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POLYNOMIAL
ITERATIVE METHODS

A Tutorial

Tom Manteuffel
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Preconditioned Polynomial Iterative
Methods for the linear system

Az =10

consists of two separate but interrelated
pProcesses:

o Preconditioning: The construction of a
linear process C such that

CAz = Cb
1s “easier to solve.”

e Polynomial Acceleration: The
construction of a polynomial p()) such

that
lp(CA)|

is “small in some sense.”



Outline of Tutorial

I. Polynomial Iterative Methods I: Chebychev-like
Methods

1. General Polynomial Methods
2. Chebychev-like Methods
3. Adaptive Strategies

II. Preconditioning

1. Preconditioning/Matrix Splitting Duality
2. Classical Matrix Splitting

3. Incomplete Factorization Preconditioning
4. Equivalent Operators

I1I. Polynomial Iterative Methods II: Conjugate
Gradient-like Methods

1. Conjugate Gradient Methods
2. Projection Methods

Polynomial Methods: General Form

Az =b (N x N) nonsingular

Given gz,

Ty = Ty + N11Ty + TooT g

k-1

Ty =T+ E MiejT
j=0



Polynomial Methods: Error Equation
Polynomial Methods: Error Equation
Result: If n;; #0 for 7 =0,...,k, then

z=z e; =pi(A)e,  pj(0)=1
k—1

Tp=2Zp_ 1+ E Mk T
o0f:
=0 Proof

k-1
s € =€p_1 — Z"]ijQj
. 2
r; =b—Az; = A(z — z;) = Ae; Induction
k-1
ek = €1~ ) MkjAg; er = pre-1(A)eg — Y M Apj(A)eg
=0

er = pr(A)eg
Residual Polynomial: pi(A)

Ty = pr(A)ry

v 5 e v gmem e -
T T
EL]



CAYLEY HAMILTON THEOREM— CHARACTERISTIC POLYNOMIAL

'+CI.1A +7/ =0

R, ,(A)=0y A% + 0y A9+

Where d < N. Recall

Pr(A)eg

Core problem: Find p;(A) such that

= ||R 4 (A)eol

|pe (A )|

NORMS

lel,, = <e.e>”

N 14
uguh:{z B IJ
D

i
el = max Je; |
I
lells =<Bee>" B —HPD
Conjugate Gradient-like Methods: Minimize

lex Iz = px(A)eglis

Chebychev-like Methods (Jordan form A = SJS™

lex 1= llpe A)eoll < llpe A)]] fleol]
<ISTIS™H lpe @)1 lleol

=Kl DI lleoll

fork «d.

-



Chebychev-like Methods

If J is diagonal
(D, = ()l = 11p(I)lloo =

[p(M)]

max
AES(A)

» Based on minimax polynomials (for

%(4) C H)

PE (V) : o o [I,}leag} el

e Require a priori or adaptive estimates of
%(4)

o Iteration is independent of ¢

(X(A) = spectrum of A)

Conjugate Gradient-like Methods

¢ Based upon Optimization or
Orthogonality

e Requires little or no a priori knowledge
of 3(4)

e Jteration depends upon g



Preconditioning

Any linear transformation that yields an
equivalent problem

Az =b
CAz = Chb

For example:

Normal Equations

C = A*
Matrix Splitting
A=M-N
c =m71

Multigrid Cycle

Chebychev-like Methods: Outline

A. Stationary One-Step Methods
B. Nonstationary One-Step Methods
C. The Chebychev Iteration

D. General Methods for Nonsymmetric
Systems

E. Adaptive Procedures



Chebychev-like Methods: General Formula

k—1
Ty =Zp_1+ anj r;

3=0

Stationary One-step Method

Ly =Zp_ 1 +0T,
er = €p—1 —Ag 1 =(I —ad)e,_,
er = (I — ad)eq

Stationary One-step Methods:
Asymptotic Convergence Factor

lerll = 11T — ad)reol] < 11 = ad)¥|] lel|

Convergence Factor

1/k
P = (”Qk”) SII(I_QA)kIII/k

|leoll

Asymptotic Convergence Factor

p:gmpkzﬁmHU—QMHWk:SU—aM

(S(I — aA) = spectral radius of (I — aA))

-




Stationary One-step Methods:

Stationary One-step Methods: Optimal Parameter

Optimal Parameter A-Nonsymmetric

Find a:

min S(I — aA) = min max |1 —al
o o A€EX(A)

A-Symmetric Positive Definite (SPD) NN

Z(A)

Find

minS(J] — @A) = min _max |1 — al
o o  AES(A)

Let,

S(I — aA) = max{]1 — aX|, |1 — aAn|} - p=1—a
2 AN — A1 pe X —ad) & e X(A)

AR VRISV VN ﬂ



Stationary One-step Methods:

Stationary One-step Methods: Optimal Parameter
Optimal Parameter
Given o = 1, find S(I — 3 A) Let

H(A) = { convex hull of ¥(A)}

s[1-(1/d)Al]

Convergence
Region

s[1-(1/d)n]

Convergence
4 Region ..

©

Level Lines of g = (1 — a)) = (1 — 3)
d— A
W1=2i=n

Convergence Region S(I —ad) = A?Iﬁﬁ) |1 — all

10

w1 <ay




) Nonstationary One-step Methods
Stationary One-step Methods

Teneral Formula

k—1
Ty = L1+ E Mkj T;
i=0

NN - ; :
U Nonstationary One-step Method

Ty =Zp_1 T Qk—1T_1

ep = 1 — k—1Ae_y = (I —ar—14)e;
k—1
« Convergence possible & Y(4) can be - I —a:ANes = pi(A
€ — €op = Pk €
contained in a circle that does not * (H)( iAo = Pr(A)eo

include the origin

llewll < [lpx (A el

e agpt can be calculated from H(4)

OPOpt :g

14



Nonstationary One-step Methods

llexll < llpe(A)] |leoll
Let A= SJS~! be the Jordan Decomposition

o (A1 = ISpi(D)STHI < [ISIHISTHI lpe (D]
k() = |ISII11S7]
If J diagonal

TPl = | max [pa(V)] = S (pi(4)

Choose pr(A)

] ax A
o nin l[Arenz(A) [Pk (A)]]

Nonstationary One-step Methods

Convergence Factor
or = |lpe(A)|[V*
Result: Asymptotic Convergence Factor

= 1 = l/k = 1/k
Jm pe = max, Pk (M)l S (pe(4))

Proof:

S (pe(4)) < lipe(A)l| < 5(S) llpx())]]

S (pu( ANV < (AN < RSV *lpe(DIF*
K,(S)l/k —1

lpe(DI* = max [peW)[* = 8 (pi(4))"*

AEL(A)

Te




Nonstationary One-step Methods

Want to find pp(A):

i A
i) PV

Use instead H such that X(A) C H:

H . ;
Pk (A): min [max|p(A)]]

Convergence Factor for the set H

R 1/k
pr(H) = min [max|pi(A)]]

Asymptotic Convergence Factor for the set H

poo(H) = lim py(H)

k—oo0

Nonstationary One-step Methods

A-Symmetric Positive Definite

Minimax Polynomial for H = [Ay, An]

[AM+,\] —92)
kL7 Xy =21

An+A
P v

pr (A) =

Chebychev Polynomials of the First Kind

Tr(X) = cos (kcos™1 (X))



Nonstationary One-step Methods

Nonstationary One-step Methods
| Comparison with stationary One-step Methiod for

A SPD.

e Stationary
lexlt (AN -Al)’“ _ (n(A) - 1)
lleoll = \An + A1 r(A) + 1

Iterations
K(A) — 1\* 1.1
—— K = log(-)=k
(rc(A) + 1) = 10g(e)2h(A)

¢ Nonstationary

I

AV

£

[)\M+)\,—2A]

AN—M

k k
Lo (VA1)

An/A
max P (M) < N/ [terations
\/AN//\]_ +1

poo(H)z(———\/_—z—m) (\/__"H(A);i) :>K’£log(%)% k{A)

k(A) = %ﬁ = condition number of A4
1

pr(A) =

14




Nonstationary One-step Methods

Implementation H = [A1, An]

b 1
pi (A = H[l - ;;)\]

1
T; =T 1+ T

1

=1 L —

Hi i
€ = PkH(A)Qo

e Only optimal at step k

e Order of roots important

1 1
1~ —Ae; = (I - _A)_e-i—-l

15

Chebychev Iteration

Recursion for Chebychev Polynomials

To(N) = 1
(N = A
Ter1(A) = 20T(A) = Tro1 (M)

Two-step method

Ty =Zp_1 +BDr_1
Ay = oty + Bl

e, = pch)(A)_@O for every k

e Three term recursion

o Optimal at every step



: _ . Chebychev Iteration: Nonsymmetric A
Chebychev Iteration: Nonsymmetric A /

w A “
@ - d
i a v b e
d=(b+a)/2
d=(b~-a)/2

Real Foci Complex Foci

o For foci real or complex conjugate pair
Chebychev polynomials are optimal for

. [b_-’r_a.:g&] T [4=2
k sufliciently large pr(A) = k :—a _ 1k c
Ti[p%2] Tkl

« For any ellipse E with 0 ¢ E the
Chebychev polynomials are

asymptotically optimal pe(A) = ROA*Qr(N)

Asymptotic Form

|Qk(N)] <2, Qr(X) — 1 quickly
(d—X)+ ((d— N2 —c2)?
d+ (d2 = c2)1/2

R()) =

16




_ Chebychev Iteration: Nonsymmetric A
Chebychev Iteration: Nonsymmetric A

o If ¥(A) = E, then the corresponding
| Level Lines Chebychev polynomials are asymptotically
O aance optimal
d-c 4 dec . o If ¥(A) not an ellipse, choose the “best”
M ellipse that encloses ¥(A)
Real Foci
J Level Lines

d+c
] Convergence
Region
d

Complex Foci

The level lines of |R(A)| are the confocal
family of ellipses with focid £ ¢

s



NONSYMMETRIC A

Ellipse SYMMETRIC POSITIVE DEF INITE
1pses
’ Single Interval

&9
<

[\

VARV,
~_ )

H=[a’b] ’ poo(H):[

3

+ 1




SYMMETRIC INDEFINITE A

SYMMETRIC POSITIVE DEFINITE
Multiple Intervals

Multiply Connected H (Roloff, Deboor/Rice, Grear)

\ | A AN/ \NVAY
T " T

H=[a,b]Ulc,d] H =[-4,~1] L [3,6]

® p.(H)indirectly dependent on k(A )

19

* p.(H) indirectly dependent on k(A)



NONSYMMETRIC A

General Connected H

NONSYMMETRIC A

H, w)—\ ’ 5

&_. D

Z(AEH Unit Disc

T(A)CH
We seek pH(A) , Easier to find p_(H) » Asymptotically Optimal Polynomials (Reichel, Tel-Ezer

k
L
Hj

'Ye Pﬁk(l):.n
Q© g

(20
H; =¢"1LI( k )J

b3 (A}E H Unit Disc

o(A) conformal , @(co) = oo 2 O
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CHEBYCHEV POLYNOMIALS

CHEBYCHEYV POLYNOMIALS

T < . | e Chebychev Polynomials are Faber
, \ Polynomials for Ellipses

\/

-t e Three Term Recursion

A-plone - Z-plane X =Xi—1 + A’—l

/4 & =oyr; +B;4

E-plan). | E-Plaue 2— 2
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Adaptive Strategy: Chebychev Iteration
e ©(A) seldom known

e Use information from iteration to estimate

2(4)

A Symmetric Positive Definite

1.0
0.5

0.0

-
-1.0

e Residual becomes rich in eigen components
- of eigenvalues outside [a, b]

2 9

- Residual becomes rich in eigen components

Adaptive Procedure: Chebychev Iteration

A Nonsymmetric

Convergence
Region

%\\\\\\\\\
.

associated with eigenvalues on outer-most
ellipses '

e .



ADAPTIVE PROCEDURES: Definite Problems

ADAPTIVE PROCEDURES
e X(A) Seldom known
. . L F(A)

e Use information from iteration ' AN

H
Field of Values
S
<Axx>
F(A) ={7\.:7& = some )_C}
<X,X>

Convex Hull
H(A ) = {Convex Hull of 2(A )} X (A)SH S F(A)
Eigenvalue estimates A, € F(A)

Result:

HA)CFA)

F(A )\H(A ) measure of Normality 2 gf



ADAPTIVE PROCEDURES
ADAPTIVE PROCEDURES: Indefinite Problems

H/’- ot ) ¥ {9 i
@ F(A) h _
\ H \ ﬁ;;l) ___,/
/ L (ASH Unit Disc
@ 5 F, M) k
pr(A) = F ot = (AN O, N
X (A)E HE F(A) 10, (M) — 1
Eigenvalue estimates A, € F(4) Thus,

ry =BA)rg= @A) rg

(il asts - Taash S 0@, ..., OAY lry)
|

26




Chebychev-like Methods: Summary

e Based on Polynomials on > (A)

e One-Step Methods: Choose Optimal Circle
e Chebychev Method: Choose Optimal Ellipse
e Faber Polynomials: Asymptotically Optimal

e Adaptive Procedures: Field of Values

7



Preconditioned Polynomial
Iterative Methods

I1. Preconditioning

ToM MANTEUFFEL
UNIVERSITY OF COLORADO AT DENVER

Preconditioning
Given the system
Az =10

A preconditioning is any nonsingular lincar
process C such that the equivalent systein

CAz = cb

1$ in some sense easier to solve.



Preconditioning

Outline
A. Preconditioning/Matrix Splitting

B. Model Problem

C. Classical Splittings
1. Jacobi

2. Gauss-Seidel
3. SOR

4. SSOR

D. Incomplete Factorization

1. IC (Incomplete Cholesky)
2. MIC (Modified Incomplete Cholesky)

E. Equivalent Operators

Preconditioning/Matrix Splitting

Given
Az =b
Matrix splitting
A=M-N
Write
Mxz=Nzx+5b

Error equation

M-@k — NER‘,—I

ex =M~ 'Ney_,

29



Model Problem

Preconditioning /Matrix Splittin
g/ P g —(Ugs + '”vyy) =f (z,y) € [0,1] x [0? 1]

Reformulate Matrix Splitting
u(z,0) = u(z,1) =0

Mz, =Nzg_;+b w(0,y) = u(1,y) =0
Mz, =Mz, ;+(b—(M—-N)z;_,) Centered Difference Formula
Mz, = Mz,_, + 1, L (ule = by )+ 2u(@, ) — (e + b)) = ~uea(e,0) + O(K?)
T, =zp 1+ M, - T (—ulz,y ~ B) + 2u(z,y) — ul(z,y + b)) =~y (z,) + O(h?)
Mesh Stencil

Stationary One-step Method

M YAz =M1 *

) ¥

Ty =2y +aM Iy %

Y1

Matrix splitting is equivalent to the simplest | Y,

stationary one-step method applied to the
system preconditioned by M~1.




Model Problem

Matrix Problem

4 -1 0
-1 4 -1
0 -1 4
-1 0 0
0 -1 0

u; = ufzy, y5)

fii = f(zi,95)

Uy
U2
Us
U2
uge
U23
U3l
Usze

| U33 J

Filh
fi2
fia
fa
fa2
faa
[
f32

L faa

Model Problem

Figenvector Decomposition (h = ;}r—l)
Az}—kﬂ = /\ké’fl_f_k({ ]f,g: 1,"',71 (N = TLQ)
| kr %
ALy — — A 2 — 2 Y
\e = (2 2COS(n+1))+( (os(n+ j.))

' km I
A fein?2 o2
= 4(sin (2(n+ 1)) + sin (2(71 - 1)))
., kmeo ., Uy
(Vge)is = sm(n n 1)Sm(n n 1)
2, A,
o



Classical Matrix Splittings: Jacobi
Model Problem

Splitting
Write ‘ A=M-N 0
A=D-L-U M—D o o
N=L+U :
D Diagonal Iteration
L Lower Triangular Dzy =(L+U)xy_,+b

Dey = (L + U)ey_q

U Upper Triangular
ex = DL+ U)e_,

Stencil Spectrum
D_I(L + U)ka = UkeUpgy
1 k 1%
: ] :: e

] l
17 Io R

Ky =1 -2Sin2 (2(::+1 })




- Classical Matrix Splittings: Jacobi
Classical Matrix Splittings: Jacobi

Preconditioning
Stationary One-step Method
-1 Ax =10
Ty =2p_y+oD T
1 M=D
e = (I —aD7 A, -
D 'Az=D7'b

=T —a(I-D HL+U)))er_1
S(DT'A) =2(I-D Y L+U
Optimum a = 1.0 ( ) ( (L+U))
D —lAiU_ke = Mkt

A

N

T
1 : 1 k‘ﬂ' E?T
i T ' | Mee = 1 — §(C08(n n 1) + COS( n+ 1))
T{1-0 'A)—= : l -

I"lﬂ n""l
1
°| 1 I2

'I] ?7 . 1 =2Siﬂ2(2(:+1)) Tlnnzz"nﬂ
nn 7 {11 -2
p=————"—=1~—2sIn
Tan + M1 (Z(n + 1))
1.1 (n 1./ 2
E = K::}Kglo i Sy LA - | - = 2
P g(s) " Og(e) |



: Classical Matrix Splittings: Jacobi
Classical Matrix Splittings: Jacobi Chebychev Iteration (or CG)

é_k = QgTp + ﬁké}c_l
er =pr(D™ " A)eg

: 2
Dampened Jacobi a =%

2 L 4
S(I——§D A)—1—3sm

2(— ) SN
2(n + 1) L e

S(High Frequencies) =

p= Vnnn/nll—l
: \/ﬂnn/‘l711+1 |
ﬂfﬁ o .1 1

| 1.1

>4




Classical Matrix Splittings: Gauss-Seidel

Splitting
A=D—(L+U) I
M= (D - L) i I )
N=U (0-1)

S(M~IN) = S((D - L)"'U)

7"‘!‘!"0&‘)82("'t )

n+1

For pye € Z(D_l(L + U)), pre > 0

1 k In
- 2 _ = 2
Akt = Mg = 4(003(n+ 1) +COS(n+ 1))
= (uge)" sin(—ms-) (ge)? sin( =)
(le)w _, (pre)’ sin 1 Hie 1

Classical Matrix Splittings: Gauss-Seidel |
Preconditioning
A
M=(D-1L)
(D - 1) Az = (D - L)~}

18
I
o~

S(M~1A)=X(I - (D~ L)"'U)
kr I

1 9
nkg—lm/\kgwl-Z(cos(n+1)+cos(n+l))
M
; $-
N4y = sin> ( n’ii)
T 2~ 2y
M1 (COS(’H,—I-]_)) Sin ('n,-|~1)

3%



Classical Matrix Splittings: Gauss-Seidel

Classical Matrix Splittings: Gauss-Seidel ) )

1+n11 — 1+sin?(5735)

Stationary One-step Method a =1 Optimal a =

):(I—(D—L)"A)

~~
° T T ; :
Z{(D-L)" A)
=SI“"'M“1A :]_—-'2 4
p=235( ) =1—sin (n+1)
=S —-a(D-L) A
_ K ~ 1 _1_ 2 p |
E=pP ::>K—10g(5)ﬂ_2n :<1—7711) 1 — sin 2(?_1_1::?)
Recall 1 +m1 1 + sin (%)
_ K
Jacobi (1-step) K = log(l) 22 2 - e=p° =K
5 T | 1.1, 1 1,
Jacob 1 = log(2 )5 (~—) = log 5
Jacobi (Chebychev) K Elog(—)(-)n e’ 2 M o
e’ mw




: Classical Matrix Splitti - SOR
Classical Matrix Splittings: Gauss-Seidel rea plittngs

Splitting
Chebychev Iteration
A=M-N=D-L-U 7
M = l(D —wl) o—¢—o
w " ¢

N=—(1-w)D+wlU) ¢

1
; —{(D-wlL)

S(M~IN) = 3(L,)

)\zm(w2”2_2(w_1)/\+(w__1)2 -0
p € S(DYHU + L))

l<w<my,




Classical Matrix Splittings: SOR
Classical Matrix Splittings: SOR

| Preconditioning
Optimal w
2 Az=b M 'Az=M""D
Wy —
1 1-— 1 + sin( 1
+ V- w1) M= (D - wL)
1 — Sln(m) w
pp=wp —1=
1 + sin(;37) ST(M~1A)
{
e Optimal ellipse is circle centered at 1.0
Z(wa) o Optimal Chebychev iteration is 1-step with |
11 a=1.0
= K = K ~log(=)=—n e No acceleration possible




Tlassical Matrix Splittinzs: SSOR
Matrix Splitting

(D-wl)z; 1 = (1 —w)D +wU)z; +wb

(D - WU)QU_Z'H =((1-w)D + UJL)_LEH% + wb

Ty = (D —wU) (1 - w)D +wl)
(D —wL) {1 - w)D + wlU)z;
+w(@2-w)D-wU) DD —wl) 'b

Classical Matrix Splittings: SSOR
SSOR. Operator

S, =(D—-wlU) Y (1 -—w)D +wl)
(D —wL) (1 —w)D +wl)

2
Wopt =
T 1 20— )

1— /51— p1)
p:S(Swopt)S \/2 g]‘—, 21
l—l—\/%(l—ul) no
1.1
e =pt = K = log(g);n

59



Classical Matrix Splittings: SSOR.

(1 —w)D +wL)(D - wL)™!
=D((1 - w)+wD'L){I -wD L) 1D}
= D(I ~wD 'L)"Y((1 —w)I +wD™1L)D"!
= D(D -~ wL)" (1 —w)D +wL)D™!

21 = (D= wU)'D(D - wL)™
- (1= w)D +wL)D (1 ~ w)D + wl)z,
+ w(2 ~w)(D —wU)'D(D - wL)™ b

(D —wL)D™YD - wl)z; ,
= (D —wL)D™Y(D - wl)z;
+w(2-w)(b— (D - (L+U))z;)

Mz, , =Mz, +or;

Classical Matrix Splitting: SSOR
Preconditioning M~1Az = M—1)

AL o 1 —1
M= oD~ wL)D™(D - wi)
I‘% _1 -
1 4 w
HL| T
_ -1 < |

Stencil of M

¢ Invariant of scaling ((2%“;)-)

-1
o Convergence factor depends on 2max(M—_4)

}‘min (,7\/1"1 fl)

Q0




Classical Matrix Splitting: SSOR

S(M~YA) = (I - S.,,.)

; —t-
| 2 sin( 2(n’:_1)) p
m=15 sin( 2(,__:;1)) n+1

Chebychev

(\/% - 1) K = log(Ly =L _nt/?

Classical Matrix Splittings: Sumimary

Jacobi: M =D

2
I-step (a=1) KX 1019;(—)—?77,2
¢’ m?
o 1,1
Chebychev K = log(=)—n
£
Gouss-Seidel: M =D — L
1.1 ,
1-step (= 1) K = log(E )F”
1 N 1.1
I-step (o = 2 — O(ﬁ)) K = log(E)Eﬁn
Chebychev K = log(1 )in

27



Classical Matrix Splittings: Summary

SOR:Mzal;(D—wL) wb§2—n2—L

1,1
1-step K = log(g)gn

SSOR: M = ——~(D —wL)D~Y(D - wU)

w(2—w)

(wopt = (2 - E27.|'_7r_1))

1.1
1-step (= 1) K = log(g)%—n
1 1
Lstep (@ =2-0(-)) K log(Z)5n
1, 1
Chehychev K = log(=)= /__"5,—!1/2
() a\/‘ﬂ'

Incomplete Factorization

Preconditioning

M= (A~L)A YA -D)
A = diag(---6;---)

L Strictly Lower Triangular
U Strictly Upper Triangular

o Assume U = [T
¢ ("hoose nonzero pattern in L, U

o Cheose A, L, U to match A in some sense

s Chelbwwehev Iteration or Conjugate Gradi-
enl iteration

X




Incomplete Factorization: IC

M=(A-DAYA-T) (=(miy)
A=D-L-U (= (ai5))

Incomplete Choleski: Choose A, f;, U so that
If 0,; # 0 then a;; = my;

1C(0)
0 # 0 onlyif £;; #0

1C)
EA@-J- # 0 only if there exists kb £;lir # 0

93

Incomplete Factorization: IC

[C(0): Model Problem
M=(A-DA YA -D)

-0
62,1 0
L=1: A
E? i—n gi,i—l 0
i N N-1
0 ﬁ1,2 '&1 n
Fr_ 0 i1
LJ ar—
0
i

In Ny 0

Ui i+n

UN-1,N




Incomplete Factorization: IC
IC(0): Stencil of M

V-—A-L+0)+LAD

Foi qfi—1,i—14n A
51 — Ui i+n
—{; i1 vy — Ui i+1
~ €i iy Bimn, i—mtl
—Uii—n diom
ey fiiatioa € i—nBin,i
=6+ 651 + 8i—n
Stencil of A:
—Uii4n
—4i i1 d; —Uj i+1
—ei,i——n

Iucomplete Factorization: 1C

IC(0):
L=1L
U=U
g biicauieai LiionUiong
0; = d; 5:_1 Li ot
Meade] Problem:
5 =4 — 1 B 1
0im1  din
Iy .
)

6 — 2+V2 (from above)




Incomplete Factorization: IC

1C(0):
M = (A - L)A™YA = U)
A= diag(---8; )
b; — 2+ V2

SSOR:

M=(D- D)D)y ED-1)

o 1C{0) closely resembles SSOR with
4

w = =1.17
2++2
Amin(M1A) O(n”)

e Chebychev or CG

K= log(-i—)(]n

Incomplete Factorization: MIC
Modified Incomplete Choleski
M= (A—-L)A YA -U)

[f a;; # 0 (¢ # j) then ai; = my;

Row sum of A = Row sum of M

MIC(0):
;i # 0 only if £;; # 0

MIC(1)
féj = 0 only if there exists £ £l # 0
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Incomplete Factorization: MIC
MIC(0): Stencil of M

M=A-L+0)+LA"U

-

£;i—1Ti—1,i—14n A
8:1 _u’l.,l'l'n
_‘ez,z——l v —Ui,it+1
i £; 3 _pyli—m i—n4l
R T) 5en

- é i-1Ui_1,i Ei,i——n'&i—n,i

Stencii of A:
—ui,i-i—n
—{i i1 d; —Uj i+1

—4; i—n

Incomplete Factorization: MIC
MIC(0):

PN
i

L
U
diag(---6;-- )

5,; = d2 — gi’i_l(ui_l’i + u":—l,i—1+n)

bi—1
gi t—-n\Ui1—n. 1 i—n,i—n
45 (Wi—mi + Uimnimnt1)
6@'—n
Model Problem:
2 2
b; =4 — —
bi_1  bi_n
4
O; b=4— —
- 5

6; = 2 (from above)
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Incomplete Factorization: MIC
MIC(0)

M =(A-L)A YA -U)

_ 1 Yoyv-1lp
M = (=D - L)(=D)™(=D - U)

e MIC(Q) resembles SSOR with

w = i — 2 (from below)
= =0
oA~ o)

e Chehvcbev or CG

1
K = log(=\Cnl/?
€

Incomplete Factorization

CGeneralizations

e Maore nonzeros in I:, U
» Dlock diagonal A
= Psctor a nearby matrix (A + D)

Fither

Or

57

Amax(M~1A4)

/\min(M—lA)

= O(n)

K = log(é)Cnl/2

(A-L)™*

unstable



Equivalent Operators

Equivalent Operators Result: Let A and M be any two uniformly
ellintic partial differential operators with H»

Suppose
regularity, that 1s,

*Mhp_h = _f_h Moy = f
—olly. < O(h
vy, — ]|z, < O(h) NAu||z, < Ki(A)||u||,,

Avup =1, Auv=f [Mul|z, < K1(M)||ull#.
lluy, — ullz, < O(h) _
L 1A~ fllay < Ka(A)lIfle.
Then HM—lf“H2 < K2(M)Hf”L2
e, — iz, < (U4 1M Allzo)llzsllz, +O(R) Then
Thus H’Lz(M—lA) = “MﬂlA”Lz“A_lM”LQ < oo
| M, Apuy iz, < Mt Anuy, — upllz, + llusllz. if and only if A* and M* have the same
< (2+ “J\/_f—lAan)”%”L2 - beoundary conditions

-'Qh“-f-—z

AT M Iz, < (2+ AT M]|z))]

4




Equivalent Operators
SSOR: M = (LD - L)(AD)~Y(iD - U)

@ -1
—1 .i_ + £ -1
1 w
Stencil of M
Consider smooth u(z, y)
w(z — h,y+h) ulz,y+h)
viz — h,y) uw(z,y) u(z + h,y)

w(z,y—h) uwl@x+hy-—D>n

Equivalent Operators

h?

1 1
pMu=—3

h2

1

1

Let wopt =2 — Ch

What goes wrong?

1
— At = —(Ugz + Uyy) + O(h?)

W
Mu = .-(u:;::n + 'U:yy) + Z(um:c - zumy -+ Uyy)

4
+ ~h—2(u) + — 4)u + O(h®)

2

C
(Urz + 2Uzy + Uyy) + —u + O(h)

2

e M is not uniformly elliptic

49

M,  corresponds
conditions

to

mixed boundary



Preconditionings: Summary

e For elliptic problems matrix splittings and in-
complete factorizations at best yield

1
K = log(g)Onl/2
e For elliptic problems multigrid methods yield
1

¢ Multigrid methods may be viewed as a special
form of preconditioning

e For many other applications classical precon-
ditionings are very useful

/%7




Conjugate Gradient-like Methods

A. Introduction

Preconditioned Polynomial 3. Conjugate Gradient Methods

Iterative Methods
C. Projection Methods

ITI. Conjugate Gradient-like Methods

ToMm MANTEUFFEL
UNIVERSITY OF COLORADO AT DENVER



Conjugate Gradient Methods

General Polynomial Iteration

k-1

Ty =Zp_1t E : Mkj Tj
3=0

k—1
€ = Ck-1 "~ Z Mki I
=0
Recall
e, = pr(A)gg
T = Pr(A)Tg
Krylov Space

Kk(r_()a A) - SP{T_Oaa'.th AZ?:O: Tty A

= sp{zg,tl,'_f‘_z, Tt ar.k—l}

k

_110}

Conjugate Gradient Methods

Given B Hermitian Positive Definite (HPD)
Inner Product

(Bz, y)

Norm
lzllz = (Bz,z)'/?

Choose n;;'s to minimize

k—1
lexllB = ller—1 — Z Mk; 5| 8
§=0

Choose ny;’s such that

€ "LB Kk(an A)

5¢

o



Conjugate Gradient Methods: Step Direction
Ty =Zp_1 +Qk-1P,_4
p,_, € Ki(rg, A) = sp{ro, - Tx_1}
€ = Ep_1 — Mk—1P;_4
er LB Ki(rg,4) (2 Ki_1(rg, A))
By previous step

er_1 LB Kr-1(r9,A4)

Result: p, | is the unique (up to scale) vector

Ek—l € Kk(-tO’A)

p, ,-Ls Ki-1(ro,A)

Conjugate Gradient Methods: Step Length
T = Tpo1 T Qk-1D,
Py, € Ki(ro, A) = spire, -~ 7p1}
€ = Qk_i — Xk—1P, 4
e L Ki(rg, 4)
In particular,

(Bﬁkaﬂk_1> = (ng—lﬂP__k 1)




Conjugate Gradient Methods:

Generate a B-orthogonal Basis for Ki(r,, 4)

sp{py P> Pyt = SP{TosT1s -y Ta )
- SP{ﬁm A-‘EO: to :Ak—lﬁo}

Gram-Schmidt Process

k-1
P, =Ap,_, — Z Tki D;
3=0

<BA.P.k_-1’.P_J>
O’kj =
(Bp:p;)

Yields:

<B2k723):07 .7= ).‘.’k_l

34

Conjugate Gradient Methods: Algorithins

Tp = Lp_1+ Xp—1Pp 17 k-1 =

T = Ip—

ODIR

OMIN

ORES

1~ ak-14p
k—1
P, =A4p,_, - Z Ay P
7=0

k—1
=71 — Z Qj D.
b, =14 kj BJ
3=0

k
P, =Tk — Z Vej(Z; — Lj-1
j=1

)

Ui




Conjugate Gradient Methods: Computability

Need to compute

(B.Qk—laEk_l)
(BPy_19Px 1)

A1 =

Example: A Hermitian Positive Definite

B=A
(fk-ligk_l)
Yr . =
T (4p )

More on this subject later

Conjugate Gradient Methods: Economical
Computation

ODIR
P, = Ap,_ = (Okk-1Py_; + Okr—2P; )
OMIN

ORES
P, =Tk — Tk k-1(Zp — Zp_1)

If and only if
A is B-normal (1)

or

d(A) <3 ODIR
d(A) <2 OMIN, ORES
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Conjugate Gradient Methods: Economical
Conjugate Gradient Methods: Economical Computation
| Computation

A is B-normal (1)
B-adjoint
AT = A B-self-adjoint
(BAz,y) = (Bz, AT y) |
= = A+ = ol + BA

At = (BAB ')*=B"'4A*B

B-normal (s)

o AAT = AT A ~_ /Z(A)

e A AT have same complete set of \
B-orthogonal eigenvectors <

e At = p,(A) (polynomial of degree s)

Necessary Condition

)




Conjugate Gradient Methods: Preconditioning
Conjugate Gradient Methods: Economical

Computation o o
Original System Preconditioned System
ODIR Az =1 CAz = Cb
k—1
P = AP, — Z Tkj P
=0 Iteration: CG(B,C,A)  (ODIR Algorithm)
OL: = (BABk—1’2j>
¥~ " (Bp.p,) =
Result: If A is B-normal (1) then P, = CTo;
ori=0; j<k—2 ‘
’ | x T +ap-1p, i @ (ng—l’]’)k_l)
L — L k— ) -1 =
k= Zp-1 1P, 4 k-1 Bo. 0,
Proof: At =al+ (A Tp = Tho1 — Q-1 AP, _,
(BAp, ,,p.)=(Bp, ;,ATp) - (BCAp, ,:p,)
T ~ - p,=CAp, |~ Z ThiPj ki = (Bp.,p.)
= a(B]_)k_l,Qj) + ﬁ(ng_l,ABj) =0 £irL

(Bp,_,,Ap,) =0; J<k-2
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Conjugate Gradient Methods:
Conjugate Gradient Methods: Computability

Given system
e If Be, _, is computable:

Az =b,
o (Bek-1,P;_,) .
T (Bp,_,.p,_,) Preconditioning -
o If C*Be,_, is computable: CAzx = ch |
& ptt}
Lo =b— Az Hermitian Positive Definite B, then
4, = Iy . ) .
=0 o CG(B,C,A) is computable if C*Be,_; is
p, = Cg, computable -
e CG(B,C,A) is economically computable’
(C*Bey_1,4,_,) (three term recursion) if and only if
Lp = Zp-1H X-1P _y5 Qk-1 = (Bp,_,:p,_,)
Ep_178, . _
re =14y — k14D, | CA is B-normal (1)
= (BCAp, .,p.)
Py_17P or |
6= Ag s =D Kl T = h
=0 e d(A) <3
P, =Cyq,




Conjugate Gradient Methods: Example

Original Method of Hestenes and Steifel

A-HPD
cC=1
B=A

o A is A-self-adjoint
(AAz,y) = (Az, Ay)
e Computable

(Bey,p,)  (Aew,p.)

<£k32k>

&L =—

(Bp,.p,) (Ap..p,)  (4p,.p,)

Conjugate Gradient Methods: Itxample

K9

Preconditioned Conjugate Gradient Method
Az =1b

CAx =Cb
A C~-HPD
B=A

e (C'Ais A-self-adjoint
(ACAz,y) = (Az, CAy)
o Computable

. (Beg,p,)  (Aer,p,)
k = ——— T =
(Bpop,)  (Ap,.p,)

(r—k?P_k>
(Ap,., 1)



Conjugate Gradient Methods: Example
Conjugate Residual Method
Az =b

A, Hermitian (possibly indefinite)
C=1
B=A*A=A?
o A is A?-self-adjoint
(A®Az,y) = (A%z, Ay)

e Computable

(A%¢,p,)  (rx,Ap,)

Ofk= g

(A2£k’2k) (ABk’ABk)

Conjugate Gradient Methods: Example

Preconditioned Conjugate Residual

Az =0 A Hermitian
CAz = Cb C HPD
B=ACA

o CA is AC A-self-adjoint
(ACACAz,y) = (ACAz, CAy)

o Computable

(ACAgy,p,)  (Cry, Ap,)

ak: —_

(ACAp,,p,)  (4p,,Ap,)




Conjugate Gradient Methods: Example

Conjugate Gradient Methods: Example
Craig’s Method

Normal Equations -

Az =b

Az =b
A*Az = A™D
A*Az = A%D

C=A"
C = A"

B=1
B=A%A

o A*A is I-self-adjoint
o A*A is A* A-self-adjoint
(A*Az,y) = (z, A" Ay)
(A*A A*Az,y) = (A" Az, A* Ay) - B
e Computable C*Be, = Ae, = 1y
¢ Computable
(Begsp,)  (rwq,)

A* A, , A =
(A*Aey,p,) _ (x> Apy) " (Bpypy) (PP
(A*Ap,,p,)  (4p,, Ap,)

X —



Conjugate Gradient Methods: Example
|

Normal Equations of Preconditioned System

Az =b
M YAz =M"1b
(M7'A* M 1Az =M tA)* M~
C=A*M"*M!
e PCGNS
B=A*M"*M1A
o PCGNE (Craig’s Method)

B=1

Conjugate Gradient Methods: Example

Preconditioning the Normal Equations

Az =D
A* Az = A*)
(M*M)—l (A*A)i — (M*M)——l A*Q
C=M"M" A"
e PCGNR
B=A%A
e PCGNM
B=M'M

6L




Conjugate Gradient Methods: Basic Patterns

Orthodir Orthomin
Pattern| Name B CA  |Restrictions a Restrictions é
p1 lcooms| ca | ca | camd | fgE | cAbp s
P2 |GCR |(CA)(CA)| CA | CAhem zé‘i% canpd |A4Set
ps |opoG | EA | DEa | EAMd | {EnEl Ty %ﬂ?
ps lPeR | a'EA | ca | EME % FAC tod s A
P5 |GCGE I A*DA | Dhem 7 ﬂ D bpd L’&,—'—%?
P6 |GCGIB B |B7A*DA th‘:;r’; rpﬂ)q g :3: 1%'1%.'3:7
P71 |cccoB| B | A'DA 5D borm by ;Dh‘]::d et
AB=BA D9 | 4p=Ba '

Conjugate Gradient Methods:

63

Method:

Refers to a specific choice of B, C, A

e Computable if C* Be is computable

Iterates are uniquely determined (given )

Economically computable if CA B-normal

(1)

Pattern:

e Relationship among B, ', and A that yields
CA B-normal (1)

Algorithm:

e Sequence of arithmetic steps used to imple-
ment a method



Conjugate Gradient Methods: OMIN
Conjugate Gradient Methods: OMIN Algorithm

Algorithm ¢ CA B-normal (1)

Tp ==L 1+ -1P,

Tp =Zp_q1+ Qp—1p
k k—1 Pr—1 (B_e_k—lagk_l) (Bﬁk—1>§A:-1>

T = 1"(_;_1 —op—14p, Qg1 = <B£k_1,£k_1> — (B}_Jk_l,}_ok__l)._l
s, =Cr ._
k k - Tk =Tp_1— ak_lABk_l hw
P, =Sk~ ) O0kjip, s = Cry |
7=0 Pr = Sp + Br-1p,_,
— (B-e-k7§k>
I Pt = (Beg—_1,5k-1)
B-orthogonal Basis €k—1rSk—
PPy Py 2y} = 5p{s0, (CA)sg, -, (CA)*s,) OMIN .Algorithm _ ¥
D sp{sg,81, "8k} e Requires less computation than ODIR ;

e Has better numerical properties
e Has smaller applicability

69

If sy = sk (ie,, ap-1=0)

. 8k € 3P{§0:§1:""§k-1}




Conjugate Gradient Methods: OMIN

Algorithm
Recall
(Bﬁkaﬂk)
W=
(Bp,:P,)
P, = Sk — Br-10,_,
Thus
(Bey,, 5 <B§k’2k—1>
O = —5——v — Pr-1
(Bp,.p,) (Bp,,p,)
Finally

(Bey, si,) = {(Bey, CAe;) = (e, BCAge,)
OMIN will not stall if BC A is definite:

(z, BCAz) >0 forall z

Conjugate Gradient Methods: Error Bounds
D-condition of A
kp(A4) = [|Alls 1A 5

It CA is B-self-adjoint

lesls ., (Ver(CA - 1)
leolls =\ \/kp(CA) + 1

Warning: Not all norms are the same

£9



PROJECTION METHODS
Conjugate Gradient-like Methods

o R,  Mairix whose columns span R;
Projection Methods L;  Matrix whose columns span L;

Az =b

a;p, = Riw,
e.., =e —a;p. L L
— . =141 =1 (2 (2
€i+1 = & — &P, ¢

D, € R; dzm(&) =7
e LL;  dim(Li) =1; aip, = Ri(L{R:) "' Lie;

#* _— %* .
Lie; = L; Riw,

Exists uniquely iff L} R; invertible

\91
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PROJECTION METHODS PROJECTION METHODS

Write
Breakdown
L; = Bi*Ri
® O;p; does not exist
By =L;(R;R,)"'R,
® O,p; is not unique
Then
Xip1 =X + 04 p;
e; e;
\ = = e;+R, €iv1 =& — 0P,
Where
o;p; =R;(R{B;R;)™'R/B;e,
L. Thus
* — *
(L'R;) Singular eiy1 = —R;(R;B;R;)'R;B;)e;

b7



Projection Methods BALANCED PROJECTION METHODS

Finite Termination

*

L; =B

i

R.

1
If: dzm(Rt) =31+4+1
Bounded Iterates

Then: iteration will converge in at most N

1 *
steps By== B +B") BN=';—(B——B*)
(In absence of breakdown)
e B Definite
lewlla, < (1+8)° leolls,
0 =0([|By [
e B HPD

lexlls = ekl




BALANCED PROJECTION METHODS

Convergence

If:
e B HPD
e ri1€R;

Then: thereexistse >0

lexlls < (1 =) Jleolls

69

PROJECTION METHODS

Xy =X T 04p;

e LB/ R,
Polynomial Methods (Krylov Spaces)
Ki(ro.A)= {ro,Arg, ..., A" 'ry)

Ri gKi(rOsA)

€;+1=Pi1{A )eg

¢;41 L B;R,



KRYLOV PROJECTION METHODS

SEMI-KRYLOV PROJECTION METHODS L =B K;(ro, A)

R, cK;(ro, A) B HPD - Conjugate Gradient Methods
i =V 0

B Definite - Orthogonal Error Methods
einlL; cBK;(ro, A)

B Hermitian -  Hermitian Krylov Projection Methods
Krylov Projection Methods

Ri =K,-(r0,A)

S
_ o x>

‘Hermitian Definite




KPM - ALGORITHMS (Young/Jea)

KRYLOV PROJECTION METHODS

<Be;,p;>
<BBiin>

L1 =X + O, p; o; =

P € K;(rg,A)
ODIR
€iv1=€ —0yp; ;
, Di+1=Ap; = ¥, Ojp;
€iv1-LB K;(rg,A) j=0
Step Direction OMIN
I A
p;i € Ki(ro,A) , p; LpK; ((rp,A) Bi+1 =Liv1— Y, Oyp;
j=0
Step Length
ORES
<Be;.p;>
Cﬂi = 1
<Bp;.p;> Pis1 =Liv1 = X YijX;
Jj=0



KPM - DEFINITE B

Economical Computation (Faber/Manteuffel,
Joubert/Young)

p,,, = Ap, — (0iip; + 0ii-1p;_,)

or
D1 = Li — 0up,
or
b, .,=L~— Vii(Z; — Zi—1)

If and only if

A is B-normal (1)

KPM - DEFINITE B

Economical Computation
<BAx,y>=<BxA"y>
A*=(BAB!Y
B normal(s)
e AAT=A"A

e A, A" same complete set of B -orthogonal
eigenvectors

e AY=ps(A) polynomial of degree s




KPM - DEFINITE B

Economical Computation

B normal (1)

753

KPM - DEFINITE B EXAMPLES

Orthogonal Error Method (Concus, Golub,
Widlund: CGW)

Ar =190

]' * 1 %
As=5(A+ A7) Ay =(A+47)
C=Ag'
B=A

e C'Ais A-normal (1)
AT =2I-A

Computable
(Bei,p,)  (Aeip)  (rip)

(Bp,,p,)  {Ap,p,)  (Ap,p,)




KPM - DEFINITE B
KPM - DEFINITE B EXAMPLES -
| e Finite Termination
Conjugate Gradient Method
e No Breakdown

Az =b

e Bounded Iterates
C = A5 A* A}

e Economical Recursion

CA=AF1A*ASA
B = Ag e Small Applicability

e CA is A-self-adjoint

Result (Hageman, Luk, Young): m»
For A real even steps of CGW same as this
method ZARTETIRN

‘Hermitian Definite

74




KPM - BICONJUGATE GRADIENT METHOD

KPM - INDEFINITE B Lose Boundedness
Biconjugate Gradient Method o = <Be;.p;>
<Bp;.p;>
Ax=b, A'y=d
Risk Breakdown
VA Binn=Ap; = (0up; +0;_1p;y)
R - - <BAp;.p;>
A0 0A C;; =
— —| . <Bp;.p;>
A‘&f]’B‘Lo]
OMIN

BA=A"B , AT=A
Binn=riy1 —Oup;
A is B self-adjoint
<Br;,.p;>

<Bp;.p;>

i



Semi-Krylov Projection Methods

KPM - BICONJUGATE GRADIENT METHOD Zip1 = Z; + op,
Breakdown (Joubert)
p, € R; CKi(ro, 4)
e Depends upon ¢

e... L L; CB*K.(rg, A
e Qccurs on set of measure zero £i+1 i = i(ro, A)

Lose finite termination

Near Breakdown
e Good definition?

e Measure of Probability?




SKPM - Truncated Methods
(Vinsome, Elman, Young/Jea)

L = ET SR T T (B p)
Tiy1 = T; — QAD,
ODIR(S)
P, = AP~ Z TijP;
j=i—s
OMIN(S)
Pirg = Litt &ijP_j
j=t1—s
ORES(S)

Pivi = L1 ™ Z Tijd;

For example:

SKPM - TRUNCATED METHODS

ODIR(S), OMIN(S) Are Balanced Methods
pie Ri={pis, . ..0i} SKi(rod)
eiv11p R

ORES(S) Not A Balgnced Method
pj € R, cK;(rpA)

e;iv g Li #R;

»7



SKPM - Restarted Methods

Zip1 =2, P,

p, e R,
€41 1B R; (e.g., B = A*A)
For:=1,---,s
R’i = K’i(TO'JA)

Fori=s+1,---,2s
Rsy; = K;(r,,A) C Ki(ro,4)

For example: Restarted GMRES
| (Saad, Schultz)

7

OPEN QUESTIONS

HKPM - Indefinite B
Breakdown
¢ Definition of near breakdown
e Probability
¢ Fix-ups
SKPM
Relative Merits of various methods
e Convergence Criteria
e Convergence Rates

¢ Domain of Applicability



PROJECTION METHODS

e Structure
e Onion of Hypotheses
e Attractive Features

e Smaller Applicability

® Goal: Explore the consequenses of relaxing
each assumption

Projection
Methods

Polynomial
Methads

79



o -

o -



