S
Cy= C‘b( ,z.) - [ 11(:.)] - [e-(llz.)]l (6.2.6)

Tote that C. is a function of z and 25.
Surface drag coefficients are often guyted for = = 10 1.
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An alternative formulation is to define a geostraphic drag coefficiont, G

by b’
. 1
To) = ¢ C‘}\(“ (6.2.7)
where Vﬁ is the geostrophic wind speed at the top of the boundary layer,
Therefore, 2 (6.2.8)
¢y = (ﬂr)
A

and is generallyr a function of a stability parameter such as

= ﬂ*ﬁ (6.2.9)
T

and a parameter called the surface Rossby number, dafined oy

I / 6.2.10

R, = X ( )
{z.

In sirictly neutral conditions C% ie a function of Ro only,

6.3 The Unsiable Surfece-{lux Layer

Although observational determinations of the analytical forus of ?.;.,?

and ¢, continue to e puslished there is now some agreement on their geiiera
shape.

(i) o»* % -1

At the presernt time I recommend the B.zsinger/l)yer and Hides forms for
not too unstable conditions.

Businger, J.A,. 1366 Proc, Symp., “Artic Heat Budget & Atmos.
Circulation" (The Rand Corpp), 305-332

Dyer, A.J. ¢ Hicks, B.B. 1970  Quart. J.R. Ket.Soc., 36, T15-72t.
(= (v—wezy ™
qr\ l") = ! t)

(6.3.1)

i) = ) = (-wz)™
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The ohservations then impl, equality of 11 and TH and zlse indicate
a close approach to g

1
= 4n (6.2.3)
Therefore o ?I.—.. {6.12.4)
and w z {f1- =z e (6.3.5)
e& . ( 'E) :

i.e. In the slightly unstable surface-flux layer Ri is found empirically
to vary linearly with £ for a given L.

Also Kn =Ko = RWZ o buex (t-lt"_‘&__)"“ {6.3.6)
"
Kn = t—%‘f = huz (I-N’i)"" (6.3.7)

k“ =z Kw = K"'\

-r {6.3.8)
Y
“he Wind Profile
- =¥,
w M ez T
-2 :) (6.3.9)
¥ iy
Gy » M| U-1y) Tdy
T where § = =/
y % Yoox B0 »
Pk v = (1-lun) -
(1=ty) L ¥ dy
4y z -t dy k .
¥ = ("_“.‘,‘)-n‘ - ye-i
T. = (1-nzy)™

31
= Al [ - + 4 dv
L wlv-i) i{vir) 2(¥+i)

= M { i u_] N 2{20-:.)!}‘-
h Y+

=y,
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The Temperature Prafile

W E.U'“z“%
dz bz -
— - A i
8=)-8(c) = T (1-ry) ™
R Y
T‘
Wy *
Y= (1-wy) . A 4
\‘A.’ L] —‘.\td"‘L h \3" -

= T T.‘ L} \ 1 4
T - 9
> K"r: [ b g )

3 = (l-l\"-ﬁ_) o L Y ™ {6.3.11)

T (-eE)t % i [ b “1

T

The Specific Humidity Prafila

i(l) "'_‘{(0) = E {L[u} A (6.3.12)
k wh

(i1} ®/ ¢ -1 Extremely unstable.

The extension to the more unstable regime must be carried out with
caution.

At z = -1 we note from (6.3.4) and {6.3.5) that
L

Ri & -1 (6.3.13)

and Rf. If_“m

Kn

(-nz)" &

i

-1
(6.3.14)

Therefore at T/ = -1 ihe rate of production of turmulent tinelic
energy due to buoranc: forces is twice +hat due to the Heynolds siresses
{the two are emual for 2/L = -0,56).
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j:echanic ally generated turlulent motion igs apparenily a vers
inefficient transporting agent coupared to heat convection, [echanical
eddies are smaller and mors isotropic than eddies produced by heating.

Frec comvection ie said to occur when the vertical transfer of heat and
momentwm Ly mechanical turtulence can be neglected compared to that by
heat convection. Sometimes strictly defined for H{0)> O, w,—* 0.

i,e. L0

Fullv forced convection, on the other hand, ig the state where moyanc;
doer not affect the motion or the heat transfer coefficient and the
dynamically generated turbulence is the only agent in transferring fluxes
down the gradients.

There is probably a gradual transition from forced to free convection
and the general state will be a mixture of these two called mixed convection.

In free convection, the vertical transports are independent of u,
which loses ite significance as a scaling parameter and o L is no longer
relevant for the profiles.

The remaining parameters for determining the gradient of potential
temperature are

T [ L% :
i.e. W L - ) (6.3.18}
:&_ = -F“ ( "T N W N 2) .

Dimensional analysis produces

v e
<. -C (ii(_ﬂ (S__\ z (6.3.17)
gy /MY

1%

where C is a constant best estimated about 0.84. (Lumley and Pancfs:y
(13611; p.10) imply 1.07 £ € & 1.39 tut these values are probatly 3o
high.

- if
Therefore K“ = —W(o) - Cl (% H&ﬂ !. z“h (6.3.15)
€ X &4t
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Recall that ‘)H(‘\) is the rate of convective energy productisn.
74T
Note that we have gone from Kno(.'z in the near-neutral situation
to K““f‘i ip free-convection,

Integration of (6.3.17) gives

3 =iy -
6=) -8(z1) = 36(%%) (9‘1") -2 (6.3.19)

Note that we cannot extend this type of profile down close to Z , unless tef {~1|.

s Provided - tends to a finite limit as "‘ILI increases, then
gimilar relatiofis ghould apply fixr the wind shear and the wind profile.

TE©) = ¢ k,,'!‘%- = ¢ M  (6.3.20)

. E\ :&\u-t.l_.
I ' Ku

- € ke Ll (iﬁq@ 2.«ufs
Km N (6.3.21)

The behaviour of K.H/K]‘ is not settled for free convection conditions,

. . H l‘“
Certainly for slight te moderately unstable conditions Khlgn= (H'WL)
which is height dependent for a given L. bt
I1f in free convection KH/KY is virtually independent of height then
Voo 27
L
and - =i
AL o 20

The stracture of the profiles in such conditions has not ryet neen
universally agreed upon.
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6.4 Thz Stavle Surface=flux Layer

The stzbly stratified surface-flux layer (most commonly the nocturnal
soundary laver condition) has not yet been analysed sufficiently to determine
the 178'5 with any degree of confidence. It is even debatadble whether it is
meaniligful to prescribe ?B's in such conditions.

The turbulence is not contimuously maintained in atably etratified
conditions, instead we have raelatively long periods with litile or no
turbulent activity punciuaied at intervals by relatively short burstsof
turbulent activity.

It would appear that for most of the time the critical Richardson number
for the suppression of turbulence is exceeded but that slowly radiative and
ather effects cause ihe profile gradients to steepen and hence Ri falls to less
than its eritical value of about 4 for the onmet of turbulenca.

During a short burst of activity there is turbulent mixing and transfer
within the ooundary layer which leads to & Blow but eteady deepening of the
stable layer, The layer then returns to its quisscent near-laminar state.

One slight consolation ie that this regime is generally of mmaller
practical importance than the unstable regime about which much more is known
with confidence.

Althoughfs functions are less well determined they do existi. The
formulations gi¥en here are dus to Webbd, E.K. (1370) Quart, J.R. Ret.Soc., 96,
§7-90. ’

(i) o £ i £ 1

qﬂ:‘{“ "Pw

1]

4
R
N

"?
+
N
r.l
N

T {6.4.1)

Kn=KH=kN = h.lAlz-

I+ 52 2 (6.4.2)
[N
B =R = 2l
¥ I+ 5§21 % (6.4.3)
L
o ¢ & £ ok
z  _ (R
. - - Ry (6.4.4)
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These expressions for ¢ produce log=linear profiles.

Al - 6 -8) _ Pu-glo _ 4L [L.‘E +51 (z"zo)]
Za —
Ay T= I k i (5.4.5)

(ii) *h. 72 1

The above log-linear law implies thal Ri=¥ 1 =~ 0.2
as '%_ -y +ed. =

Weob {1970) has extended his study of the stable surface-flux larer
4o cases of Btrong stability and has suggested a depariure frou the log—
linear form for Zf 2 1.

With very limited data Wenb Buggesis that the profiles are only quasi-
determinate, approximating, on the average, a simple logarithmic form.
This regime covers the range approximately 1 £ T £ (x+))

iae. I < = 4 61
P =Qu =g, = It =61 {6.4.6)
Ko =Ku =Kw = BRWMZ = o/ hueZ. (6.4.7)

e
e =Ry = b . on Z

i+eol L {6.4.8)

(h)!' < £ 21

i.e. oft <« i & |

These expressions forqs produce log-profiles {subject to large variability)

A)-dz) L, 0a)-8(z.) , FE-YRD - m« f 2
Ay T Zy "
* b (6.4.9)

for T T v this T(u\?:.

Aeeording to Wedb, for *l>itet i.e. Ri> 1 there is a regime of extreme
stablity but this is practically unrepresented in the data exanined.

HAS All fornulae far stable conditions and particularl; for Hh 21
ghould se used with caution. A more recent observational siud;
3y Ricks (1776) Quart. J.R. Let.Scc., 102, 535-551 su.siortiates
Hebi's log-linear regime up to about i = 0.5 aut ciffers
serond. For Fe ¥ 10 Hicks finds evidgesce for a linezr prifile
rarime.

Scme Prafile Comparisons

See Figures G, H, I, J, K.
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{. 6 Veriances of Turbulemt Characteristics
&. 6 .1 Baslic definitions and gpgroximations.

So far ve have been concerned with profiles and fluxes. However, many application
depend on the characteristics of the turbulent fluctuations themselves. An
important set of variables are the standard deviations of the three vind components
Take u parallel to the mean horizontal wind. By definition thenv=0 and it is
common to assume = 0.

The fluctuations @'of the horizontal wind direction are given approximately
{in radians) by

& = !
v
vhere V¥ = (u-‘-w‘)r“ {often necessarily approximated by u)

and the fluctuations of the vertical angle, ¢', by
“l'

These approximetions are strictly walid only for small sngles, however in practice
the errors are usually smsll.

The variances are d.r_imd by 6'.'."- = att
Oy = -:rT' = (\7 0‘5)‘
r = o = (¥ q,)" .
€.G .2 Variances of the vind nts in the neutrsl surface lgyer.

Honin—OW sintlarity theory requires thet the standard deviations of the
velocity components, normalised by the friction velocity, ere functions only of
ZJi- in the surface layer. In peutral conditions the norsalised stendard deviatior

should be constants, independent of height or Toughneas.

This hypothesis is borne out over homogeneous terrain for all the veloclity

conponents. Thus o = A i,

G-q- =gm|

6w = C M=
Substitution of 44, from the logarithamic wind profile yields
- kA
= =
&)V 2
-~ " v = ka +
“ = 6_’{" e
wiy - W& .
G = v D

Note that in the neutral surface layer, ou/7 , o and 6«} are independent of
vind speed and u_ and depond only on 2/z, (and the respective constants).
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Table 2 { from Panofsky and Dutton {1984)) gives a list of estimates of A, B and
G from obgservations over uniform terrain.

&.6.3 Variances of the vind componentgp in the non-neutral surface layer.

It turns out that of the variances of the three velocity componenis only @6,
obeys Monin-Obukhov scaling, viz.

6'.../‘“ = 4 (z{l-) .
Fig 12 (from Panofsky and Dutton (1984)) illustrates one atteopt to determine (P,(IIL}.

For fuller discussions see, for example, Pasquill and Smith (1983), Chap 2 or
Panofsky and Dutton (1984), Chap 7.

A4

TABLE2 RATIOS OF STANDARD DEVIATIONS OF VELOCITY
COMPONENTS TO FRICTION VELOQITY

Site 0,/H. a./ U LWL
Flat Terramn
O'Neili, NE 242 1.73 —_
Subleite, KS 245 1.9 1.25
Lander, B. C. 220 1.90 1.40
Beach Island. SC 2.30 1.9 133
Donaldsen. MN 2.50 110 .20
Gueiph, Ontaric® .50 1.85 122
St. Louis, MO" 239 1.9 1.26
Roskilde, Denmark” 230 210 1.10
Canterbury, NZ 243 1.93 1.20
Average 2.39 + 0.03 1.92 1 0.05 1.25 3 0.03
Rolling Terrain
Uppsala, Sweden 32 - -
Erie, CO .65 200 1.20
Rock Springs. PA
Noomountain .20 290 124
Mountain 4.50 3.80 124

#1217 min aversge, no trend removal.

*Roughness lengths 0.7-1.7 m.

From
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Panofsky and Dutton (1984)
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7. AN INTRODUCTION TO THE PARAMETRIZATION OF
LAND-SURFACE PROCESSES

D. J. CARSON
Meteorological Office, Bracknell, UK

ABSTRACT

This paper introduces the sub grid-scale, land-surface processes
which, it is generally acknowledged, need to be included by parametrization
in three-dimensional, numerical models for studying climate and climate
change and for numerical weather prediction.

The discussion is restricted, in the maln, to the relatively simple
case of non-vegetated, land surfaces. The general boundary conditions for
momentum transfer and the balance equations for energy and mass (moisture)
tranafer at a bare-scll surface are identified. The physical character and
the parametrization of the varied flux-teras at the surface are consldered
systematically under the headings: Surface Radiative Properties and
Fluxes; Surface Turbulent Exchanges: Soil Heat Conduction and the
Land-surface Temperature; and Surface lydrology and the Soll Water Budget .

Some of the particular problems associated with snow-covered,
non-vegetated, land surfaces are deacribed very briefly.

1. Introduction

The atmospheric boundary layer ia the lowest layer of the atmosphere
characterized by significant vertical flux divergences of momentum, heat
and molsture which result directly or indirectly from interactions between
the atmosphere and the underlying surface. The turbulent nature of
boundary-layer flows 1s a vital factor in“the efrficlent exchange of
momentum, heat and wolature between the Earth's surface below and the
‘free' atmosphere above. In general, up until fairly recently, designers
and users of global atmospheric general circulation models {AGCMs) and
operaticnal numerlcal weather predictlion models (NWPMs) have not been
concerned with the detalls of boundary-layer and surface properties and
processes In their own right but mainly for the influence they exert on
weather systems and clrculation characteristics on the much larger,
synoptic or even global scales. However, the recent upsurge ln the
simultaneous developments of three-dimensional AGCMs for the study of
climate and cllmate change and of increasingly scphisticated and more
highly resolved operatlonal NWPMs has resulted in more effort now being
directed towards delineating details in boundary-layer structure and in the
characteristics of surface climatologies. Studies with AGCMs have
Indicated consliderable sensitivity of their slmulations to changes in
surface properties such as albedo, sofl moisture and surface roughneas.
Alac, aome NWPMs now in operational service are expected to forecast the
near-surface meteorclogical variables, and even changes in surface
properties. The importance then of ‘land-surface processes' and the need

AAF



to understand and represent them better in AGCMs and NWPMs are now well
established. The reapective réles of theae processes In the wider
climatological ceontext have been discussed elsewhere,

Following the Joint Sclentific Committee Scientific Steering Group on
Land-Surface Processes of the World Climate Research Programme (WCP, 1985),
I shall adopt the pragmatical definition of land-surface processés as’ those
phenomena which control the fluxes of heat, moisture and momentum between
the surface and the atmoaphere over the continents. These proceases
Influence both the circulation of the atmosphere, often remotely, and the
climate of the surface.

Many fmportant dynamical and physlcal processes are governed by
apatial (and temporal) scales very much smaller than the typical limlts of
resolution of elther a numerical model or an observing system. Such
sub grid-scale prof cannot be dealt with explleftly in the wodels;
however, their statistical effects at the resolved scales must be included
and are determined in terms of the explicitly resolved varlables. This
technique is called parametrization and usually introduces empirlcal terms
(parameters) into a model's prescription of the processes. For a fuller
discussion of parametrization in numerical models see, for example,
Smagorinsky (1982).

My aim here is to introduce the range of sub grid-scale land-surface
processes which It is generally recognised need to be represented by
parametrizations in climate and numerical weather prediction models.
Discussion is reatricted In the maln to non-vegetated land surfaces and
focusses in particular on the surface energy and mass {molsture) fluxes, A
more general and fairly comprehensive review of the then current practices
in AGCMs was provided by Carson (1982), with an update for Meteorological
Office models only In Carson {1986a). As impllied above, the
parametrization of land-surface processes i3 a very active field of
research and model development and methods labelled ‘current' may quickly
become susperseded. New approaches {’'schemes') are belng developed and
tested continuously. A alngle paper cannot do jJuatlice to the range and
complexity of trled 'schemes and unresclved problems even in the apparently
restricted topic of land-surface processes. The speclal characteristica
and problems of vegetated land surfacea, jc¢e-covered surfaces and the ocean
surface are being dealt with by other lecturers here at the Summer School.
It should be assumed then throughout Sections 2-6 that discussions refer
only to non-vegetated, snow~free, land surfaces, unless explicitly stated
otherwise. Some of the particular problems associated with snow-covered,
non-vegetated, land surlfaces will be described briefly in Section 7.

It should also be streased that there are many factors in a typleal
AGCM or NWPM which will have a direct or indirect bearing on the character
and performance of the land-surface processes but which are not themselves
governed directly by, nor specified explicitly in terms of, surface
properties. OQObvious examples amongst the other phyaical parametrizations
include: components of the radiation acheme; the ¢loud scheme; the
representation of rainfall and snowfall:; the delineation of the atmospheric
boundary layer and the parametrization of turbulent mixing within it away
from the surface; deep convection; ete. A numerlcal model's general
structure with respect to, for example: horlzontal domaln; spattial and
temporal resolutions; distribution and number of surface types;
specification of orography; etc will also determine to some extent the

quality of its simulations or predictions of the surface and near-surface

44¢

climatologles. Such considerations of the general problem of representing
the effects of land-surface processss in AGCMs and NWPMs are beyond the
gecope of this Introductory paper.

2. The Boundary Conditions for Momentum, Energy and Mass Transfer at a
Bare-soll Surface

A natural and instructive way to delineate and intreduce the varlous
land-surface processes of interest is through the boundary conditions for
momentum and the balance equations for the energy and mass {moisture) that
apply at the surface, Most of the current generation of AGCHMa and NWPMs
involve such boundary conditlons but with varying degrees of complexity and
sophistication in their use and in the paramstrizations chosen to represent
individual components of the system. For the moment, let us consider In
turn, the boundary constraints and relations between the momentum, energy
and mass fluxes as depicted schematically in Figure 1 as a simplistiec,
alr-soll interfacial probles.

Notation: The subscript o 1s used to denote surface values of varlables
and parameters, but only where necessary. In general, terms referred Lo
only at the surface will not be given a subscript; soll fluxes and
prognostic surface variables will be subacripted.

MOMENTUM ENERGY HASS
rf==1-m
AIR Ry H |QaLE| E; P
' '
| )
M t .
SURFACE 1 ' na 9 |
SO1L Gy “ol'
Gp=Ry-H-Q| My=P.-E-Y,

Figure 1. Schematlc representation of the [luxes of momentum, energy and
mass at a bare-soil surface.

2,1 Surface momentum flux (%)

In an aerodynamic sense the atmospheric boundary layer is simply
the lowest layer of the atmosphere under the direct influence of the
underlying surface from which momentum is extracted and transferred
downward to overcome surface friction, Thus the aercdynamically rough
land surface provides a sink for atmospheric momentum, the removal of
which at the surface i3 represented by the viscous drag, or horizontal
shearing stresa, 1, which, by convention, §s a vectorlial measure of
the downward [lux of horizontal momentum.
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The surface boundary conditions for momentum transfer are:

a. NO-SLIP CONDITION: 1le, the mean horizontal wind vector is
zero at the surface.

b. 1 (at the surface) 1s parallel to the limiting wind
directlon as the aurface la approached.

4, the horizontal shearing stress, has S5I units of No~2.

2.2 The surface energy flux balance

The energy flux balance at a bare-scll surface may be expressed
as

Go = Ry - H-Q (N

where Ry 1s the net radiative flux at the surface (defined positive
towards the surface);

H is the turbulent sensible heat flux (defined positive when
directed upward from the surface into the atmosphere);

Q=L E represents the latent heat flux due to surface evaporation
(defined positive when directed upward from the surface),
where E i® the turbulent water vapour flux (see Egn (2)) and
L, 1s the latent heat of evaporation; and

G represents a flux of heat into the soll at the surface, and
which, conventionally, is defined to be positive when
directed into the soll.

The flux terms in Eqn (1) have SI units of Wo 2.

2.3 The mass flux balance at the surface

For our purposes the mass flux balance at a bare-soll surface
will be taken to be simply the molsture flux balance expressad as

Mg = P - E - ¥° (2)
where P, 1s the intensity of surface ralnfall;

E 1is the surface evaporation rate (turbulent flux of water

vapour);
Y, denotes intensity of surface runoff; and
M, represents the net mass flux of water into the soil

layer.

As defined, the flux terms in Eqn (2) strictly have SI units of
kg m 2 s~1; nowever, it is fairly common practice to refer to the
rates Involved in terms of a representative depth (of water) per unit
time.

‘A1

Note:

1. The evaporative flux, E, appears explicitly in both Eqns (1) and
' (2) and thus provides a direct and important coupling between the
surface heat and moisture budgets.

2. A knowledge of heat conduction and water transport in the scll is
. needed to parametrize ths terms G, and M,, respectively, In

AGCMs and NWPMs this leads usually to the reforasulation of Eqn
(1) as a prognostic equation for the 'surface temperature’, T
and of Eqn (2) as a prognoatic equation for the mass of watar
stored in a specified depth of surface soll layer, le the 'soil
molsture content'. Further detalls of these soil processes and
thelr repreaentation tn Eqns (1) and (2) are described more fully
in Sections 5 and 6.

Q1

The boundary conditiona and surface balance equatlions of Sectlons
2.1-2.3 Involve a wide range of sub grid-scale physical and dynamical
processes in both the atmoaphers and the sofl. It {s convenient to
consider the nature and parametrization of the various Iindividual
components under the following Section headings:

Section 3 Surface Radiative Propertfes and Fluxes (vid. Ry);
Section ¥ Surface Turbulent Exchanges (vid. 1, H, Q and E);

Section 5 Soil Heat Conduction and the Land-Surface Temperature
{vid. Gy); and

Section 6 Surface Hydrology and the So0il Water Budget (vid,
Pre Y, and M,). '

3. Surface Radlative Properties and Fluxes

Since solar radlatlion provides most of the energy needed to maintain
the general circulation of the atmosphere and aince the major input of this
energy to the Earth-atmosphere aystem occurs at the surface, it seems
natural to start a discussion of land-surface processes by considering the
surface radlative properties and fluxes. The term Ry in Egn (1)
acknowledges the iamportance of, and the need to determine, the net
imbalance of radiative fluxes to and from the land surface expressed simply
here as the sum of the net short-wave radiative flux, Rgy, and the net
long-wave radiative [lux, RLN’ ie

Ry = BgN + Rpy (3)
The components of figy and Ry are shown schematically in Figure 2. Note

the convention that the net radiative fluxes are positive when directed
towards the surface.
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Short-wave lluxes Long-wave [luxes

Rgy Rge = <Ry, R (1-a) Ry, Teoro“

RSN - HS‘. - R5, RLN - Ru = (1-a) Hu - EOTOI‘

i o b o o = -

Figure 2. Schematic representation of the short- and long-wave radiatijve
* flux balances at a bare-scll surface.

3.1 Surface short-wave radlation balance

Roy = (1-=) sy )
where RQ} 1s the downward short-wave radiative flux, including both
the direct solar flux and diffuse radiation from the sky,
and

« is the surface short-wave reflectivity or albedo.

3.2 Surface long-wave radiation balance

Ry = a Ry - coTy" : ()
where Ry,  1s the downward long-wave radiative flux,
a is the surface absorptivity to long-wave radiation,

eoTO" 15 the long-wave radlative flux emitted at the

surface,
T, is the surface temperature,
€ is the long-wave emlasivity of the surface, and
o is the Stefan-Boltzmann constant,

It is common practice to simplify Egn (S) further by combining
the definition of e with Kirchoff's law to give a=¢. Eqn {5) then
reduces to ’

RLN - E(RL‘ = OTOH) (6)
and Eqn (3) becomes
Ry = (1=a) Rgy + € (R - 0Ty (7)

The parametrization of the radiative Fluxes Ry and Ry, is

beyond the scepe of this discussion. They are nothnormally classed as

land-surface processes and may be regarded here as externally glven
forcing factors. It should be atressed though that a correct

evaluation of Rgy ang Ly s a crucial element in establishing
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senaible energy and molsture balances at the surface, The prediction
of T, is dealt with In Section 5. The remainder of this sectlon
concentrates on the surface radiative parameters, ¢ and =.

3.3 Surface long-wave emissivity (¢}

€ 1s known to have a wavelength dependence and to vary according
to the character of the surface as discuased for example by Buettner
and Kern (1965), Kondratyey (1972}, Paltridge and Platt (1976) and
Kondratyev et al (1982). Values quoted for the vertlcal emissivity
range from 0.997 for wet snow to 0.71 for guartz. Kondratyev et al
(1982) comment that, on average, the relative emisalvities of natural
underlying surfaces lie within the range 0.90-0.99 and they cite
several authors who have inferred that 0.9% may be assumed as the mean
relative emissivity of the Earth's surface. They do caution however
that the problem of measuring the emissivity of natural surfaces is
far from solved and that exfating techniques will need to be tmproved
to make such measurements on a large scale.

Although there are exceptions, the most coomon practice in AGCMs
and NWPMs is still to assume explicitly or implicitly that all
surfaces act like perfect black bodies for long-wave radlation with
e=!, To a large extent this simply reflects the preoccupation of
numerical modellers with other apparently more important and immedlate
problems with their physfcal paragetrizations. I am sure that the
increasing complexity and sophistication of land-surface descriptlions
in models will also generate wore critical and discriminatory
approaches to the specification of €. This 1s most likely to be the
case, for example, with the further development of models which
attempt to include the explicit effects of vegetation in the climate
syatem (see, for example, the models of Deardorff (1978) and Sellers
et al (1986)). :

3.4 Surface short-wave albedo (=)

= depends on the solar zenith angle, the spectral distribution of
the sclar radiation incident on the surface and whether that radiation
is direct or diffuse, as well as on the character of the surface as
determined by the vegetation (ita type, density and state), the soll
type, the so0ll moisture and whether the surface is snow- or
ice-covered. Although generally a long way reaoved from representing
the full complexity of fits functional dependence con all such
quantities, nevertheless « in AGCMs and NWPMs {s usually accorded some
varlation with the broad character of the surface. In AGCMs It has a
specifled geographical dependence (see, for example, Carson (1982))
and in many models It is stlll the only land-surface or soil parameter
which {s given such a geographical variation (see, for example, Carson
(1986a)},

A good 1llustratiocn of the current status of the global
apeciflleation of = sultable for use in large-scale atmospheric models
i{s the recent work of Wilson and Henderson-Sellers (1985) on which is
based the distributlon of grid-box, snow-free, land-surface albedos
used in the Meteorological Office operational weather forecasting and
climate models (Carson, 1986a). Wilson and Henderson-Sellera (1985)
have complled detalled, global, 1° x 1%, latitude-longitude data sets
of land cover and solls, respectively. These data can be manipulated
to provide the corresponding characteristica for each model grid-box.
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Table 1 gives their proposed albedo values, with a seasonal variation,
for each of 23 selected land types; Table 2 gives typical bare-soll
albedos as a simple function of soil colour and state of surface
wetness.
Land Type Component Annual Summer Winter
1 Water 0.07 0.07 0.07
2 Ice 0:7% 0:60 0.80
3 Inland lake. 0:06 0.06 0.06
4 Evergreen 0.1% 0.14 0:15
needleleafl tree : : '
Evergreen 0.14 0.14 0.14
broadleaf tree '
6 Declduous 0.13 0.14 0.12
needleleaf tree . ' ’
7 Deciduous 0.13 0.14 0.12
broadleaf tree ' ’ '
8 Tropiecal 0.13 0.13 0.13
broadleaf tree ’ ‘ -
9 Drought 0.13 0.13 0.12 z
deciduous tree ’ ' =
10 Evergreen 0.17 0.17 0.17 s
broadleaf ahrub : : an
11 Decliducus shrub 0.16 0.7 0.15 s
12 Thorn shrub 0.16 016 0.16 =z
13 Short grass and forbs 0.19 0.20 0.18 =
14 Tall grass 0:20 0.17 0.22
15  Arable 0.20 0:25 0.16
16 Rice 0.12 0:.12 0.12
17 Sugar 0.17 017 0.17
18 Malze 0.19 0.22 0.16
19 Cotton 0.19 0.22 0.17
20 Irrigated crop 0.2% 0.25 0.25 e
21 Urban 0.18 0.18 0.18 - 3gsas
22 Tundra 6.15 0.17 0,12 H fagsk
23 Swamp 0.12 0:12 012 z 38532
' z £z st
Table 1. Short-wave albedos proposed by Wilson and Henderscn-Sellers = §-_. R
(1985) for 23 different types of surface cover. & 3 :::=
Colour glaas Light Medium Dark
Moiature state wet dry wet dry wet dry
Albedos 0.18 0.35 0.10 0.20 0.07 0,15 z
Average (0.26) (0.15) (0.11) z
Table 2. Short-wave albedos proposed for bare solls by Wilson and = E§
Henderson-Sellers (1985). = z
Wilson and Henderson-Sellers propose that each grid-box effective - <
= can be caleulated from the algorithm H

AL ga
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Snow-free land-surface albedos (%) used in the Meteorological Office's 15-level, global operational

)i

Figure 3.
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= “1I1(rvl syi) + fg <4 8)

where = ; are the albedos of the 23 different land-cover types In
Table 1 and fyy are the corresponding fractions of grid-box covered;
%y 1s the albedo for the dominart soll type In the grid-box and fg is
the fraction of exposed bare soil, Figure 3 11lustrates a section of
the partlicular distribution of snow-free, land-surface albedos used
currently in the Meteorologlcal orfice's t5-level, global, operational
weather prediction model which has a regular, 1.5° x 1.875°,
1atitude-longltude horizontal grid, le the typlcal mid<latitude
grid-length 1s about 150 km.

Surface Turbulent Exchanges

4.1 Definition of the surface turbulent fluxes

The atmospheric boundary layer (planetary boundary layer; mixing
layer)} 1a the lowest layer of the atmosphere under the direct
influence of the underlying surface. The flow in the atmospheric
boundary layer i3 turbulent exczpt possibly in very stable conditicns,
for example, such as those that prevail often at night in the presence
of strong surface-based temperature inversions. The velocity,
temperature, humidity and other propertles In a turbulent flow can be
conaidered as random functions in space and time and it 1s usvally
neceasary to resort to a statistical apprecach to the calculation of
many boundary-layer propertles. In particular this introduces the

"concepts of mean values, fluctuations and variances into the

deacription of the turbulent propertles of the flow. For example, if
£ 13 some conservative quantity which fluctuates because of the
turbulent motion, then 1t is usually written as

E=F ¢+ g (9)

whera E is some sultably defined mean value of § and E' is called the
turbulent or eddy fluctuation (see achematic i1lustrgtion in Figure 4).

1
1
|

3

Samp.ing Time

Time

k-—=--

v

Figure 4. Schematlec representation of the mean value.‘E. and the eddy
fluctuation, E', deiermined for a particular sampling time
from a time-trace of the fluctuating quantity E.
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In the notation of Eqn {9), the term w'E', represents the eddy
covariance of £ and the vertical velogity component of the flow, v,
and denotes the mean vertical turbulent flux of £ at a given helight in
the atmospheric boundary layer. Let

FE - (W'C')Q (10)
denote the surface value of the mean vertical turbulent flux of §,
then, in the context of our discuasion of land-surface processes, the
surface turbuleant fluxes of particular interest are:

a. HMomentum flux (1)

- p(-(u'u')o, = (W'vT)y) (?1)

where u, v are the components of the horizontal wind vector, ¥,
and p 13 a representative mean air density near the surface ({the
bar notatlon to denote a mean value will be dispensed with except
where essential to the interpretation of the terms fnvolved).

The conventional interpretation and vectorlal character of the
surface shearing stress, ., were discussed in Sectlon 2.1. The
direction of 1 1a determined by the limiting wind direction as
the surface is approached. An lmportant parameter, the surface
friction velocity uy, 1s defined In terms of the magnitude of 1
such that

il -5 o3 012

b. Sensaible heat flux (H)
H -fcp(u'e')o ==pcp Ugls {13}

where the potential temperature § ls used as the temperature
which is conserved in the large-scale aixing and c, 1s the
specific heat of alr at conatant pressure. By (11Ee us in Eqn
(12}) Ia introduced as a scallng parameter defined in terms of H
and ug, and is negative for a poajtive H (ie upward from the
surface). The role of H in the surface energy balance 1s seen in
Egqn (1).-

¢. Water vapour flux (E)

E = plw'a'), = = pusqs (1)

where q Ls the specific humidity and gx is the corresponding
surface scaling parameter (deftined negative for positive
evaporation from the surface). E, the surface evaporation rate,
is not only an important direct component of the moisture flux
balance at the surface (vid. Eqn (2)) but also appears ln the
latent heat flux term Q = L,E in the surface energy palance (vid.
Egn {1}).

From Eqns (11)-{14) our general expression Eqn (10) for the
surface turbulent flux Fﬁ can be extended to

FE, = (W'E' )y = -UsEs (15)

which defines the surface scaling value £a {for example as for uwx, Ow

and Q) In terms of ux and the mean vertical turbulent flux of £ at
the surface.

4,2 The surface-flux layer

Adjacent to the surface we can identify a shallow layer In which
the turning of the wind with height may be lgnored and the vertical
fluxes of womentum, heat and water vapour pay be approximated closely
by their surface values (le for many practical purposes the turbulent
fluxes in this layer may be assumed to be virtually constant with
height). The layer so-defined is often referred to as the
constant-flux layer. However, thia terainclogy can mialead the unwary
{note, for exaaple, that the turbulent fluxes generally have thelir
largest vertlcal gradlents at the surface) and it {s better to use the
more appropriate term of surface-flux layer.

4.3 Monin-Obukhov similarity theory

The Monin-Obukhov similarity hypothesis far the surface-flux
layer is the most widely accepted approach for describing the
properties of the surface layer. Brought down to the very simplest
terms, similarity methods depend on the possibility of belng able to
express the unknown varliables in non-dimensional form, there being
suitable argument for saying thers exist a length-scale, a
velocity-scale (or time-scale) and a temperature- {(and humidity-)
scale relevant in doing thls. The non-dimensional forms are then
postulated to be universal in character and this will hold as long as
the scales remaln the relevant ones.

The Monin-Obukhov similarity hypothesls for the fully turbulent
surface-Tflux layer {where the Corlolis force is neglected) states that
tfor any tranaferrable property, the distribution of which is

homogenecus in space and stationary in time, the vertlcal flux-profile
relation is determined unlquely by the parameters

(16)
where g/T ia the Archimedean buoyancy parameter, g is the acceleration

due to gravity and T is a representative alr temperature in the
surface layer. From Eqns (12)-{14)} these are equivalent to the set

g. Us, Bx, qu a7

where By and g« can be combined to give
Yx = Ox + 0.61T qu {18)

which is very akin to a virtual potentlal temperature scaling value.
Instead of uslng the buoyancy parameter g/T It is convenient to

use the length-scale, L, defined unlquely by g/T, uy and ¢« by the
relation.

3
Lo Tug _ | _ _eepT ue™ ______
KE kg (H+0.61cp TE)

1 11?
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and called the Monin-Gbukhov length. k is the von Karman econstant
(0.4} and L= conventionally introduced solely as a matter of
convenience, L is effectively constant in the surface-{lux layer.
The turbulent flow 1S classed as unstable when L < 0 (ie when the net
surface buoyancy Tlux is positive); stable when L > D ({e when the
surface buoyancy flux is negative); and neutral when |L + = (ie when
the surface buoyancy flux is zero).

Thus L, Uy, 8, Qu may be taken as the set of baslc parameters
which uniquely determine the relationships between the surface-layer
vertlcal gradients of wind, potential temperature and specific
humidity to the corresponding surface turbulent fluxes. Dimensional
analysis leads to the vertical flux-gradient relationship expressed in
the general form

-5 e
where z is height above the surface. ¢E(zIL) 13 hypothesized to be a
universal function of z/L only which may be of different form for each
mean transferrable property, £, &nd which has to be established
empirically from analysis of surface-layer data., The overall
observational evidence 1s that the ¢, decrease with unstable
stratification (le when L < 0) and igcraase with atable stratification
(L > 0). For specifled functions for ¢;, Eqn (20) can be integrated
to provide flux-profile relationships for the surface layer, viz:

4
k[E(z)}=5(zp)] | #clnldn
£s 3, 1 a H OE(;.tr) ) (2?)
where 7 = z/L and J. = z./L, where z,. 13 some reference helght at
which E 1s known. En practice, Eqn (21) used {n conjunction with Egns
(12)-{14) allows us to estimate the surface turbulent fluxes of
momentum, heat and molsture from a knowledge of the corresponding
surface-layer profiles of wind, potential temperature and humidity.

4.4 The Monin-Obukhov sjimilarity functions (¢;)

The general character of the simllarity functions is fairly well
established over a limited range of stability conditions, centred on
neutral, but thelir specification for extreme stabllity conditions
(both stable and unstable) is much more debatable and uncertain. The
particular specifications of ¢£ listed below are subjectively
selected, albelt typical, examples of the type of formulae commonly
adopted as the basis of parametrizations for the surface turbulent
fluxes in numerical models, For fuller discussions of the varlety of
postulated, empirical forms of ’E see, for exaaple, Chap 6 of McBean
et al (1979}.

The general behaviour i3 that ¢, increases with increasing
stability; le decreasing turbulence decreases the mixing and hence
increases the normallsed gradient of £. Flgure 5 itllustrates
aschematically the changlng character of the surface-layer wind profile
throughout a clear day and a clear night. For detalls see, for
example, Chap 6 of Panofsky and Dutton {1984).

12 4‘f§£:?

A

log {helight)

dawn, dugk
night

L
ol

wind speed

Figure 5. Schematic representation of diurnal varlation of
surface-layer wind profile,

u.u.; Unstable and neutral conditions (z/L 5 0)

Dyer and liicks (1970):

by = op = of = (1-16 2/L)71/2 Q2z/L2-1 (22)

where ¢y , ¢y and ¢g are the respective 4g for the turbulent
transfers of momentum, senaible heat and water vapour. Note

ihatl strictly, the Dyer and Hicks (1970) formulae are limited to
2/LIS) and s0 other empirical approaches may need to be Ilnvoked
for more unstable conditions., For a particular choice of
extrapolation beyond the Dyer and Hicks limit towards the
free-convectlion limit see Carson {1982, 1986a).

4.4,2 Stable conditions (z/L > Q)

Webb {1970}:

by = g =ty =~ 1 +5z/L 0 <z/L 51

(23)
6 1 <2z/L <6

The problem of extending the functional form of ¢ to highly
stable eonditlons was discussed by Carson and RicRards (1978).

4.5 The bulk transfer coefficlent, €C¢, and the aerodynam!c
resistance, re

It is standard practice, particularly in AGCMs and NWPMs, to
represent the mean vertical surface turbulent rlux, Fe, by

Fe o= -CpVizg) Allzg) (24)
where
AE(zg) = Elzp) -~ £4 . (25)
2y 18 some specified height above the surface and within the boundary

layer {(and which may be regarded, without loss of generality, as the
notional height of a particular numerical model's first level above

the underlying surface); V(Zg) is the mean horizontal wind speed (te
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I!(Z)i) at zg; E{zg) Is the value of the property £ at zy and §, la
its surface value. (Note agaln that the bar notatlon to denote mean
values (see Eqn (9)) has been omitted to simplify the ayambolism). Iy
13 the s0-called bulk transfer coefficlent, defined in a strictly
wathematical sense by Eqn (24), and which, in general, 1s a
complicated function of helght, atmospheric stabllity, surface
roughness and, for a vegetated surface, of other physical and
physiclogicael characteristics of the surface vegetation.

In bulk-aerodynamic form the surface turbulent lluxes of Eqns
(11), (13) and {14) are:

a. Momentum flux 1 = pCpv(zy) !(zl) {26)
where Cp {s the traditional 'drag coefficlent’.

b.  Sensible heat flux H = -pc CyV(zy)(0(zg)-85) (27)

where €y is the bulk transfer coefficient for heat transfer,

c. MWater vapour flux E = -pCpV(zy)(qlzp)-qy) (28)

where Cp {s the bulk transfer coefficlent for water vapour
transfer.

To determine the fluxes from Eqns (26)}-(28) the Cp must be
prescribed or expressed in terms of modelled variables and parameters
and, in addition to the varlables modelled explicitly at z, the
surface temperature and humidity need to be known. The prediction of
surface temperature, T, (simply related to ao), 18 discussed Iin
Section 5. The surface specific humidity, , i3 not %0 easy to
predict explicitly and its ifmplied value 13 ipnextricably linked to the
parametrization of the surface hydrology, which is discussed In
Sectlon 6. The Monin-Obukhov theory of Sections 4.3 and 4.4 provides
a basls for a rairly sophlsticated specification of the C;'which i=
described in the next sectlion.

A related approach to Eqn (24) for the representation of the
turbulent fluxes at natural surfaces is the so-called resistance
approach. Turbulent transfer in the atmospheric boundary layer s
seen as a process analogous to the flow of electric current and, in
the spirit of Ohm's Law, FE 13 written as

ag
Fy = = = (29)
£ re

where, In a simllar manner to CC in Eqn (22), Eqn (29) can be regarzed
as definling rE, the aerodynamic realstance to the 'flow' of F{.

The resistance approach has particular appeal when dealing witm
the complicated and multiple routes for sensible heat transfer anc
evaporation from vegetated surfaces (see, for example, Monteith
(1965), Perrier (1982) or Rosenberg et al (1983)). It was, however,
felt fnstructive to mentfon it here. Also, comparison of Eqns {(24)
and (29) ylelds :

PERCATEN I (30)

n:6 Cr from Monin-Qbukhov similarity theory

For a discussion of the large varlety of apecifications of C
then in current use in AGCMs nee, for example, Carson (1982), ¢
However, discussion here is limitad to the approach moat acceptadble to
boundary-layer experts and increasingly more prevalent in the current
generation of AGCMs and NWPMs, viz, that based on the Monin-0bukhovy
similarity theory. c

From Eqns (24) and (15) it 1s seen that

RS BRI 1
% = Gi5y Gitagy) (31)
For Monin-Obukhov theory to bs appropriate then Zy must be fully

within the surface layer so that Bgn (21) can be invoked in the
particular form )

s {z 2
kgl IC; #itl an = accar, o) 32)
where ¢y = z;/L and g - z;/h is defined such that
E(zg) =&y (33)

The nature of the similarity formulation implies a logarithmic
singularity in ¢; as z+0. This i{s avoided by defining the level z, as
the virtual height at which the g-profile, defined by Eqn (21) ana£
extrapolated towards the surface, attains the actual surface value E
For momentum transfer, this level, denoted 25, 18 defined as the
virtual height at which V=0 on the poatulated wind profile. %, 13
called the surface roughness length and over a bare scll surface is a
characteristic of the aurface and 1s usually independent of the flow.
There are also corresponding characteristic *surface roughness
lengths' for heat and water vapour transfer. The problems of
evaluating effective areal roughness lengths and of diseriminating
between them for the different properties are complex and it remains
common practice in large-scale numerical models to use the estimate
for z, for all three profiles. This aspect of the overall problem 1is
discussed below in Section 4.7T.

o1

From Eqna (31) and (32}, Cg can be specified in terms of finite
integrals of the Monin-Obukhov similarity functions, thus,

-1 -
G = w2 9 (tg,80) o7 (igutg) (34)

9
$yin) k¥
where 94(g,¢,) - jto u-a-- dn = -éfl_ (35)

and ¢, = z,/L. In general, with ¢ specified as discuased, for
example, in Section 4.4, then Eqn fah) gives C¢ as a function of g4,
Ly and tg- .

It is generally more convenient for modelling purpcses to express
CE directly as a function of the explictly modelled varijables Vizy)
and AE(ZE). Thia can be achieved by using a bulk Richardson number

for the surface layer, RIB, instead of {y as the stability Indicator,
such that
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g2zg [88(zg)20,61TAg(24})
Rig - 52 2 véhl)g £ (36)

This can be related implicitly to gy through

372
c
RIB - %lé;ib (37}

For a full description of the method and the assumptions made, see,
for example, Carson and Richards {1978).

As an example, Figure 6 depicts the surface-layer bulk tranafer
coefflclents used in the Meteorclogical Office 11-layer AGCM whlch are
based on Monin-Obukhov similarity theory and in particular for part of
the range of Rip (corresponding to a very amall ssction of the
abscissa In the Figure), on the specifications of ‘E given in Egns
(22) and (23). In that particular model z, = 100 m, z, over land is
0.1 m and z, dver sea {a 107 'm. The bulk transfer coefficlents in
Figure 6 are used in Eqns (26)-{28) to provide estimates of the
surface turbulent lluxes 1 H and E, respectively.

4.7 Surface roughness length (z.)

z,, like the surface albedo of Section 3, 1s a land-surface
characteristic which has a marked geographical varlation. In most of
the current generation of AGCMs and NWPMa, z, has direct and indirect
effects on the surface turbulent exchanges of sensible heat and
molsture as well as on the surface shearing stress (see comments above
in Section 4.6). However, the &valuation of an effective areal
surface roughness length for heterogenecus terrain 1s an important
practical issue that poses a variety of as yet unsatisfactorily
resolved problems.

The effective areal z, for natural surfaces is rarely estimated
from the wind profile and/or surface shear stress measurements.
Instead, it is most likely to be determined indirectly from a
knowledge of, for example: terrain rellef (elevation, slope, ete);
1and use; type and distribution of the surface roughness elements.
Algorithms, however gqualitative, are needed to_perform thls functlon
sanaibly, at least in a falrly local (1 x 1 km®) sense. The pros and
cons of alternative approaches to the question of how to average over
larger areas has been discussed by Carson (1986b).

Most standard boundary-layer text books provide a table of values
of z, as a function of terralin type desoribed qualitatively In terms
of relief and vegetative characteristics {see, for example, Table 6.2
in Panofsky and Dutton (1984)}. Such traditional relatjonships may-
well be adequate on the very local scale for the smoother,
quasi-homogeneous types of terrain but can be expected to be less well
founded for areal averages over rough, heterogeneous terrain, typleal
say of a European semi-rural landscape with small hfills, woods,
rields, crops, hedges, towns, lakes, etc. Wieringa (1986} has
addressed this problem and produced a table giving effective areal z,
in terma of a terrain c¢lassification when there are no aignificant
orographlc effects (see Table 3).
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For fuller discussions of issues concerning the evaluation of
effective 2, the reader is referred to the recent papers by Smith and
Carson (1977), Mason {1985), Carson (1986b), Wieringa (1986) and
André and Blondin (1986),

Land use category 2 (m)
Sea (minimal fetch 5 km) 0:0002
Small lake, mud flats 0:006
Morass 0:03
Pasture 0707
Dunes, heath 0.10
Agriculture ’ 0:17
Road, canal (in Dutch lancscape tree-lined) 0.24
Orchards, bushland 0f35
Forest °f75
Residential built-up area (H 5 10 m) 1,12
City centre (high-rise building) 1.6

Table 3. Effective mesoscale surface roughness length, 2, (m),
expressed as a function of land use and proposed by Wieringa
(1986). H 13 the helght of the major surface obatacles.

5. So0il Heat Conduction and the Land-surface Temperature

In our formulation of the energy flux balance at a bare-soil surface,
Eqn (1), G, the sensible heat flux in the soil is equated to ths net
imbalance In the energy fluxes between the surface and the atmosphere. If
the aim was solely to evaluate Gy, then use of the surface energy balance,
as depicted in Eqn (1)}, would be a legitimate method for obtaining such an
estimate. Indeed, in principle, the energy balance method can be lnvoked
to estimate any one of the terms In Eqn (1) if all the others are Known by
Some other means.

The more direct, microphysical approach to understanding the soil heat
Tlux term GD 13 through the study of heat transfer in the soll itself, a
pracess which 1s predominantly ~hat of heat conduction. In general, G,
will depend in a complicated way on tre soil's thersal "properties which in
turn depend on, for example, the type of aurface, the type of soil and
whether {L is wet, dry, frozen or snow-covered, and whether it is bare soil
or vegetatlon. In simple, general terms a thin surface layer of the so0{l
stores heat during the day (strictly, from Eqn (1), when Ry > H+ Qie Gy
is positive) and acts as a source of heat energy Lo the surface at night
{atrictly, when HN - H- Q<0 ie G, 1s negative). On longer, seasonal and
annual time scales deeper s0il layers act as a reservoir of heat which may

be replenished during warm seasons and depleted during the cold seasons,
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Good eatimates of the detalled behaviour of G, throughout the day and
throughout the year are now recognised as lmportant to include in NWPMs,
which attempt to forecast the characteriatic diurnal cycle of land-surface
temperatures, and also in climate models which need to simulate
realistically and interactively the heat-storage properties of the soll
over periods ranglng from less than a day to at least several years.

Implicit in a knowledge of heat transfer through the soil is a
knowledge of the scil temperature profile with depth. In particular, the
land-surface temperature, T,, features in each of th@ terms 1n Eqn (1) and
it is now the common practice in AGCMs and NWEMs to invoke the surface
energy balance as a dlagnostlc relation or prognostic equation for
evaluating T,. The variety of techniques commonly used in such models for
reprasenting Go tn the surface energy balance has already been revlewed
tairly comprehensively by, for example, Bhumralkar {1975), Deardorff (1978)

and Carscn (1982, 1986a). In order to jllustrate the relatlonships between
s0il heat rlux, soll temperature profile and the thermal properties of the
s0il, 1 shall restrict my discussion to those methods which rely on a
knowledge of heat conduction in the soil and invoke either simple,
one~dimensicnal, analytical models or attempt to model explicitly the soil
heat transfer in a multi-layer soil model.

5.1 Heat transfer in a semi-infinite homogenecus soil

Most parametrizations of G, are now based on considerations of
heat conduction and conservation in the soil. The problem is usually
simpliffed by assuming a semi-infinite, spatlally homogeneous soil
layer with no horizontal heat transfer and no melting or freezing
within 1t. This restricted and ideallsed one-dimensional problem 1s

governed by:

a. the soil heat conservation equation

BTB 108G

FER 38
where T, is the soil (ground)} temperature, G i3 the soil heat
flux, C is the volumetric heat capaclity of the soil (SI unita: J
m'3K'?). z,. = -z 13 the vertical co-ordinate in the so0il layer
and t is h?me; and

b. the flux-gradient relation for heat conduction

aT
a--152 (39)
Zg
uheqe A1ls the thermal conductivity of the soil (SI units:
W KT').

Substitution of Eqn (39) into Eqn {38}, with the assumption of
homogeneity, ylelds the cne-dimensional equation for conduction of
heat in the s0ll, viz,

2
T Tk %)
3t "X a2 (50

where « 1s the thermal diffusivity of the seil (SI units: me s 1}
such that

B A

K = A/C = A/pgcg (u)

where Pg 13 the uniform so*l d?nslty and cg is the specific heat
capacity {SI units: J kg™! K7'),

The definitions and characteristics of the soll thermal
properties C, A, x and ¢, can be found In standard text hooks such as
Gelger (1965), Sellers (5965). Oke (1978) and Rosenberg at al (1983),
The values in Table Y are given In Oke (1978) and 1llustrate the '
typical magnitudes of these terms for a few simple soll types {(and for
snow) and also indicate thelr sensitivity to how wet or dry the soil

is.
Material Remarks [} [ [ A I3 é [
kg 8-3] J kg'? J o3 Wott| als? o° o
x 103 | k7 k! | x| x10°6
x 103 | x 108
Sandy soll Dry 1.60 0.80 1.28 0.30 0.24 0,08] 1.55
(40% pore e - . : : ‘ :
space) Saturated| 2,00 1.48 2.96 | 2.201 0.74 0.14) 2.73
Clay soil Dry 1.60 0.89 1.42 | 0.25| 0.18 0.07] 1.34
(40% pore = . : - . X o
space) Saturated| 2,00 1.55 3.10 | 1.58] 0.51 0.12] 2.26
Peat soil Dry 0.30 1.92 0.58 | 0.06 0.10 0.05} 1.00
(80% pore : o ) : . . )
apace) Saturated| 1.10 3.65 4.02 | 0.50] 0,12 0.06f 1.10
Snow Fresh 0.10 2.09 0.21 0.08 0.10 0.05] 1.00
014 0.48 2.09 0.84 0.42 0.40 0.10}] 2.00

Table 4. Thermal properties of natural materials (from Oke (1978)). p_,
) Cgs C, 4 and x are defined in Section 5.1. &4 and . are'the8
e~Tolding depths of the diurnal and annual aogl temperature waves
and are defined in Section 5.2.

A standard practice is to combine Eqna (38), (39) and the surface
energy balance, Eqn (1}, to produce a prognostic equation for T,
{usually assumed equivalent to the soil surface Lemperature Tgo). The

simplest approaches of this kind introduce the concept of an éffective
depth of soll D and an effective surface thermal capacity

Copr = CD = PgCyD {42)

defined such that

(43)
Many AGCMs and NWPMs contaln rather arbitrary and empirical selections

of Copp (see, for example, Carson (1982)) and with G, replaced by the
RHS of the surface energy balance, Egn (43) can be solved for To'
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Note however that C,pp (and D) can be defined more formally from
consideration of the soil heat conaervation equation (38). On the
assumpticn that G+0 aa zgre then Eqn (38) can be {ntegrated to give

“ar
Gy = C jo §EB dzg (ha)

which, when used to replace G, in Eqn (43), allows D to be defined in
a strictly mathematical senss as

-
T, g a,
-1 g8
D= (5" o 3t 9% (x5}
The following section describes a popular analytical approach in which
Eqn (45) may be invoked to good advantage.

5.2 One-dimensjonal heat transafer in a semi-infinite, homogeneoua
30il whose surface is heated in a simple periodic manner

One simple, attractive and commonly adopted method of determing D
in Eqn (43) 1s by appealing to the theory of heat transfer in a
seml-infinite homogeneous medium when the surface 1s heated in a
simple periodic manner {(as discussed, for example, in Sellera (1965)).

If 1t is assumed that the surface temperature
- ~
Ty 2 TG, t) = Ty + a5 sin ut (4§)
A

where w 1s the angular frequency of oscillation, T, i3 the mean soll
temperture {over the periocd P = 2x/w), assumed to De the same at all
depths, and a, {s the amplitude of the surface temperature wave, then
the solution of Eqn (40Q) is

Tg(zs.t) - ?g + a(zg) sin {wt-2g/8)

- ?g + a, exp (-23/6) sin (mt-zsid)._ (47)
xP 2%
t/2 1/2
§ = (;"). - ((-:G) (48}

is the e-folding depth of the temperature wave of period P, le it i3
the depth where the amplitude of the oscillation 1s reduced to ?!e {ie
0.37) times its surface value., Values of the e-folding depths
corresponding to the diurnal and annual periods, respectively, are
given for a range of so0il types in Table 4.

The effective depth D corresponding to the soll temperature
profile Eqn (47} ias, from Egn {(45),

L]
D = —mo-oo—— Io a(zg) cos (wt-zg/6) dzg

- m—m—— J exp (—zglé) cos (ut*zgfﬁ) dzg
o
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& ain (wt + w/H)
= V2 cos wt (49)
Therefore D aa defined in Eqn {43) ts not only a function of the
thermal diffusivity of the soil and the aingle frequency assumed for
the simple periodic foreing at the surface but also varies with tice
according to Eqn (49). Substituting for D from Egn (49) in Eqn (43)
gives a prognostic equation for Toe viz.

3T, 72 G, coa wt
R TR P (50)
which In turn can be expanded easlly to give
3T, 2G, 2« '
[»] o] ]
si-~c " (To- Tg) (5!)

This, I believe, is & relatively neat way of deriving Eqn (51) which
was proposed by Bhumralkar {1975) and has come to be referred to as
the 'force-restore method', a term introduced by Deardorfr (1978).

The period of the diurnal temperature oscillation is normally
used in Eqn (51) as that appropriate for determining the thermal
g¢apacity of the effective surface lgyer. Additional information about
T, is required to solve Eqn (5t). T, wiy be fixed or diagnosed over
sﬁort perlods of a few days but uou1§ need to be determined
prognostically over the much longer perlods of integration involved,
for example, in climate modelling. Deardorff (1978) has suggested a
second prognostic equation for T ‘analogous to Eqn {51) but with the
appropriate effective depth dategmlned by the e-folding depth of the
annual temperature wave. Although there is some useful mileage in
extending this simple, analytically-based method further (see, for
example, Deardorfr (1978) and Carson (1982)), such parametrizations
soon become analogous to the more elaborate schemes which explicitly
model the temperature profile through several acll layers.

5.3 Multi-layer soll modals

The somewhat {dealised analytical assumptlons underlying the
force-restore method and other simpler parametrizations can be avolided
in principle by explicit modelling of the soil temperature profile and
801l heat conductlon with a multi-layer soll model of specified depth
and with appropriate vertical resolution and boundary conditions., One
approach, for example, would be to lnvoke Eqgn (39) to evaluate G.
explicitly from the modelled soll temperature profile such that

BTg

55 )
azg 28-0
With this representation of Gy, Eqn (1} could then be solved
diagnoatically for T,.

Gy = [-» (52)
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Figure 7. Schematic repressntation of a 3-1|yar. soil~temperature,
© finite-difference model. and T are the
representative tcnperatnres 1n !he aoll ayers of depth &,
§, and &5, respectively. G,, Gy, .Gy and 03 are the
correaponding soil heat'tluxas at tho respective layer
boundarfes.

An alternative spproach is represented schematically for a
3-layer soil-temperature model in Figure 7. Here the surface
temperature T, is represented by the mean temperature of a very thin
surface soll layer of depth §,. The rate of change of T, with time is
given by the scll heat flux d?versence in the surface layer according
to a aimple finite difference form of Eqn (38), i.e.

wor = mmamm— . (53)

G, 13 as usual the net imbalance of the terms on the RHS of Eqn (1)
and Gy, the soll heat flux into the next layer down, is determined
from the explicitly modelled soil temperature profile from the heat
conduction Eqn (39) written slmply as

2M(Ty-Tgy)

Gy = =-z-77---- . (54)
Therefore, from Egqns (53) and (54),

AT, Ge 2« (Tgy-Tg)

iU .. A

5 AN Sl {55)
and the same general technique {s used to provide the corresponding
predictive equations for the temperatures of the other soll layers.

2 Ah

In the 3-layer soil model of Figure 7, all three soil
temperatures are treated as prognostic varlables during integration of
the medel, with the boundary condition that the soll heat [lux 1s zero
at the lower acll boundary (ie G3 2 0 in Figure 7). An alternative,
popular lower boundary conditlon is to hold the bottom-layer soll
temperature constant at 1ts initialised value. This latter boundary
condition is used, for example, in the 4-layer soll model in the
current Meteorologloal Office fine-mesh operational forecaating model
(Caraon, 1986a) and alsc in the 3-layer 801l model used at ECHHF
(Blondin," 1986).

The selection of 'repressntative’ soll thermal characteristics C
and A (and hence x) and suitable soil-layer depths, &,....85....8p1
where n 1s the number of explicitly resolved layers in the soll;
remalns a difficult, eapirical and highly subjective busineas. On the
basis of a comprehensive study of the amplitude and phase reaponsaes of
multi-layer soll schemes to pericdic surface temperature forcing,
Warrilow et al (1986) have recommendad a ¥N-layer soil-temparature
acheme of the type depleoted in Figure T for use in the Meteorcloglcal
Office AGCM. Thelir paper gives full description of how the
appropriate ‘soil-modal parameters were selected. For further
discussion of valuea used in specific models see, for example, Blondin
{1986) and Carson (1982, 1986a). Table 5 glves values of the main
parameters likely to be incorporated into the most recent econtrol
version, the so—called 'Fourth Annual-Cycle Veralon', of the
Meteorological Office 11-layer AGCM used for climate modelling
research’ (Warrilow, private communication).

23 alH



SOIL Value
THERMAL PROPERTIES

Volumetric heat .
capacity, C 2.3 x ]05
(J w3 k1) : :

Thermal conductivity,
A (W 'kY 0.56

Thermal diffusivity
x = MC (w?s”t) 2.39 x 1077

Thermal %9grtll
Y = {AC) 1145
(3 m—2x‘1s“|I2) .e

Soil~layer depths:

8o (m) 0.037
8y [ry=84/4) 0:143 [3.91]
82 [rouba/éy) 0:516 [14:05)
83 [r3=83/4,) 1:639 [44:65)
152 84 2.335

Depth of the surface layer of soil
determined by

X
5o = (G212

where
wg (s 3.5509 x 1074
P = 2w/y_ {day) 0.2048 (le 4.8 hr)

Thermal capacity of
surface layer of soll: 8.59 x 10%
s, (J m2k71) : ‘

Table 5. Physical properties selected by Warrilow (private
© communication) for use In the B-layer soll-temperature model
to be used in the Fourth Annual-Cycle version of the
Meteorological Office 11-layer AGCM. The general approach
13 described fully {n Warrllow et al {1988).

5.4 The land-surface temperature, T,

Throughout this paper, following the general practice in AGCMs
and NWPMs, it has been assumed that the land-surface Lemperature is a
well-defined and unique property of any natural land surface and that
the same 'T,' is appropriate as: the radiative surface temperature
of Eqn {7); the surface temperature as used In the extrapolated
atmoapheric boundary layer profiles and surface-flux formulae of
Sectlon 4; and the surface soll temperature related to the soll heat

24/{11 :}

flux as introduced above in Section 5. The ‘aurface teamperatures’
implied by thess different physical processes at the surface must be
closely related but they are not necessarily all the same. The
ambigulty and difficulty in defining surface temperature become even
greater when the surface has a vegetative canopy. Suffice It to atate
here that at present the probleam is very poorly underatood and that
more obaervational and theoretical studies are nesded before any
slgnificant differences between the 'T.' can be c¢learly delineated and
incorporated sensibly in AGCMa and 8.

6. Surface Hydrology and the Soil Water Budget

Most of the current generation of AGCMs and NWPMa now include some
forz of ‘interactive' surface hydrology, usually of a very rudimentary
nature. Such parametrizations are termed ‘interactive' in the sense that
the soil has some recognised hydrological property that is allowed to vary
in response to the model's continucusly evolving atsospheric state and
surface boundary conditions and which in turn exerta both direct and
indirect influences on the surfaos fluxes themselves, The most comgon
practice 13 to define a variable *'soll molsture content' for some notional
depth of surface scll layer which ia conatrained at all timea to satisfy
the surface molsture flux balance as expressed in Eqn {(2).

In direct analogy to the need to study heat conduction in the soil to
provide a sound physical basis for evaluating the ‘surface temperature', s0
also 1s there a correaponding need to understand more about the dynamics

.Which govern the moveaent-of water in the soil.in order to model changes in

the profile of 'soil moisture content'. Since the concepts of 'surface
temperature' and 'soll molsture content' have been introduced here
independently and in different sectlona, it ia perhapsa worth emphasizing
agaln the strong, Interactive coupling between the thermal and hydrological
properties and processes in the soil. HNot only does E (or Q) appear
explicitly in both Eqns (1) and (2) but most of the other surface fluxes
(including the momentum flux 1) depend to varying degrees on both the
'surface temperature' and the ‘sell wmoisture content', Indeed, in a model
with both interactive surface hydrology and interactive land-surface
temperature, the value of the ‘'soil molsture content' has an important
bearing on the evaluation of T,, and vice-versa.

A3 1n the case of the surface radiative fluxes Ra& and Ry 1n the
context of the surface energy balance (discussed i{n Secticn 3}, the surface
rainfall rate Pr Is regarded here as an externally determined component of
the surface molsture balance, Eqn {2). Accurate evaluation of P, ia of
course of cruclal importance in establishing a realistic surface molisture
balance and also, through the coupling discussed above, a realistic surface
energy balance. The other processes involved in the hydrology of a bare
a0i{l, Including evaporation, surface runoff, and transport and storage of
water in the soil are generally very complex and not so well understood nor
as simple to parametrize sensibly as the individual teras in the surface
energy balance. The very small-scale spatial inhomogeneltles within a
typlcal scll layer appear to be more lmportant in the determination of sofl
molature movement than for the heat flow and thla presents formidable
difficulties when trying to formulate a parametrization based soundly on
underlying physical and dynamical hydrological principles. Tnis is
particularly so when one-dimensiocnal hydrclogical models are applied to
catchment-sized or typical AGCM/NWPM grid-box areas, Hence the importance
of the HAPEX-MOBILHY project {André et al, 1986) aimed at studying the
hydrological budget ‘and evaporation flux at the scale of an AGCM grid
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square, le 10u kmz. A two-and-a-half-month apecial observing period should
provide detalled measurements of the relevant atmospheric fluxes and
intensive remote sensing of surface propertlies. The main objective of the
programme is to provide a data base agalnat which parametrizations of the
land-surface water budget can be developed and teated.

A proper discussionh of the surface and sub-surface hydrology of
natural solls {s beyond the scope of this paper, For this the reader 1s
referred to the recent fuller expositions by, for example, Brutsaert
(1982a, b), Dooge (1982), Eaglescn (1982) and Dickinson {198%) in which the
problema of areal representation of hydrological processes are specifically
discussed. The remainder of this section is restricted to an introduction
to the most simple form of the basic equations which govern the movement of
water in the acil and brief descriptions of some specific formulatlions for
soll-water transport, evaporation and surface runoff. These examples
although chosen quite subjectively should naverthelsss give an indication
of the general tenor and level of many of the current attempts to
parametrize grid-scale hydrological processes.

6.1 Water transport in a hosogensous soil

There are various Inter-related measures of scll moisture
qontent, two of which ars:

a. ¥, the soil moisture concentration, defined a3 the mass of
water per unit volume of acll, (S5I units: kg n ~), and

b. Xy, the volumetric scil moisture concentration, defined as
the volume of water per unit volume of soil and therefore
dimensionleas.

Therefore
X " Py Xy (56)

where P, 18 the density of water. These are very approprlate measures
in parametrizations based on simulating changes in the water mass of a
apecified layer of soll.

In general, several different forces are acting to bind the water
to the soll and a leas direct but nevertheless very useful measure of
501l molsture content in the context of water movement is the soil
moisture potential ¥ (also termed soil moisture tension, soll moisture
suction, etc) which may ba thought of as the energy needed to extract
water from the soll matrix. It is common practice to express ¥ as a
length, in a fashion analogous to the concept of a pressure head in
hydraullica, such that at a level Zg in the soll

YTey-z, 57
where Zg represents the gravitational component of the moisture

potential and ¢, the so-called matric potential, is the contributlon
to ¥ due mainly to capillarity and adsorption.

% A4 1

In an analogous fashlon to the treatment of soll heat conduction
in Section 5.1, consider the grossly simplified hydrology of a
spatially homogenecus soll layer Wwith no horizontal water movement and
no melting or freezing within it. This restricted and idealised
cne-dimenalonal problem is governed by:

a. the equation of contlnuity

. gy _ _ M

at " fw il "7 9z {58)

where M is the vertical masa flux of water and %, Xy and M are
functlons of zE and t; and

b. the flux-gradient relation (Darcy's Law}

M = -p, K($)32- (59)
g

- -0, K(¥) t%i; - 1)

where K, the hydraulic conductivity of the soll (SI units: ma").
13 a function of ¢, which in turn 18 a function of zg and t.
Comblning Eqns (58) and {59) yields the Richards® equation for
the vertical movement of water in an unsaturated soll, viz.

dr, 2 L
o IKeo) (5= - 1) (60}

Solving sven the idealised Eqn {60} for reasonable boundary
conditions is by no means a trivial matter. Proposals do exist
which express ¢ and K(%) aa functions of x,, although it should
be atressed that these are highly esmpirical and difficult to
Juatify in all but the most idealised circumstances. In such
cases Eqn {60) takes the form of a diffualon equation for solil
water

ax, @ ay, K

¥
3" 5;; (K“(xv)s;;) - 5;;(:,) (Bf)

where x, 1s a molsture diffusivity of the soil (SI units: ntat)
def ined by
ay
K, o= K{x,)3i- {62)
fn] v axv

Prognostic equations for soll molsture content based ¢n the
1dealised hydrology of thls section are beginning to appear in
AGCMs and NWPMs; see, for example, the particular examples
dilscussed in Dickinson (1988) and Warrilow et al (1986). One
particular muiti-layer soil hydrology scheme which has attracted
considerable support from numerical modellers 1s the
force-reatore treatment of Deardorfr (1978} {n which he
poatulates equations for soil molsture transport of a form
directly analogous to the corresponding force-restore equations
for soil temperatures {vid. Eqn (51)). An effective 3-layer
version of Deardorff's approach s used, for example, in ECMWF
models {Blondin, 1986). However, the most common current )
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approach to modelling 301l molsture content 1s probably still
that based on a single surlace soil layer and a more detailed
discussion of only that example will suffice here.

6.2 Single-layer s0ll hydrology sodels

A common, rudimentary approach to the parametrization of the
hydrological processes at a bare-soll surface is to monitor the
change of aofl moisture content in a aingle, shallow surface
layer of soll of notional depth §,, as deploted schematically In
Figure §.

My = Pr-E'to

o, l’ﬂo
I,

Figure 8. Schematic representation of the molsture balance of a
surface layer of acil.

SURFACE SQIL LAYER

E

Let w,, denote the mass of liquid water per unit lateral area in
the soll layer of depth 6§, le

6«:
By = I; X dzg = ; bu = Pmivﬁm = pudy (63}

where Eqn (63) also defines a layer-mean acil molsture concentration,
i, a corresponding layer-mean volumetric soil moisture concentration,
%,+ and a, a representative depth of water in the layer. Integration
of Eqn (s) over the layer depth gives, from Eqn (63), the surface
layer water mass balance equation in the form

amm
iMoo M
=P.-E -~ ;o - My (64)

when M, 1s substituted from Eqn (2).

My 13 the vertical maas flux of water at the base of the surface
layer.. Apart from the surface runoff tera Y5+ all other horizontal
fluxes of aoil water have been neglected. With P regarded in the
present context aa determined externally, then it remains here to
illustrate with the aid of apecific examples some of the problems of
formulating parametrizationa for E, ¥, and My.

AW}

6.3 Evaporation at a bare-soil surface {(E)

In princliple, the surface evaporation rate E can be obtalned as
the residual flux from either the aurface energy balance, Egn (1), or
the surface moisture balance, Eqn {2}, and there are many empirical
formulae for estimating E based on such approaches. A very useful
introductlion to the large varlety of methods available can be found,
for example, in Rosenberg et al (1983) and for more detalled
discussions see, for example, Eagleson (1982) and Brutsaert {1982a,
b). However, 1in this introduction to intersctive soll temperature and
501l moisture content parametrizations in AGCMs and NWPMs, I have
selected the soll-flux terss G, and M, as the residual components in
the surface balance squations ?l) and (2}, (see, for example, Eqns
(51), (55) and (64)) and assumed implicitly that E can be evaluated in
some Independent manner,

Indeed, the method of estimating E has already been implied in
principle in Sectlon N where E as one of the main surface turbulent
fluxes was ultimately parametrized in the bulk aerodynaalc form of
Eqn {28) aa

E = -pCg¥(zg)(ql2g)qq) (65)

with the recommendation that the bulk transfer goefficient CE be
evaluated from Monin-Obukhov similarity theory. It was howaver also
noted that the surface value of the apecific homidity q,. required
explieitly in Eqn (65) (and also, for example, in determining the bulk
Richardson number defined by Eqn (36), and henos Cp) is not easy to
determine. To overcome this problem It ia standnrs practice to imply
a value of q, through relations with qg,¢ (T,), the saturation
specific humidity at the surface which Ta readily determined as a
function of surface temperature (and pressure) via the
Clausius-Clapeyron relationahip

----- = 0.622 -=-z (66)
where T 1s temperature, R is the specific gas constant for dry air and
L; is the appropriate latent heat (ie L.e when the surface 1s not
frozen),
Two common methods are:
a. to specify a surface relative huaidity, r,, such that
9 * ro GsatiTo)s (61)
b. to evaluate a potential evaporation rate
Ep = ~aCg V(zg){qlzy}-qa,t(Ty)) (68)
and to specify an empirical 'meisture avallability function', 8,
(usually ranging from 0 for an arid surface to 1 for a saturated

surface) such that the actual evaporation rate is given by

E =8 Ep (69)
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The second method i3 by far the more commonly adopted. For a
discussion and comparison of the two approaches see, for example,
Nappo (1975) and for examples of their use in specific AGCMs see
Carson (1982). It 1s worth noting in passing that an alternative
relation in the spirit of Eqn {69) fs used for computational
convenlence in aome modela and that 1a

Aq(zg) = qlzg) - qo = BQ(Zg)-qgatlTy)) (10)

which implies that
q° - 8 qsat(To) + (1"5)(](2'_) (11)

The reasona for preferring Eqn (70) to Eqn (69) are diascussed in
Carson (1982) (and more fully in Carscn and Roberts (1977)).

The most common method now employed is to express § as a aimple
linear function of the varlable soil molsture content in the surface
s01l layer such that

. Y/iv,e 05k < %v,e (72)
A
' Xy 2 fv,c
where xv ¢ isa eritical value of the mean volumetric acil moisture
concentration below which 8 < 1, and ia uiually exprassed as some
fraction o{ a maximum allowable value of X, ie some nominal 'field
capacity' ¥, ¢. Eqn (72) for 8 can of course be slmply reformulated
in terms of any of the other standard measures of soll moisture
content (see Egqn (63)) the most common of which is probably d

A slight modificatfon of Egn (72), due to Warrilow et al (1986),
ia currently used in the Meteorological Office 11-layer AGCM, viz,

a -~
8 = o 05 Xy < Xv,w

- -~ A
Xy = Xv,w Xvou § &v Xy, (73)

~ ~
1 Xy £ Xy,
where ?v w 13 called the ‘wilting point',
The critical value lv ¢ used In Eqn (73) is not well defined but

for simpllecity, and 1in liné with previous practice (see, for example,
Carson (1982)) it s given by

“ A

1
Xu,0 * Xv,w * § Buor = Xeyw) (74)

where xv r is a nominal ‘field eapacity used only to define xv o
The partlcular values of xv and Xv.r being used globally in the-
Meteorological Office AGCM, which assumes for hydrological purposes
only a single surface layer of soll of nominal depth &, = 1 m, are
listed in Table 6, Hlth these values Eqn (73) reads

0 ’1 \ ’>

B - 0 0 5% <0.08
. ;
20 1,-1.6 0.08 5 §, < 0.13 (75)
1 %y 2 0.13.

For a surface soll layer 1 m deep Manabe (1969}, who firat introduced
interactive surface hydrology with Egns (69) and (72) into an AGCH,
originally selected 15 cm as his rield capacity {le for dm r.in terms
of d, used in Eqn (63)) and took d e (= %v.o’fvr) - 3r4.
Carson's {1982) review of AGCMs 1n31catea rial éapaclties. o fo 10
the range 10-30 cm and ?/3 - 3’" for the ratioc d, o/d, r- “r

It should be borne in mind that the more oomplex and real
practical issue to be addrassed is that of determining the actual
evapotranspiration from partially vegetated surfaces and not simply
the evaporation from a bare-acll surface.

[bepth of the surface layer
of so0il: Gm(m) 1

Characteristics of the sean vgluuetric
soil moisture concentration: X,

Wilting polnt: iv_m 0.080
*critieal’ point: ¥, o 0.130
Nominal fleld capacity: %y r 0.230
Saturation value: %, . 0. 445

Saturated hydraulic conductivity:

Kq (mmh™') 13.0

Surface infiltration rate: 13.0 mmh'? equivalent
F (SI units: kg m 2371 (="F/py,}

Exponent in Eqn (B2): ¢ 6.6

Table 6. Soll hydrologlcal characteristics used 1n the Warrilow et al
(1986) hydrologlcal acheme in the Meteorological Offlice
11-layer AGCM.

6.4 Surface runoff (Y_ .}

Surface runoff 1s yet another of the complex surface hydrologlcal
processes which 18 treated very simplistically in current AGCMs and
NWPMa. In models employing the single-layer water mass balance Eqn
(64) the simplest approach is the so-called 'bucket model' for runoff
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(usually implicitly combining both ¥, and My In Eqn (64) into a aingle
'total runoff® term). In this case, ralnfall (modified by the
evaporation loas) i1s-allowed to lncrease the s0ll moisture content
until the fleld capacity d, ¢ (or X, ¢) 18 reached. Any further
attempt to increase 4, (or §,) beyond the field ocapacity is Lmplicitly
assumed to be runoff water (including percolation to deeper layera)
which plays no further part in the model's hydrological oycle. This
identiries the original rfle played in these aimple hydrologlcal
parametrizations by the fleld-capacity term, i{n addition to its use to
define d, . (or T, o). a8 in Eqns (72)-(74). For a selection of the
crude anﬁ'hishly espirical formulations used in apecific AGCMs see,
ror example, Carson (1982). '

A novel, but still relatively simple, parametrization has been
developed by Warrllow et al (1986) for use in the Meteorcloglcal
Office AGCM. "It is based, with considerable simplification, on a
scheae proposed by Milly and Eagleson (1982). An attempt has been
made to allow for the apatial varlability of ‘rainfall aince use of
grid-box averages would give marked undersstisation of the surface
runoff. The rain is assuped to fall over a proportion yu of the
grid-box where at present y is chosen arbitrarily as 1t for the model's
so-called 'large-scale dynamic rain' and as 0.3 for its 'convective
raln'. These are thought to be conservatively high values, Eagleson
and Qinliang {1985) have explored the likely coverage of a rainfall
area for different catchment sizes and suggest that for an AGCM

grid-square more appropriate values for p are 0.6 and 0.05,
respectively., The local rainfall rate, P.y, throughout a grid-area is
treated statlstically as represented by the probability density
function

v “uPry
F(Ppy) = F; exp (-F;—') (16)

where P, 1s the model's grid-point ralnfall rate which 1s taken to
represent the average grld-box rainfall,

The local aurface runoff, Yot' is defined by

Yop = Pny - F Png > F 17

¢ Prg S F
where F {3 a surface Infiltratlon rate, deemed constant for a given
s0il, and at present given a fixed global value (equivalent to 13 mm

h™'}. Integratlon of Yo over all values of Prp ¥ields an expression
for the total surface runoff rate for a grld-area, viz,

¥0 = P exp (-yF/P.) {78)

6.5 The vertical mass flux of water at the base of the surface layer
My}

ks indicated in the previocus section, the simplest single-layer
approaches typlecally assume explicitly that My In Eqn (64) is
negligible or implicitly that it combines with Y, to give a 'total
runoff', In the scheme of Warrilow et al (1986), adapted from Milly

and Eagleson (1982), M;, referred tc as the gravitational drainage
from the base of the surface layer, 13 acimowledged as a separate
hydrological component of Eqn (64) that has to be parametrized.

Reference to Eqn (59) shows that

@
My = -p, [K(4)( z; - 1)]zs (79}

-5,
Warrllow et al (1986) have argued, somewhat apeculatively, that for
horizontal averaging over a typlcal AGCM grid-area, the tera
[K(¥}29/3z2,],. 4, 13 asall and that My in Eqn (79) can be represented
aimply by

My = 0 KXy gutie (80)

with the further assumption that x, 1s effectively spatlally
homogenecus in the aurface 8soil layer so that

Hy = 0 KXy (1)

Their particular presoription of the hydraulic conductivity as a
function of Yv. attributed to Eagleson {1978), 1is

-3 ¢
v Vi
K(ky) = Ky (§=--23="=) (82)
V.8 AV,u
where i is termed the saturation value of iv' Kg the saturaticn

conductrﬁfty {1le K(i'_a)) and ¢ 1s an empirically derived constant.
For particular values of these quantities adopted globally by Warrilow
et al (1986) see Table 6.

With the terms E, Y, and M; evaluated acgording to a particular
model's approach selected from the wide range of methods implled and
discussed in Sectlons 6.3-6.5, and with P, deterained by some other
parametrization in the model, then Eqn (65) can be solved elther in
simple explicit fashion or by more subtle famplicit methods to
deteraine the change in m, (and hence In f,, %, d,, etc). This
concludes the introductlon to parametrizatlion of land-surface
hydrologlical processes in AGCMs and NWPMs,

7. Snow-covered Surfaces

A particular class of non-vegetated land surfaces which have their own
very specilal characteristics and exercise significant influence on the
climate system over a wide range of time-scales 1s that comprised of snow-
(and ice-) covered surfaces. As in the case of land-surface hydrology, it
Is generally true that little attentlion has yet been given to the
representation in AGCMs and NWPMs of the special physical processes
associated with such surfaces. However, I am confident that this
particular area of the wider problem will receive increasing attention in
the near future.

According to Kuhn (1982), in the course of the year about 50% of the
Earth*s land surface is covered by snow or ice. He also comments that,
although the polar ice sheets contaln about 99% of the Earth's fresh-water
ice by mass, nevertheless the seasonal snow cover with 1ts large areal
extent and its high spatial and temporal variabllity may have an equal or
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even greater impact on the atmospheric circulation. Undoubtedly then, a
key fssue will be how to deal senslibly with partial and rapidly changing
snow cover, particularly in complex terrain, over the area of a typlcal
grid-box in a large-scale numerical model. The proper treatment of the
processes assoclated with snow-covered surfaces 1s a major topie in 1ts own
right. The brief comments here are no more than a postacript to the wmaln
discussion of bare-soll surfaces In Sections 2.6. For fuller expositions
of the varied and complex characterlatics and the effects of snow and its
associated physical processes see, for example, Martinelii (1979), Male
(1980}, Gray and Male (1981) and IGS (1985). For discusalons of snou
covered surfaces aimed specifically at the AGCM parametrization problem
see, in particular, Kuhn (1982) and Kotllakov and Krenke {1982).

7.1 Special conditions at snow- and ice-covered surfaces

Kuhn (1982) has listed the special conditions for snow and Ice
layers as:

a. the surface temperature cannot excead the melting
temperature of ice;

b. evaporation and sublimation take piace at the potential
rate;

¢. the short-wave albedo 1s generally high;

d. the medlum 1s permeable to alr and water and transparent to
visible radiation;

a. the snow pack is a good thermal I1nsulator;
f. the layer has a high storage capaclty for heat and water;

g the roughness of the surface is extremely low (but see
comments below at Sectlon T.2c}; and

h. generally, the atmospheric surface layer over snow or lce is
atably stratified.

Note that conditiona a-h Impinge on every aspect of the
parametrization problem already diacussed in Sections 2-6. The
remalnder of this section retraces our previous route and indicates
briefly where modifications to the parametrizations are typlcally
introduced into AGCM3 and NWPMs in recognition of snow {or ice)
covering the surface. In general the thermal and hydrologlecal
properties of the snow pack are repreasented very slmply and crudely in
such models. -

7.2 The physical properties of snow- and ice-covered surfaces

a. Short-wave albedo («). It 1ls firmly established that the
physlcal coupling between snow and lce cover, albedo and the
surface temperature 1s one of the most important feedback
mechanisms to include {n an AGCM. A3 indicated on the liast above
(7.1¢), an important characteristic of snow- and ice-covered
surfaces 13 their high reflectivity compared wlth other natural
surfaces such that even a thin coverling of fresh anow can alter
signiflcantly the albedo of a landscape. The local albede of a
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anow-covered surface i3 very varlable and a complicated function
of many factors including the age of the snow pack {= decrease
markedly as the snow becomes compacted and solled), the
wavelength and angle of the Incident radiation and even diurnal
cycles in the state of the snow surface, particularly when
conditions are right for surface melting. The albedo may lle
anywhere in the range from 0.95 for freshly fallen snow to about
0.35 for old, slushy snow (asee, for example, Kondratyev et al
{1982)).

At present the coupling between snow and ice and the surface
albedo 1s generally prescribed very simply. Three types of snow-
or ice-covered surfaces are generally acknowledged, viz:

(1) surfaces with instantanecusly variable depth of anow
either predicted or implied;

(2) permanent or seasonally prescribed snow- and
lce-covered land surfaces; and

(3) permanent or seasonally prescribed areas of sesa-ice.

Tne third category is not the concern of this paper. For models
that ‘carry' a snow depth a common approach still used is that of
Holloway and Manabe (1971} who, following Kung et al {136M4),
introduced the following simple dependence of albedo on snow
depth fnto an AGCM:

o« - =y * (ca - ll) dl‘:z ds” <1 en

83)
Ty dg,, 2 1 em

where =g 1s the snow-free land surface albedo (see Section 3.4);
=g 13 the albedo of a deep-snow surface (assumed in this case to
be 0.60); and d,, is the water equivalent depth of snow (here
expressed in cm). No allowance {s usually made for the varying
?ensity of a snow pack and d,, is assumed typically to be about
/9 of the actual snow depth (see further comments in Section
7.%?. Therefore the assumption is that when the grid-point snow
depth is greater than adbout 10 cm, then = 13 independent of anow
depth and equal to 0.60. Eqn (83) is designed supposedly to
take account of the fact that as the mean snow depth lncreases,
not cnly does the snow cover surface Ilrregularities more
completely but alao the area of the grid-box which is snow-free
is likely to decrease.

In some models which predict and monitor anowfall, a aingle
albedo value 13 used for any non-zerc depth of anow (3ee Car=on
(1982, 1986a)). The first snowfall on a previcusly snow-free
surface results in an immedlate increase in surface albedo which
will tend, at least initlially, to accelerate the positive
feedback of a further lowerling of the surface teamperature with an
enhanced probabllity of further snow accumulation.

Typical model values for land- and sea-~lce are in the range
0.5-0.8 (see Carson (1982, 1986a}).
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b. Long-wave emissivity (e}. Kuhn (1982) atates that this can
be assumed to be unity for all practical purposes.

e. Surface roughness length (z,). The effective z, for
extensive, uniformly covered snow and ice flelds and the *local'
value of Z, for snow-covered, simple heterogeneous terrain may
indeed be very small {0(1077m) or less). However, in general,
the effective areal Z, of natural, heterogenecus and coaplex
terrain with varied relief and vegetation is very difficult to
determine (see Section 4.7) and may be affected greatly or
inaignificantly by different degrees of anow cover. There 1a
little acope for useful dlacuasion of this problem in a glabal,
large-acale modelling context except to note that, in principle,
snow and ice cover can alter 245

d. Thermal properties of anow. As noted above, a snow pack ia
generally a good thermal Insulator for the soil below but to
capture this effect in a climate model implies a delineation and
expliclt modelling of the heat conduction {and the hydrology) In
and between the two media. In general tha thermal and
hydrologlcal properties of snow and ice layars are treated very
simply, If at all, in AGCMs and NWPMs (asa below). The thermal
propertiea of a snow pack will, like {ts density &nd albedo,
depend in a complicated fashiocn on many factors. Values thought
to be appropriate for snow are given in Table 4-for comparison
with the range of sofl values alasc included there.

7.3 3Surface energy and mass flux balances at a snow-covered surface

The surface energy flux balance (Egn {1)) s modified for
complete 3now cover such that

GO-RN‘H_QS-Qf (8")

where Qp = LgS represents the latent heat flux required to affect
phase changes associated with melting or freezing at
the surface, where S {8 the rate of snowmelt (or ice
melt} and Ly is the latent heat of fusion;

E3 represents the latent heat flux due to surface
sublimation by turbulent transfer, where Eg 1s the
rate of sublimation and Lg 13 the latent heat of
sublimation (Lg = Lg + Lg);

and G, is now strictly the flux of heat into the snow layer at its
upper surface,

A simple budget equation, corresponding to that used for 301l
molsture content fn a slngle 301l layer {(Eqn (65)), 1s also used for
snow on the ‘surface', viz.

amg

at
where P, the only undefined term on the RHS, is the intensity of
snowfall at the surface and Bg 13 the @mass of snow lying per unit area

of the surface. @, {s therefore treated like M, as a surface

'Ps_Es_s (85)

A

prognostic variable and 1s often represented as a snow depth, d_, or
more commonly a3 an equivalent depth of water, dg,s {cf Eqn (63?) such
that

By = padg = p, Gy (86)

where p, is the density of snow. Although it 1s recognised that the
density of a snow pack varies, this agaln 13 a complicated issue in
its own right and it is quite common praatice in large-scale numerical
models to assume simply that Py 0.1 p,.

Eqn (85} fs usually complemanted by the surface-layer balance
equation for the sofl molsture content (Eqn (64)) modified to inolude
the snowmelt term, le

om,
35" =Pr-E+5 “ Yo - My (87)

Each model has its own aystem of checks and algorithas for
deciding which of the terma in Eqna (85) and (87) are in force
aimultaneously. One popular approach is as follows. When snow 1s
lying T, is not allowed to rise above 273 K and the snow depth
accumulates without limit or decreasas according to the net value of
(Ps - Es). If, howsver, snow is lying and the sclution of the heat
balance Eqn (84), excluding the terms Qp. produces an interim aurface
temperature value T,' > 273 X then sufficlent snow {if available) is
allowed to melt to maintain To = 273 K. The heat required to melt the
snoW and reduce T, to 273 K can be evaluated by specifying an
effective surface thermal capacity of the snow pack (cf Eqn (#3)) such
that :

Qp = LS = Cerr,a ("EE"') (88)

where At 1s the appropriate model time atep. The change in the water
equivalent snow depth, Ad, ., resulting from'the melting is determined
from Eqn (85) and (88) such that

bmg = p Adg = -5 8t
Cerr,s
= (T - 2m) (89)

It is usually assumed that the snow pack has no molsture holding
capacity; all melted snow fs added directly to the soil moisture
content (through Eqn (87)) following the corresponding reduction
{8d5,) tn the snow depth, In all cases it is only when the snow
disappears through melting or sublimatlon that evaporation of moisture
1s allowed to resume at the surface.

8. Concluding Remarks

It should be evident from Sections 2-7 that, in many respects, the
representations of land-surface proceases in AGCMS and NWPMs are still
rather ¢rude and simple. The demands for improvements will come from both
climate modelling studies and numerical weather forecasting. Indeed, the
steadily increasing number of studies with AGCM's has already amply
demonstrated the sensitivity of such models to surface properties and
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processes (see, lor example, recent reviews by Mintz (1984), Rowntree
(1983, 1984) and Rowntree et al {1985)). Parametrizatlons thought adequate
at present will undoubtedly be seen to bBe deficlent in models which couple
interactively further components of the climate aystem. This i3 already
apparent with reapect to air-sea Interactions in coupled ocean-atmosphere
models. Although the major developments in the longer term are more likely
to comé from climate modelling studies, nevertheless valuable reedback is
being obtained from the continuous close scrutiny of the varlous models'
performances in the acutely critical arena of operational weather
forecasting - especially of local, near-surface variables such as wind and
temperatures.

A achematic resumé of the processes, variables and parameters
introduced In this discusslon of the specification of parametrizations for
simple, non-vegetated land surfaces 18 given in Figure 9.

Radiative Thermal Hydrological | Dynamical
'External forcing' RSL' RLl Pps Py
Atmospheric variables g 0(T), Q. ¥y ——
Surface varlables « To > 9,44
Surface parameters ®, € < z L
’ Q ra
Surface fluxes RN H T
Q = LE E, Ey
Qr - LS |8
Q3 - LaEs Mo Yo
G,
Sub-surface fluxes G M
Sub-surface parameters A, C &
K
Significant
values of
Xy
Sub-aurface varlables ‘l’g Xv

Figuare 9., Schematfc resumé of the processes, varlables and parameters
involved In the specification of parametrizations at aimple,
non-vegetated land surfaces.
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Zo, depend in general on many factors including fetch, wind speed and
stability of the overlying boundsry layer.

In very light winds (i 2 ms '), the ses surface 1s serodynamically
smooth and 2, is given by

£ S0

X W

t—

Z, = a4 Q £ A

4

¥

—_
Ay
where u, is the surisce friction vaelocity, ¥ 1s the kinematic viscosity

of the air and is the accaleration due to gravity. Note that z, is
supposed to decrease with increasing u,.

Above 2 mi-', the air {low becomes turbulent snd sea weves sre an
important feature. At short fatches, the waves are still developing and
the drag is grester than at larger fetch when some sort of serodynamic
equilibrium is reached. The mejor part of the drag comes from the
smaller ripples and motions which sppear to be relatively independent of
wind speed in moderate winds; the effective z, is then scattered about
0.1 mm.

The complex behaviour of z, with highly developed waves has been reduced
to the Charnock (195%) formula

1
Z, = Mw (5.1)
where the ‘constant' M was estimated as about 0.012 by Charnock but
iater by other authors to be in the higher range 0.035-0.05. In view of
the observational scatter and dependence of such non-local factors as
fetch, M should not be considered anyihing more than sn order-of-

magnitude constant to be applied cautiocusly in typical offshore
conditions

Equation §.1% can be written
1
2. = r1\hl} r1 ) (:‘§ A

where (;, 1s the drag coerficient appropriate to the height, z, at which
The wind tpeed ¥ 1 measured
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In strictly neutral conditions in the surface layer,
Cy = M
(LY
VEos oz (L)
Mk »
3t op(-£G)
RCs

and so

For given z, therefore, z, and (g can be exprassed as functions of V(z)

only.

Data for lower wind speeds almost always show a great deal of scatter,
with a mean for Cp about 1.2 x 10-2,
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Figure 12 (a) — The drag cocflicient of wind over open water, as measured by 5. Pond and W, G. Large. Note the scatter in the data
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to data collected a1 Ocean Westher Station PAPA in the north-west Pacific. The dashed line indicates the drag o

a very smoath surface tuch as glass, while the solid line corresponds 1o the Ellison-Chamnock suggesston Jo= Eu, g,
. with E put a1 0.013 ‘
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9. THE ATMOSPHERIC BOUNDARY LAYER AS A WHOLE

9.1 Rossby Number Similarity Theory for the Whole Atmospheric Boundary
Layer ‘

8.1.¢  Introduction

The part of the boundary layer which has received most attention to dste
1s the surface layer in which, by dafinition, the turning of the wind
with helght (and hence the Coriolis force) may ba ignored, and the
vertical fluxes of momentum, heat and water vapour are assumed to be
virtually constant with haight. The Monin-Obukhov similarity theory
has, within a certain stebility range, provided fairly satisfactory
flux-profile relationships for the surface layer.

liowever, once above the surface layer and into the Ekman layer, where
the wind graduslly turns from its surface direction to the directicn of
the frictionless wind (sometimes the geostrophic wind) which exists
cutside the boundary layer, we run into difficulties. It is in this
region that most of today's boundary-layar research is focusad.

Not only is there the exparimental problem of obtaining data outside the
surface layer, but there i1s also the theoretical problem that
insufficient soundly-based equations exist to complete the set required
for solution.

Even in staticnary, horizontally-homogeneous, neutral conditions there
are essentlally $ independent unknowns -At,v'tl'?b and some parameter
describing the turpulence e.g. K, L.

Five independent equations are needed. The set available is two
momentum equstions and 2 flux-gradient relationships. There are several
methods available for cbtailning the fifth equation, required to close
the system, but they all rely on empirical or semi-empirical forms for
quantities such as the eddy diffusivity, K, or some scale-length for the
turbulence, £

Even with a great many simplifications, solutions in some cases are
difficult to obtain and although the methods have not been without their
rewards, for most purposes they arg st present not suitable for general
use.

One approach with large-scale numerical models in mind is to attempt to
relate the stress, heat {lux and vapour flux at the Earth's surface and
within the boundary layer to certsain gross parameters readily available
in the numerical modei. Solutions must of course be consistent with
reiations already establiched within the surface layer,

In this approacn, one decides, on more or less intuitive grounds, what
are lhe controliiing external parameters of boundary-layer structure and
€S up a simllarity theory in terms ot appropriate combinations of the
parafziers, witnin the framework of the basic equations.

468



The similarity hypothesis then ststes that any non-dimensionally

Brought down to the very simplest terms, these methods depend on the expressed characteristic property of the boundary layer

possibility of being able to express the unknown varisbles in non-
dimensional form, there being suitable argument for saying there is a e.g. “‘N T"!b 8
length-scale, a time-scale (or velocity-scale) and tempersture and $? Al
humidity scales relevant in dolng this. The non-dimensional forms are
then postulated to be universal in character end this will hold es long

as the scales remain the relevant ones. e.g. wi

must be a function of R, and 5, and any
internally varylng property

(8-8,)
V., ,r“f-r. , ./A,O must be a function of R., S and of

We capnot proceed very far without recognising that different length-
scales are relevant in different parits of the boundary layer e.g. for
small z the surface roughness z, 18 an important scele, whereas for
large z the boundery layer depth h becomes the important scale. Large-
scale features of the flow may be lost if zo is used everywhere as the
length-scale while small-scale features of the flow that may occur close
to the surface cannot be adequately described with h used as the length-
scale.

the non-dimensional height z/z, or zf/V_ where 2z,, V,/f are scaling-
lengths provided by the five external parameters.

Because of the first set of relstionships, the internally varying

properties msy slso be expressaed in terms of functions of the inlernal
characteristics of the boundary layer which are

P 1;.', (rv “/f‘f) , (.‘Lg) N ol with agein ".- . e (u)

from which we may form one non-dimensional stability parameter

We are therefore led to consider separately the flow in the surface
layer and the flow in the outer portion of the boundary layer and to
link the two reglons in some way. The technique used to achieve this is

basedon the branch of analysis which deals with singular perturbation

T
T H t [

methods. M= e 2 .L’Q'f) [: Ms /0"0 = -Y\. (QQ’S)

9.1.2  General theory [ RV EY (5)

The first step is to decide which "external parameiers" can be expected {' L (Plenetary Richardson Number)

termi truct { .
to determine the structure of the boundary layer and the length and velocity scales sre u,/f and u, respectively.

For horizontally-homogeneous, stationary conditions these are assumed to

be Since f can be expressed as & function of R,, 5 only thenf‘ can be used
o Ca ) {- 'H ) in place of § in the similerity formulation.
zZ. Vg o, B9 ), ) & .
vt Br daodier fe diblamme o pafeady o ake el ot ke o, e bl b by st The similarity hypothesis states in particular that we msy write
There may be some inadequacy in this list say for very low latitudes, ey Fa ol Tu s
while for the boudary layer over the sea 2, becomes a function of other “\_f ] v ¥ bl —_— 3 —_— (‘)
parameters. Ststionarity is only upheld if conditions have remained ’ f bti st 1 6.9 b,
effectively steady over a period of a few hours. The diurnal variations 85 funetions of Re 'Lon v
over land are generally too rapid to allow equilibrium conditions to be T 3
well set up and we shall return to this peint later. here is experimental evidence which generally gives scme support to
these relationships and also using the techniques of singular
From the sbove five external parameters which contain three dimesional pet turbstion problems we cap carry the thecretical formulation of the
units, two non-dimensional combinations to be constructed similarity hypothesis much further.
v W o :
R, = k] [ f2, the surface Rossby Number (1) 3.1.3  The Heutral Barotropic Boundary Layer
P Horizontally-homogeneous, stationary. neutral, barotropic boundary
and S = 9% be an external stability (3) layer.
arameter.
\9{-\’3 P In the neutral situation the stabiiity paremeter i not relevant and

nesd Dot be considered Iln tne similarity treatment.
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In the inner layer we know that very neer the boundary the flow should
become independent of the Coriclis force, edjusting itself to zero at
z,,, and s¢ z, is the relevant scaling~length in the inner layer.

To find & suitable scaling-length away from the surface lsyer we
consider the momentum equations for the situation

ML g (- Y)nk @A)
= L
Aort Yo = g ) ®)
In component form these are
';t\(. = - ‘Fe (V-\-”t) (ﬁ)
3t ( N
W=
o-d— ‘;;: - Ge , (“‘)

Choose x-axis perallel to the direction of the surface stress and
integrate Q\)J(..) from 2z, to#0 .

S“‘(v-\r%) iz = ‘t'(o)/e = “a )
2a
(7 flwupdz =0 )
2

From(#) we see that u,/{ defines an integral scale-height of the

boundary layer, since
-0

et B Ve Az 3)
5 za M

The atmospherlc boundary layer is thus characterized by the existence of
two ilmportant length-scales z,, and u,/f, where

et O(i6%)
end the ratio 4%, 1is typically of Q (r07%)
Mt

-t
(Ll_ ZTaz Q| wa N {;‘0‘5‘.‘4] AL 3 = 0-§ =7 )
FZQ
i.e. the proslem 18 characterized by two length-scales whose ratio £ = 7*

tends to zero in real situations.

Further, £ ic reiated to the Rossby Numbver,

£ = 'E_i'_-_u = f-."" . !}
(Y9 V% Wy
2 b () e et Lfettases
= & Cea) ()

A4

Yo = K8 ¢s)

by

Therefore

The similarity hypcthesis and singular perturbation theory allow us to
propose

Ioner Jayer : e S F (%. ) E) (ee)
L

Tv
Since 5=L,,, 1s g0 small we can approximate F{L:") by an asymptotic
expansion in terws of £ , which is valid provided ®/ge does not become
comparsble with g™ , {.a. the expansion is valid for Z << ua/g

(1) Fl%)e +F({)e $- UR)

For large z this particular form of the expansiop is not very suitable
because we have noted 2/p o 0(5'-‘)_

Q_U_.Lg[ Lﬂ!gf‘ :

At these helghts the relevant scaling-length becomes M%. Also we know
that the upper boundary condition is Ar—Pddg snd from similar argument
to that which led to {(f) we know that M,I is a function of &£ only.
Therefore we can write, “a

wowy ;(fic) (13)

Ay

which again we may represent by an outer asymptotic expansion
R X CAREACA RS A CALSE
“y T\
We appeal now to the method of matched asymptotic expansions and the
existence of an overlap domain where both expansions awe valid.

Consider only the zeroth-order expansions :

-l

w7 R (3) ()
w-uy o~ f _&)

v Ard

Write Y = .‘/.'_° FZ/Q* = TE

H

Matcning prirciple impites

F(y) = 23 + % (v¢) Cer)
4&*

{12



Differentiate first with respect to¥ , and secondly with respect to R,

recalling that £ = E£(&e)}) 8w, = _F‘(&j

Fl(y) = € §/re) } o
- od fw Le '(rz) (11)
° = Iﬁ-(ﬁ) LY es A *
ey §1 ot Flpeed (29 =0
€ s i Y& R Iz.(w)

TR(Y) = '(%:.L‘)-'- :I(‘ (2) - comphert | (24)

gince LHS 1s a function of Y only, whilst the RHS 1s & function of Ro

only,
YRO) = Uy, 5w
FOY) = AT stk e b i astnbed
k
e - _L z ('li')
%u. k L. /s
Alsa 4 (#) =4 L Loe
Al koL,
“rfue = A (LH - A) (%)

where A is a constant of Integratiocn.

s > = G (% ,¢)
e G () 4 G()e 4 Gi(R ) ere
> Qe (L) ()

Ouken oy wovy . o E,E)
Ay, &

~oae () e g (B)e st
> 9 (&) @)

bt
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In_tne overlap domain

G (¥) = I+ g,(ve) (24)

Wy

The axes were chosen such that the x-sxls is directed along the surface
stress and henceG.(]) is zero

-, ..‘f. - O (3“)
Ta
Also d It _ . ! -
23) =0 sow 9, (¥E)= O
and so V5 = Gttt = -’.5.. ) $ey (71)
Ay k ‘

One interesting thing to note about this analysis 1s that the

logarithmic profile for u is strictly valid in the overlap region where zZ W2
and in so far as it is valid for smaller 2z, in practice, this appears to

be fortuitous.

The result of the two equntions(th)‘(llj is to provide relations between Uafy , %
and the surface Rossby Number. 9

L
The mnst‘::seful “:T:,‘S*B\;i ) ‘g:. . L [Lfﬂ.%{} _A]
_‘:"‘ = ——s——...‘_.A..‘i ‘LI hl

tyt vyl
A ,-_A-—L(“v';)i-(%b-g) (1)

. /
od o = =V sl LR
5 ¢ /
’
s L} = e (.'9.!‘) —-—-——-———_..q o)
—_— 13 S
-~ ‘} v
'“'/\[5 is an important parameter related to the surface drag. 9

On dimenzional grounds T{e) can be expressed
s t V"
T(o) = puy = eC,(z)V(t) = (’Q 5 (3y)
and CG = (%‘ Y‘ it known as the geostrophic drag coefficient.
X 8
W ~
tomlel = == = as)
[\ [‘A! -
% L ;z.] A
The constania of integraticn A,B have to be determires from observation.

kh.l‘uamh.._\rwhm-o-c.-vh—d‘zo.a,
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9.1.4 The Non-neutral Barotropic Boyndary Leyer

Generalizations of the above techniquas have been applied in the
horizontaily-homogeneous, steady-state, non-neutral, barotropic boundary
layer. In this case the need to include the stability parameter g4 intc
the similarity and perturbation analyses adds a further complication.

Suffice 1t to say that the forms of the equations already obtsined for
the neutral case remain valid, only now A snd B must be considered
universsl functions of,....

{.e. we now have the genersl expressions

t e
Lbe = A(p) -.e.(%;) + (!‘J’t - 3’(/..)) (361

Uy
mlel = G(p)
L(g) - AW

My = L (R“['ﬁ.]“ A(r)) (i)

Us
— 8
Y (39)

In addition we have the relation
Ts bk Cae)

k09 L 5] -

G13)

Y =
Uy

Kn
where Guy 1s the ratio /gn for near-neutral conditions (take % 1) and C
is & further function of’.A which must be determined from observation.

If we tnclude the effects of water vapour in the stabllity parameter we
could obtain a similar expression to(uﬂ)fnrq-"A and introduce a
further universal function of,u . :D(,,.)_ &t

Y.1.8 Evaluation of tne furnctions A B C

The values of A, ana ¢ have 10 be found from more scphisticated
numerical models or trom f1e.d experiments,

i

Currently sccepted values tc; neutral conditions are A = 1.7, B = 4.
With at feast ¥ 10% uncerisinty in each).

Currently accepted variation: of AB and C with M are shown in the

tollowing “Figure 10" (atter Arya «1973), Quart J & Met Soc, 101, 147-
ioli.  Note that A,B and C ail change rapidly mthr- near M = u (neutral

435

stability) suggesting thet “neutral” results are likely to be very
unrepresentative. Alsc note the rapid spproach to constant values of
A,B and C for large negative,u. {unstable conditions).

9.1.6 Mm%&mmm_&

A
The following figures give a selection of evaluaticns of 7’\!’ and & as
functions of ’ ’-l.or S, besed on the Rossby Number similarity theory.

The figures from Smith et al (1972) for a forest canopy illustrate an

alternative representation for & given I, where the stability parameter
has been expressed in terms of incoming solar radiation.

1% ¢
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Q3  DEVEL PMENT of A CodVECTIVELY UNSTIWILE  Baunendy LAMER

. SIMPLE THERWAL MODELS

The history of simple thermal models for parameterizing the development
of the conveotively unstable boundary layer capped by a stable laysr can be
traced through the papers of Ball (1960), Lilly (1968), Deardorff st al (1969),
Tennekes {1972) and Carson (1973). We summarisze here the method and results
of the model discussed -in depth by Caraon (1973) and independently proposed by
Betts (1973).

The potential temperature profile, as illustrated in Fig. '13 delined

by
8(=,t) =] B,) z<ih

B(zt) = B+ ¥z ~ z>h ()

where h is nominally the depth of the conveotively unsteble boundary layer,
O, 15 the effective surface temperature cbtained by extrapolating the
stable lapse rate dom to =z = ¢, and ¥(t)} 4a the vertical gradient of @

in the capping stable layer.

Advection, radistion and evaporation are not considered here although in
certain cimmatan_ces each or all of thease processes can be important., In
this case the simple heat balance equation is

}ﬁ Y d_B = —pC [ﬂ + wiz) ).i...q
5 € (] vy -y » (2)
such that H{e, t)=0 £ > h , (3)

where H ( z, t ) is the sensible eddy heat flux, w( z ) is the mean,
synoptically-induced vertical velocity, e is the mean air density and cp

is the specific heat of air at constant pressure.

Certain features of the simple model, such as the lineerity of @ ( z )

- 424

and H{z,t) with height and the exponential increass of ¥ {t) with
time are derived from Eqs. (1)-(3), as indeed is the expresaion for the

entrained sensible eddy heat flux

Hht) = —pc,wlt) ABL),

(%)
whare u&(ﬂ = % — wrih) (5)
ia the entrainment rate and
Ae (t‘ = es(h’t) - ec('t) (6) -

is the step discontinuity in ®  acroms the interface at & = h.

The system of equations is closed by paxjameterizing the entrainment
proceas at z = h, In this simple model it is postulated that the degree of
entrainment is controlled, to a first approximation, by the intensity of the
thermal bombardment of the interface which, in tumm, is directly proportional
to the mognitude of the surface mensible heat flux. Hence the olosure

equation is

M) = —AHOD  0¢ALL . @

Straightforward analysis produces sn ordinary differentisl equetion

for the development of' the convectively unstable layer,

h dldk) _ HEH-2HKY
dt e<p

(8)

which although not explicitly dependent on A , does depend on A being
constant. Strictly, in keeping with the assumptions,Eq. (8) should be

written

LA T 2 (1+2A) KO )
dt ec YO

- S

dt



whers F = —wilz} = constant s {(10)
z

and 3 = ¥L0) eap (BE) (11)

Integration of Eq. (9), with h(0) = 0 , glveas

t
Wy = 2Ux2A) epagh) 2 (Fry o) dt

eC‘,'Slo) (12)

and the corresponding evolutionary expressions for &h(t), AG{) and

Q&) are,

= (+2A) H(o®) (13)
o) €% ¥ hit)

' As@ = AYOWE | (14)
’ 1+ LA
” - A yie) hit) .
and 6. = 9+ ( l+:u\) (13)

The value of A which charaoterises the degree of interfacial mixing

realised in the atmosphere during the typical development of a convectively

unstable boundary layer remains to be chosen.

The extreme value A =1 derives from Ball (1960) who, in his
consideration of the integrated local turbulent kinetic energy balance
equation, assumed that the contribution from molecular dissipation could be
neglected. The other extreme, A = 0, describes the situation where the
boundery layer is growing without entraining heat across the interface, i.e.
AB in BEq. {4) is zero whereas U-’;_(.t) remgins finite. In such cireun-
stances the intuerftce is a passive one with ho wixing across it and we shall

use ihe term encroachment of the stable layer by the unstable layer to

ARG

desoribe this process. Such a state is strictly never realised in the
atmoaphere but is closely epproached in ths laboratory studies of ponetrative
conveotion by Deardorff st al. (1969) and when weak thermal activity is
eroding a strong inversion, such as a nooturnally established inversion
{Carson, 1973). .

Available evidencs tavm.ﬁ amall values of A; 0.2 is suggested by
Deardorff (private communicstion) and Tennekes (1972), and Betts (1973)
quotes evidenoe for 0,25 , It seems unlikely that A remains constant
throughout the varicus phases of the boundary layer's evolution and Carsan
(1973) from his analysis 'nf the 0'Neill 1553-data has suggested that A
varies quite significantly during the day, being very amall soon after dawn
and resching a mazimum valuq, a3 high aa 0.5 , during a period of a few
hours following the time of maximm surface heating.
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Figure 4 .Schematic representation of the developing convectively unstable
boundary layer and the odopted potential temperature profile,8(z}.
Carson {1973)
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Figure 4. The non-dimensional depth H' as a function of time

and various values of the subsidence parameter B.
Sinusoidal heat flux model.
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A nomogram for estimating the depth

of the boundary layer in the absence of marked

advective effects or basic changes in weather conditions, The example shows how the

diagram is to be used,
Smith and Carson (1974)
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