) INTERNATIONAL ATOMIC ENERGY AGENCY | __smm.

% ! UNITED NATIONS EDUCATIONAL, SCIENTIFIC AND CULTURAL ORGANIZATION m
INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS |=—=
L.C.T.P, P.O. BOX 586, 34100 TRIESTE, ITALY, CARLE: CENTRATOM TRIESTE

WINTER COLLEGE ON "MULTILEVEL TECHNIQUES IN
COMPUTATIONAL PHYSICS”

Physics and Computations with Multiple Scales of Lengths
(21 January - 1 February 1991)

H4.SMR 539/12

Non-Elliptic Problems

A. Brandt
The Weizmann Institute of Science
Rehovot. Israel

Main Butioing STRaDA COSTIERA, 11 TEL. 22401 TeLeFax 224163 TeLEx 460392 Apmiamico Guest House  Via GRIGNano, 9 TrL. 224241 TELERax 224531 TELEx 460440
MiczorrocEssor Lan.  Via BelreT, 31 Ter. 224470 TeLEFaX 224163 TrLEx 460392 GaLitro Guest House Via BElRuT, 7 Ter. 22401 TeLErax 224559 Terex 460392



";Nov\ ellip‘: Ici tU‘

. | V‘éa\ me{\
A Indefinite lorepla thuny

P: J(\ feat!
5 |

T wave ec;u.atco ES

2

.....

20 CLGrGCteV'I'Sth SR ?Ppt.i? lCﬂ & M |
divections ¢

N R R S e e B L

“‘EA"L""O-MX-PbU-: -0

AU
)T %
e < 1 fa, b v

e

f‘
a"f . {'\ f), W



L . I
AR 3T

“°"“al"3ned

Bouho‘ar;’ !“’10‘5

Shocks

j'@ﬁ*(})(c/‘ AN r('P\ el :
5 sl Y
t ' )1'\6 NN Jﬂ‘aao‘h

) sunel 62/
v

AR R R e



{Consistent alignment
w ~shAu + oau, -+ g_’uy
< & U+ & M?U
el: C.

line V‘QIOKXal’:l'OVI, ebc.

semi coarsening
al

’}.:

Inconsistent alisv\w'ent

AU, + EMUU
Elu-xx -+ buyg

Bad c;[x'scrc bizab ron > ek 7D
'Oo'wg;\}\ J115+

= €Xpensive - '
-? P ! W‘g _J":P 7'-»’? - [ ﬁb\

- 8"‘63 ?):’f\ca N’J"Q PN Ad
: , £
,,_ ¢ AT :'\/Z‘Af-.\ é

palsr g P ?{,\@ f:



AR T R

—

Much smoothev in the charactershic

14

evry - o .
= Crpss Wkl (streq m) olw-ec.tiow .

Ul'scoscby
2.< "N »'CS'M(: )I'GD’TE E AL by de

~

ellipticiby measuve ¢

-
r
survival 67) o on scale v y, R
ﬁ_f:@m AW Gl ’op@,f(




-
+ accidental ahjmmem t
f?gf\ AN DT

% "\ e“lPEIClty of order p
| aréuﬁcnal V15C051‘.‘3 ¢ F /O 1
E%?? SMOOU"”Q [ o el ad

acca( wtal ol ‘I giis)
;\(;\.\ chJ 1 et {Pf Mey) 5:°Lffc

='>  ¥ ival ('7) = (7/ L) "
o .., 64.9],. Frequency) O(L\)N

}“NE?\ jc ’\\PM >/

o 2°F coavse gma( Cor‘r*e_cthV)S
W cyc’e for p=1
Cac,e chlex = Q_P

° O(q/lﬂ) defect corrections
\, '()Cj«/ }\(Fp

Fasl‘ Converaence bv
down ~stream’ relexa tion

L €9. —fAWn + an, + bu , —>
i J s b foy 005
= P2 a2 M U)S  cACAnga At Ay —k



More complicated :

Cu.r-!/ed CL\arac(‘ew'sbu'cs O

Severa| chavr. divechions
(supersownic NS’) Sout bl

Hvdperbohc -elli Pth
(SMbSOV\lC /\/5')

InC'omPheS S¢ HQ Eu Iew

fu-v ° ¥
L = o w-Y S‘a

\ O 'DD 0
det L = -A (v

[(m v@(&rl

S

- L :.;:j

L

ﬁ .-.I

-~



B it Sttty 1 TR TN IE ot T

< space mode analysi's c

oF (.2 3“4) MG )

AR ,dqppﬂ"» SN ARS
. f-;\.-\",\ n"bfg’\f

Simp'.‘ fred ba
first ~-di{fevretial (

approximations  (Yamenko)

\|l'7> St e e asgb ik ."30;\f’: , p"\QT\ pj“J{l\J'F PRI o ¢

—_—

(" = L-ha [198]



| Results [o + Yiel]

Nian lrys .

mode | s Numerical
o.halﬂsns tests

| ) C‘oV\\/ec.(“l'OV\ - d fCusion
Incompressible NS

. ~ -4 aS”MPt‘O &I'C Com/ergemce

Pew cyc..le W(l/ ')

v(z1)

o Solution to (IMUICL\) below
O(+*) discretizatbion ervor

in 41 -FMG £ prgf

~ 10 minimal work units

3L~ DS AN & f'[‘?/f‘/ -“5'//éf NI




1FMG with First-Order Discretization

h {FEl vw | el | lleall2/lleall2
type of cycle - W(2,1) | W(1,1) | V(2,1)
1/32 | F3 1 0.10 [ 849 x 10— || 0.113 | 0.131 | 0.536
1/64 | F1 [ 0.10 [ 421 x 10-3 ]| 0.032 | 0.042 | 0.839
1/128 ] F; | 0.10 [ 2.10 x 10~ 0.013 | 0.018 | 1.162
1/32 | F; [ 025] L.77x 10~% || 0.113 | 0.140 | 0.490
1/64 | F; | 0.25 ] 885%x 10~° | 0.037 | 0.051 | 0.743
1/128 | i1 ] 0.25] 443 x 10~° || 0.016 | 0.021 | 1.034
1/32 | Fy [ 0.50 [ 2.46 x 10~ [ 0.104 | 0.160 [ 0.375
1/64 { F, [0.50 | 1.24 x 107% || 0.042 | 0.067 | 0.569
1/128 [ F; | 0.50 { 6.20 x 107> [I 0.018 [ 0.027 [ 0.836
1/32 | F, 1 0.10 [ 6.539x 102 || 0.018 | 0.022 | 0.023
1/64 | F> ]10.10] 549 x 102 || 0.021 | 0.024 | 0.035
1/128 | F 10.10 [ 4.61 x 10~ || 0.022 | 0.023 | 0.044
1/32 | F 1025 7.88x 1074 || 0.022 | 0.034 | 0.044
1/64 | F, [ 0.25 ] 6.58 x 10-* || 0.023 | 0.030 | 0.051
1/128 | £ [ 0.25] 555 x 10~% | 0.020 | 0.021 | 0.047
1/32 | F, [ 050 855%x 107¢ || 0.023 | 0.052 | 0.036
1/64 | F [ 050 7.12x 107 | 0.020 | 0.043 | 0.035
1/128 | F5 | 050 | 6.01 x 10~ | 0.013 | 0.027 | 0.031
1/32 {FJ010[1.22x107% ]| 0.026 | 0.026 | 0.073
1/64 1 F3 ] 010 7.16 x 1073 | 0.013 | 0.013 | 0.095
1/128 | F3 | 0.10 | 4.25 x 10=3 | 0.007 | 0.007 | 0.108
1/32 | F5 0251 207x10°%] 0.031 | 0.032 { 0.074
1/64 | F3 [0.25]1.22x10-?{| 0.016 | 0.016 | 0.091
1/128 | F3 1025 724 x 102 || 0.008 | 0.008 | 0.100
1/32 | F51050]262x107¢ ] 0.031 | 0.037 [ 0.062
1/64 | F3 {050 1.53 x 10~% || 0.017 | 0.019 | 0.073
1/128 | F5 | 0.50 [ 9.06 x 107 || 0.009 | 0.010 [ 0.088
1/32 [ F, 7010 1.43x 10~ || 0.036 | 0.038 | 0.086
1/64 | F, {010 743 x 1073 [ 0021 | 0.022 | 0.126
1/128 | Fy [ 0.10 | 3.81x 10~ || 0.011 | 0.012 | 0.164
1/32 | Fy | 025]259%x 107% | 0.038 [ 0.042 | 0.079
1/64 | F4 0257 1.43x107¢ [} 0.022 [ 0.021 | 0.106
1/128 | F4 | 0.25 | 758 x 10~2 || 0.013 | 0.013 | 0.129
1/32 | F, [0.30]3.28x 102 | 0.037 | 0.048 [ 0.064
1/64 |- Fy | 0.50 | 1.85x 10~* || 0.024 | 0.023 | 0.081
1/128 | Fy | 0.50 | 1.00 x 10=% || 0.014 | 0.014 | 0.105
Table 1.
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- 1FMG with Second-Order Discretization
h TR wo | el |lealta/]leall2
type of cycle =  W(2,1) | W(1,1) [ v(2,1) |
1/32 [ F, [0.10[ 952% 10-° || 0.056 | 0.151 | 0.223 |
1/64 | F; {0.10 218 x 10~ || 0.033 | 0.097 | 0.216
17128 {1 Fr | 010 [ 4.77 x 107> || 0.024 | 0.111 | 0.339
1/32 | i, [ 0.25] 1.12x 10-3 | 0.108 | 0.231 [ 0.434
1/64 ['F; | 025]261x107* 0.063 | 0.172 [ 0.569
1/128 | F, [0.25] 6.10x 107> || 0.038 | 0.232 | 0.660
1/32 [ F, 050 985x 107 ] 0.353 | 0.430 | 0.526
1/64 | Fy | 0.50 | 1.99 x 10=* || 0.147 | 0.293 | 2.095
| 1/128 | i, | 0.50 | 2.61x 107> || 0.154 | 0.524 | 3.943 |

1/32 [/ [010] 552x 10-2 ] 0.022 | 0.036 | 0.022
1/64 | F, [ 0.10] 460 x 10~% || 0.036 | 0.054 | 0.042
1/128 | F; [0.10 [ 3.77 x 10-% || 0.067 | 0.087 | 0.088
1/32 [, [025] 580 x 107% || 0.037 | 0.053 | 0.046
1/64 | F, [ 025 [ 4.77x 10~%* | 0.086 { 0.103 | 0.110
1/128 1/ [025[3.96x10-% || 0.161 [ 0.203 | 0.204
1/32 | F, [050] 6.19x 107 || 0.109 [ 0.121 | 0.140
1/64 { Fp | 0.50 | 460 x 10=* || 0.159 j 0.211 [ 0.192
1/128 | F; [ 0.50 | 3.55 x 10~ || 0.571 | 0.916 | 0.698
1/32 | F5 1 0.10] 6.27 x 10-° ]| 0.013 | 0.020 [ 0.022
1/64 | 31010 3.31x 10~2 § 0.012 | 0.019 | 0.019
1/1284 F3 | 0.10 | 1.75x 10~3 || 0.013 [ 0.018 | 0.018
1/32 [ F5 1025 723 x10~3 || 0.022 | 0.032 | 0.049
1/64 | F3 | 025 3.82x 107% || 0.030 | 0.040 | 0.050
1/128 | F3 [ 0251 2.04 x 10~* || 0.033 { 0.040 | 0.049
1/32 | 31050 6.13x 1072 [ 0.059 | 0.078 | 0.103
1/64 | F3 [ 0350 ] 266 x 107> [j 0.104 | 0.143 | 0.138
1/128 [ /3 [0.50 [ 1.17x 1072 || 0.132 | 0.178 | 0.170

1/32 [ Fs | 0.10 | 445 10-3 ]| 0.026 | 0.027 | 0.049
1/64 [ Fy [0.10] 1.42x 1073 | 0.028 | 0.036 | 0.047
1/128 Y F, 1 0.10 | 4.64x 10~* [ 0.028 | 0.044 | 0.058
1/32 [ F, [ 025} 536x10°° || 0.067 | 0.082 | 0.124
1/64 | Fy | 025 | 1.74x 10~3 || 0.054 | 0.048 | 0.076
1/128 | Fy 025 ] 577 x 107* || 0.040 | 0.042 | 0.117
1/32 |'F, | 050 ] 3.24x 1072 || 0.269 | 0.343 | 0.411
1/64 |-F4 (030 7.89x 107% || 0.265 | 0.326 | 0.330
1/128 | F, | 050 | 1.86 x 10~* || 0.288 | 0.391 | 0.701

Table 2.
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