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LONG WAVES ALONG COASTS AND OVER CONTINENTAL SHELVES
M. HENDERSHOTT TRIESTE, 1991

A variety of wave motions are trapped against the coast in a rotating, stratified ocean with a
continental shelf. These two lectures summarize, by examples, the most important features of the
dispersion relation for such waves travelling in the along-shore (y) direction in which flow
variables have the travelling wave form exp(-iot + iky)function (x,z) and the dispersion relation is
o= function(k).

In the shallow water homogeneous fluid (unstratified) approximation, the solutions may usually be
divided into (i) a Poincaré continuum of long gravity waves incident from the deep sea and
reflected at the coast-continental shelf, (ii) an infinite family of edge waves long gravity waves
refractively trapped in a waveguide whose sidewalls are the coast and the seaward edge of the
continental shelf, (iii) a Kelvin mode trapped at the coast by rotation, (iv) an infinite family of
topographic Rossby waves usually called continental shelf waves trapped over the continental
shelf and slope. The gravity waves are all superinertial; their frequencies o exceed the local Coriolis
parameter f. In shallow water approximation, the topographic Rossby waves are all subinertial; ¢ <
f. The Kelvin mode may be either sub or super inertial.

At subtidal frequencies, the topographic Rossby modes and the Kelvin mode are strongly forced
by coastal winds and may travel great distances along coasts. The shallow water approximation
represents them adequately when the stratification is gentle (the Brunt-Vaisala frequency N is
small) and the shelf slope a is small; i.e. when aN/f is small. Values of aN/f less than one
characterise the broad and gentle continental shelf of the Atlantic coast of the United States.

But when aN/f is the order of one or greater (e.g. the Pacific coast of the United States or of
Mexico), the shallow water approximation fails to give a realistic representation of the topographic
Rossby modes and the Kelvin mode. As aN/f is increased, the topographic rossby modes
increaingly take on the character of internal Kelvin modes trapped at the coast; their frequencies
may become superinertial. Remarkably, analysis of the strongly stratified case (when aN/f is of
order one or much greater) is facilitated by reviewing the non rotating homogeneous fluid problem
without the shallow water approximation; there is a simple correspondence between the solutions
of this problem (a continuum of deep water waves incident from the deep sea and a finite family of
refractively trapped edge waves) and the solutions of the low frequency rotating and stratified
problem that must be solved when aN/f is order one or greater.
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3

Observations of coastally trapped waves along the coast of Per, from Smith (1987), JGR 83,
C12, p. 6083 and Huyer(1980), JPQ, 10, p. References are to figure numbers from these papers.

A. Along this coast, where bottom slope a = 400m/5 km = 05, f=2Qsin(149)~3.5x105rps,
No=(gAp/Hpo)-5=(10ms-2 x .001/ 400m)-3 ~ .005 rps, the parameter aN/f is about 7. We
conscqucntl{f cxpect stratification to be very important in determining the properties of long waves
over the shelf.

B. Evidence for wave propagation, Smith Fig. 1 and Fig. 2 plus Table 1.
> Events in wind stress (1) series at widely scparated locations along coast are far closer to

being simultancous than events in sea level ({) or in along shore current (v).
> Events in { and in v propagate poleward.
> Events in { propagate with but little change in shape.

C. Estimating the wave speed and dispersion, Smith Figs. 4, 6, 7, 9.

> Simple estimation of dme of travel of identifiable events in { and v leads to wave speed
of about 200 km/day (Smith Fig. 4).

> Let £, = cos{ky-ot] = cos[o(t-c"Iy)]. Then at location a, L= cos[o(t-¢"1y,a)] so that the
phase difference between the two time series La(t) and {p(t) at locations a and b is
—6c-1(ya-yp). It is linear in & if ¢ is constant, e.g. if waves are dispersionless. See
that linearity in estimates of coherence and phase at frequencies from very low to
about 0.25cpd (Smith, Figs 6, 7, 9).

D. Vertical structure of v and T fields is first internal mode.
> When scal?el at the coast rises, isotherms near the coast go down and viceversa Huyer,

I

Fig. B, Fig. 3).
> Over depth sampled, isotherms all move up/down together with some tendency
for deepest sampled (about 600 m) isotherms to display greatest vertical excursions.
> Currents tend to be along-shore, greatest at surface and nearly zero at deepest current
meter (412 m) (Smith, Fig 11)

E. Temperature-correlated-with v and v are in thermal wind relationship.
> Vertical excursions of isotherms decay offshore with a decay scale of tens of km.
> The part of T-correlated-with-v and v itself asd coherent in the geostrophic sense (Smith
Table 2): one.
> The thermal wind equation fv = ga(dT/dx) is satisfied if the offshore decay scale of T is
53 km, in ok agreement with the observations above (Huyer, Fig. 5).
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Fig. 6. Coherence squared and phase between alongshore currenus
Yo and M, for the same records as in Figure 5. The line on the phase
versus frequency disgram represens 200 km d-t phase speed for
poieward propagating (i.c., from Ya toward M,,) nondispersive
waves,
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Fig. 9. Coherence squared and phase between slongshore currenus
at Yo and P, (open circles, dotted lines) and between Yo 400 Moo
{soiid circles and lines) for the same records as 1n Figure 8.
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Fig. 7. Coherence squared #nd phase between the Cailao and San
Jusn alongshore winds (open arcles, dotted lines) and between the
Callao and San Juan adjusted sca levels (solid circies and lines) during
May-July 1976,
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3. Dynamic height as a measure of sea level

The contribution of density variations to changes
in the height of the sea surface can be determined °
from the density profile if -the ocean is assumed to be
in hydrostatic balance, i.e.,

g2dz = adp,

where g is the acceleration due to gravity, a the
specific volume, and dz and dp are small increments
in depth and pressure. Integrating over depth, and

converting 1o common oceanographic units (depth

in m, pressure in db, specific volume in cm? g
and acceleration in m s~2}, we obtain the vertical
separation-between any two isobars:

z2=10 idp—l—o adp

‘: =_r _dp +—-r&ip.

where @y, is the speclﬁc volume of sea water at
0°C and 35%e and & is the specific volume anomaly.

The first of the two terms on the right is constant,

5o variations in the separation z’ depend only on the
second term. The integral in the second term gen-
erally is called the geopotential anomaly or dynamic
height anomaly (AD,,,,,); it is routinely computed
from hydrographic data and has units of dynamic
meters (dyn m). Thus,

S —— -

10
2'=—AD, ..,
4

i.e., changes in the separation between isobars are
directly proportienal to changes in dynamic height,
and the constant of proportionality is very close
to 1, If the upper isobar is the sea surface (p, = 0
db) and the lower isobar remains at a constant
‘depth, variations in AD,,,, represeat changes in r.he
sea level due to density varnations.

a1 ¥ b 2
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Fig. 10. Vertical section of sigma-f near 15°S from CTD measure-
ments. The section was taken along a line perpendicular to the coast
snd passing through the M and L mooring positions. The curremt
meters on M and L are indicated by circles.

Ny 4 as(x, 1)
olx. ) f é&x

“where p(x, 1) is the alongshore near-surface current and 2s(x,
£)/3x is the offshore component of the sca level stope.

I the fluctsations represent a baroclinic Kelvin wave, we
would expect v and s to fall off exponentially with distance
from the coast on a scale given by the baroclinic radius of
deformation. If the waves were barotropic continental shelf
waves, ¢ would fall off as H-'"* as the bottom depth H in-
creases with distance offshore [Kundu and Allen, 1976}, an
exponential depth profile is a reasonable approximation for
the shelf and slope region off Peru, and thus both r and s
vould fall off exponentially with distance from the coast. We
-herefore assume that the sea level at distance offshore (—x} is
related to the coastal sea level S, by

(=x, t) = St)e ="

where { is the offshore scale to be determined. Then the along-
shore velocity at some distance x offshore and coastal sea level
should be related as

A g et
Sdoy [ !

412

Fig. 1i. Components, shown as vectors at each depth and loca-
tion, of the first ‘overail' empirical orthogonal mode compated from
all current meters on the M and L moorings (May-July 1976). The
normaiized sigenvector components have been multiplicd by the stan-
dard deviation of the mode. The Ly, and L, vectors arc in-
distinguishable from zero in this plov. For comparison the Y, record
is treated equivalently but scparately; this gives a vector in the direc-
tion of the major principal axis with a length equal 10 the standard
deviation of the Y, velocity in that direction.

——n
TABLE 2. M-L Empirical Orthogonal Modes for !!emperalg
First Mode  Second Mode

Eigenvalue (variance in mode), cr o162 0.54
Percent of total variance - 59 20

M, 0.61 -0.39 -
My 0.50 -0.15
M, 0.43 013
Miw 0.33 __9_19__
Lis 0.26 0.23
Lus .08 0.42
L 0.03 0.4l

Las 0.09 0.58

The second M-L 1emperature mode is, however, signifi-
cantly correlated with the first M-L velocity mode a1 2 signifi-
cance level of 95% but not with the wind. This mode is domi- -
nated by the iemperature over the slope. Again, this is
consistent with the results of Brink er al. [1978], who found
strong evidence for baroclinic flow over the slope.

If we assume that the first M-L velocity mode (V,) repre-
sents the wave velocity field and the second M-L temperature
mode (T;) represents the temperature variations associated
with the wave, we can use these modal time series 1o obtain
another estimate of the offshore scale. The hypothesis is made
that the temperature fluctuations at the moorings represent
fluctuations in the slope of the isotherms (rclative to some
mean temperature field) as the wave passes. We find the regres-
sion coefficient between ¥,(f) and Tr) and interpret it in
terms of
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