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Dugan Repovd (lzj“;blj“““)
AN INTRODUCTION |NTO TOPOLOGY OF L-MANIFOLDS

( \.c.dvgu nol'"a* )

ICTP Workshop on Mathematual \"m,sic.a and Qeomelry
4 -1S March 1991

These are informal fecture notes : the maternl hao been selected fam the
books and papen bsted th the Skaguhﬂ‘ Llecnbure A) & (B,



geo-me-\'ric. -lmlotogj i shudy of TOP mﬁ%’&h

Cual-um . datcover ( db‘ Q,Lmi.'c ‘l‘ nuana r\"h q,‘ N a“
briodalliel 4 9 f—>» claw
manfolds m» dwm n

Z sepacale problems : (A) existence : given an invariant
‘ ind an ﬁ\—mni?ou w/the inv.
CB)&W&&’ given an invariant
. o how many n-manfolde have it
TOP MM +°° dmorrw” - muot add struciure -~ 9.;} more Jools

and reduce og. classes "

e.q. M=r" shdy cont. fumct. om M
beller smooth funck o M

extend theidea —3 comsidee PL , DIFF aHas o m*




ef. telidion : ={U, $,) ~ B= {V‘,,’\P-P'ﬁ 6> AvB alaq om M‘:
e § U aYdd e b bt amecth ()
DIFE (PL) sdbcture on M aa 0. class oF-auHum oM™

Basic Btokltm . When does o TOP m-f—bd admit PL adructure
;{: yer, 15 thete o c.ouP-'Hl-le. DIFF ~¥ucture, +oo ?

(Luk“l-ekucl,l%-o) DIFF c PL

(Classica, e.q. Kereijdrts {923) ng&2 DIFF =PL=ToP
( Moise, Bing 49505) n=3 DIFF =PL=ToP
(Milnor,195¢) T 28 DIFF stvuchures m ST
(1966 -42%0's : Thom, Kervaire Milnor, Munkres,Hirsch , Mazur, Toenarw,
Lashof, Rothenbers , Haefliger, Smale, Novikey Browder, Wall, Sullivam,
Kirb\' .S\‘eknv\mann) N2S well uncleratood : known obobuction
b puling PL/DIFF shuckure m M™ D AM) € H'(M;Z,)
R CH) =0 = JPL alr. and Hurcare lH3CM;Zg)I dizlnct ones
&M= 1| = #PL Ak
@ nd7 . Every PL n-mitd
admits a compatible DIFF abmcture which is unique up e DIFF if n£6,
( ham.ohpy groups of oﬂmm) so DIFF = PL fer n&6G.
@ n¥4 : K" hao mnigue PL/DIF
Aructure wherea, R* Ras wncountably many (Tauben , e;om-rf)

dime naten 3

Poincars c.r_v.iecl'ure . M?  losed ,TLM=0 = M s’

GPC (nzll-) P’ln closed |, M2 g" = MNxg"

N5 Smale pEESNER 960,

n=4 Freedman 19¢ 2,

n=»% ‘nlur){'n's G'C.U'Mt‘l'h".bﬂ-'kn CGM-{!&“I&T!/ Hyrcrlolrc 3-mm{o!d. ‘H\l—ofr



Mq tmv-'.d’ ’!—mm.d'g.d, DIFF Lh-mﬁgold
(Note : Q  fin pres. group => 3J th~waan: fold N® > mN&Q )
Standard a.ls. inu. . TT,, s H w*

*)

H, (M) £ H¥ (M) Peincard duality

= MM=0 tmpies H(M)=0 and Hy(M)=0 Rence

all komolog:ml information is centained 2__“2@_
Furbhermore, UCT for cohom. tmpliea HE(X;Z) = Hom (Ho(X;Z),Z ) <o fren ab.
seby PD =>  Hy (M) 4o free abelian group.

‘Reftmi'wl'-'m f{. homo\qy classes 1n HQCM) - [wssiblc. ways

@) By complex line bundles : 3 btjechm betwesn the isomorphism classa
of line bundleo and n*

@) By smoothly embedded 2-dim ES&"‘_‘I.&M Z a Mt
Z carries o fundamental homology class LTI w Hy (M)

(3) De Rham representation of real cehomology classes by doff. forms

D iSomorrL::m W H, «s ‘95“‘."%*- (in our case) 4 a bilinear Jorm
R, (M;Z) x H_‘,_(M;Z) —Z
called ﬁu._ inbeerecion _fo_n_n._ r'. +he MHJ Mh‘ Cu.nimodula.r and sy mmc.’m‘c)

G‘meCa.“y :
Z,,Z, oviented
WM » aanu'w\
poribion :

Zl O Z?. = {*h-—,tm}

To each t; we amociake L1 according b e matching of the svient. in bhe ison
TM&®TI®TL,
of the '!unj. bundle at t;. => Zz.' Za. := add +he sign € 2



) ¥ S W L51)=0  all inkersechion numbers vanish: L,

2) CP? Sine W (QP}Z)5Z amd Y srondand ,.......t.m given By Hhe
fandamentel class of the prajeckive Line TPAS @PY the iniurseckion
form i veparenated by :rm.-m. (N-k:d:f‘-szh&-_.mw)

(3 CP? = CP* with Hhu cthos eriontalion . Hence L= (1),
(NB: A rvient. reversing diffeo of CP?)
B $'xS" Thin My (S Z>”zez and we can represent e genacalon &
the ombedded pucfaces St
A= S'xpt B=gpbxst A

B:"EXS

Now Aﬂ&-f+and¢aoku-f.kqd5mh fth O-F{-l'h#,“
ol
Ia o= (Yo
l.e. AA- 5.8 = O)AB BA—I

(5) M:H:N Then Hy (M N’ S Z) % Hy (MY 2) @ Hy (N Z) Rence

= - Inso
IM#N IMOIN' ofI)

(6) The Kummer surface: K={¢ 2o,%,,2, 2,1 € CP ’ S TS AT .=6}
Tlu.n rank HZCK,ZI) A 22 aml IK = Eae an 3(?(’)) D&M

2-4 00 0 0 0 O
4 2-4 0 0 0 o o
0 - 3, -4 ? 0 : ]
- 0 0~ s ] 0 ' .
00 0 0-~1 2-¢ 0 L;‘o.n.!-\dn.e,
0 0 0 0 0-1 2 0 3
O 0 0 0~-1t 0-0"2;

Note: For indebinile forms, Hha rank ,Fynature and ype forma Complele et
o£ Anvaniants.
The classification of delinste Porms 15 mere difficult . 3 only ene
reobicken om an even definile farm | Lo, ih wgnature muek Be divinible By &
3 1 definite even form of rank 8 (namely Eg)
32 rum-" def. wen forms cg rank 16 (E,CE, anJ E") 32’-‘“2"




®
In cohomology ¥ws translades inte cup produck
R (N, Z) x M3(M; 2)—:- HYM. Y ALY A
“Hl.em.{.on +he {om b an invarant of the owevbed homotopy Hype 0{ “
Sugh du{.-mhn o{ e intersechion form one can exdend over g ToP
4- Mam'&:olds :

a,p € HA(M;Z), [MT €M, (M;Z) fund. clas (given by choice of
ortent)

then - = (o U{!s tM1>
(Dictum: Think with inkerzeckione, prove with cup P(od.M.u\'S ')

Classical resulls . (A) UmcL!._mua

(M\'\nor'WH{hkead,{‘lSS) The oriented homotopy dype of a simply connecked
csmpact | orented h-mamfeld & deteamined by it inteneclion form..

(_Wa.“ ‘IS"%) I'F M and N ore p\mfk( Conneched | .'Hnoo'H\ aviented 4- manifolds

G"“‘i&_"l__G_‘\_,__v {-3 ‘H\M for 2ome k30 :
3 o\,numr,v\.m M & (S5S N R (S SY)

(stable closnf. mp to dAR!.O)

(wa»u ) Tweo Mh\f\y connecled I'\‘-man{%:‘d.o with A;bomrrh‘c AnbtesectH o
{onm ace A-cobordant.

W=MunN
N M < W N

h.e. h.e.

h“c»oBﬂitm

(Sma,\e. h-cobordism thm ) M" N &-m-?(y c.onn-.d'u:l n-mand ;oldla nz5

h-cobordant =2 M'&N , el W= MKEQIj.
PIFF bwr

If i wer tue v dim't then sumply conn 4-manifeld would be determind
up to dthee by b irkeseckion fom.



?"’OOF OF- h-cobordism +hwm decan't wark m dim Ll'l W‘\y ?
T]u. ‘.J'\,.,"\ga lemma = +he comparizon °~F sc.omd'ﬁc and u\ae.lmuu:c indersecHan
numbecs
%
?f Q™ submandolds w l-conneded ambieat man fold M™
7
'F + ’_ =™
geometric and alebraic intersechons are pperent

= IxyefPn@ Mgnx = —igny

Choose ares X <P amd (‘;CQ fom x Ao v
Then du‘S M o |oop 0o m M it Boundo o disk= Whitney ddsk .

If embedden |, can e to aek an amb . Aretepy of M mouvny P of-F @
hence cancell +he paic (x,p). ( need nome uxim cond m 3 m M)
]:F codim P23 and codim Q23 Hun 3 Ul\l‘hcy Aok,

More wlk, , if at leaat me codm 3.

L M5 ue have Wney Pk (lemma ) l

;. Rave h-cobordism theowem .

If m=H4 the peoblems occur! P and Q sudaces with poi bl
nelf inteechons.

Clasorcal yeoulto: (B) exialence
(Rohlin 1952) The sigmature of a smooth, compact, spin #-mandold «
diviaible by 16.



[n our cose , Apin w .j“"’ Hhat W, =0, fence 'Husorm w even
In Pwd:"m\ar’ ES cannct be the tntersechon {.m \rf a ¥mooth - MQM?-Q'J_

. / ' ]

(M.H. Freedman , 1982) Closed 1-connechked b-manifolds (TOP 1) are

e,om.rle’wla, and faithally clasifsed by 2 element. pleces o fn.!..o:
the inberseckion L"‘i the mrb\,- Sickenmamn ° l
form obshuckion of (M) €2,
Le. o (M)=0 iff MxS"admits DIFF sdruct

('Anfa-d-, 1-conneckhed 14 <I'ol> 5 I M;-lafd unimodular ngmzh—»'c 'z
TOP 4- mam'sudrs ) corr bilinear form, l
o EZ,_, Gﬂd -’

if ]_:“"" even then GSI = o (mod2)

m farh Qdo-l‘ :

exiotence : V M.l-.’ni animodutar raz'rrmd-n‘c kilinear form T
3 ToP L}-man'y&-?al M Gith Midom:.kmt{-rm =1
uu\t%e.nws: I-f— I w ewen Pren +the homeom. ‘lypc_ r# M Unig. dc..'}'.lzy:
I.F L & odd ,-Hu,n 3 equ-lr 2 (’wmcom) '-t-mamm
rca.\.."é . L as e wmben. -form :
one of Hem with vanishing o (ic. Mx ST admib DIFF i)
the other ome with nonvanihing o
Corellary { 4-dim PC) ToP Uomfld & St .5 1%; st (:,,1,<g‘~g.>p§4
Coro"qg (one of % pmb\am> 3l Top 4-mm‘¥.u with the inden
Pa..‘n’na. E&.
Nole: Treadman had exira ,\Jro“u that M \r+ € DIFF But .
(F. Qu;,.,,}mz) meumrq.d' TOP Y- ma,n,\‘-F-.;U admib a DIFF structuce,

@edma.n't ffool‘ - -+

Trincedwn Texao




Tn other words , Trecdman proved

For TOP Lo Mam‘Fal&a all unimedular guadratic Jorms can occur,
Then a Lia Surprize came when Donaldoon shewed
Tor DIFF L{-Mar\."}ol&, the only poikve definide form which occun
a3 4he atandand f-m = a.
Dramakic condequences o{.— Freedman @ Denaldsan
3 movtandard DIFF shuchin, o RY

B
(Teusbes, Qowpd 1988) T unckuntably many differeit DIFFsbuchunea o R
Corb“o.rj (1965 Milnor's problem) a DIFF 4.mPd with ind . f-rm ESGE‘.

_O_ﬂ peoblens

\. Charadtec:zatim af nonaimply connectad TOP Lo mam‘#otd&.
2. DIFF 4- Ma.ni{-’oua ,in parkicular |- connected | in parkicular
DIFF QPC ; doe st admit exotic DIFF shructurea ?

Key ideas of Freadmant proof:
fandamental brca,k-l-kmual\ m 1933 1 A, Casson’s inknite consbeucton
Doer s wk.-lw, trickh work w dim & 7

Two key Pro'olcms: (1) the cpm?ll.n\en+ 45 not l\cuﬂarcly I~ connecied
(L) the self irdersctions occur and can'd f¢ removed

Casson’s novel idea : he odded +ha oe(‘.Fm-l-u;eokm and
he fwild an ;'n}:m‘k Jower o-F stngular disks
ar\d rfoed CH %‘-sz Rt = QPﬂ 'be 2"\4'\&‘&

Freedman's key d..‘.‘.rcooet_\r CH & .D*x Rz [
. ToP

TS AL a S o A —— - a—

-
g - oo -



Teeedman Preves a certan reembedding Hhaowem sthich emaklid Rum to

ambed Caron Randle so that the clomue of b gru'n"hu anns Juot
(bzxs")/hl‘iw combnuuun (or o Canter ack worth of Ham, in au\u'd)

)
MY A \ CH
A
Lo
A
Mz 27 4

(U‘\A-It’u.ul deh‘mmﬂ\ (1930 (4s courdesexample to his sum eanlice Hthaorem that
ereyy contrachble open b-manifold wae homeom to R

To () wh v(an‘;[e 4 53\U'L.
. 3 U
@ Blrb"s'\qf\'ro: %ka;rlR

ABH
B e
cell-lke v ALK = appriexima
Cl-léﬂ‘”q

Coneguntly, 04 % st
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