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A - Intrexduciion

Owr ohjeet ol nvestigation is the Barth al different seales alobal, revional
and Joeal seales. AWe are interested in the propagation of seisnaic signals in the
complex median which is the Farth. Records have heen obtained Tor the Moon and
for Mars (7). while projects are under jnvestigation for Venus. I the {utnre,
we might nerease o intorest for planetaryguakes” and see dillerences and
comion aspeets of these dillerem celestial bodies. Although these metes will be
essentially concentrate on methodological and techinical aspects ol the propagation,
applivations of the ray tracing theory at dilferent seales will be mentionel in
conclision.  Previous lectares have also ilhstrated many applications of high
Mregueney theory inone naderstanding of carthquakes and structures.

The Earth is a mechanical body whose behaviour is complex and depemds,
in first approximsation, on the time scaie that one looks al the Farth and on the
characteristic length related to this tme scale by an appropriate velocny. [
a characteristic tine of milliard of years, the Barth behaves nearly as o drop ol
water. We progressively go through a visco-elastic behavionr for a time of illioos
of vears for the erust and for a time of ten thousands of years [or the mathtde,
For shorter perivds between few days and {ractions of seconds which correspouds
to the seisnie window, the Farth behaves as an elastic body with a noticeable
attenmation which nust be Laken into acconnt. Except from the sonrce arca where
complex rheologios might take place in a few seconds, the response of the Fartlyis
linear which reduces the complexity of the dilferent approaches we might cousider.
Let us emphasize that the seismic window is a very large window with more thin
7 orders of magnitude in time. There are {few domains in physics where such a
widespread spectrum is valid for investigating a single object.

Our knowledge of the Earth interior since the beginning ol the century has
increased greatly. From a rather imprecise and poetic picture (figure Aiy the
vertical structure has been precized from a global understanging (figare Al
Lo a more quantified picture (figare A-3) during the fiest half of this centary.
Oniy recent acemmulation of data has allowed an investigation of Jateral variations

{tigure A4

Seisnulugicat data were crncial for this quantification © svisimology is a vers
powerful tow! fur our knowledge of the Earth interior, because SOIENIC Waves 8o
Framn one side to the other bringing to the sutface the information they fel durig
their propagation.  Other quantities as magnetic, electric or gravimerric fiehds
aliow dilferent reconstruction of the Earth, but none has the resolution of seismiy

waves whicls is the reason of the importance of the seismic ol i the wil search i
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Figure 1.1 An carty view (about 1800 of the Eanh's interior. The writer concerved

of Farth as a ball of solid matena! fissured by tubes of magma. connecting pockets of FT-T’”‘ n-1

erupiive gases to volcanic vents on the Eanh’s surface
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Figure 1.2 Skeich of the Earth’s intenar published in Berlin in 1902
(H Kraemert The Earth has three shells: a sohd crust (Feste Erdrinde)
supparted by an elastic mantle {Elasusche Mined-Schicht) wrapped arourd a F.“j""‘ 2
suhid cenral core (Fester Erdkemn). The change from Figure | | reflecis

an imgroved physical understanding. but the model 1s sull Lmited by
lack of sessmotogical data.
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Transactions, American Geophysical Union
Val. 70 No. 15 April 11, 1989

Transition
shells

Figure 1.3 A cross section of the Earth based on the mast recent seismological
evidence The outer shell consists of a rocky mantle that has structural discontinusties 1n
t upper part and atts lower boundary that are capable of reflecting or moditymg
earthyuake waves. Below the mantle an outer flud core surreunds a sohd kemel at the
Earth's center: between the two 15 a transition shell. The paths taken by three major
Lands of earthquake waves are shown. The waves reflecied from the auter hguid core ure
designated Pop. the waves reflected from the nner saiid core are PKIKP, and the waves
that creep around the liquid core are diffracted P {From Bruce A Bolt, “The Fine
Structure of the Earth's Intertor ' Copynght © 1973 by Scientific Amencan, Inc. All
nehis reserved. ]
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Figure 3.4 An clegant carthquake record (dottom line of the seismogram) made at ! . 1.‘ |

the Berkeley Observatury on a standard enodem seismograph. The record gives the i
wertical motion of the ground surface. The anterval between the tck marks on tie record

correspunds to L nunuie, and time mereases fron lett to nght. This carthyuake occured

ncar Bomea at a distance of 11,000 %m from Berkeley The onset of # waves is cleadly

seett, together with the P reiection This i Tollowed Dy the anser SAN and 5 waves

1nd the refiections AS. PPS. S5, and 335 At the end of the bottom race can be scen

e Raylergh wave tran, stastug with dsng but decressing peonnds (an ckample of save

dispersion) e record 1y oot cannploe bevause The wav siotion was wlerrupted by the

wperator inadvenendy changing the seismogrsm

F|j°m A-5: PVlease acle the hime scale asgor.ated "(‘PTC’YFf‘aG\iGﬂ
and the Fime ccale ussocnted to savrce sigrals

spite of a sipgnificant nceease nocost. Fleetromagnetio waves are nnannly dBillused
ared ot Lrasported. wlhile the pravimetric tield suflers Trom the duality hetween
the distanee and the ingportanee of the anomaleous stracture. This resolution
power lias a counter part with the difficnlty for the seisiolopist to terpret rather
camplex and defornwed signals. This is why seismolopy, from my point of view, is
soomleresting,

I seistwgrams { as one call thne records for the global aud regional seade )
or traces (as one call records for the local scale ), two caracteristic times ippuear
the time associated to the source signal which has a content of few seconds down
1o milliseconds and the time associated with the propagation which goes from
Fundred of seconds down to few seconds {figure A and figure A-6). For an
opposite view, let us mention that recordings of the sca motion do no exhibit this
so pice Teature, One must exploit deeply this advantage seen on seisimograns .
This is (he reason why we should look carefully to the ray tracing theory wlhich is
asen] explicitly on this decoupling between two time scales.

Nor the relative simplicity of the ray theory neither its computer efficieney
make ray theory an often used teehnie in seismology, but its capacity for seismic
interpretation. Let us undestine that ghobal models of Gutenbery and Jelfress
clabiorated around 1'ME are based on travel-time computesd by eay tracig. The
presence of a core has also been demonstrated by Oldman in F906 nsing rays, just
alter e beginning of the modern seismology and the inner core was discovered
by Lehmann in 1936 from ray tracing interpretation of travel-tine arrivals. At
the plubal and regional scales, ray traciug is used in daily carthquake locations, i
potarizations studies and in tomographic pictares of the Earth bierior. Bewmie

profils for vil research - diagramme o4 - £ normal move-ont, decp nwve-out,
reflection hyperbole - exploit inan every day practical approach ray \raciug results,
Relleeted tomography, migration techniques are technigques often based on riy
[ll"\ll\',

This rather lengthy introduction shows, hopelully, that understanding the
ray theory worths the requived intelecinal effort. Argnments in thas lecture will
show that seisnwlogy is an area where sophisticated toals based on ray theory
have heen designed for specilic applications with no direct. equivalence in other
fickls of physics.  Acoustic wave propagation in oceans have different canges
ol approximation, electromagnetic propagation in the ionosphere assumes with
pood accuracy layer approximation while optical ray tracing is often made o
honogencons media. For ray tracing inside the Farth, we are on onr own,
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B - WAVE PROPAGATION

In erder Lo el up our notativus, we shall diseuss brielly wine prapasidion
couations withom complete discussions. Let us consider an heteropescoms claste
lincir medinn ol a displacenent w in a pont A of cartesian coordinates {ooy. 0
One can deline two Lensors of order 2 just i makrix ) at this point @ the siress
Lensor @ and the strain tensor ¢ These tensors, called mtinitesimal, are local. The
steain tensor 5 expressed with the help of the displacement vector of the pot Y-

I cartesian coordinate systein. Lhe vxpression

1
L LR th 1
Sl .
precises this relstion. The coma i subseript mdicates a partiad derivatine

with respeet (o the Tollowing cosrdinate. The stress tensor comes with the
clastodyianie equation

Ty 1 _,‘: I LI ih 2

with budy lorees acting fy on paint Al The stress tensor s related 1o the
aceeleration on the point. M. pis the voluone density, A additionad relanon
1< necded i order to connect the stress and the deformation. Thos relation debines

Lhe rhealogical Lehavions of the material and 15 often asimple linea relatin -

Ty T Ukt el K Y
where o are clastic coclhicients. Because af symmetrical relations, these 51
Cocliivients reduce 1o 21 independent ones. We find the linea chastodyiane
cqnations wler a geueral foro lor an amsolropic medium
leiimdd, + 0o e

where the lunction g s diflerentiable and contimuous, as well as s list
derivalive. The second derivative must exist and be contimuons by ateps Ve

shiadl assume the same Uing for the vohinnetrie density,

For an astiope, elastic and linear body, the clastic coctfioronts can be
expressed with enly two independent oues as the Lane parametess A wned o fon
exanmple

Coar = AN b b pelddy 4 ) T

Other choices are possible as the Yourgs modulus £ or the Poisson cocllicient v or
any linear expression well adapted to the problen at Tend, Tnsotropn edinn,

we obtain the bllowmg elastodynamic linear ecequation

N VS VIS S TU TR S VN SFTIN (TR T IR RETITA ih ot

A fwrther simplification s im\.:-“ih' for taterial, o the witer, whore anly
[EIR I Rl O tahes |ll.|u' and Uhe .\||l‘£|!'|ll].: > 1l ||n«-1|ﬂv. Fhene s unl,\ e
idependent parameter and the incompressibility modnlus s olten e most
sitesh oues The pressure variation £ verihes Che sealar equidion
! ) | f . -
- Pl d)— —— P xSk f) 1 ]
Rix) LX)
where S s an explosive souree with wpression variation i space and e e For

an homoreneons volumelric deusity, we simply obtain the wave cgiation

1
A[’(X")—m]’lufx.l‘)Z '.".|_)(.n'l i h Yl

whete A denotes the laptacian al the point M oand e is Che wave speed.

Tenninology s rather confusing hetween the wave cqnation, the sealay
wave cquation, the vectorial wave equation, the acoustic wave equation. the
clastudyviamic equation. For iy point of view, the wave equation insolves oaly
the displacement while the elastodynamic equation takes it aeconnt the stress
as well To be aware of this slight ambigmry ahont the vocabulans ss the hest wan

to sohve the ditlienlty often miel about these cquatons

Belore closing the section. | woudd Hke to present a stnple case which s
interesting for the rayv theory later on o this s the selution ina homogeneons
pedinnn of the wave cquation. One can say that a so simple exiampie does not
require a complete disenssion. As far as | kuow, obtaining this soluton is dillicalt
with carefnl walysis of opposite singularities at the souree position L s far o

obvions.

et us liest consider a laplacian of w0 sealin quantiny ¢ wineh s signdar
Pnside s small volume of radins < around the sovrces The singubariny s such tha

the ponctial source is inepulsive, e

[ swosine [ [ Josie

We apply the Ganss theoreny for reducimg, the volume mtepral down Lo surface
inteseal aned then we Lake into aceount the svimmetry ol the peometry toantegrate
this equuation. We lind the followmyg cquitions

/]] Ag(ride '-!/ /gr:ul(,”.ds‘



By compuseison with viaabon {H ), we Tuied Hhia the weem .I,;/4[r' beltaves as Lo

aned consequently, that g hehaves as Le when r goes 1o serw.

For the avonstic wave cquation in a three dineasional homogeneous tedivm

with an iapudsive ponetnal souree,
AP E) = HE Py () = —d(x)0(L), {h - 1y

an heuristic arguznent is to consider the faplacian as the dominant e vonpared
Lo the tioe derivative sinee the laplacian isvolves tie secoud derivatives of o Uhpee
dimensional lunction #{x). A nore rigourous approach can be found in Mose o1
Fechbach (1953, p 835) , solution which does nob iutroduce new wdeas cotnpared
to what | present here. The behaviour of # would be when ¢ goes o zero

Plet) — — > &) 4rr (1)

We luok for a solution of the eqnation without the left hand side which verilics
thiy condition (b-11). Because the iedin is homogeneous and the sowee lus
spherical symumetry, the pressure licld £ will ouly depend on the vadins « Ul
expression of the laplacian in spherical covrdinates gives :

o L ar Qe
Livd—(r?—) — i/ =4 bl
I U,.(I Ur') e I ( J
which reduces 10 the cquation
()2 1) " . 'y -
_(__1)_1/{.10_(1"11 =0, 1h - 13

dré i
the fundamcntal solution P2 of which is compuosed of two arbitrary Tunetions 4 ol
& i thie following expression :

P=liit —rfe) + &t +rfc))fr. Ll

From the condition (b-11), only the functions 8{t—r/edfr or i+ /o) /e are whlowid
as well as any combination. The second solution can be elininuted hocise the
ipulsivie given at time zero must be felt at the position ¢ only later on, The
clementary solution in a three-dunensional homogencous medinn

|
Plrt) = —a(t - vfe)/r h 5
(r ) = ol ~ v/} )
is the impulsive function weighted with o geauetrical decrease /e This pertare
bation propagates al speed ¢ as damped concentric shiells. For a geueral source
S(ry,t), we consider the convolution product of an impulsive function with the

sonrce funetion and we tind the well known Insction called delayed potential i
Py i
| Sy By
Plet) = - / oy —im L,—Lm, P
Ao

v !

where 8 the distance between thie prant road e integration pomn vy over the

souree sone V.

For the 1wo dimensionad case where the distribintion ol souroes 15 aboug the
axis, animegrativn of the sohition (b-195) wlong this axis gives the Tullowing
clementary solution

with a typical tail after the wavefront. By another integration | one e can dedice
L elenwntary solution for a vine-dine-nsional medio

POt = S = rfe). I

Agiven point stays ab rest until it is reachell by a conatant preastuce at Gne £ - fe
The tite dervivative of the pressure may be o better quantity witli an anpnlsive
shipe. By anticipating on the definition of the Fourier transformation, we nnst

uaderline that the solution (b-13) has the following Fourier transforiiation

| )

—_— i1
(43

while the Fouricr transformation ol the two dinensionad solution (b 17} is the

HBesael inpetion siugular at vhe origing teo the Hankel function of ordee cepo

%Hl;(w/.-). th - 2uy

Finally, the Fourier transformation of the derivative of the pressuve Tor an une
dinwnsional tmedinm is

1

i
ir

Phese sulutions are very wnportant for the norowahizanion of the ieyinptotic

solutions of the ray theory, | show that their constraction is far Trom abyvions,

Lo T ann suce that they will be guite natural and intuitive to the reider alter a

whiles We often use thenoim the ray theory.
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C - Besolution methods of clastodyisanic equation

Canstruction of solutions for the wave ¢'||I|,||inl|| or the elastodyvianmn i
tion is o dithendt task, oo these noetes, T ahall mention only ditferent maethods o

rder to sitimide the ray l|u'u{_\.‘ [IRRTTERIBEY Ll i s elohal Trane

Onee can consider three nian groups of methods with possible rebaring-

hetween two particular Leclinigues,

Pl liesi approach deals with the space (x 0 where ammerical methods solve
divectly he dilferential equations. These methods as linte dillerence o linite
clement methiods are bhente foree ethods and are very well suited to computers
with specifie arelitecture, Variations in order to estinate partiol decivatives are
hased on illl('T')uLtlil:t‘,’ fanction @ Fourwer mmethods, adso ciudled I:\.c'llllu \[)t‘l||.t|
methods. po to the Fourier spice in order (o evaluate partial devvatives, while
difereinial equations are =Ull verthed i the space (x0)- Integrid equations in the
real space are also an alternative to the resolntion of differential equations, Tl
mtepral equations have the advantage o redoace by one dimension the proldem
to be solved at the expense of a lincar system with Tl omtices while the e
clerent method deals often with sparse matrees,

The sevomd gronp tnnages o transfornmation towards o new space (howt,
“—']l"f!' lhl' |1'N'|l||T||’|| lli‘ IIH‘ ||'t'l|l‘\{l)|'”|f'l| {'Illld,ii\l“:i are G'X‘I('ltl‘fl (D) l)l' \Il\ll;ll‘[
These methods, called spectral methods, have many variations as the retlectivies
miethad dhiscret wave nimber method or integral equations. Depending on the
spichial vartations of the meditn properties, the separation ol partial derivatives
will be partial or complete. For parttial separation, one can seleet the space (30
i Lhe nnsolved direetion and use previous methads in order to obtai the solation.
Transtormation hiek to the real space are d|w.'ty.~; required at the linal stape

The major disadvantage of the two already mentioned gronp s o prea
difficnlty for the interpretation of syathetic seismograms.

A thinl class ol methods assnmes an asymptotic hebavionr st high frogqueny
as the ray theory, the WKLY miethod for stratitied media or the MASLOV ethood
avadlable for Jaterally varying medie Technigues of beam sunmnations as Che
garsstan beam sunnnation GBS has ioncreased the interest of the sceisnologieal
commumity for these asvinptotic nwethods. The man advantage of these miethods
oot onty thew compnter officiency but ther capacity of phivsical snterpretation

ol compnited resalts,

D - High frequency approximation (aconstic case)

Wewant Lo constonet an high frequeney approxination of the solution of
the wave equation and, in order Lo do o, we statt from an assanned CXpresaion
ol s Forier transtorsnastion. AL high frequency, His expression is tebited to 1 he
winvelront notion which is not destroyed by the heteragencity of the medino, 1 he
use of the Fourier transformation is not strietly necessary as long 1k the wavefront

meaning 15 kept. We shall not diserss this spave-time ray theory in tiese notes,
Ansatz of the ray theory

For the introduetion of the high lrequeney approxination, we need o detin
Vool e Fourier transformation of the Tinetion £ oand we assipne e follvwing

+ o
f FUry e, (e - 1)

CXPECSsION

Jiw)

with the inverse translformation

. 1 o
flt) = 7 / fley e e (o

o

We shall keep the same notation for the Tunction and ats translormation @ tloe
avenment of the Tanction will well us yn wineh space we ares Lot us reedd! e
avonsle wave equalon

bt Px )

) s T

=N ) (d - 35)

where Pis the pressure in x at time £ and S s the soneee function. The prrepagation
velority e{x) may vary continuonsly imospace. Tutial conditions are requested aml
acero pressure as the simplest condition as well s wzevo temporal derivat e
overy poinl ol the space al thine zeros T the Tregaeney domain, the wave equation
hecomes the Helinhollz t'qu.il.i(m :

2
VAP W) Plxow) 0L oo
T X))
ontside the source area. The wave nnoiber is denoted by & - /e The solution

ol this equakion may be rather comples bt physical considerations allow s to
asstume o particular form ol the solution. An mtaitive argooment conpes from the

solution i a three dimensional homogeneons space

n {d 0y
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with twe disting terms o the est vie delines the amplitade wlile the second boecares
the wovelrent, The travel tine $ s e/ e na bomogencons needing Phe colieronr
of the wave front might be preseeved i heterogensous media witha tracel noe
ated an anphitnde detined locally, Wave Tronts are deformed it il esistss Foooe
i1 1) shows an example on the el where wavelronts are still visible inospite ol the
heterogencity of Uhe edinn aud an examnple on the right where the Leteragenoty
viniation desteoy entirely Ue waveltont colerence, Formally, the ausate of the
selntion will be :
Pixow) = Siw)A{x,w) = T

where the function S{w) is delined by mitial conditions | sonrve sdesoniphion v
sercen excitation, Tor example.. ). The asyinptotic approximition wsutues that

Ui Tonetion AixX, ) liss the following form

which splits the spatial dependence and e feequencial o temgaral dependene.
From the practical point ol view, we are interested anly in the zeto order appios
ination | Le Alxw) = cg{xd The zere onder solution becotes

Pix,w) = Sla)Ap (et Y
L the e dotnai, the solution bas an clegant analytical tione dependence
Pixo) = cAg(x)Sie 1), oy

whiclt detnonstrates that the source signad 5 propagates without distorsion at
high frequency with a travel e 1 We shall assume that the sonree [ Lo
spectra i zeto lor lrequencies lower than wy, o Moreover, we conaudes oidy positive

frequencies. We shall see later on how o take o account negative fieguenones.,

Wee lave now the explicit detsonstration of two tune seales i e seisiib
signal o the travel-time 1 and the diacacteristio thine of the source ~ 0 = as shown
i ligure 1220 Phis tine of the source detines the spectral bandwidih ol e enitted
cnergy by the relation < ¢ > = 2x/w and the high frequency approxintion will
be vadid if wi' == L 1 this s not the case, we have mterferences betwecen
the propagated souree sigial and the mediane Diffraction and distossion ellvets
bappen and the serie (4-7) might partially overcome this dilfienlty at the expense
ol additional difliculties.

One st undetline that exact solutions for a puint sowce e three
dimensional and oue dineusiotai media have the adequat expression lor the ray

theory where the signal propagates without deformation. For the two-dinwnsional
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case A he exact soiation is notoa delived patential 0 owe mnst loak for its hiah e
queney approsimation. Gomg Chrongh the Fonrier transform which i< the Hankel
Tane Lo of zeno aredet ”,l,. ane nnght write the asymptotie Torm of ”('1 wlhinel s

"‘1”\" A

T i i‘ Do art \-
Piew) Ifn'&(.gr/r)‘.'—\j—*vf wrde it (41

1Y Ter

This plane wine s a rn-mp.mhh' foron with (e ray The'tn_\ :
| — e
.f'il‘....'] [A——\/r.'/‘.;r”’"”V/‘L’-]r“"f' ) [". 11
Iz r
The final approxiration o thime domain can be writien as

Plv ty =

Y R

;=
(.
-

L U )

W

which s o pood approsimation of the exact solution near the wave front wheee the

i can be estimated to e e Phe follosving, expression

Ll s o back to the asvinptolic serie. Inserting the ansatz (d 63 as well as
the serue (7 ) i the Hlelmboltz equation (do4) and ordering terms o proaver ol the

{requency w,owe Hod with the hielp of the two following equalities
NPy LV A o TS B o R el
ST VAT LN T AT LT
the cascanle of cquations

m ot (I = et A ewT
mo e (2 ANT + VT 00T 0
TR L {0 N0y 2NN (YT Ay e s for k|

THhe coiadtons tor the two lirst poavers of woattract onr attention, Phe first

careation, called ertkonal { Trn pretuee ingreek ),

|
[T'I')"‘ o o Y
(.Z

ke mto acconnt only Che travel thime, while the second equation
ICA, VP RN =0, ido 1

il

re, - Ar

Fig. 411 Using Huvgens™ principle to locate new wasefronts.
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allows comgrtation or trapsport of the amplitade at tine 1 We vall o the
transport equation. The other equations allow to estinate formathy lugher veries

ol the serie,

The canvergence uf e serie is not asalyzed. Weonly necd i formd ilentany
with Lhe wave cquation : ligher tenns can be far fronn negligeable quantitiosas
Tor eritical tellections, creepitg waves ansd soime conversions of comnpressive waves
e shearing waves.

Eikounal equation
The cikonal couation

T £ -—l = {1 ]
(V=) - et 1. {d - 1u}

is the basic equation which controles the evolution of wavelronts, We shall sec that
it is also true for elastic medium for vach kind of wave, Solving this equation s
related 1o the kinetnatic propagation of wavefronts defined as equal phase suclace
(%) =T Louoking lor the evolution of the fuaction T(x) is mure generid tan the
simple signification of the high frequency approximation. @ waseltonts exist vven
whien a mediui bas rapid variations. Oue can construct wavelronts at tine ¢4 4l
knowitg the wave front at time € 1 itis enongh to use the luyghens priveiple Tor
the geonetrical coustonetivn. A constant Jength is taken away for the initid wave
frout such that the modulus of the gradient VT is equal 1o 1/e(x) at the corrent
point as shown graphically (fgure 1D-3). "This techuique has been extensively
exploited in a graphical approach of Lthe wave propagation aud for graphical
interpration of relracted profils (figure D-4), Because computer memonies becoe
rather inexpensive, this method, which requires impurtant ieniory capacitics, is
now an attractive alternative to ray tracing for speaific applications. (s compuler
smpletentation solves the eikonal equation by linite differences oni regnlar grid
for the tirst travel-time. We shall tind in a near future interesting applications ol
this method.

lustead of looking for wavefronts, we niight focus our attention on orthogons
trajectorics Lo wavelronts at cach point {tigure D-3). These trajeciories are tays
which have not the obvious physical support that they have i opties. The
morphologic structure of our eye is responsable of this fact. Tracing rays, insted of
wavelronts, is the standard way o solve ordinary differential equations, approawch
re going to set up. This approach is called the charactenste nethod Let us
cousider the implicit equation of a ray x(s) where » s the curvilinear abseise,
The tangent is detined by

154
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with a miodilus eonal tooone by edefiniton ol the curvilinear abaormsa Fron s
detiition as orthamonal trijertories, the tangent i parallel 1o X8 0 Frova the

cihotal cqgration. one can deduee the followine, cguation

dx

NI I

15

We ofters say that Ldx | feis the optical distanee. Alter this tangent evolution ol

ravs, we nst stody the normal evolotion which comes with the evalnation ol

Jd¥'T o dx

ds Tds e ds

I [

Nnowing that the desivative with respect o the cnevilinear ahscisaa o 1= the
profection of te vectorial pradient on the tangent o we obtaim the following operata

apphied to cach compenent of a vectorial guantity -

l'.
— = b Vo VTV, fed =200
s

wheres we nse the operator notabion for veetorial gradient. We have snccessivels

aned tormally the following equalities

d\T
o NT-V(VT)
SR YAYAE
: | td 2

Ty

U v o )

)
~N(—)

feom which we can dediuce with the elp of Td 19) the cquation describine e

evolution ol the nermal part of sy trajectores.

d 1dx |
e o -l
s o ls ) E (') ' )

Liis cquation o also called the carvature equation hecawse ditlerentiation ingplies

1 4ol 1t
RIS I ST Ry s
I '1‘3‘ ) 1§ '[.\
ande using the delinition of enrvatinre A i the Prénet svstems as mentomed o

Lwitre 16
dt

”,\ A, i

wee L 1 [ N
o
Si=)awt—{-]t —n 1 2%
. ‘

s L3 ‘
Il relation is bty writien |n\‘|l|i('ﬁ|\ with thie showiess w.
o

i PA e [T

irs

Yiu=1

| e sealar product of this equation with the normal oo controles the evolunon ot

the cnrvat ure, which pIves vxplifil.iy

The vurvature increases in the opposite direction of the veloaty gradient perpen
divalar to the ray. The ligore (D7) indicates the vectorial constrnetion dedneed
fromn eoquation (G263 and allows the imroduction of the aogle 7 hetween the gia

dient of the slowness and the tangent to the vy with the simple velation
o ) .
A= - ‘Vu | e (ef - 2%)
i

The torsion T s defined as the sealar product between dnfds and the binonmal

b, Froean the expressien of the nornal

{ il

“:E7I

t Y"u], L -2

ot can dedoce that the ondy contribntion to Lhe derivabive of nowith respect to

the cnrvilinear abscissa s along the inormal - comnes feamn the Tollowing, termn

ITANT] .
—_—— {«f - 30}

T = ~~-—=—— b

1~ esnen 1) Tor the elastic caees For the nwment, ot t‘nlll]nll‘!l'h‘ e u,ruunrlru‘a\

airalysis of ray traemg. After these considerations, we may teace rayvs witle the lielp
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P i

ol the curvidanre equation which 13 o seconsd-order ardinary dilercnniad eguad on ’

Ol

[0 s pataral te redace the order of the dilferential wsston by nnraducing
att additionad vartable which comes from the equation abmg e tangen. s
variable, called slowness vector py is detined by

L
P Y

¢ oads

A bapoctant systent of tirstorder ditferential equations is dedaeed

x
—=cp
ds “[ g8 '
— dp 1 )
f‘t'adn ™o7 - 80 DMH‘I‘ca' rnler‘rre 4a how aJ.. I V(E)
Orua’t'ou (d-l C) : (‘Q}(: are &n" ko wavds “N with the fllowing constraint coming from the eikonal equation !
|
_9rnJleu" o} He Slhwwess « Neli— - Y
<

The pliase or travel-time s obtamed by ntegration ol the cikonal conation adeng,
the ray, e,

dl 1 -
—_— = - gL [ll‘ A0 “,
ds e k
We shall study the coupled non-linear system (d-33) where the velociny o depends v

o position X instead of the non-lnear equation (d-22) because the variable podoes
not only play the role of an auxibiary variable but has an inportance cqual 1o e

foy ane ol the pousition. We might expect behaviours of O 1 with 1|u'7 inthience of !
ittial conditivns, with the geomnetricad steacture of the solution coming, tron te
catastroph theory, with stifness, strange attractors and so on. This problem
aelf s a ditficult probiem to solve and we shall spend part of v etlort i order
tu analyze it Before doing it, we shali examine the transpont equation

Equation de transport

(€3]

The transpurl cguation which is written
PVAKNT + VA, 0, g

i ht be converted into a simpler Tor by wmltipiying the equation (d-36] with
thie nou-zers quantity Ay o order 1o get o divergence

ﬁsurc D.% . lwoe schemahc dn‘aarums j.w-

Bcom}rr‘cgl inizrarcl-ub'ou al' borsten ©. div( ALTT) = 0. d = di)
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Frjurc D.9 . ?qm motry 2atron cl. the sor},oa_ <
at the point M o+ +he ra/,ac well ag ray tube .

o

Lot s considber wonnd a ray an elementary ovhnedoieal talae ol volime 1 owinly
a venetatvice parallel 1o s sepment of s The intersecied snilaee by e
cvbindrioal tube b deserthed by two paraimeters 5 aned 72 (ipee 109 suceh that
1||" l'i""lf"L'ull}' \”lli!‘(' l\
, (1% x
dS - dSn o= (—— - =) e 1N
ey (L
Fhe evoes prendiet s denoted by <0 The two clementary subaees at civibineat
e g wnd sy are denoted by S, e dS0 The nse of Ostrosrindshi theonem

perimils s to o wrile

/ /'/(I'N‘[.-I(;v'[‘)df' - / /\f, n- NS - id 4y

which means that the s of the leld 35T . precserved duarme The propagition.

Ondy thie contribution of the two sorfaces oSy and @5 exists, lnowine that T i
. 1

Pt kel to poowe canintradsace two new sarfaces ARy el dST e tons ol s faces

ey et S o the nonmal to the ray (e 1910 Wae ohin the foblowang cqualing

L ‘]f)('\”)([‘qlil "I_' li‘}("l)"’[‘\d[ i 1]
en o1

whore we lucve tntrod eed thie <lowness g cloayp ool [unlliuﬂn‘ S0 ol RN (RIS il
ton Ll 1) allows the anplitade computation at positien s, from e amplitude
al prnibion sy, This represents the energy 1lix averaged over a propagaiion tisne
fropertional 1o 1 /e throngh the surface d570 The zoro-order approsimation i

phes that the energy s preserved in the ray tube withont any loss throueh Tateral

Aol ) = Al 1\/‘.““} [T
Jalsp ) = sy ) "0"'-\‘:- Il

IS = dS ot = dy dey (12}

weedpes, We find

| b MITIRTEY

i~ terpreted with the help ol the jacobian

0 oor S
¥
foool ok TR
[ n
[/ !
s n
notedd also
Jo] 1
(LN TI Y
We ohtae the generic formnta Tor the acoustie case
.
4y
Agls oo st / i 15
l[ I} n( 0n \ 10-]|
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whitch can also e weitten

TABA
Aglsi) = "llll'“l),J_;l‘ (o Liv)
o

Olten, one asstine thiat the nonnal ot the elenwentary suelace is paallel o slowneas
vector poand identify surfaces S o1 S0 This subtle disoussion has impartunce
i lesiguing ray tracing programs, W tight be interested by surlaces 5 il
not only 57 during ray Lracing. Inany cise, at the station point, we should g
back 1o the sizface 57 in vrder to compute the amplitude. The use ol arbirary
surfaces & is a [recdom which makes casior the ray tracing with ioitial excitations
on vibratiug sueface which are not waveltonts, interface projections ., bt surlfaces
S detennine the anplification modulation,

We arce uow able to describe the pressure observed at a given point coning
frotn a soarce with temporal variation S(w) and with a radiation pattern oy, 52 -
One can distinguish the excitation, the peometrical spreading and the propagation:

i ) B I B propag

Ple,w) = S{w) o(71,72) \/3“' (d = 47)

How to estiale the intensity of the source @7 A possible sulution @5 to
select a panticular example as an bomogeneous medivm of speed o0 We Lok
al a canonical probleni i order to calibrate the ligh frequency salution with an
afrvady known solution. Au the source itself, a singularity requires to move away at
a distance of at least a wavelength. The complete high frequency Green fnnction
is piven by

Plryw) = .b'(..J)—L—l-:.'““r. {d - In)
dror

The jucobian is defined by dy = J df}, which gives by integration an the sphere
inlt! = J'[ di = Arnd. L 1)

We write the solulion under the asympiotic form

1 o
Plr,w) = .5'[u)]-w—-—\/—l(:'“r , d D)
) A feg ¥ J t i
that perniits us Lo identify the radiation term of the isotropie and ponetual sonree

Ay

P, 72) = (ol - Oty

%)

GULE of ALASKA EARTHQUAKE NOVEMBER 1987
GEOSCOPE STATION INU - R4 train
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Figure §0.10 A companson ol the exact solution 1o tfy”(x) = sinh x{cosh x) y{x)

y{+ w) = 0], with the approxumale solution from a one-turning-point WKB analysis. T
approximale formulas are given in (10.4.14) and (104.15}
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Wee dediee the aavmptotic solution for a vartable velocity ¢ x)

Plxow) = Sw)b——
A,

where oy s now the veloarly ad the souree.

When the jacobian is stoetly positive, the solution i the tane o

Lo constructed straigthlorward by

wloch gives

Phafortnoately, this simple expression is only valid o inlinite frequeney,

i
Plx.t = T,/ Pix. )™

N TS .
Pix,t) = —v m'\” - Fix)).

O call

{f - 3
Ln’ 51
For a

liite freguency, any abrupt variation feads 1o dilfecent resalts, Moreover, o shghit

conplication appears when the jacobian changes its <ignor even when il viagishoes.

Sitnations giving this phenoinenon are lreguenthy anet as shown for cansties in

liwive (1 1. When the jacobian goes ta zero, the ray Gibe section deoeierites

o a zera section s we are onca canstie and the ray Licors s no more valil becaase

e amplitude of the signad will be intinne, Knewing the pusition of the caustic,

ik i possible to comstriet another asymptotic theosry which tekes into accoum

e ondulatory aspect ol Lhe sigual and allows a deseription of mterferences nea

the canstic or, equivalently a deseription of the propagation depending on the

lrequency. Lo tact, oo the llupnoated side of the canstie, LAty rays po through

the siame point giving the escillating aspect of the anpliviade (hgare 1311, while

on the other side of the canstic, we lind a exponential decay depending on the

[requency, What we must learn is the wversion of sign of Jowhen we go tlaones

the canstic and that the Airy theory pernits us to connect the sitnation o cach

sidde ol the canstic

We find the imtial tonn

\/; \f|—%‘ o

OV

whiclt intraduees a phase shift when one goes through the vianstice.

not given by the ray theory but by the Adry theory. This s the anly

uf the Airy theory considered here

Formally we cim write that plase shift i a smtable foun

—anfy e
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Jﬂ‘ derivatien

K ek

F:‘jurc A2 Comqnﬁ'jbu bet ween Hilbevt

trans i’orm bren and dercvahon,

¥

A 4

Yo

HiE) / HE-6)

—_—— — _ e — . —

F-fsum D-13 Seomofn‘m| dc.scn'fh*ou af-
two hilbert hans]-oruah‘onr.

|n_\ u‘.\'hifnlinu, " flx'qnc'nl"\' lll'[)l'lliil'll({' of the Gravel thine o the wave artinaes Lelon:
eapevted, s phase shilt induces the hdhers transtormation of the propagatad
sigial whivh is written

| l'()\'\
Pix,t) = — ) ——=—a 8- (X doa
(x, 1) TV T |k 'ixy) 1d j

whore & s the Hhilbert cranstormation ol S,

Lot us recall thae the Hidbhert transtormation F(t) ol a thnction P40 detined
as the principal value of the following integral,

— | T, (el 0N

s o Fowrer transformation —¢ syniw) Flw). We tind that o logetion al s
Hilbert wranstosimation have the sane spestonn, that the Hilbert translonsation
acls e upposite phase witl tespect o Lthe derivation vn the sigaal thgure 1) 12).
Convolution fornmla can be deduced -

dHCHYHHD

—— ¢ = Mt - 7). [ET
dt JTot-T ™ ) {e )
Two Hillert transforniations must be noliced
|
T ——
it /
Hi-t) ooy

)
i
with a geometrical description given by the figuee (1-13).

Of contrse, the sign inversion of the Jacolian J might be repeided when e
ray hits a new caustic, This phenomenoen is often et insueluce- wave ray tracing
where, lur geontetnical reason, waves are focused un the antipaede of the souroe,
then on the sonree again when the sphere 1 homogencous, Inorder to keep track
ol these lersecbivns with canstics, we wrodoce the RMA mdes (o Ieller,
Maslov, Arnold et Hortmsander ) initially taken as zero and which inereases by |
for cack caustic. Morcover, when the vay tubae section reduces to a single point in
a three dinnensional wedium, we count two crossing for the fucsl point, We have
the vomplete expression

Plxow) = Sla) @177 \/l ;((’:'” Gl =1 F suniw) R3MAL G-l

19
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We van write the pressare i the e domain under the general form
Pty = RE Poasie T{xang pof o0
where

/ '{xlr

sy ’M?w'ﬂ:lv Wim'

and & bw the analvie Tonction associated (o the Tonetion S0 Practicaliv, we

aFhMAN NI

enly consider positive frequencies. which introduee a modifivition of Fowoer
Lransformation of real Tanetions whick are such that the value at the lrequensoy
—w s cqual to the complex conpigate of the valne at the frequency w We can

therelore reduce the doiain of integration and lind

L
=R fw)e " d. ol
Hiy s - / oo ™0 l

o

The following complex Tanstian
flity=— / flwye " dw (- G

haws & Fourier Transformation 20 (W) flwd. s real part is 1) Us inoginary pant
Fois written

i ~
Flt) = -"R[[ Pl )e ™ s} (b
oy
and rednces to

i) = — / g} fla)e St {6y

RE TN

which shows that # is the Hitbert transformation of the tunction o theretore.
the analvtie funetion f s the sumeof the tanction and its 1ibert transfornudion.
This s the justilication of the use of the analytic function in the CX|HEeRs 0N ol the

pressure when we consider only positive [requencies.

For the zere otder approximation. we need now 1o estitnale the ray trajor
tory, the travel-titoe 1 and the jacobian J at the point where we wish to cvalnate
the asyrnptatie solution. Flis task s technically ditlienlt and we sbiall coneantoate

on 1t i bwo following sections, Belore doing it fet ns mention ane additionad poin

I we consider the next term of the serie A we lave the following eouidaon
AVA' S ) PRTIR whd A R A (d 6N

al

din{ ALTT)
.“l

which shows that fast variations of Ay lead to anplitudes of the terin 1y olten

= —V":!.. (NI

pot st newligealdes, This is the case near the critical angle Torpeflactod woee,
fur comvertedd plises S pear the free socfice al the vhitentian of new solul e

vahied for these particular cases is a game enjoyed by sy tesearchers,

2

Fo- ENAMPLES OF RAY TRACING

Lot ns diest vonsider sinple examples where traeme vigs s rather steaapt Iilor
ward, We are losking tor rays, teavel tiue and peometcical expanaon cocthicient
Tromn thes ddlerestial systens

WX (x)

= o X)

ol

dp I ey

= Vi|——
i c(x))

Homogeneous media

For an homegeneous medinm e X) oz ea, the ray sobution s siiply straiehs

seetnenks, We tid the followine cgnations,

Pls} = pu

X{(s) = Xg 4 oeu (5 - S0) po

where the position at sy is Xg. The Jacolian inereases ws e i a three dimensionad
medinm aned, consequently, the amplitude decreases as t/es o twa dinnensional
medinm, the amplitude exhibits a tepical tald from a varation in I;\/r- while the
o dimensional propagation prevents any spreading and the amplitude s ke
constant duaring the propagation.

Constant gradient of the velocity

Setvmuologists are often interested by avelocity structure which mereases wich
depthe De Si:|||||va1, madel one can think about s a lincar inerease witl depth ol
the velocity = this dees not niean that this leads wo the siplest vy tracing. The
following velocity structure

cfx) ey b1 e

noplies sunple differential cquations from equation (e 1) Tor the components
and py of the slowness vector = they are constant along the ray. Phe ray s
aovertcal plane withont torsion and one can asswine that py is set to zeto by an
adeguat seleetion of the voordinate systen o the ray lies juside the plane (o)
The horizontal component p,oas called the ray pacanmeter aard denoted sometines
g Letus introduee the angle & hetween e vertival and the ray tigare 12130 Fhis
anple is a poorl parameter for tracking the ray Stself. By delinition ol the tangent,

)
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Tl curvature A hecomes constant tirangh equation
] lf!' U | L |
s e il ’ ! i
e{o) ds !

whitch means that the ray s a portion of a circle of radios 1/ Pp o Froo the
peamietrical delinition of the curvature (liguee Daog, one can dediuce the evolution

ul the -li!HIt' 4 hy
Ju

o

With this paruneter, one can mlegrale ray fracing coual iohis

- Yo ds 1 v
e ory = / de' = f n&iafzu' = / sind) it

N ]‘,u!. (1 (0]}

T T,
Iy u;J ! u{. [ 7
: 1z 4. I i
=y :/ d:! 4] R -,—-—j cost) Y
o " s iy Fp da
aid obtains analytical trajectories starting from
=y = ——coafly — cust))
1 P .
(v -0
Iz Iy = (st = senlly).
Fp.
Witle the help of the trigosomettic expression so# + cos™d o )0 we il the
canation of a cirele
(o g — L peosby) + 1z - b L/ ppantly ) = (1, e

If s assnnne £, 2y (related 1o 8y ) as Lhe system origing one e find the sioplitied
cyilaliog

br o U peeosth ) (2 b0V = 0/ (- 1)

which shows that the cirele centers of Fivys [ur ditferent :\lluul'lzu.', g les belungs to
acatzaigth Bne o 4 oo /U = 0 (ligore F-1) The travel-thne s deduced by alirect

integraliun
[ - [ 7j {s u/ [ ¢ = / Wi t
1] s o |
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whicl wives the tinal analytical expression

funtif2)

!_nu(n'f“;'w]

o !

[ TR S J.
1

Foe the peometrical spreading evaluation, one rmst express the coordinate rowith

respeet to the initial angle at constant depth 2 through

o
cosf /l — g srntly 1 (R
\I eh
which gives
oy o sty | — '—‘_.-a.'u"(ﬂ“), [ [
I, I
The estioation ol the jacohbian
e )
i) -] (_'H;| conil PR

allones the analvtical (llll]pll[{l“‘lll of the anplitndde Tor this simple velocny distn
tlion.

Clapstan gl'.’l(lil*]lt‘ of the sqguare of the slowness

Anothe v\.uuplv wlineh Lves the hl[]lI)Il'h[. soululion To tiy Lracing 15 .
constant gradient of the square of slowness. The square of the slowness, relatod
to the square of the refraction index widely used 1o scattering theory, his been
disregarded by seismologists because s parametrization leads 1o a deciease of
the veloesty rather an inerease with the depthe The simpliciey of the solhiuion maieht
vvercome Lhe penalty of a dense discretization of the velocily structore i omeas

clements | Fignee §5-2)

Fhe velocty steacture is defined by the square of the slowness

wt o u:, tr-x {r liv)
with a vectorial representation. The use of vectorial notation shows the separa-

|n]11_y praperty ol the square W slowness hetween whal lmppe'us along the x axs

and adong the 7z axis. This advantage avoids any rotation  ovder to align the

pradient Towards only one direction, retation reginred Tor the previons exangple

of the comstant pradient of the velority. Associated 1o thns distobntion, o new

paranwtnization 7 of the ray delined as ds = wdr allows Che staphticaton of the

ditlferential systen (e 1) o

o
& P -
dp | I S
UL Y ST T
ot (X} el %X} 2
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Fhe woabviical vy s a parabole given by

X = Xy ot petT

’ I (B
|

Pt 5 i T,

wlhide the travel tiie T ds obtained by divect integration

[ A [u"n!r B /(u;; toy Xy

¢ 1
[ RN T RIS LN AR
Il gacubian is estimated atl constant ¢ by

itx
. — (e -2

2,

which hecomes an expression increasing with 7
-J':(_T*Tu)f'n— [ 21

Many other volocity distributions lead 1o awalviieal expressions and o
prurpose s nol Lo investigate all of them, Let s jost anderline that the disteibution
uf the velocity in chic) relates ray tracing on oo honoeeneons sphere 1o ray
tracine, tn a4 bwosdimensional medinn for ths particnlar disindamion. Exen more,
wsing o translormation based on the hvperbolic cosine, the hody wave rin tracing,
proprams can be adapted for swiface-wave rav tracine. This distnbation s adso
heen studicd mtensively i diber optics as an approxamation 1o quadeatie evoslhaaon
of the refraction udex away o Lhe conter of the optical Sibers the hiyperbodic
cosine giving analylical solutions.
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by Mudel CIT 1L G S-waves

FIGURE 8,12

Lal The S-wave veloviny for the upper mantie. tahen Irom moded CIT 1L GB (b Corre:
sponding S-wave rays (08 a pomnt souree at the surbace. culoulated for take-ol angle
WETeasi rom 28 1o 3010 ¢ oncrements. Nole Uhat distance berween source and
recetver in the Ednih o measured by the angle A subtended at the Eurth's center 101 47or
responding reduved ir. -time curve Pont C i clearly wdentilied with strong fusing
of F3v 310 1By ac A pear - . and amplitudes there will be large Lines 8. 8¢ and VD
together comstitute @ ertphcation. and each ol the two Nplicationy shown i assucidled
with o muger selocity incredse twith depthin the Earth model [ Afer Julan und
Andersun, 1963

FJufc F—i K 3}2?“" -c(iftv((fh}‘ w_foc_if‘:j shrue ture

iwsicde Fle Earth &w £ waver.

F - Arbitpary variation aloug one direction

Arbitrary variation aleng one diveetion s o« nabirid extenston frone presions
simple examples and his concentrated the attention of seisinalogha s becane the

varition ol the velecity structure dnside the Facth b onindy alone the deprh

directiom (higure 1-1). Fhe slowness component ppperpendiculio to s dieecion
Laken as 2 s constaut because the velocity does ot vary along Uns perpendicnlig
diresLion
dpy 1
=V, (=)= i
ds v

The vay lies nside a vertical plane that one can detine as thie plane (eoay s
argrinent follows the same line as the one presented lor @ constaut pradient ol
the velocity and shows its generality, The ditferential systewn (e 1) veduces 1o the
fullowing system

Ihstead of using e carvilinear abscissic s as the parametsr along the vas s one can
e e coordimate 2 which controls the velocity variation, Beciaase pos constiand
the cikoual allows to deduce p, Troms p,. Fhe evolntion of «oand p, deterianmes
perfectly the ray and one has w solve an vue-dimensional problem o os s the
Landan reduction widely applicd in physics. Because ppois cotsbanl, we go down
to i single equation

de I )

dz — op, E

with the Lonplicit equation dp, fdo = 0 as assocated cquation, The unhnown sign s
deduced from initial conditions. We obtain lor a ray pointisg initiadly downwards
(z = 0) the following expression of the pusition X

' , ; P
Niz,p )= XNy 4 f;b 7,“2,(:_}_:717

AL the depth o, where the slowness paraineter tahen as U horizontal conpaonent
of Lhe slowuess vector verilies p2 = u?(2,), the ray has a turning poit aud the
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revenved s observed al the surliee he Pl
teavel-tme curve. The uapper houndaay o
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for the tay emeraate at pomt 40 Poine !
I the same ry parameter hot hesona
ray o through the losveloan 2o
el Asray pararmter decreasgs sheluds
fram oty value at Fodistanee 5 oorees
unhl o caisti s reached ae v e e
vadues of & = Atp1 These ~hos thar the
Bertlier boadary ol the shadow s D s
caustic {11 Lpper and Tower bouadarnes ot
the s elodany zone are turming poants
for rass that defer mbmtesimadly o ther
ray parimeter Fhe tong-pomt rados
therelore a disgontinueus functon of »
This s afso o discontimuty an sipy = -
pd and i the gradient Jds dp = - Mip)

,\-\(_.‘“‘h'bn Ax;é)x DL.(I -l‘H&‘f‘f'SFrl”'Oﬂ hme 7}4“':' rr

\lultm

ratenral (4] has aantegrable singubarity as Jong as do® fdz does nol vanish an this
prartrcndar pormt, We cnd ap with the final expression

AN IR WA _/ i?'”:;—:

w Vullz) pl A
From the travel time expression dF = ads. one deduce
4T | )
I:;[;)’}: = tf o by
and the known expression
Fieopy) =4 -f-‘/ﬁ‘—*‘li_L [

N \/”1(3) - Pi

I his expression s the basic fornmla for recovering, the vertival velocity stractire
Pront travel time datiac and las been used tnomany ioverse peobien formniations,
Cortnbining, expressions of the oflset X and the travel tine allows 1o cancel the

sienlacity nnder the mtegral expression, Ulie lineal expression

Tt —p, XN =T —porg+ / - i (f %)
=]

i olten called the intersection thoe from the graphical interpretation given Iy

unre (1220 This quantity taken as a function of peis a0 monotome decicasald

linetion whicl was nol the case for Lhe oflset ¢ hecause

dT

——— AY [})
dp R

Tlhis mtersection time appears naturally o anidsvtics! inverse Tormdatons ol the

travel tine and the new tunction
A Nogop ) =T+ Ny iy

s o derivative equal to zero for the point Xy Rays rays acriving al point Ny e
the extrenta of the Tunction LY, p2) (ligore 17233,

When the sonree and the station are at the Dree siface of the Farth, we ol

baste Tormula frem equations (F1) and (1.7)

» P

i

whiich five w great iiportance for the Farth stracture, The extension in spheries)
coordpnebes does ot ('lldll\l;l' Lasie results, Yrony an ('xlu-lnm'ntdl curves \ i,u, ) oo
canrintesrate equation {09 and constroct the functiion T as a boncbion ol p,owhich
vesttlts i an untolding of the tiplication (theare B

h
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FIGURE 9.21

A travel-tne curse with caustios ot g and O and denved cures.
Crenmetrical fay quanuties aee idicated for 3 distanee 3qm the
tnphicition. vap Travel-ime curve wath armivalbs at ey, oy Wy = digp
with three salulions poop-. py 10 dips = A i¢) Zeros in (A Tposcur gt
A nd Oy The construction ol sulunons 7 (0w 1= Jiphisshown iuca
particular distance 3, [Afler Chapman. 1976b: copyfighted by the
Amerean Geophysial Unwon
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Fig. 1. A diagram of a typical travel-time curve with a tniplication. The T versus A, p versus X, and
Toversus poourves ife shown. §
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G- Vartational Approach

Another wity toddeline the ray s based on viotational arginents, T he cay
bBetween a sontce and o receiver s the tragectory with the mimmuong tavel tne
Tn taet, oue can state more precisely the Fermal prineiple for which the vas
the Lrajectory ol travel time extrema. This approach s very anteresting hecanse
Hoscems more adapted to the seistological problem where the g minse connet
the source and the recerver wlile the prablem solved previonsly s i probilens with

initial conditions © the ray leaves the sonree with a preselected divection.

Viariational cidenlus demonstrates that, il the Tunction £ is snche tag e
tollowing, mtegral

[ Fle %, x)dt (72

T
s extremum, the function verilies the locsl differential equation. called Fuler
copation,

ool ) .
Ve - —Nif =0 iy M
s

et s apply this sariational principle to the travel time T owliel s an extrenial
lunction as stated by Fermat prineiple wnd which is defined as anintegril

? 2
'1'(5‘,(,5():[ w3l [ a|x( €)]||%] € g 4
A L

where £ s an ndependent parameter defined by 1%||d€ = ds. The curvilinear

abseissa s s hot an independent parameter becanse it is related o the total leagth

{ ol the ray by
2
[ I'L‘v — "

Thee focal dilferential equaticon comes frong expression [ 4
()

{ £
NS TLLTEN P
[('(X)Hf\'ff)\l} i i

[}
e

[[x]|8 51 =

and nnght he converted into the carvatnre equation

by eliminating the vartable £ The l':]llihll(‘lh'v Belwerns ray tracinge cquations

(local cqiations ) and Fermag principle (global approach) s demonsirated. One

97

cancespioit the dagrangian Tormalisme in more details. The Tunction s olten
callod Daetionpian £ il s given by

£ o= ulei ] x) v ™

(o the specilied simpling parameter £ Other definitions are prossible and omp
L pnore adapted te ray theary than the previons straethlorsard detinition. e
1.|11.|||L:|.||1. whaleverit

s often sphitin two terms which separate the dependence
in x and % with the fornmla

L= FE k)~ £ e %) lg - )
annd the local cquation becomes

o ,
R Y O O lg %)

di

In order o apply this separation to egaation fg-b) we need to avonst the tenm ||%|
on the leie band side aned the term depending o xoon the nght end siedes The
stipplest way s to absorb u(x) inoour choice ol the sampding, pariometer which

Devomes ds = dr and gives the stimple cquation

dx
dr

= o xIN n(X) i~

where X stareds now {or rlx,’nir, The expressions for 17, and l".',. are the following,

O conirse, the !h!)i('t' Uf l||('.\|' ?‘lllli'hll]lh 1m el IIIIiliHI‘ arnd we are l;lJliil‘rl |!_\
the wechamicid analogy of kinete cnergy for £ and potential eneray B0 We
introdice the quanting o= X as an imlependent variabie and we switeh Trom the
Lagranuian formalisia towards the imiltonian fonmalism with thos new viaable

The Hamiltoniaon Hois deduced from the Lagrangiana £ by

H - px r{_'()(_])) = [p"‘ rti(xll. [ 1))

L | —

Tao this Hanultonian is associaked diflerential cqiations on whineh we coneentrare

our attention ma nest seetion

28



i - Validity of the ray theory

Before goitng in more detials o Lhie ray tracing equidions lor adatvan
Leterogeneous wedinn, et us go back to tie gl frequency approsimistion ansd
disvuss e dotain of vadidity of this theory and when one expect it wo bivak-down,

The high [requency approximation means that the wavelength Aol the
propagating signal is such that is lewer than any spatial scales L associated Lo
Leterogeneitios. One can think abont velocity variations or interface curvatures,
Often the wavelength is comparable to the spatial scale. When irregularitios exist,
the high frequency approximation requites to be at a distance over a wavelengt b
i order to avoid any interferences. Morevoer, the total distance 1) waveled by
wavelronts should be significantly lower than L23/A0 This condition prevents the
ray theory to be applicable stricly speaking to surface-wave train Ry at peciod
165 sec, for exanple.

When these conditions are fullilled. the sonrce wavelel propagates withow
distorsion and vnly the amplitude is modulated. Unfortunately, ieregulacitios are
found aud the ray theory fails. These failures can be classified in vrder to detect
them and, when possible, to palliate then.

Classification

[Lis usetul to deseribe standard sitoations we possibly et duaring ray tra
ing : they are cinonical ray problems already described wmany papets.
(1} Normal and turning rays
This is the shuplest case where the medinm contains no discontinuities amd the
ray paths as well as amplitude variation vary smoothly (figure 1-1). Ray theory
in this case works fine,
12) Heversed rays
If rays cross, then the amplitude becotes inlinite aud ray theory breaks down
(figure H-2). Special wethods are needed in the vicaity of this singnlarity cadled
canstic. Nethertheless, ray theory can be used before and after the caustic pro-
vided we take care of the amplitude correctly as we already meation st
(3) Refleeted und transitied rays
When an interface has a siooth variation and the rellection/iransinission coclh
cient varies geatly, ray theory works for reflected /transmiteed cays. Auplivades
are modified by reflection/transnussion voefficients and by the tuterface curvature
(figure H-3). Total reflections are possible with complex coeffients.

These previously mentioned rays can be described by ray theory while the
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[ollowing riys are nol bhandled by the ray theory inits siuple forni.

(0} Crddevad rags and head waves

Ab eritieal angle, rellection voctlivient bas a square root singulariy anst thae gras
ine Cranstitied tay has i zero grometrical anplitide, The discontmniiy in e
Lellecten] wavelront and Ui transuntied wavelront ave conuected by auuther wave
fibe e eritical

Front. the head wave (ligure H-4), Simaple ray theory does not de
repion amd the head wave. More elaborated high frequency theories are regqured

(5) futerferener hoad waves

A sunple head wave rarely exists. lnvariably, a velocity gradient or the cucvatore
ol the interface canse a turning ray with similar travel-tinme aud creates interfer

cuces (ligure H-5). Taking care of this interference will requires careful counting
of rays by the theory. More appropriate approximations are required for the lover
miedium or for the interface interaction.

(6) Aery causlecs

les the vicinity of the caustic, there bs interference hetween nortnad rays aod re
versed rays (ligure 11-2). Takiug care of this interference requires more elaburated
ansatz as the Airy [unction iu the frequency donain.

(7) Eddye and pornt diffractions

If an interface is discontinuous, dilfracted signads are generated at the corner (fig
are -G}, Geometrical diffraction theory can be used w model difraction by the
corner with [requency-dependent diffraction coetlicient obtained by a local canon:
ical problen.

(8) Interfuce deffractions

If & ray grazes an interface (igure H-7), a discontinuity in the wavelrons is pen

crated and an interface wave described the decay in the created shaduw. 10 0s
necessary o solve boundary conditions fur a grazing ray and an unedace. The
amplitude and the travel-time of the signal are frequency-dependent,

{10) Grudient coupling

When a strong gradient of velocity is present, rellected and transmitted waves wre
observed when the wavelength of the source signal is noticcable compared o the
thickness of Uie area with strong gradient (figure -8}, lerative methods baudie
this problem,

J0

b - Ray tracing in heterogencons media

Tracing riys requites Lo solvee anon linear ordivary ditferenuad ecopradion o
a systenn of non-inear ordinary dilferential equations depeuding on the ik
of variables we consider. Thas lJI(lIDI('III in a1 rather \IIIIilll' chie 1l we aesune il
cotalitions compared o the problem with boudary conditions. Uiloitiatels,
this is the secoin] one whichis the one we face i geophysics hecase we need g s
arriving al slations,

Many formclations exist for the initial value problem o Dsclect an approach
Lased on hanltonian fornmlation.  ‘Fhe haoultonio approach is not stoct by
necessary i this lectnre but its relative siioplicity and its elegance jostily otself
this introduetion. The power of this fermulation is sull i rescarch investigation
and 1 stall not mention the different alteruatives on can think abont.

Fhe peneral hdlionian we cousider is rebated to the cikonal equation and
is it eatension to the oo foimnd i eguation g- 10, We constder the bamltonna

HiE x,p) = J(x)|p? = ()] i1

wliieh s cqual tu zero (e the eikonal equation (416} The ehoiee of Lthe variable
&, whicliis a siwmpliog paraeter, is related wo U choice of the hamiltoman wnl,
for cxatnple, the particular hawniltonian

b, )
Hirx,pl= sl - of(x)] Ty
i related to the parameter 7 defined by ds = a{xjdr. Whatever s the sclected
baniltowian, characteristic equations are sssociated and have the universal lorng

Ix 1."[)
6= i o 4
CETI T TV e

We call these equations canonical vguations for their geoeradivy. The ray is defined

E
yl’i)'~(:t2;), T

whiclt veritis the following equatious for the particnlar bamiltonian we have

by its canonival vector,

selected

J!_X = vp” = p

l.tT (

1[.) 1 ‘ ‘ )
Lo T = -V (x)

dr 2
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The tist vouartien s the delimtion of <lowness vector il one romeriber the selaton
Betawecn 1 and s TThe sevaond cquation s the carvatnee eguition s hanooltonman
= the st one can think abow! starting from vay tracing, equations. From the
Bansilonean ormbation we can argne that other chotees To bamiltontans Jead 1o
other ditferential equations bul to the same tradectones wineh ave ravs 0 owe Love

the Treedom to select the snost saitable hamiltonian for the |l|‘u||i\'l!| it i

By upposition to the lagrangian formmlation, we have extented the space of
variahles to what s called phise space with 6 vartables inoa theevduncinsional
mednon. Bevause the slowness vevlor is a0 very mcportiaont guantity for ravs, s

calension s of practn al interest for us.

The travel thne is connected to the bariltonian by a subtle relation which
i not deseribe eres Let us mention only the refation needed 1o compute it the

general civse

dT
1 = — . ‘ b
T ‘
which hecornes Tor onr particular hamidtonian
o o
,zrii{_",—;‘,,‘ (-7
.U' He

an atready mentioned equation.

I'he miptnber of free parameters in the threedimensionat space 1+ nob the
muther of variabies of the phase space, e 6 variables. The cikonal cguatiom
redaces to live this momber while the implicit parameter £ reduces 1o fonr e
purber of degrees of freedon. One can think aboat nverting both equations ol
(-8 snd equating the vaciable £ of these inverted equations which gives this estras
candition for gomg down te four independent variables,

This vedduction of variables could be exploited in the pliase space el e
arder to solve dilferential cquataons for thie mimimun of vinabless Folloseing 1las
idea, one canintrodce an alioman from the prevous one wloch fas oot e
cthonal equation m i A %Illl])lq‘ way 15 (o select vue carteaan vanabde s the

sampling parameter and (o write the new hanaltoman Dome the cihomal cqiation

Hiz ooyopepyt = -p. = \/n"(_r\y, ot li_ v ™

R

witl cquations

r[r‘
i

oy
o

(!'IJJ—

dz

|fpy
Wz

I the nedinm soouly dependent o2 we lind apain the resalts of <cenon |9
Unlertanately, one cartesian coordinate ts cinphasized conmpared to the vwo others
anl e general heterogenety, one would ke to avoud the o priot ol <elestimg, ome
cavrdinate, Inarder 1o do so, wnew coorditate systens st he introdieed wlhieh s
related to the sampling parameter s. Uhis s the so-called centered ray coordinates
svslenn which s acurvilinear systen [t has heen proposed Dy the massion sehoo!
and developped o Pragne by different rescicctiers. This svatem s interesting
cxcept i the complexity of the hanoltomian, Becanse i follow  the riv, no <difhieedty
woenpected compared 1o the reduced hinnftonian 2o The Tandtowan s no
inore corstant .1|u|ip, the Uiy, It st be anderlined thal the u|rpu.~.ih- inuu-(lnn-
s !;4'[I'v.|||wn| e physes Lhe hanltoman for aon ssolated syslem viries, Vo
aesoviated pliase space is cinbedided inside another one where the systemn s isolated
and the baantlionian constant. ‘The reason for this trausformiation s the expected
sitephicity of the extended hamiltoman, We propose the same argiment for asing
the camplete hamiltonian for rays.

Onee we have defined the non-linear svstem te solve, we have 1o fook Tor
very ellicient solvers becanse the number of vavs we oflen neesd s the arder of
thonsinds and the knowledge of the medinm we have s ol so accurane that we
nevd very precise atad stabbe solvers. Moreover, the vanation of velooiy we ol
i the Farth is not such that stranee attractors are et with problems ol stiflness

of the differential cquations.

Ui solvers as Runege Kutta or predictor-corrector sehemes are sanable (or
tracinig ravs. Adaptative steps might increase the ethieney of the solver capecially
whore fhe medinnm s llulllugt‘!lt‘uus. We refer the reader to an tametical book
where te devals of these pmaencad sehemes are explamed. We lnd that asecand
ctder rinpee kutla s casy to progrant aud give aconrate resutts Toe most purposes
T ras Tracing

Another altermative s o linte element method where the medininm s deseribed

A3



by clementacy cells with o simpie velodity structure inside eacl bloc i order
Lo solve analy tically the cquations. The task 15 o compute Intersectivn poinis
Lotweenn blovs which are an ovder of magniture le than for sumenical solvers.
OF congse, Uhe ditfienlty is not sobval and goes 1o thie deseription e blocs ol the
mwediunn. Often, e deseription in blocs of the medium is so crude that instadalite
i amplitade estimation for a given ray are fouml.

Finally, perturbation methods use U solution of the medinn divided by
Lloes and coustruct an approximate solution which is expecied to be near the ane
oblained by numetical wethods. Uhis internediate solution removes nstabilie
i amplitude. This s a curreut research line and we shall see in the near Tuture
whether or ot these techingues will be miore ellicient than a duab smaerivad
sulver,

J4

J - Paraxial theory or finearization

Iracing rays s not cnougle 0 we need Lo estinte the anaplivade e onde
o catnpite :sl‘i"illlugl'ulil and wlse for 1y ollier aimns as Lwo prooml ay Lraciies
canstic detectivns... The cguation we need to selve is the trauspot couation. I
Faet, this equation is related to the ray tobe which s delined Byorava Salvine
Lhe Lrasprart 1'l|lmlin|1 l‘t'l|lli!‘t:5 Lravsng rays i Lhe vie iy ol weiven selected Ty
which drives us to ray tracing cquations again, Solving directly transport cguation
15 avolded.

Poal recentiy, the ray bube was estimated by Gracing aonearby ray indepen
dent ol the considered ray, 1L was a strong weakness of the ray theory heciase
any small perturbation seen by the nearhy yay and ot by the true vy indueed
istable belaviour of the amplitude estimation (igure 1),

rarvaxial rays

I3y i relatively distorded approach linked to gaussian beams, selsmoloists
g back to clementary approach of perturbation theory which conpates an
whndtesiisal neachy ray knowing an adecindy traced vay. This s the usaal
Jincarization approach, called paraxial theory, where the referesce anis s e
stuchied ray. The linearization stabilizes the amplitude estinnbion beease the
nearby vay s valy deviated by perturbations scen by the veference ravs Moneanver]

thie hocarization makes the computation very fasl.

Lot us assune that the nearby ray s delined by w position and o slowness

vl
x(£) = xo{f) + ox(£) Gl
A J
Pl = patl) + dpig)
The reference riy i located by xg wind py ar parioneter & such that
dx
_[% -~ vp”(f-xu«l’ul
<
11: L2
!; = =NV HHE X, Pul
4
The following cquations which must e vertlied by the nearby pay
X
0 Vol x.p)
f; o
i
i =V i, x,p)
~




inaccurale
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nmrby ra/s.
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F,‘njure J-2 : 810 medeical illustra hon u}. olemnu\ury \'Mau\ov(u
Jor a 2.D medium : “59 are nst raycl.

qua.ru‘ni ?osihbn_

slowness
vethon.

ey
E‘jurc T3 . Saowohy lal. q;a_run‘u' Oosn‘h‘on in order o

estimate the :\acoh«‘qu and the anda“bﬂ’o.

are perturbated to list-order giving fon e st couation Tollowing equalities

ﬂf.‘(u lfz"x

‘*‘F Tf? N ey HUE X0 § dxpy b op)
u’_\'“ e o lJ 1
e N E g pa ) 1V N TS Sy pa bop
& JE
t+ \_"p., v;u H (€, Xy Polixg.

Farther elimination of the evolution of the reference ray provides us the lineay
sysletm

1

”F" = U,V 0 hx + T, O, 0 bp

I';’ -
-7

1

‘—l;—) = UL L e F SN o

8

where we lave dropped the subseript zeco Tor the reference ray hecanse condstan
it longer possible. Let us introduce the parasial vanonical ray oy' - jax ap )
whiv b verities the bnear system

dby

s

a4y (f - 6t

where A s the following matrix deduend Trom equation 1) 5)

lf(v,.vxn v,,v,,u) oo
AN T 7 N SR o

computed on the reference rave sometimes called centead rav. The nearby oy
conpnted by this |J.‘lr'.1.\'iu| equation is only sensitive to heteropgeneities teft by the
telerenve vy, providing ws i stable estimation of the ray tube. The Inear systom
(7 61 can be solved by the propagator tedimique and the solotion o parineter §
i dedieed from the solution al parameter &, by

dy(E) — PE ) gl (=)

where PUEEL) s the propasator allowing to po from Sy to &0 Fram projragaton
theory, we have [ollowimg properties

e
= A and PEGE ty M

e

hy order ta distinensh what concerns the position and the slowness vecfor, we
wiite the propagator in the standiond Torn -

(.
P s, . ( el “) F
(k \U) !’I P: LI

6



where (), (Jy, o Py are suly matrices whose dinwensions depend o he diferential
syatent we lawve selected, From the Lionville thesrems wliel states thiat aovoline

phiase spice is incompressible, we have the inportant property ol the propagator:
Trace{ ) =0 o ded PLEE) = 10 (y-- 11}
Other relativns, vften called Luneberg relations, coming from differential rules are
; g . I

QI(JZ 7{2.'&)1 =0
Ot - QP =
PP~ PP =0
;qul - IJILJ': =1

wiicl implics inunediately (J-11) as well as the iverse propagitor
- P )
PV = ( ] ] - by
-P QS b

Fach submatrice is obtained by solving the propagator for paricular initiad
conditions. By assutning 0y(£5)¢ = [F U], we obtaln subiatrices €4 and 7y winle
Sy(€a)t = (U 1] gives the two other submatrives (2 and £ The linear conbination
ol Lhese sojutions is also o selution.

fna two-dimensional medivmn with cartesian coordinate systenn, we may
Jdefine four elemenutary solutions with initial paraxiab canonical veclor equal Lo
zero except {or wne component dr or bz or dpy or dpge shown i ligare (1.2,
Gieneral sulutions are sbiained linesr combination but they are not paraxial rays
They must verily the additional equation

il =V Hox+V,Hép=0 -1

which meaus that Ve dx = 0 when op = G and Vo H op = U whey dx = U
Generally, clementary solutions are not paraxial rays,

It is very important to stress that the paraxial solution is always courdinate.
dependent and that coordinate transferinations provide other paraxial approxina-
tions. Only when coordinate transformations are linear, an equivalence between
paraxial solutions can be obtained. In particular, this is true betwoen ray centeeld
courdinate systemn and a local cartesian coordinate systen.

Let us consider a vertical dependence of the velocity @ the reduced bannlug
nian

H(z,0,p:) = =V ud(z) - pi (- 16)

37

= sclected tor o vay pointing downward, We lind Uhe following hear ditferential

Jh_y (U u_'m..f)
- (uf = pipi7e { 1Ty
iz u V] !

=hoalein

which leads Lo a gquadrature for the parvasial canunicsl vector
op-(2) = op(20)

: : it iy I
or{z) = dwlzu} o bpy (o) ,[ (—=___-—_'.— o

aned wostnple expression for the propagalor

(L u-;) .
P—(U | . [

The term ¢y ddentilied by relation (J-13) 15 related 1o the positien N by

dX o
Q.= = -

o = 2
dyp, iy, U

which 15 hinked Lo the jicobian estination (v-15) by antwipation.

For a constant gradent of the square of slowness, it s a frivial matter to

1 (r"ru)) o
(“ | . 1y U

which gives the term Q equivadent to the cquation (e 21) by anticipiton.

ubtian the propapator as

For the general case, we mst use previously mentioned naethod Tor i
Lracing as nmnerival sulvers, buat the Lneanty allows one o utegrate winle &
rather important sampling parsmeter. Vhe elfort for compuiing many clenentary
solitions is the same as the owe for oue clementary solution becanse we need
partial derivitives of the handltonian along the central ray which is the most
time-consutiing effort and which is performed only vnee

Beams of rays

Pracig paraxial rays with randone ininad conditions will give the whode
apace - we st select initial conditions motder Lo observe o plane wae o wases
etnitted by a point source, By o proper choiee of initial conditions, we detine a
Leam of paraxial vays. In order to preserve the lincarity of solutions, we deline

initial conditions as an hyperplane in phase space,
aopliy) b ex(&) =0 ;-2

Bt}

e



which olten s written o the following form
AXLEL ] = ApLSy) by 2

it peosst Db tndinite valine for o Whene U0 we Lave the pommt sompee condition
aned wlien o NoLowae have the |)li|1u‘ wave carditions, From copriatea ]Sy i

coptation 1 2400w Bnear refation between pacaxial posttion and pacedal sloswness

INER Y|
SpLEY = M)A g h
i rodnees the natnx ; [
Wy
ME) - LT WY
€y b

whivh is rolated to the cnrvictire of the Tocal wavefront. e o two dinensionad

medim, we have the sadins of carvatine B equal to

tn N <) | _
T TR
T ST

an shown by heme (B 61 The coevatite,
Ao e M (- 20

i therelure direet]y proportiona) to naatris M which jostilies tie netation. Finath,
the continuity of the wavefront deduced Trnn the paraxiad theory s related to Ui
spratial derividives of the teaved time, whicls an inforiation mportant i ditterent

applications as carthguake locations or Lravel lime mterpolations

One inight qoote the diferest applications of the paraxial theorye The st
applivation s e estimation of the jacobian and, conseguently, the amplitnde
eviluation. The clementiry surface 487 15 given by

S

(l'.\"{f] e rll‘f(f(Jl F (2] y

{) iH‘f c ‘ O
nith, A5 (Eu) ;oo
whiere #is the anghe between the slowness vector ane the paraxial position s showy
in hgure (3 3). We have the following simple terpretation of the geametoeal
spreading of a plane wave with 5 aml the geometneal spreading ol a pamt souree
with (0o, Anotier application is the estimation of tavel tine ander o parabolic

apprositidion thirouglh the fornudi
- 1
I'ix +ax) = Fix) +p-ox i 74\x',\/tr‘.x‘ ;M

Firally, the estimation of geomettical spreading allows by iteration to shoat b a
piven station by a Newton method. Fhe two point ray tracine, problenn can e

sofved loeally

In partial conchision, one cansay that this paracaal theory s rather clieical

section of mechanical or opticel testbooks aud s Been recentbe tedraosered i

sermologists with tie complesity of the heterogenmiy we have i the Farth

A0

Iv - High trequency approximation {efastic case)

il noaw, we have Tocused onr attention on scalar acoustie copation, skating
thit the clistie case s nob very dilferen, We shall iliscuss heve the Bieh frequeney

solittion Jor the elastic case. We start from a similar ansalz of the solation
w{X,w) = _H'(u_'],-\Lx‘u.‘JlM”” K]

where the amplitude Levin is a vector, A serie in power of w s assiwined Tor vhis
Ve lol

- 1\"‘ X
Alxwh = 2 % o
- w

aned s dnserted in the elastodytnanne equation
(O e g o= pits th -3

[or s anisotropie tmediune We consider an anistropie medinm sinply becanae
tie clastodynmuie equation has acompact fornn Arrangioe, Uie cquation (k4 in

powers ol woowe lind a cascade of cquations. The Lernm w® ives the followine

cohab o
Con T, 10 - pAl =0 Ty

whicli viann be written as a relatively simple cqnation

Fady AV -0 th

:

with . .
. o
PSR

i
Phe mauris 1 is eadled the elastodynomic matrioe of the ray theary amd live
very interesting propertivs which we do nob discuss bere as they have not direct

apphieitions n the followig,

Let ns look for a nonzero solution of (k31 amd, consequently, Tor the
civenviines (0, aml elgenvecors gy, of cquation (k51 The vigenvadues 6 are

cetimed by e following, determinant
IV e tid |, - G0 i A !l

vaual e zeros After i tedions maipulation. oue can factor the deler e o
favey et \
r, , TR . -
I R T LY (s
P it

40



for an isutropic wedinm. We e two cigenvadues one ol which has a <donble

degeneracy, Vhe associated clgenyectors verify the following eqnations
{0 — b )_tj;‘_“ = Lheo

I'he cigenvector g% s assuciated Lo thie sigle cigenvidue amd s orthogonal 1o e
two others g! wnd g? whivh can uot be deternined uniguely. The degeneracy
of the secod eigenvalue determines valy the plane where they are lying. Lot us
denute two quastities with a notation which will be understood wa unanent

A2
= ——

) » ST
gt

I

The equation {k-5) requires vigenvalues equal to the unity which hopdies one af
the two following eynations

T = o
”I (A~ 11)
[.sj.l :rj_l

which shiow that o and 4 are local phase velodities and thet equations (k113
are identical to the vikonal Tor the acoustic case. I other words, solving cikutal
cqualions fue the elastic case is the same as sobving cikonal equations Tor the
acoustic case.

For polarizations, the situation is slightly more complex and requires explic
illy the isetrepic case for eguation (k-1). We have

Ay
+J Eorvr A% + B(Vr)AY - 4% =0 (k- 12
} 14

which gives the tollowing cquations by taking the scalar and cross products

[ (V1) = 1J{AY - V1) =0

. & - 13
VTP - AY = VT') =0
For waves propagating at speed o, the following equation
AV X VT =0 th -1y

shonld be verified and demonstrates that we have compressive waves called P
waves parallel 1o VT or slowness vector p. The aniplitude is linearly polacized
perpendicular to the wavetront

AV = A’ (& - 10

41
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For winves propagating 2 speed 4 the {olTowing coguation
AN O Lh Ly

shows Lhat the taotion is perpendicular to the slowiess vector and creates o slieat
wave callid 5 waves, The amplitade s lipticatly: polarized from the genenal
cxXpression

A = e 4 et gL

The fpure R osunmuarizes the polarization of 1the two Kinds of waves.  The
expression for the 17 wave displacement i the [requenicy donaan s

e, e} = M) b (gt T
with an amphtade proportionmal 1o If\/;iTmf—\- By poing ack to the time

donun. we lind a sinilar solntion to the avonustie cise

[ ,
WXt e bl ) B{——==50 = 1. {x}i}. A1y
) pal ) [V’“IJ { ol )i
For 8 waves, an achitrary selection of vigenvectors g and g, lewels to i conpline
between The propagation of amplitude Ay and amplitnde 1o Foraspeahe ot ol

cigenvectors sueh Lhat

t 1

s ot

"“l (M
oy ¢

s

we ulitain an independent propagation for quantivies Ay and Ay These part nlar
vertors, denoted o and e, are thuse of the rey contered coordinites system thene
2y whieh prosides a simnple description of the propagation with a decoupling
betweens G4y and ot 1 othink this is the most Dnportant contribution of this
particular coordinate svstem. The 5 wave displacerment is given finadly o rhe

tire donsain by

thIn

We st Tollow The evolntion of the vectors e and ey durmg the peopagation. Thos
1 ? . |
1 e only addded dithienley compared Lo Lhe aconstic case, i vennarhalile tesait ol

the ray theory,

L~ Interfaces

High frequency propagation assuines a stooth variation uf plivsiead prop
et b the miedimi, while the Farth <harp boundaries are olten et A0 the
Donudiry s sharp cnough i order Lo avoid iy elliet ol o leneth scile, we can
S0l apply the vay theory Trons one side 1o the other one ol the discontmty aid

Cheek eaplioly the Meontinuinty™ of the solution alung vhe iterface,

Starting with an ncdent wave denoted with subseript 1, a rellectod wave
dended with subseript roand a transuntted wave denoted swith snbsenpt 4oare
penerated at the interface position. The contimnity of the phase of The wase dichl

and the Invarianee with respect Lo tine implies the equality ol trivel-times
L= =1, i)

while the spatial tangential invarianee along the interlace mplies the following
|'(|u.‘|1|\‘

o N =0 Vo= NV 1h -2

which i= known 1o be the Snell-Descartes law AL the siane Limes we most ceguine
the continuity of displacetnents and stresses along the isterface, We st evaliate
the surface of ray tube intersected by the tnterface [ the three hinds ol tays s
woll as rellection and transnssion coedficients, The ineident pressure al position

xr on the mterface

| . .
!..(x BTSN ) T T \/_______ . W!(.m‘.nul TS AM AN il 4
fo) () ol e T ‘

penctates petlected pressure al position X

‘ IIJ,(X:H ! ¥ ALl
Proe) = Nt R -']”J e ) s
: bl el IJ.(X,H\/ulxl\.:’.(x]lr
if [}
an well o transitted pressnre
P Slact ey, e ' /:ffE,l(!,L,iixl)J ____vi,i,,,é g e b M L .
!:lx'}!.f,(x,jl ul.\‘]}.f({,\}[
il !

Denotine #, the angle hetween the nornal at the interface and the slowness secton

of thee terdent lebl wn the Bitting point as well as the angle 0. Tor retiected ficlds

1



|M.itbu|‘ rq/

Flaurc L.d: ﬂcome‘ry

Fwo media.

f‘#lu‘«l ra/v

aied thesangle @ Tor transaitted fickds (hignee L) we found gearietvicalls

Joxg) o= = hixy
Jz(fo =
Jule] -
la‘av gd"oximuhon
al e Bithng point il

Jrixy Jrusth,
and the contimity of the energy plies

(% heusth,

that Ay is continuous whiclh ncins
thherjate

A, g,

cefracted m/

L
The retlected amd transmitied cocllicients 8 and 1 are those Tor plane soases g,

o planar mitertace as a valkd approxiimation ot the tngh freguens v owe ane looking,
(ligure LoF) Lucorparating the etfect ol geometrical spreadiog o the cocthionents,
we lotid extended coetheients

‘e T\/u,(x;) k l'u.sU, i
wxp) | eosd, |
ro—= M
at the mkr.)-are beduweon

(AN
The finad solation Tor aovay which has andertaken ditferent conversions o interfaees
i

' o
Plew) = Sl ¢y, ) \/

iy p ko Y
alx) | Ax) |
where T e product of extended coellicieuts & ool £ oalong the ray Far e
displaccent, we have to odidy slightly the finad tormula as showw i the elastie
;zppl'um'h atd we get
. . . IR
iha ) = S(w) @) 1] \/ St RN
X e(x) | A(x)
Iiadly, the ray theory is vidid Tor simooth varistion of ccllection covdh ents
thie intectice carvature. Dilferent strategies st be used when these proporties "
are nol fe'lilled as we have seen e osecton H
i

Ceiwe



A - Svathetie selsmop s

W have seen Lhat, onee one kinows Hie ray arriving at a station, evaluatime
svnthetie ,\l"lmEIll!_L‘JIi\th 15t hlll]])i(' titier iy Lhe framework ol the ray thoenry
Uinforinnately, we need Lo susn np rays armiving al The selected statun i given
Gine witidows. The twospoint tay teacing is a thne conswiming, sk and nmeing
o orav s always possibbe Moreover, singudarities are present in the vy theory
Because one assmes an high lrequeney approximation. For linite frequencieswe
eapeet singulanities (o be smoothed ont by dillnsion o other area not crommel iy
ravs contiilnte to seistmograms - From i local point o view, wie ove Lo e
elolsal approach which is fiuked o spectral methads where the comtnbition is

entirely global,

Global and local points of view have their own diflicultios. We present how
Lo niove from the specteal apptoach o the lueal one For very simple exanpies

Jaot s start with a Gesodunensional homogeneons ediinm ol specd oo Flie

pressure Pin the specrral domain is given by
, ot
“x‘*'):I”““}_]' (e 1Y

The Hanket fnnetion s decomposed o exponential Tonetions whicl gives the We
intepral

i ™~ op
Pix,o) = .,.._] ¢ retrabasd -—i [T
Ar = i '
where
2
- N !
Wt p o — {ree - 4
I
[or positive frequency w and positive coordiate =0 The gquantiny o needesd

itepral (23 requizes the delinition of Uhe square toal @ owe select g s I than
Fenleqd o+ 6 i order 1o have a damping of waves when = s positive. When the
septare rool s read, the equation (2] s a deconposition i plane waves awd,
when the seprare 1oot 15 comples, we have contobution of inhomogencons waves

ihenre M1

I'her solution o the thme danzain

! 13"“

I . R
Plx.f) = — / {fw‘/ prilad b
dxt 2y

fete = 11

can he evalirated either by integrating on p before integrating on w reflectvng
method [ read po) and fndl wave theory ([ complex po) - or by istegrating list on

19
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w el then on g pencralized ray nethod { comples pojor WEB niethod ©real
por o The Tast method has o sintple phivsical interpretation related 1o rays wnl we
describe it now.

WA B stosmoyranes

Changing the integration variable from p te angle # by

.\illlg L'l).\u
wnd §f = — Lhi )
c IS

}f:

sinplify even more the equation (m-1)

| o
Pix.t) = -——j u!wvf et Ly (i U)
Ant L 2

The contour s given by ligare (M-2] where augle # has inaginary connpoicnts,
Integration is oftew along the real axis. FPhe travel-tine 77 = p-xis the travel tine
uf a plane wave with a «i

ction . This equation s exact with homogencons
waves along the 7 axis. Phese waves which are nuportant near the souree are often
llcg,lct‘t.trd al high [requency. Moreover, the principal comtribution of Lhe esallnimg
exponentiad ternn cormes [ronn the saddle point where the oscitlation is the sipallest.
This saddbe puint is given by
ar 1 -
— = —(aeoslt - ysnl) (e 7))
o I
which gives the angle of the geometrical ray arriving at the station (ligare M)

tun(ly) = b {0 N
Yy

and a contributieu to the pressure from the saddle pont approxintion

[te - Y}

eqqual Lo thie high frequency approximation computed wosection BoWe extend tue
integral evaluation wn the real contour of L and obtain by integration on «

T

7 i
—d{J|. -
'[-g- T | (e~ 10

1
2 ) = —j
Pix. 1) ix?

This integral has a singularity in ¢ = T which is removed by an adequal siweotbnng,
a stall nnaginary part { often equal to (At where At s the tioe sanpling ) i
added to the travel-time T The missing segients of contour £ induce cuc ol

b

Plises hecanse plaone waves have cqual anportance o their contributian Gl
pressure, Lt the appreximation s better than takisg, ooy tie covmnet v al aeeial

wliteh need ot o be calolated 0 twg |mi||1 ray Ll iII‘L') Is avorded.

The extension b womedium with arbitiary vertical variation of the s

clocity
I HfI'.tl};l.lll‘ul‘\\‘ill'll atd vne ubtains

T i)
J“E)\f —Rj \/l(' d - [WET] 1t
gl p) b o)

where ¢ s now dependiug o 2 and the travel tine Tp 2o 0) s the s ol the
travel L of the vay reacking the depth = and the horizostal travel thne between
aand the posttion ol the vay X {p, o) (Hgure M-3), Lo

Plpvzoa) = Plpoz) v ple = N o)) (RZ Y
1 e P viure Lo catnprile pressure P s done 1o Lhiree ste]s (1 (h‘!‘nlulu il ol
the souree In Snell wioves { decompuosition in p}, (2) propagation ol caclo snell wave
and {33 smmation at the station of Lhe difbereat Socll waves with dee Gravel s
1and the geometnical spreadiag 1/ /g An estension of the method called Masio
method allows Lo consuler laterally variable aiedinn.

Fhe cut-off phiases coming from neglecting tihoiogencons waves s Vhe nain
drawbhack ol this approach. I s heen proposed to evaluate asymptoticallv these
Lranches. Another techinigue s o mabe negligeable the contibution of Uiese
Dranches by defurmimg the plane wave decomposition i ovder w bave more loeal
devompusition arcund the geometnical arrival.

(iaasain beam summalion

e peometrical spreading i verticidly varyimg medionn s given I

5t
ylz.p) = :T__)Qn {on - 14

{or i plane wave. We write the decomnposition Ou- T inaomore expluit expressiom

P ) j\/ Wty )
(X, M ‘”“U(JI -- I.(P,:‘J‘j (e - i

and grllc’l'.lllm' the fator [Jl Lo i factor Q which includes the elleet ol the |n|.x|n'
wive as well as the effect of the point source. The geoetrical spreading can be
delimed by

Q=1+ ST Y
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e et i Che patasaal theory section o Phe plaoe wave witl o sero vam e of

the wavelvont o deformed o o wirve witho s cnervat e M opeen be

M

L it L)

atad related to s etront detinesd by
. . I, .
Pipoeooy Hipoo) boplr - Mpoclh 4 S Nip )" Ml - N(po2)f e i)

The gomd selection of « s stllan open gnestion and s related to the completeness
uf the ddecomposition of the pressure i these loval waves, Tor a (ixed aobitrary
error in the imtal pressure, asdecomposition in ganssian waves e be performed
For Ganssian Heann Saonadion. the parameter ¢ s complexe, whiteo for the Mosbow
imetinond, the paramceter ¢ s reals Moreover, b the Aastov net bl the pacanucied

¢t sl that one obtams |s|(||||' waves ol The receiver.

Pliese extension of the may teory for svothetizing setsimoprons lave pu
ticapated 1o the renewal ol the ray theory i sesnwlogy and have increised tien

dornain ol appheiaton.

N - Conchiston

e vy theory allows magy interpretations of propagation iside the Farthy
W e notes, we have not considered dissipation or dispersion winelr are olten
vt e, propagation. The anisotropy has beena subject we have neglectal

Ao 1T Ll strnetuee which is questionabile for the deep st has not heen

considesed Trete, Many extensions of e vay theory are possible and e Torne will

showw ts how rich of consequences is s theory as i s adreads becn o the e

IFen .lpp“l'illiull.\‘ let s quole an obivions Tist L .l‘ilili; ".II'TII'\HEILV\ [t'l|l|ii'|‘~.
rav Gacing, between the expected position of the carthoguake and stations at the
Foatth sucbaces Phe diflerent slowness veetors al the sonzee position allows to move
e sonre e towards iomore aceurate position which mininizes Cevvel b residines,
A1 sl same time, tese titial slowness veetors gives the position vnto the focal
phere ol different stations @ Toval mechamsms van be dedineed. Bontue prograns
nse tiainly the layered approzimation wlich s often a cnde spproximation lov
thany tocal networks, Synthesizing seistuogriuns is also vers portant for the
interpretation of seistie prolils along complex geological stinctures. Fravel v
tonmgraphy with very sopliisticated mversion schenus needs clficient oy traci,
i order to give the most acenrate image of the Barth interior. Going to dilfraction

tonweaphy where the anplitade is also anadyzed s acfuether step where vay theory

Dines s clhicieney and ats caparily of terpretatiom, These ditlirent subjects.
which have heen presented in other lectures, are those which should interest yvon

tor ddlercnt applications of ray theory,

prediominary endo

velerences will e given later on.
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